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CHAPTER I

INTRODUCTION AND DEFINITIONS

The purpose of this paper is to develop several relationships
Id Id Idbetween integrals of the type / fdg, / jf|dg, / fdjgl, / fjdgj, and9. a. B. 3. *

b Id Id/a jfdg|• Chapter II shows that if /&fdg exists then / f dg exists*
IdChapter III shows the equivalency between the existence of / fdg anda

b/ fjdgj with the condition of bounded variation on g* Another theorem a
b ballows us to relax this condition while going from / fjdgj to / fdg*a a

All functions used are from numbers to numbers*
DEFINITION 1.1: The statement that D = (x.)?  ̂ is a subdivision of---— —  x x=0

the closed interval (a,b) means that D is a finite subset of (a,b)
such that a = x , b = x and for each i, x. < x., ,• o n x x+1

DEFINITION-If2; The statement that D* is a refinement of a subdivision 
D of (a,b) means D' is a subdivision of (a,b) and D is a subset of D5« 
DEFINITION 1.3: The statement that (t )̂ _,j is an Interpolating sequence

for the subdivision (x.)? - means if 0 < i < n then x. * < t. < x.»x x=0 — x«l — x “ x
DEFINITION 1.4: The statement that f is integrable with respect to g
means that f and g are functions and there exists a number A such that
if e > 0 then there is a subdivision D of (a,b) such that if

D* = (x.j_)jLo is a refinement of D and ( t ^ ^  is an interpolating

sequence of D® then
1
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§ f(t )[g(x )- g(x .)] - A 
i=1 11 1 1” ‘
D'

< e e

We denote the number A by / fdg® We will also denote the numbers

g(x^)- g(x^_^) by dg^ and f(t^) by f̂  when no misunderstanding is likely«
nThe symbol S will be used for 2 » As indicated before, (a,b) shall 

D* i=1
D*

denote the closed interval, containing both a and b.
bDEFINITION 1.5; If f and g are functions such that f fdg exists and 1 1 r~“ a

if D = (x.)? . is a subdivision of (a.b) and D, = (xf)m „ is a l 1=0 } 1 v P P=0
refinement of D then

(1) D+ denotes the set such that x belongs to D+ if and only if 
x = x^ for some x^ in D and for each p in (x^  ̂,x_̂ ), f (p) > 0«

(2) D” denotes the set such that x belongs to D” if and only if 
x = x^ for some x^ in D and for each p in (x^ ,̂x_̂ ), f(p) < 0.

(3) D~ denotes the set such D*̂  = D ~ (D+ U D”).
If 0 < i < n, then

(if) D̂̂  denotes the set such that x belongs to D̂̂  if and only 

if x is in D, and x. . < x < x.*1 i-1 — i
(5) D.dg > o denotes the set such that x belongs to D»dg > o 

if and only if x = x^ for some x^ in D and g(x^)- g(x̂ . ^) > 0»

(6) D® dg < o denotes the set such that (D®dg <o) = D - (D«dg > o). 

When no consideration of the sign of f is needed, D* dg > o will be 
denoted by +D and D»dg<o by “D.
DEFINITION 1.6; The statement that g is of bounded variation on (a,b)
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means that there exists a number M > 0 such that if D = (s.). n is ax 1=0

subdivision of (a,b) then E | dg. | < M® If S is the set such that p -
D ‘ 1

belongs to S if and only if there is a subdivision (x ) of (a,b)
HIsuch that p = S I dg , then the least upper bound of S is denoted by

q=i q
IdV g and is said to be the variation of g on (a9b)@ a

,.bTHEOREM 1®7% If j fdg exists and e > 0 then there is a subdivision 

D = ( x . _ of (a,b) such that if D8 = (xs)m „ is a refinement ofi 1=0 * p p=0

D and ( t p ^  and (t^)^_^ are interpolating sequences for the sub

divisions D and D*, respectively, then [1 , p® 30/f]

2 I f(t«)dg » fdg! < e ,
D«' P P Xp-1 1

E If(t.)dg. - E f(t«)dg I < e ,_ 1 1 1  P PID?

and 23
D

/ 1 fdg - 2 f (t1) dg
i-1 , D?

< e



CHAPTER II

THE EXISTENCE OF f |f| dg

The first relationship to be considered is that between /fdg 
and jk jfjdg* The following sequence of theorems establish that ifcl
Id Id/ fdg exists then / |f|dg exists» a a
THEOREM 2.1: If J^fdg exists and e >0 then there is a subdivisiona
D of (a,b) such that if = (x^)^_q is a refinement of D and (tp 

is an interpolating sequence for then £ | f(t^)dgj < e.
V

Proof:
.b e .Let e > 0# Since J fdg exists and t- > 0 then* by Theorem 1 »7*a d

there is a subdivision D of (a«b) such that if D* ~ (x. A is a refine-1 x x=0
ment of D and ( is an interpolating sequence for then

B lfidEi - C  fd«l < ID1 Xi-1

Let D, = ( x . . be a refinement of D and (t , be an inter™1 x x=0 i i-1
polating sequence for . For each t̂  in ±f let q_̂ be a number such 
that q.is in (x. ,,x.) and if f(t.) > 0 then f(q.) < 0 and if f(t.) < 0 

then f(q^) > 0. Therefore, for each x^ in D^±, j f (t̂ ) - f (q̂ )j > f (t̂ )
e eNow, e = - + ~

k
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Therefore,

. x. I ! x*
> S J 1 fdg -  f ( q  )dg I + s  | f ( t  )dg -  J 1  fdg

\ IK c -L -L J_ 1 -L * AD^± x-1 D1±
X.X

x-1

> 2 | f(ti)dg± - f(qi)dgi + / xX fdg - f xx fdg
V x-1 x-1

= s |f(t±) - f(q±)| • IdgJ
D1±

> 2 |f(t )| . | dg !
D1±

= 2 |f(t.)dg.|.
D1±

S If(t.)dg. I < e. ~ I i i1Di±

THEOREM 2®2: If / fdg exists and e > 0 then there is a subdivision

D = (x.)?  ̂of (a,b) such that if D„ = (x¥ )m A is a refinement of Di i=0 ? 1 p p=0

and ( and ( are interpolating sequences for D and , 

respectively, then

f(t.)J dg. - B | f(t')| dgr
]> U D- iD1

< e<

Proof:
b eLet e > 0® Since J^fdg exists and — > 0 then, by Theorem 1®?,

there is a subdivision D = (x.)n  ̂of (a,b) such that if B = (xs)m „l 1=0 1 p p=0

is a refinement of D and ( an  ̂( are interpolating sequences

for D and , respectively, then

f ( t  )dg -  2 f ( t ' ) d g
1 1 .D, P P1 I

Let D, = (x*)m be a refinement of D and (t.)? , and (t9)m . 1 p p=0 x i-l p p=1
be interpolating sequences for D and , respectively. Hence,

f(t.)j dg. - B f(t ) dg
x 1 D P P EH- U D- i 1
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3 s •
IH - i

= S
w

f ( t . ) d g .  X  X

= S |  •
jy ¥

< 3  I f ( t ± ) d g i
D

< <3
2

< e ,*

+ E 
D-

iD1
P P x x

i13!
P P

I + E If(t.)dg. - E f(t1)dg < ~ J 1 i P P 1

iD1

D-

P P

•Dix 1

Therefore, E J |fCt±)| dg.̂  - E |f(tp| dg? 
D** U D- iD1

< e

THEOREM 2.3: If / fdg exists and e > 0 then there is a subdivision9.

D= (x.)? * of (a,b) such that if D, = (x')m . is a refinement of D x x=0 ’ 1 p p=0

and for each i, 0 < i < n, let .M = (y denote the subdivision of’ — x q q=0
(x. , ,x.) such that z is in .M if and only if (1) z is x. , or x., orx-1 x . x J x-1 x*

m 1 *(2) z is x' or x* ,, where x’ is in D, ±: and let (z ) ., and (w ) 1, p p-1 p 1 ’ p p=1 q q=1
be interpolating sequences for D̂  and M, respectively, then

(A) S | E E |f(z )| [g(x*)- g(x* ,)]
r±I.M+ u .M- D, p p px x q 1
< e + S

D£-
S )f(w )| [g(y )- g(y )]|
Jfr U .M-x x

(B) S I E j f (wq)| .dg
D>±' iffc.dg >o

(C) E I E | f (Wq)| .dg
D ± » dgco q

(D) E I E | f(wq)| .dg
Dfc‘ M-.dg>o q

(E) E I E ! f ('Vq)| .dg 
iP . M-» dg<o  ̂'i

(F) S | S  |f(ap)l .dg J
iP . Ft U . 3̂r Px 1 x 1

< e

< e

< e

< e

< e
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Proof:
(A) Let e > 0» By Theorem 2«2, since / fdg exists and e > 0ot

then there is a subdivision D = (x.)? . of (a,b) such that ifx x=0
D, = (x*)m . ie a refinement of D and (z )m , and (t.)f . are interpolated 1 P P=0 ' p p=1 x x=1
sequences for and D, respectively, then

S I |f(t±)| dg± - E|f(z )] dg
rr1- u d- iDi

< e

Let D, = (x»)m n be a refinement of D. For each x. in D, let 1 p p=0 x *

let (Wq)qii 311 interpolating sequence for _Ji« Hence,

e > S [| f(w q)|dgq -  E J f ( z p )| dgp |
M+ U M- ' qD1

M = U iM. Thus, M
i=1

Also, for each i,

Hence,

= 1 }  9rrt UD-*
+ e e

D± .M+ U .M-1 1

- lf(wq)i& l ..M3 4" U,M- ■
- E

.Mt U .M- D, x x q 1
E Jf(z )| dg

> “ S, |  S |f(Wq)J dg 
]£* .M+ U .M- q

+ E
e£ ! .«t U .M- D,i x q 1

P ‘ Pi 

E Jf(z )| dg

Therefore,
e + E I E Jf(Wq)Jdg

& I .lit U .M- ■x x
> S E E |f(z )| dg

D* .Mi* H .M- D, P P|x x q 1
b e"(B) Let e > 0« Since / fdg exists and =■> 0 then, by TheoremB. J

cl 31*7» there is a subdivision D_ -  (x.). such that if A, = (xJ) 02 x x=0 1 p p=0
ris a refinement of D_ and A_ = (w ) . is a refinement of A, and2 2 q q=0 1

3 p
(Zp)p=1 are interpolating sequences for and Â ,
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respectively, then
s|f(z)dg - E f(t )dg I
a 1 p p a q q'a _P 2

3 9

0 GSince / fdg exists and t > 0 then there is a subdivision D, of (a,b) a y

such that if D, = (x')m . is a refinement of D-, and (z )m , is an1 p p=0 3 p p=l

p

then
)dgp| < e

3 9

=o9 Le t D1 = p p =0 be a refinement

of D and for each x^ in D5 let be defined as in hypothesis and 
nM = U ¿M # Let M1 be the refinement of D such that x belongs to M. 
i=1 1

if and only if x is in D or there is an x. in D such that x is in1 x
k °Jl" or Jffr»dg<o . For each i, let = (y^)^Q * Notice that M

is a refinement of . For each y in let z» be in (y  ̂,y..)•
Thus, E |f(z'.)dg.| < t and E | f(w )dg I < §■ .I J 3! 3 I q ql 3

M̂ ± M±
Thereforej
E Is |f(wq)|[g(y )~ g(y )]|
^^W-.dg^o q 11

= E | S f(w )dg |
^  ±M+.dg>o 41

= E E f (Wq)dg + E E f(wq)dg
I^i®-dg>o BtiMt-

< s E f(wq)dgq 
Iyt ±Kt U ±M+»dgq>o

+ S |f(w )dg | 
M* H *

E E f(wq)dg
. M± qD± x

< E E f(wq)dgq
pi ±M + ♦ dgq> o i ^

+ E S f(z')dg, - E E  f(z«)dg, + 
D± .Kj 3 3 Eft M  3 3i 1 x 1

VM|
<D



e< S I E f(wq)dgq - E f(z')dg
_rf.' .MtU.M*-«dg >o .M.± J JX I  *p-1 X I

< S E f(w )dg - f(z*)dg | + - + -
D1 .M. q J J ->

3 1

s  1

M1
- • + i. e 3

e
3

2 e 
+ 3

e .
Thus, E E | f(wq)| [g(y )- g(y t)]

jjt Ji+.dg^o q q"‘
< e

By similar argument, parts C, D and E are also true« Using these 
results, the following establishes part F as the main conclusion of 
the theorem.

(F) For each of the previous parts, A, B, C, D and E, let the
e b earbitrary positive number be — . Since J^fdg exists and — > 0 then

there is a subdivision D =s (x.)? _ such that if D, = (xf)m A is av x x=0 1 p p=0

refinement of D and M = U (.M), as defined in hypothesis, is a
i=1

refinement of D then parts A, B, C, D and E are true.
Let D- = (x*)m A be a refinement of D and (z )m . be an inter- 1 P P=0 p p=1

polating sequence for D. • For each .M, let w be in (y ,y ) for
1 x q q*~ • Q.
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I - E S | f ( w q )| dgq + 2 ! 2 j f ( w q )| dgq I
pi Jyf+*dg >o jj± ^M+. dg < o

S | 2 | f (w q ) |  dgq
D±liM“«dg >o

+ 2 2 |f(wq)| dgq
D± ±M“«dg <o

e . e e e e
< 3 5 5 5 5

6 •
Thus, 2 | f(zp)| dg

Finally, with the preceding theorems we can establish the 
following result#

■u i_
THEOREM 2.4: If / fdg exists then J |f|dg exists.a a
Proof:

b eLet e > 0. Since /^fdg exists and — > 0 then, by Theorem 2.1, 

there is a subdivision D-, = (x. of (a,b) such that if = (x )m2 i i=0 ’ 1 p p=0

is a refinement of and is an interpolating sequence for

then S | f(t') ¿6,1
V

rb eSince J^fdg exists and — > 0 then, by Theorem 2#2, there is a subdivi

sion D-2 = (x. J1 ~ of (a,b) such that if D, = '(x?)m  ̂is a refinement P l 1=0 1 1 p p=0
1 mof D_ and (t.). , and (t9) „ are interpolating sequences for D_ and3 l i=1 p p=1 3

, respectively, then
J fC t p l  dg± - 2 |f(t»)j dg

D + UD -
J J i°1

b ©Since / fdg exists and y-> 0 then, by Theorem 2.3, there exists a a if

subdivision D = (x.)? of (a,b) such that if D, = (x9 )m  ̂ is a4 l i=0 ’ 1 p'p=0
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refinement of and is an interpolating sequence for thenP P=1

s l U f t S ? ds l  < i_ . . D +U . D,D.± x i x 1
b

Let D = U Lj U = (xi)^_Q . Let Dj = be a refine-

merit of D and (t.)? « and (t*)m - be interpolating sequences for D x x=l p p=l
and Dj, respectively* Thus,

s | f ( t 1 ) | d g i  -  s | f ( t n | d g

< E I [f(t )| dg - E |f(t>)j dg
iD1

< E ||f(ti)|dgi - E |f(t')|dg
D+UET iD1

E
D±

f(t.)dg. x x

+ E
D* . D, x 1

E *Jf(t»)|dg

e_
k + k + E

D* i"1
E |f(t*)| dg
.D ± p p

I + + t

2. e + ~
b b

+ E I E |f(tf)|dg_
»‘ i V ' i V  1

•Since for each e > 0 there is a subdivision D = (x̂ ) ^ of

(a,b) such that if = (x^)^_q a refin®ment of D and (t̂ )̂ _.j

and (t, )m_1 are interpolating sequences for D and D1, respectively, p p™ 1 1
then E |f(t )(dg - E |f(t»)|dg

T - *  X X  _ P ± < e

therefore, / }f1dg exists [2, p. 28]«a
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Using this theorem, another relationship can be established 
Id Idbetween / fdg and / fd|g|•9. 3.

“K V»THEOREM 2.5: If / fdg exists then / fd-|g|.
3» 3.

Proof:
Id IdSince J fdg exists then / gdf exists [Zf pc. 53] and is3, 3.

f(b)g(b) - f(a)g(a) - /^fdg.
3.

Td IdSince / gdf exists then, by Theorem 2.4, / |g|df exists. Since
3. 1 3.

Id IdJa|g|df exists then /^fdjgj exists.



CHAPTER III

RELATIONSHIPS BETWEEN /bfdg AND /bffdg|3. 3.

The next relationship to be shown is between the integrals
Id b/ fdg and /^f{dgj. It has been found that if g is of bounded varia
tion on (a,b), then equivalent statements can be made regarding these 
integrals. The following theorem allows us to pnove an jequivalent abate
ment as the next theorem.
THEOREM If g is of bounded variation on (a,b) and e > 0 then
there is a subdivision D = (x^)^_^ of (a,b) such that if D̂  = X̂p^p=Q
is a refinement of D then

E E Jdg | + E . E | dg | < e .
+D “D.J P -D +D1 P

Proof:
Let e > 0. Since g is of bounded variation on (a,b) and — > 0

then there is a subdivision D = (x^)^_q of (a,b) such that if
,mD’ = (x1) ‘ is a refinement of D then p p=0

2 | % |  > 2 K J  > Vbg - §,D*
ki IdLet D5 = (x1) . be a refinement of D. Since V g is the leastp p=0 a°

upper bound of such summations on (a,b) then
v g' - L | ag | > u ana \'b^ D,l P> -

also,,

v V - 2 I dgj > 0a D* pi —

Vbg - E
D»K l |

e
< 2

13



Thus, 2 |dg | - S | dg |
D* p D
= Eldg^-Eldsjl

= i^pi ■ 4

< EJds^!- v*e +

< ® + £
2 2

= e •
Therefore, E |ds | - E |dg |

D' P D
< €

Also notice that
S dg. = S S dg 

+D 1 + D+D' P
+» +

Hence, S |dg 1 = E E  |dg !
+D 1 +d +j)i p

< 2 2 J
” +D +D» % i

and , S+EJ dSpI , S i dgi t+ D +D* p +D
Similarly, E E |d* | > E | dg |-D -Di p -D

Therefore,
E E|dg| 

+D -D1
+ 2 S {dg I

-D +D' P
< S' 2 |dg | +
+D -D* P

E E Ids | ■.
“D +D* P

■ [ 2+D

+ [ E E |dg | • 
-D*D' *

• 2 | dg | ] 
“D

= E l%lD* p
- 2

D 1 ds±!

V  “ E idgj|

+D -D'

e<
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Hence, ^ 4 |a8p' + 4 4 ' ^ !  < 0

THEOREM 3»2: If g is of bounded variation on (a,b) then the following
two statements are equivalent:

(1) jkfdg exists.&
(2) /""f|dgJ exists.

Proof:
If either integral exists then there is a subdivision (y )̂ _-r r =0

of (a,b) such that for each r, either f is bounded on (y  ̂>yp) or

g is constant on (y ,,y )[2, p. 51]» Thus, f r fdg = 0 orr-1 r y ^
yr/ f|dg| = 0 for each (y 1 ,y ) on which f is not bounded. Hence,j 4 3? I 2?r-1
in the following proof we shall consider the case where f is bounded 
on- (a,b).

(2) implies (1)

Let e > 0. Since /af|dg| exists then f is bounded by some 
number M > 1 on each subinterval of (a,b) on which g is not constant, 

to ©Since / f |dg| exists and — > 0 then, by Theorem 1.7» there is a sub-cl d.

division D„ = (x.)? _ of (a,b) such that if D* = (x')m _ is a refinement 1 x x=0 p p=0

of D.j and (t̂ )̂ _,j and (t^)™^ are interpolating sequences for and 
D1, respectively, then

£
D,

f(t)|dg| -Ef(t')|dg.
-r*.* Jr. D1x

Since g is of bounded variation on (a,b) and 7-7 >0 then there is a

subdivision D_ = ( x . o f  (a,b) such that if D' = (x*)m _2 x x=0 p p=0 is a



16

refinement of then

E E 
+ D “D* + - S 4 |dSpl * * •

Let D = D1 U D2 = (x±)^=0 . vmLet D' = (x') - be a refinementp p=0
vmof D and (t^)^_i and (tjp  ̂ interpolating sequences for D and

D*, respectively. Hence,
E f (t. )dg. - E f(t»)dg.x x

T> 1 1

D* P P

E E f^dg 
+D “D*

E f. dg-i _ E E
+D 1 X “D “D'

- 2 E f dg’P “D +D' P P

E E f dg 
+D +Dt P P

.2 i±(- |ii±|) - s s t (- ra«J)»D -D “D*
+ 2 f |dg±| - 2 2 f |dS |

l+D 1 1 +D +DI p P
+ 2 2  f (- |dg|)

l+D -D f P P I

+ l - W - s '
2 |fi|dSl| - _2itp|dSp|| +

7D*x

J5.lrplldsp| + s *s.lfp||depl+D T)' * * -d +d » p p
E"D I
+ E E M|dg I 

+D “D* P

El
-D 1

+ , S +D I
2 2 M|dg |-D +pt *

+ E 
+D

+ M ( S E |dgl + E E Idgl ) 
+D "D* P -D +D* P

E
“D
E
-D

+ E 
+D

+ E
*D

I + M < S  >
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4  l f i |dsi | •  ■ 4 fp |asp ! + 4 fp |dep 'li i i

+ 4  h t i ^ i  -  4 f P i % i  -  4 f P i s i + 4 f p |d sp ' l

+ i

f 1 1 ̂ ±1 -  4 fPl S l
i

'< S f |dg | - E f  Ids | + S
-D1 “D* * * 1 +Di

+ E +E, l fp l l % l  + *E EJ fp t I ^ p I + ?~D +D* ^ p +D “D* * *
< slfjagj - E S f  |ds || + s EM|ds |

n  I n »  y * I -T )  +  n> *

+ E E M|dg | + J
+ n —•D “D*
£
2 ( S J ,  |dg 1 

"D +D' P
+

< ft > +
£
k

e > 0 there is

- (xOm ̂p;p=0 is ■

+D “D* P
e
4

V i = 0 of
»n

^ = 1

3nd are interpolating sequences for D and D*, respectively,P P'
then E

D
f(t.)dg. x x E f(t«)dg 

D* P P
< e ,

b _therefore, / fdg exists [2, p* 28]»Q.

(1) implies (2)
bLet e > 0« Since /afdg exists and g is of bounded variation 

on (a,b) then /bfdVg exists, where Vg(x) = V^g for each x in (a,b)3. 3

[2, p, 66]» Since f is bounded on (a,b) then there is an M > 1
Idsuch that M > |f(x)| for each x in (a,b). Since / fdVg exists and
3. ®
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> 0 then there is a subdivision of (a,b) such that if D' = 

is a refinement of and (t^)^_^ is an interpolating sequence for

D* then §.f(tl,dT«i - ;afdVM  < !•

Since g is of bounded variation on (a,b) and —  > 0 then there is a

subdivision D„ of (a,b) such that if D' = (x.)? is a refinement of 2 l x=0

then E
D*

V 1 g - |dg | 
Xi-1  1 2M *

Let D = D, U D_e Let D* = (x.). _ be a refinement of D and 1 2 x 1=0

(t_̂ )_̂ _̂  be an interpolating sequence for D’. For each i, let
i-1

be denoted by Vs , Hence,

Ef(t)|dg| - ffdVg 
D»
< |E f(t )|dg I - E f(t )Vg + E f(t )Vg. - 

Id « d « d «
E f(t )|dg | - E f(t )Vg
D' D*
E
D'

D»

E M 
D'

=,lf(V l | v%  - I ^ J l  +

H s ±|| + |

H Ejvgt - |<*S±|| - |

M ( k  > + f

£2

Vg±

s f(t )Vg 
D*

/ bfdVna c

/bfdVg

£2

Since J^fdVg is a number such that if e > 0 then there is a

subdivision D of (a,b) such that if Df = (x„).nr i = o is a refinement of
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D and is sin interpolating sequence for Df then

l ^ f C y j d g J  - J*fdVg | < e f 

th e re fo re , / f|dgl exists, by Definition 1 «3«cl
With further investigation, it has been found that given the

"b bex is ten ce  of / f IdgJ, the proof of the existence of / fdg does not8L ct
require the condition of bounded variation for g on (a,b). The follow

ing sire two preliminary theorems in preparation for the desired result. 
THEOREM 3*3: If /^fjdgj exists then J^|fdgJ exists.

Proof:
b bBy Theorem 2.if, since /&fjd g j exists then J a jf||dg| exists and 

/b|fdg| exists.8L

THEOREM 3»bi I f  /af | dg[ e x is t s  and g i s  not of bounded v s ir ia tio n  on

(a,b) then for each e > 0 there is a subinterval (c,d) of (a,b) such 

that ]f(x)| < e for each x in (c,d).
Proof:

Assume the conclusion is false. Therefore, there is an e > 0
such that if (c,d) is any subinterval of (a,b) then there is an x in 
(c,d) such that |f(x)| > e. Since /aJfdg| exists and et-> 0 then there

is a subdivision D of (a,b) such that if D* = (x.)^ . is a refinementi i = 0

of D and (t is an interpolating sequence for D* then, by Defini

tion 1.3, | S | f(ti)dgi| - Ja| fdg| | < e.

1 bSince g is not of bounded variation on (a,b) and 1 + -=■ / IfdgJ > 06 cl

then there is a refinement D* = (x.)!1l i=0 of D such that
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E|d«| > It
D'

From our assumption, there exists an interpolating sequence for D*, 
(t^)^_^, such that for each (x^^,x^), Jf(t^)J > e. Hence,

I S | f.dg | - /^|fdg|I < e
I d* a I

and S If.dg | < e + J^|fdg| .
D*

Thus,
e +  / |fdg| > E |f.dg |

a D*

> s e |dg I 
D'

= e S )dg |
D*

> e ( 1 + J*|fdg| )

= e + Ja |fdg|

Therefore, -
e + /^|fdg| > e + /^|fdg| .

a. 9.

This is a contradiction» Thus, the assumption is false and the 
theorem is true»

•L T*
THEOREM 3*5: If / f|dg| exists then / fdg exists.

Si 3.

Proof:
Let e > 0. Since / f |dg| exists then, by Theorem 3.3» / |fdg|

3. 8l

\ 0exists. Since / |fdg| exists and 7 > 0 then, by Theorem 1.7» there
3. D

is a subdivision D. = (z.)? _ of (a,b) such that if D„ = ( x . _
I X X = U  d X X= 0

J ris a refinement of = (x^)^_q is a refinement of D^ and
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and (t^)p_i are interpolating sequences for and D^» 

respectively, then

t i )d s i l -  £ | « y d i p |
i 3

Let A be the set such that zbelongs to A if and only if ẑ

is in D* and g is of bounded variation on (z_ -jZL)« Since for eachi 1—1 1
Ztz in A, J f | dgj exists and g is of bounded variation on (z ,z ) i ,| 1—1 i

Z lthen, by Theorem 3«2, J fdg exists. Since for each z in A,
Zl-1  1

z -i e
J ± fdg exists and 7— >0 then, by Theorem 1«7, there is a subdivision 
zi-i bn

= (c of (z_ , ,z_) such that if A* = (c,)'3-*-rt is a refinementT. r r=0 1-1 1 1 P P=0

of A^ and (t is an interpolating sequence for A* thenp p:

S  I  f(tn)dSn "  ^  f d SA>1 P P °p-1 6n

and S I J°r fdg - S f(t )d*
*1 r-1 rA* P P 6n *

For each z^ in which is not A, let A^ be the set such that x belongs

to A^ if and only if x = z^.

Let D = D, U ( U A. ) = (x.)“ _ and D* = (x*)“ - 1 1_1 T. x x=0 p p=0 be a refine

ment of D. Thus, D and D* are refinements of such that D* is a 

refinement of D. Let ( and (t^)^^ be interpolating sequences

for D and D’, respectively.
Let C be the set such that x belongs to C if and only if X is
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in D and there is a z^ in A such that z ^  < x < z^« Let C* be the

set such that x belongs to C* if and only if x is in D* and there is
an x. in D such that x. is in C and x. , < x < x.* Let B be the set x x x—1 — x
D - C and B* be the set D* - C*. Therefore, for each x^ in B, g is 

not of bounded variation on (x. ,,x.)« For each x. in B, since g is
X —1 ’ X X ’

) X  •not of bounded variation on (x^jX^), / 1 f|dg| exists and
xi-1

0
r 'v -',.: v' > 0 then, by Theorem 3*^, there is a subinterval (c,d)onV I uŜ I + I )

of (xi->1,xi) such that for each x in (c,d)±, | f(x)| < 6n((dg j6 ^ ^  .

For each x. in B, let q. be in (c,d).* Hence,
X X  X ’

E f(t.)dg. - E f(t*)dg
D D»

< Is f(t )dg - E f(t*)dg | + E|f(t )dg | + E |f(t*)dg
lc 1 1 C* P P> B 1 1 11 B«1 P
E f.dg. - 
lc 1 1

X-E / fdg 
C i-1

+ 2 i 1 fdg - Sf dg 
C Xi-1 C'P P

+ E | | + E | • |
B ‘ B*

E 1 f.dg. -
c l 1 1

,x. 1J,1 ^ g
Xi-1 1

+ s
c
I A  fdg - E f dg
I xi-1 C' P Pi

+ E 1 1 + 2 | © |B ' * B1
n |E E f.dg.

1=1 aJ  1 1 
D1

- fdg [ + 
i-1

n 1 JX.E E I f  1 fdg - S f dg 
1=1 A. i-1 .C* P P 
D1 ^  1

+ 2 I • I + E ! 9 |B B*
n P2 #- + 

1=1 6“
n e

' S 1 B 1
. | + 2 | • I

1 B'1 1
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I  + !  -  | l f i dsil +
| + 2 | + S|f(tp)dsp |

B B®
| + S|f(ti)dgi| - E |f(qi)dg±|

B B
+- S |f(t )dg I - E|f(q)dg| + 2I]|f(q)dg.|

B| P P  B B 1 1
| + E||f(ti)dgi| - Jf(qi)dgi|

+ S||f(q1)dg | - E |f(t')dg }| + 2 E j f( q  )Kdg |
B 1 B' P P I  Bi

< | + 1 -  + 7 + 2 2

h  + 2 ( l } E -rB

i  •  + i  < 1 >

;n(|dgj + 1 )

= e
Since for each e > 0 there is a subdivision D = (x. - ofx i=0

(a,b) such that if Df = (xf )m__Q is a refinement of D and (

and (t, )m_1 are interpolating sequences for D and D1, respectively,p p— i
then E f(t )dg - E f(t*)dg

D 1 1 D* P P
therefore, / fdg exists [2, p. 28].a

■u 1-
THEOREM 3.6: If / fdg and / jfdg| both exist then / f{dg{ exists,a a a
Proof:

Let e > 0. Since /^¡fdg| exists and -■ > 0 then, by Theorem 1.7»a 4
there is a subdivision = (x.)̂ " . of (a,b) such that if D„ = (x')m „2 i i=0 1 P P=0



Zk

1c IQis a refinement of and (t̂ )̂ _.j and (t̂ )  ̂ are interpolating

sequences for and , respectively, then

E jf(ti)dgi| - E U(t')dSp!| < |
-2 iD1

b 0Since /afdS exists and — > 0 then, by Theorem 2.1, there is a subdi

vision D, of (a,b) such that if D, = (x')m n is a refinement of D, 3 1 p p=0 3
sind (^p)p~1 3X1 intBrpolating sequence for then

E |f(t')dgl < £.T̂+ I P P' ^
Df

Since / fdg exists and r- > 0 then, by Theorem 2.3, there is a subdi-a ¿f

vision D. of (a,b) such that if D, = (x')m n is a refinement of D1 P P=0
and (t,)Jn_̂  is an interpolating sequence for then

D± D+ U D-

Let D = D_ U D_ U D. = (x.)? . • Let Di = (x1)m - be a refine- 2. 3 h x x=0 1 p p=0
ment of D and (t^)^_^ and (t̂ )  ̂ be interpolating sequences for D

and D.j , respectively. Hence, »

S f(t±)|dgi| - S f(t-)|dg |
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2 llv^il - S I V V
D+ U D" i 1

+ e
7 + s s

D± iD1
S | . | + e

IT 4* s s
D* U D” U D^ D± i ° f

+ S S j f dg 1 
. d± 1 P P' D± i 1

V \ A I j. e £ , -
D ’ 1

T 7 t
k :

P' p 1

Dr

t  + f  + t
= e
Since for each e > 0 there is a subdivision D s=

(a,b) such that if D* = (xf)m A is a refinement of D and (tf)m «I p p=0 p p=l
and (t^)̂ ^ are interpolating sequences for and D, respectively,

then E i C V I d g J  - E«t')|dg|
D D*

< e

therefore, /af|dg| exists [2, p# 28].^

The questions of reciprocity of the relationships between several
b bof the integrals arise. If Ja|f|dg exists then J^fdg does not neces«—

sarily exist. For example, if f is the function defined as follows:
f(x) = 1, if x is a rational number
f(x) = - 1, if x is an irrational number

b band g(x) = x, for each x in (a,b), then f |f|.dg exists but J fdg doesa a
b b bnot exist; J  gd|f| exists but J gdf does not; and J  |fdg| exists but/ a a a'

/afM  does not 
rbIf / fdg exists then / fjdgj does not necessarily exist. Fora a



example, if f and g are functions such that f(x) = 1 for each number
1 2X and g(x) = x sin — for each number x ̂  0 and g(0) = 0, then / fdgX o

zexists but /Qf|dg|

26

does not
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