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INVERSE SPECTRAL PROBLEMS FOR NONLINEAR
STURM-LIOUVILLE PROBLEMS

TETSUTARO SHIBATA

ABSTRACT. This paper concerns the nonlinear Sturm-Liouville problem
—u"(t) + fu(t)) = Mu(t), wu(t)>0, tel:=(0,1), u(0)=u(l)=0,
where A is a positive parameter. We try to determine the nonlinear term

f(u) by means of the global behavior of the bifurcation branch of the positive
solutions in Ry x L2(I).

1. INTRODUCTION

We consider the nonlinear Sturm-Liouville problem

u”(t) + f(u(t)) = Au(t), tel:=(0,1), (1.1)
u(t) >0, tel, (1.2)
u(0) = u(l) =0, (1.3)

where A is a positive parameter. We assume that f(u) satisfies the following con-
ditions:

A1) f(u) is a function of C* for u > 0 satisfying £(0) = f/(0) = 0,
(A2) g(u) := f(u)/u is strictly increasing for v > 0 (g(0) := 0),

(A3) g(u) — oo as u — oo.

Then for each given o > 0, there exists a unique solution (A, u) = (M a),uq) €
Ry x CQ( ) with |lual|l2 = a. The set {(A(a),uq); > 0} gives all solutions of
(1.1)— and is an unbounded curve of class C! in Ry x L?(I) emanating from
(7%,0) ( [, 7).

Typical examples of f(u) are as follows:

) = (u=0),
fw) = (1= ——) (u>0),

14w
where p > 1 and ¢ > 0 are constants.
The equation 7 is motivated by the logistic equation of population
dynamics and vibration of string with self-interaction, and has been extensively
investigated by many authors. We refer to [I} [7, 1T} 12} T3] and the references therein
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for the works in L°°-framework from a viewpoint of local and global bifurcation

theory. On the other hand, since (1.1))—(1.3]) is regarded as an eigenvalue problem,
it seems important to study (1.1)—(1.3) in L2-framework. We refer to [2, 3, 4, [5] 6,

8, [91 T0} [14] for other works in this direction. In particular, the asymptotic formulas
for A(a) as @ — 0 have been established in [4, [5]. Therefore, the problem we have
to consider here is a global behavior of u, as o — o0, and it is known from [I] that

U (t)
SIa))
97 (Ma))
locally uniformly on I as @ — oo. By this, it is easy to see that for a > 1
a = |luall2 = (1 + o(1)g~ " (Ma)).
It follows from this that, in many cases, as o« — oo
AMa) = g(a) + o(g(a)). (1.5)

Note that if f(u) = u? (p > 1), then g(a) = a?~1. Motivated by ([L.5)), the following
asymptotic formula for () as @ — oo has been given in [14].

(1.4)

Theorem 1.1 ([I4]). Let f(u) = uP (p > 1). Let n be an arbitrary, fived, number
inNg=1{0,1,2,...}. Then the following asymptotic formula holds as o — oo

AMa) :ap—1+coa(p—1)/2+z(pcikil))])c_‘-lcg+2ak(l—p)/2+O(an(1—p)/2)7 (1.6)
k=0

where

1
p—1 2
Co=(p+3 — =+ ——&rtld
0o=(p )A\/p-i-l 3 p+1§ £

and ag(p) is the polynomial (degar(p) < k + 1) which is determined by ag =
17CL17 ey Q1.

Consider now the implication of Theorem and (|1.6) from the standpoint of
inverse spectral problems.

Problem A. Assume that (1.6) holds for any n € Ny. Then does f(u) = uP
(p>1) hold?

For the first step to solve this problem, we simplified the problem as follows in
[15]:

Problem B. Assume that the following asymptotic formula is valid as o — oo.
NOE aP~ ! ¢ Coa(p_l)/2 + O(Ol(p_l)/Q).

Then does f(u) = uP hold?
The answer to Problem B was given in [T5].

Theorem 1.2 ([15]). Let f(u) = u?(1 — 1/(1 + u?)). Furthermore, assume that
1 <p<b. Then as a —

Ma) = a?~ 4+ CoaP=D/2 4 o(aP~1)/2), (1.7)
Therefore, we regret to say that the answer to the Problem B is negative. How-

ever, it seems worth considering the following problem on which it is imposed
stronger conditions than those in Problem B.
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Problem C. Assume that the following asymptotic formula is valid as o — oc.
1
Ma) = aP7t 4 CoalP~V/2 4 7103 +0o(1). (1.8)
p—

Then does f(u) = u? hold?
The purpose of this paper is to answer this question.

Theorem 1.3. Let f(u) = uvP(1 —1/(1+u9)), where p > 1.

(i) Assume that (p—1)/2 < g <p+1. Then (L.7) holds as o — oo.
(ii) Assume thatp —1<q<p+1. Then (1.8) holds as a — .

Therefore, unfortunately, the answer to the Problem C is not valid, either. It
seems that the assumption in Problem C is still weak to solve the inverse spectral
problem. However, it seems that Theorem [I.3] certainly is the meaningful step to
give the answer to Problem A.

Our arguments here to prove Theorem are quite straightforward and are
different from those of Theorem which are variant of the proof of Theorem
Therefore, in [I5], it seems that the restriction 1 < p < 5 for the case ¢ = 2
is technical. However, it follows from Theorem [1.3| (i) that this restriction is not
technical but optimal.

2. PROOF OF THEOREM

In this section, C' denotes various positive constants independent of A > 1. We
begin with the fundamental tools which play important roles in what follows. We
denote by (X, uy) the solution pair of (L.I)-(L.3) for A > 72. We know from [1] that
there exists a unique solution uy € C?(I) 0 for a given A > 72. We use
this notation in what follows. Therefore, o = |luy||2. It is well known that

ur(t) =ux(l—1t), tel, (2.1)
1

uh\(t) > 0, O§t<§, (2.2)

1
[urlloo = U/\(E) (2.3)

We know by [1] that

1wl

A = [luxlf? + A1, (2.4)

= 1+ ualld
where A; > 0 is the remainder term of A with respect to ||ux|loo and depends on A.
For A > 1, we have
AL < Che” VA2, (2.5)
Here x > 0 is a constant. For completeness, we give the proof of in Appendix.
Now multiply by u/ (¢). Then

(u;{(t) + Aup(t) —un(t)? + uA(h) ) )

—=— Ju,(t) = 0.
1+ ui(t) M)
This along with (2.3]) implies that

1 1
5“&(15)2 + 5/\%(25)2

- 1u,\(t)P+1 + /M(t) 1 f_pgq d¢ = constant
b 0 (2.6)

1 9 1 pil luxlloo é‘P
= AMluallZ — —— [lun|Z +/ ¢ (putt=1/2).
sl = ol + [ e Gute=172)
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Let

2t oy sz [ Lo )
p+1 > 0 IR .

This along with (2.2)) and (2.6) implies that u)(t) = /La(ux(t)) for 0 <t < 1/2.

By this and ([2.1), we obtain

LA(0) = A([Juall3 — 67) —

L(ux(t))
lexlloe ([Jux |12, — 6%)
=2 = e
/0 Lx(0)
_ 2wl =St .
VA \/73
2||u)\||2 / 1-5° 1( 1—s 1—s? ) }
2
ZQHT}J (C1 + My),
where
RPN oo
22 Bt o 2 luslleo g
B)\(S) =1 S mf(l sP )+ )\HU)\HgO \/|u>\||ms qudé, (210)
14 _ .2
1 :/0 \1/%658, (2.11)
S 1— g2
M, ._/0 (\/m ﬁ) (2.12)

By (2.8)), we prove Theorem Therefore, it is important to obtain the asymptotic
formula for M) as A — co. To this end, we first prove the following lemma.

Lemma 2.1. Let 0 < e < 1 be fized. Then there exists a constant 0 < § < 1 such
that for1 —e<s<1and A\> 1,

A(s) = Ko(s)(1 - 5)%, (2.13)
By(s) = K1(\)(1 — s) + Ka(\, 5)(1 — 5)?, (2.14)
where
(p—1)(1—-9) < Ko(s) <p—1, (2.15)
Ki(A) = 2721 (2.16)
(p—1)(1—0) < Kz(\s) <p-1. (2.17)

Proof. We have A(1) = 0. Furthermore,
Al(s) = —2s+2sF, A(s) = —2+2psP~ L. (2.18)
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By this and Taylor expansion, for 1 —e < s <1 and A > 1, we obtain

As) = A(1) + A'(1)(s — 1) + %A”(sl)(s 1y

S5 — 1P,

where 1 — e < s < 57 < 1. This along with (2.18) implies (2.13). Next, we have
B(1) = 0. Furthermore,

U e
Bl (s :—23—1—23””%\”00 — = .
A(e) X ATl 1 s st
Then by (2.4),
uy |5t 2 [Jux|[Bdt
M) X AR T s
YA U~
CENITN S
_
-2
Furthermore,

By = 2RI =) 2= ) a2 4 ps
3 AU+ a2

Therefore, by (2.4), 2(p—1)(1—6) < B{(s) <2(p—1)for1—e<s<1land A> 1.
By this and Taylor expansion, we obtain

By(s) = BA(1) + Bi\(s)(s — 1) + %Bi\/(sg)(s —1)2
=K1 (\)(1—s)+ Ky(\ s)(1 —5)?,

where 1 — € < s < s3 < 1. Thus the proof is complete. ([l

Lemma 2.2. For A > 1,

My = Ca(q)[Juall (1 + o(1)). (2.19)
Here
L1 —s?){(1 —sPt? D—(1—-sP/(p—q+1
Co(q) :/O ( N )/(p +A()5)3/(2 )/(p—gq+ 1)}

Proof. Tt is easy to see that

' (1 - 5*)(A(s) — Bx(s))
My = ds
’ /0 VA(s)y/Ba(s)(V/A(s) + /Ba(s))
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Then by (2.4), (2.9) and (2.10), for 0 < s <1 and A > 1,

A(s) = Ba(s)

2wl

Y S ) [E R . b /ww &g
p+1 A )‘”u)\”oo [lux]loos 1+£q

p—q—1
2 (1+ 0(1))7‘““”;0 (1 —sP~ath

——(1+o(1 ))IIUAHC;‘](l — s -

p+1 p—q+1
1
=9 (1 - pHly (1 gPmatl)1
[l (1 + o1 { —s7) p_q+1( s )}
(2.20)
Furthermore, since ¢ < p+ 1, as A — oo,
140) - By < | 2 (T gy 22 [ < o
“ip+1t A Mluallze Jo 1+¢9 Moo
(2.21)

By this and ([2.20)), for 0 < s <1, as A — oo, Bx(s) — A(s). We apply Lebesgue’s
convergence theorem to our situation. Let an arbitrary 0 < e < 1 be fixed. Then

M — e (1—5*)(A(s) = Ba(s))
0 \/A \/B)\ S)(\/A +\/B,\
|l ), (2.22)
1-¢ VA(8)\/Ba(s)(\/A(s) + /Bx(s)
= M\ + Ma)y.

We know that A(s) and B, (s) is strictly decreasing for 0 < s < 1 and By(1) =0
(cf. Appendix). So we see from (2.14)) that for 0 < s <1—eand A > 1,

A(s)

>Al—¢€) > (p—1)(1—6)e
Bx(s) > Bx(

1—¢)>(p—1)(1-06)e>0.
By this, there exists a constant C. > 0 such that for 0 < s<1—eand A > 1,

| (1—s*)(A(s) = Ba(5)) <o
VA(S)VBA(s) (VA(s) + VBa(s) '

Therefore, by (2.4), (2.20), (2.21), (2.22) and Lebesgue’s convergence theorem, we
obtain

1—e

= (1= 2)AG) = Bas)
YT VADVBRDWAG + VB 0

= / “ s2>{<1—sp+1>/<p+1>—<1—sp*q+1>/<p—q+1>}ds
0 FIBRE |




EJDE-2007/74 INVERSE SPECTRAL PROBLEMS 7

By Lemma 2] for 1 —e < s <1and A > 1,
| (1 —s*)(A(s) — Ba(5)) |
VA(8)\/Bx(s)(\/A(s) + \/Ba(s))
o =KW = 5) + [Ko(s) = Ko (A 9)I(1 = 5)*}
(KN =) + Ko (A s) (1= 5)?)(/Ko(s)(1 — )2
< oIV (1 = 5) + [Ko(s) — Ka(A, 5)[(1 — 5)°)
— A{KI)(1 = ) + Ko (A, 5)(1 = 5)? 1/ Ko(s)
<9 Ki1(A\) 4+ |Ko(s) — Ka(A, 8)|(1 —s) <
{K1(A) + K2 (A, s)(1 = s)}y/Ko(s)
By this, we apply Lebesgue’s convergence theorem to M » to obtain
e [ (1= 2)AE) — ()
" e VA(S)VBA() (VA(s) + /Ba(s))
L[ U e )
1-c A(s)3/2
By this and (2.23)), we obtain (2.19). Thus the proof is complete. O

Proof of Theorem[1.3 By (2-8) and Lemma [2.2] we obtain
2[|unll3
VA
By this, (2.4) and the Taylor expansion, for A > 1,

2

JualZ, — a2 = (C1 + Callul| (1 + o(1))).

Jual, - a
2 -1 —q—1 —1/2 -

= 2wl (el = a5 (1 +0(1)))(Cr + Callunll (1 + o(1)))

= 2[|ur | SP2(C1 + (C1/2 + Co) [unl| oI (1 + o(1))).
(2.24)
By (2.4) and direct calculation, we obtain

l[tx ]l oe = AY/®=D (1+ A R 1))) (2.25)
p—

By this, (2.24) and Taylor expansion,
= [luallZ = 2llua|&7772(C1 + (C1/2 + Co) un]| I (1 + o(1)))

2D + 2 2 A0/ D) (A0 )
5— 1
- 2A(5*P)/(2(P*1)){01 + (2(1)7_’1)01 +5C1+ Co) A~ @1 (1 4 o(1))}.

(2.26)
(i) Assume that ¢ > (p —1)/2. Then for A > 1,

AG=P)/ 1) =a/(0-1) o \2-0)/(p-1)  \(G=p)/(@(p-1))
By this and ([2.26]), we obtain

0? = A2/0=1) _ 90y \G-0)/20-1) 2 \C=0)/-1)(] 4 (1)),
p—1
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Now we put
A=a? 1+ C3a™™(1+0(1))).
Then by direct calculation, we obtain

-1
C3=(p—-1)C1, m= p?

Since (p — 1)Cy = Cp, this implies Theorem (i).
(ii) Furthermore, assume that ¢ > p — 1. We put

A=aP (14 (p—1)Cra= P D/2 L Cla™(1 4 0(1))).
Then by a straightforward calculation, we obtain
Ci=(p-1CF, m=p-1
This implies that for A > 1
A=t 4 (p—1)C1aP V2 4 (p—1)C% + 0(1).
Since (p — 1)Cy = Cp, we obtain Theorem (ii). Thus the proof is complete. O

3. APPENDIX

We first prove (2.5)). We consider (LI)—(L3) with f(u) = uP9/(1+u?) forp > 1

and ¢ > 0. We put F(u) := [’ f Furthermore, let
Qx(0) = /\(Huxllio —0%) = 2(F([Juxllos) = F(6)). (3.1)
For 0 <t <1, (3.1)) is equivalent to (2.7)). Then for 0 < ¢ < 1/2, we obtain
uj(t) = VQ(ux(t)). (32)

By this, we obtain

1/2 ul 1w || oo 1 1 1 1
ui/\ —Z (¢ ; 7md6 = \?)\ ; 7md5 (3.3)
where
Ry(s)i=1—s"— SN ER - NG (F([lualloo) = F([lualloos)) (3.4)

Let an arbitrary 0 < € < 1 be fixed. Then for 1 — e < s < 1, by Taylor expansion,

Flluxlloos) = F(llualloo) + f(llurlloo) ualloo (s = 1) + %f’(\\wlloo&)lluxllio(s -1

where s < s1 < 1 and s; depends on s. Since f'(u) = puP~1(1 + o(1)) for u > 1,
there exists a constant § > 0 such that for 1 —e <s <1

Rage) =201 - Ll Pllalles)

Al oo A (3.5)
> 25(1 - S) + 5(1 - 8)27
where
5::1—M>0. (3.6)

Allualloo
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We know that £ — 0 as A — oco. By this, (3.3) and (3.5)), we obtain
1
1

\/X 1—e 1
vA 4 d
2 S/O vV Ra(s) 8+/17€ V2E(1 —s) + (1 — s)2 5
€ 1
SC—’—/O \/2§v+5v2dv
= C+ 07" [log 200 + 26 + 20/3(507 + 2@)@;

=0 (log C — log 2¢).
By this, we obtain

2 < Cve—é\&/27
which along with (3.6]) implies
s L), ) s
[urlloo 2

Thus the proof of (2.5) is complete. We next prove that By(s) is decreasing for
0 < s < 1. Indeed, since Bx(s) = Ra(s) in (3.4), by (A2) and (2.4)),

25 f(lluallsos)
Bi(s) = —25 + — 22
) 3 nlloes
2 o
e 2l _
A uall
Thus the proof is complete.
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