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EXISTENCE OF BOUNDED SOLUTIONS OF NEUMANN
PROBLEM FOR A NONLINEAR DEGENERATE ELLIPTIC
EQUATION

SALVATORE BONAFEDE

Communicated by Pavel Drabek

ABSTRACT. We prove the existence of bounded solutions of Neumann problem
for nonlinear degenerate elliptic equations of second order in divergence form.
We also study some properties as the Phragmén-Lindeléf property and the
asymptotic behavior of the solutions of Dirichlet problem associated to our
equation in an unbounded domain.

1. INTRODUCTION

We consider the equation
0

%ai(x,u,Vu) — colulP7u = f(z,u,Vu) inQ, (1.1)
i=1 "
where ) is a bounded open set of R™, m > 2, ¢y is a positive constant, Vu is
the gradient of unknown function u and f is a nonlinear function which has the
growth of rate p, 1 < p < m, respect to gradient Vu. We assume that the following
degenerate ellipticity condition is satisfied,

MJul) D as(z,u,m)ns = v(x)nl?, (1.2)
i=1
where n = (91,72,...,Mm), |n| denotes the modulus of n, v and A are positive

functions with properties to be specified later on.
We study the nonlinear Neumann boundary problem for (|1.1)) with the boundary
condition

m
Zai(x,u, Vu)cos(T, x;) + colulP2u + F(z,u) =0 (cz >0), z €09, (1.3)
i=1
where 9 is locally Lipschitz boundary (see [1]) and 7 = 7 (z) is the outwardly
directed (relative to §2) unit vector normal to 92 at every point x € 9§2.
Many results for linear and quasilinear elliptic equations of second order have
been established starting with pionering papers [13], [16], and arriving to the most
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recent [2, [7, 20, 211, 22]. For example, in the very recent paper [2I] the existence of
positive solutions for p-Laplacian, with nonlinear Neumann boundary conditions,
is proved by a priori estimates and topological methods.

The Dirichlet problem for the equation of the type in nondegenerate case
on bounded domains was studied by Boccardo, Murat and Puel in [3], 4], using
the method of sub and supersolutions. Afterwards, Drabek and Nicolosi in [§],
assuming condition (|1.2), studied the weak solvability of general boundary value
problem for equation, obtaining more general results than [3, [4]. Let us also
mention, on the related topic and in degenerate-case, [0l 6] and [10, I1].

In this article the basic idea of [§] is used: the question of the existence of solu-
tions is handled by priori estimates, in the energy space corresponding to the given
problem and in L*°, together with the theory of equations with pseudomonotone
operators.

This article is organized as follows. In Section 2 we formulate the hypotheses, we
state our problem and the main existence theorem. Section 3 consists of preliminary
assertions which are sufficient in the proof of our main results. In Section 4 we
prove the existence theorem and we give an example where all our assumptions are
satisfied. In Section 5 we study asymptotic behavior of the solution of the Dirichlet
problem associated to equation in an unbounded domain. Finally, in Section
6 we shall show that a theorem, like the Phragmén-Lindel6f one, holds for Dirichlet
problem, in the case of p-Laplacian, in a cylindrical unbounded domain of R™; the
analogous question for higher-order linear equations was first investigated by P.D.
Lax in [I4].

2. HYPOTHESES AND FORMULATION OF THE MAIN RESULTS

We shall suppose that R™ (m > 2) is the m-dimensional Euclidean space with
elements = (x1,Z9,...,%;,). Let Q be an open bounded nonempty subset of
R™, 9 be locally lipschitzian. The symbols meas,, () and meas(-) will denote the
m-~dimensional Lebesguel measure and the (m — 1)-dimensional Hausdorff measure,
respectively.

We denote by LI(99), (1 < g < o0) the Lebesgue space of g-summable functions
on 00 with respect to the (m — 1)-dimensional Hausdorff measure, with obvious
modifications if ¢ = co.

Let p be a real number such that 1 < p < m. We use, on the weight function
v(x), the hypothesis

(H1) v:Q — (0,400) is a measurable function such that

) € hel@). (5

We shall denote by WP (v, Q) the set of all real functions u € LP(Q) having the
weak derivative (%2 with the property v/| %ﬁf € LY(Q),fori=1,...,m. WhP(1,Q)
is a Banach space respect to the norm

» » 1/p
= [ [ (1ul? + 019 ]

_1
)7 € Lhe(9).

The space WP (v, Q) is the closure of C$°(Q) in WP(1, Q). Put W = WL (v, Q)N
L%(Q).
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Remark 2.1. There exists a positive number K such that for every u € W1 (v, Q)
it is also ming(u, K) € W1P(v,Q) for every K > Kp. Details concerning this
assertion can be found in Nicolosi [19].

Remark 2.2. For every u € W and for every v > 0 it is ulu|” € W. Details
concerning this assertion can be found in Guglielmino and Nicolosi [10].
We have alsothe following hypotheses
(H2) There exists t > ™ such that
1
v(z)

From (H1) and (H2) there is a continuous inclusion & of WP (v, Q) in WLPT(Q),
where 7 = (1+ 1)~*. So, from Sobolev embedding, if we set

PP
m—p+m/t’

€ L'(Q).

then, we have W1P(v,Q) C LP"(Q) and there exists ¢ > 0 depending only on
m,p,t,Q and [|[1/v| 1+ (q) such that for every u € W (v, Q)

* 1/p*
([ 1 az)™ < el

In this connection see, for instance, [I1], [12] and [I'7, Theorem 3.1].

Next, by the theorem of trace for Sobolev spaces (see for instance [I8, Cap. 2,
pag.77] or [13]), we know that for any u € W7 (), there exists a unique element
You € LP(0R) where

. - —Up
— -1 _ 1_ L
p=pr(m—1)(m — pr) o ———
and, the mapping 7o is continuous linear from WLT’T(Q) to LP(99Q). Obviously,
Yo o€ is a continuous linear map of WP (v, Q) to LP(9€) and for u|aq = (Y00&)(u),
the trace of u on 012, the following inequality holds:

. 1/p
(/ e ds) <d|ull1p, forallue WhP(v,Q),
09

where ¢’ is a positive constant depending only on m,p,t,Q and ||1/v| 1 q) -
When clear from the context, for u € WP(v,Q), we shall write u instead of
ulag-

Remark 2.3. Hypotheses (H1) and (H2) imply that W12 (v, Q) is compactly em-
bedded in LP(€)). The proof of this assertion is the same as that for p = 2 (see
[T1]). Furthermore, as the linear and continuous map -y from WHP7(Q) in LI(92)
is compact for every ¢: 1 < g < p (see [I8 Cap. 2, pag.103]), then, it is also
compact the embedding o o & of WP (v, Q) in L9(9Q). It will be useful to note
that W1P (v, Q) is reflexive. For the proof of this fact it is possible to use the same
procedure as in [Il pag.46].

We need the following structural hypotheses:

(H3) The functions f(xz,w,n), a;(x,u,n) (i =1,2,...,m) are Caratheodory func-
tions in Q x R x R™, i.e. measurable with respect to x for every (u,n) €
R x R™ and continuous with respect to (u,n) for almost all z € Q.
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(H4) The function F(z,u) is a Caratheodory function in 92 x R, i.e. measurable
with respect to = for every u € R and continuous with respect to u for
almost all x € 09).

(H5) There exist a number o and a function f*(x) such that

2 —
max (0, Tp) <o<l1, frelLl(9),

[F ] S AQu)[£@) + =5+ @ @) @] (2)

holds for almost all z € 2 and for all real numbers w,n1,72, ..., 7m
(H6) There exists a function F* € L>(0f2) such that

|F' (2, u)] < Allul) + F*(2) (2.2)

holds for almost all x € 92 and for every u € R.
(H7) There exists a function Fy € L (99) such that

uF(z,u) + Fo(xz) >0 (2.3)

holds for almost all x € 92 and for every u € R.
(H8) There exist a nonnegative number ¢; < ¢y and a function fy € L°°(Q) such

that for almost all z € Q and for all real numbers w,n1,72, ..., Jm,
wf(@,u,m) + caful” + A(lul)v(z)[nl” + fo(z) 2 0. (2.4)
(H9) There exists a function a* € LP/(P=1(Q) such that for almost all z € Q and
for real numbers u, 11, M2, ..., N,
8Dl (o @) + = 400D @ ] (25)
vi/p(x)

(H10) Condition (1.2)) is satisfied for almost all x €  and for all real numbers
Uy 11,72 - - - Ny the function A : [0,+00) — [1,400) is monotone and
nondecreasing.

(H11) For almost all € Q and all real numbers u, 91, 92, -+, Dy T1, T2, « -+ T,

the inequality

m

Z [%‘(%Uﬂ?) - ai(x’ u, T)} (ni - Ti) >0 (26)

i=1
holds while the inequality holds if and only if n # 7.
In this article we study the problem of finding a function u € W such that

/ { Z a;(z, u, Vu) gw + colulP?uw + f(x,u, Vu)w} dz
2= i (2.7
+ [ A{calulP?uw + F(z,u)w} ds = 0
o0

holds for every w € W. Hypotheses (H1)—(H6)and (H10) provide the correctness
for this problem. We shall prove the following result:

Theorem 2.4. Let (H1)-(H11) be satisfied. Then (2.7) has at least one solution.
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3. AUXILIARY RESULTS

The first result of this section is an a priori estimate in L>°(2) N L*>°(0) for
every solution of ([2.7)).

Lemma 3.1. Let (H1)-(H10) be satisfied and let u be a solution of (2.7)). Then
[ull o< (@) + [[ull L= (o0) < K (3.1)
where
2 1/p .
K:2{£[Hf0||1:oo(sz)+ [ FollL=(aa)]} ", ¢3 =min(cz,co — c1).

Proof. Let us take w = u|u|” as a test function in (2.7)) (see Remark [2.2]) where v
is a positive number. We deduce that

i ou
¥ ) o p
/Q |ul {(’y +1) E 1 a;(x,u, Vu) oz, +colul’ + f(z,u, Vu)u} dx

+/ {02|u|7+p + F(a:,u)u|u|7} ds = 0.
o0
By using (H7), (H8) and (H10) we obtain
7+1
u”{i—/\ ul| v|VulP + (cp — ¢ upff}daz
S ey = Al )V + (e = ex)ll? = f
+/ {calu*? — Folu} ds < 0.
o0
Set v such that v > [A(|[u| e (0))]* — 1, from the above inequality it follows that

03[/ |u|7+de+/ |u|7+pds] g/ |f0||u\7d9c+/ | Fo|lul” ds.
Q o0 Q o

Then, by Hélder’s inequality

s [/ |u|"TP dx +/ |u|7 TP ds}
Q G19)
<[([ )™+ ([ jurras) ]
Q a0
~ K/Q | folCYHP)/P dx)ﬁ + (/aQ | Fp|O+P)/P ds)ﬁ}

The above inequality implies

(/Q |7 *P dgg)ﬁ + (/89 |u|7+P ds)ﬁ

p
2p+’y+1

{11 foll oo () (meas,, Q) 757 + || Fo|| < (o) (meas 9Q) 757 }
Letting v — +o00 we obtain (3.1). The proof is complete. 0

The second result of this Section is an a priori estimate for every solution u of

(2.7), in the norm of WP (v, Q).
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Lemma 3.2. Let (H1)-(H10) be satisfied and let u be a solution of (2.7). Then
there exists a constant M > 0 such that

[ullp < M,

where M depends only on co, c1, c2, 7, p, [lfoll=(ys |1/, A(s), meas,, €,
meas JQ and || Fol| £ (a0) -

Proof. We have (see the proof of the Lemma [3.1):

W+1
/Iul Nidli=a) )\(||UHLOQ(Q))]1/|VU|1’+(Co—cl)|u|p}dx

+/ 62\u|7+pds
o9

s/ |Fo\|u|7ds+/ (follul” dz.
o0 Q

Set v such that v > A(K)[1 + M(K)] — 1, where K is the constant defined in
previous Lemma. Then, from the last inequality we obtain

/Q [u][V|VulP + (co — c1)|ulP] dz < K“f(/Q |fol dx + /(9Q | Fol ds). (3.2)

On the other hand if we take w(z) = u(z) as a test function in relation (2.7]), we
have

/ {Zai(a:,u,v )
2 i
Applying inequalities (1.2, (2.1}, (2.3) and Lemma we obtain
. 1
min (m ) lullf,,

<MK [ (£ ful 4 o ul (TP ul{TuP]do [ (ol
Q o

+ flz,u, Vu)u} dx + F(z,u)uds < 0.
[5}9]

Then, there exists a constant K1, depending only on co, c1, c2, 0, A(s), || foll=()
and || Fo| e (aq), such that

lullf, < Kl/Q[f*IUI + [P+ ul v Vul) de + || Fol| L 90) meas 992, (3.3)

where 7/ = £ (see also [8, (3.4)]).

2 D 1+o’
We use i, . to estimate the first term on the right-hand side of previous
inequality:

/ frluldz < lull o @)1/ 122 @) < KNF o)
/ [ulPt dx < ||u||LDO () measy, 2 < KP*7 meas,, (,
/ |u|T/1/|Vu|pd:c < KT / | fol dx +/ |Fo|ds) if 7 > MK)[1+\K)] - 1.
Q Q o0

In the case 7/ < M(K)[1 + A(K)] — 1, we first apply Young’s inequality to obtain
ul” < e+ Cler lul”, 7> ME)L+AE)] - 1;
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hence,

[l vVl do < lullt, + Cler' 7 ( [ 1ot [ (Folds).
Q Q o0

The above inequalities and (3.3)) give ||u|1, < M, where M depends only on ¢y, c1,
c2, 0, 0, || folloe () » [|Follz (o), meas,, Q, meas 0Q, || f*||z1q), A(s). The proof
is complete. ([

We want to emphasize that the constants K and M in previous Lemmas do not
depend on u. Moreover, Hypothesis (H2) in such Lemmas is only used for defining
the trace of u on 0S.

The following lemma will be useful in verifying the assumptions of the Leray-
Lions Theorem in the proof of Lemma |3.4

Lemma 3.3. Let (H1), (H3), (H9)—(H11) be satisfied. Let u € WLP(v,Q) and
{un} be a sequence in WP (v, Q) such that there exists a constant A > 0 for which
lunllip < A and A(Jup(x)]) < A for almost all x € Q and for every n = 1,2,....
Moreover, let us suppose limy, o |t — Ul Lr(0) = 0 and

i N (x,u Uyp) — a;(z,u uwg—
lim ‘/sz_;[al( 3 nvv n) 7,( s n,V )] dxr = 0. (34)

n—+00 3%

Then

lim v|Vu, — Vu|P de = 0.
Q

n—-+4oo

The proof of the above lemma is an easy modification of the proof of [8, Lemma
3.3]. The following Lemma is a direct application of the Leray-Lions Theorem.

Lemma 3.4. Assume that \(s) = X\, with A a positive constant. Let us suppose
that (H1)—(H4), (H9)—(H11) are satisfied. Let us suppose moreover that for every
u€R, (N,...,0m) € R™ and for almost all x € 2, it holds

[f (@, u,m) <A,
and for almost all x € 92 and for all u € R,
|F(a,u)] < A
Then has at least one solution.
Proof. Let us consider the operator
Alu,v) : WP (1, Q) x WP (1, Q) — (WP (v, Q))*,
defined by

ow
_ . p—2
<A(u,v),w> = /Q { 2221 a;(z,u, Vv) oz, + col|ulPT uw + f(x,u,Vu)w} dx

+ / [colulP~2uw + F(x,u)w] ds
o0

for every w € WHP(1,Q), and the operator T : WHP (v, Q) — (WP (1, Q))* defined
by
T(u) = A(u,u), ueWP(y,Q).
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Using (H9), it is easy to check that the operator A(u,v) is a bounded operator.
Moreover,

1 _ _
<A(v, v),v> > min(X, co)||v|\117,p — )\||U||17p[(measm Q)(p_l)/p + ' (meas 89)(p_1)/p].

Hence
m 7<T(U)7v> = +00.
lolrp—=toe [vllLp
Now, we shall verify that the operator A(u,v) satisfies the other assumptions of
the Leray-Lions Theorem (see [I5], Theorem 1]; see, also, [9]):
(i) Continuity and monotony in v: from (H11),

(A(u,u) — A(u,v),u —v) > 0.
Moreover, we observe that

lim (A(un,v,),w) = (A(u,v),w) for every w € WP (v, Q),

n—-+oo
if
(tn,v) — (u,v)  in WHP(v, Q) x WHP(1, Q).

For example, we prove that

lim \Un|p_211nwds:/ |v[P~2vw ds. (3.5)
=+ Joq a0

Now, Hypothesis (H2) implies
[vn — v Lran) < ¢ (meas Q) P=P/PP ||y, — 0|1,

then v, — v in LP(0Q). Let E be an arbitrary measurable subset of Q. It results

[ el wlds < [ Jenlrds + [ juieas.
E E E

The strong convergence of v, to v in LP(9€) implies that {|v,|P} are equiintegrable.
Then the above inequality together with Hypothesis (H2) imply that {|v,|P~|w|}
is also an equiintegrable sequence of functions. Hence follows from Vitali’s
theorem.

(i) Continuity of A(u,v) with respect to v: let u, — w in W1P(1,Q) and
limy, — oo (A(tUn, un) — A(tun,u),up, — u)y = 0, then, by Lemma Up — U in
WLP(v,€); hence, by previous observation, we have that A(u,,v) — A(u,v) in
(WP (v, Q))*, for every v € WHP(1, Q).

(iii) Continuity of (A(u,v),u) in u: we observe that if v € WP (1,Q), u,, — u
in WP (v, Q) and A(u,,v) — v in (WHP(v,Q))*, then u,, — u in LP(Q), u, — u
in LP(02), hence

lim (A(uy,v),u, —u) =0

and, therefore, (A(un,v),un) — <v’, u> (see, also, [I1l note (15)], where the special
case p = 2 is treated, but for Dirichlet problem, and, Remark [2.3).

Thus, all the assumptions of the Leray-Lions theorem (Hypothesis II) are satis-
fied. Hence the equation Tu = 0 has at least one solution u € WP (v, Q).

We shall prove that u € L>(Q) N L (0£2). We set:

Q={recQ:u>k}, 0U={zxcdQ:u>k}
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From (2.7)), choosing w = u — min(u, k), k > K (for K¢ see Remark [2.1]), we have

/ {Zai(x7w+k,Vw)g—w+co|w+k|p_1w+f(gc,w+k,Vw)w}dw
Q=1 i

+ {ealw + kP w + F(x,w + k)w} ds = 0.
a9,

Applying condition (1.2) we obtain
1
min (f,co)HwH’fpS/\/ wdzr + A wds.
A ’ Qs a0,
The above inequality and (H4) imply

-1 A[é(meas,, Q)P =P)/P"P 4 (/]
p =

[[wll? [(meas,, Q) P~Y/P 4 (meas 5y, ) P~1/7),

min(4, co)

For h > k we have
p-1

Par) 7 + / Pds) ”
(/Q [w] 33) ( - |w] s)
> (h— k)P~'{(meas,, Q)PP 4 (meaSBQh)(”*l)/ﬁ}.

For h > 0, denote
p(h) = {meas,, Qp, + meas 0Ny }.
We have o -
w(h) < m[ap(k)]p—l, ith>k>K

where the positive constant « depends only on ¢, c, co, \, m, p, t, Q.

Note that Zj > 1, then it follows from a lemma of Stampacchia [I7, Lemma 3.11]
that ess supg u+esssupyg u < +00. By this way also ess supg (—u)+esssupyq(—u) <
+oo. Hence u € L (Q2) N L>®(0N). O

4. PROOF OF THEOREM [2.4]
Proof. Let K be the constant defined in Lemma We define
ai(x,—K,n) ifu<-K
Ai(x,u,m) = a;(z,u,n) if lu| <K
ai(z,K,n) ifu>K,

in  x R x R™. For every positive integer n we define:

fle,u,m) i [ff <n

f”(l',uﬂ']) = z.u .
nifteaay >0
in QxR xR™,
F(z,u) if|F|<n
F,(x,u) = Flow)
NG A |F| >n
in 90 x R.

The functions A;(z,u,n), fn(z,u,n), Fy(x,w), satisfy (H3)—-(H11). It is sufficient
to note, for example, that in 2 x R x R™,

[ fo (s m)| < [ f (2w, )]
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and, that (H8) holds with |fo(x)| instead of fo(z). Analogous considerations verify
the others assumptions. On the other hand, for every u € R, (n1,...,mm) € R™
and for almost all z € € it holds that

| fr(z,usm)| < n,
and for almost all z € 9Q and for all u € R,
|y (z,u)| < n.

Then, it follows from Lemma that, for every n € N, there exists u,, € W such
that

/ [ZAi(x,un, Vun)a—w + coltn|P 2upw + fr (2, Up, Vun)w} dx
Qi i

0
“ (4.1)
+ / [co|tin [P 2unw + Fy (2, uy)w] ds = 0
o0
for every w € W. An a priori estimate of Lemma [3.1] yields
[unllzoe (@) + lunllLe (o) < K, for every n € N, (4.2)
and hence (4.1) can be written in the equivalent form
“ ow 9
{Zai(x,un, Vun)% + colun [P unw + fio(z, un, Vun)w} dz
¢ i=1 ' (4.3)

+ / [ea|tin [P 2upw + Fp(z, uy)w] ds = 0.
oN

It follows from Lemma [3.2] that for every n € N,
[unll1p < M. (4.4)

On the basis of and there exists a subsequence of {u,} (denoted again
by {un}) such that {u,} converges weakly to u in WP(r,Q) and {u,} converges
weakly* in L*°(£2) and in L>°(092) where u € W and ||u| g () + [|ullL=~a0) < K.
We shall prove that w € W is the solution of .

To pass to the limit in for n — +o00 we have to prove that

lim v|Vu, — VulP dz = 0. (4.5)
n—-+o0o Q

Now, the compact embedding of WP (v, Q) in LP(Q) implies the strong conver-

gence of u, to w in LP(€) and hence also almost everywhere in 9 (see Remark

[2.3). Then, taking into account Lemma[3.3] to get (4.5)) it will be sufficient to prove

that (3.4) it holds.

Let us take w = |u, —u|”(u, —u) as a test function in (4.3)) where ~ is a positive
number. We deduce
m

9w, —
/ { Zai(a:,un, Vun)(y + 1)|u, — u|’YM
o Ox;
+ coltn|P 2 un [ty — | (un — w) 4+ fr (@, U, Vun)|un — ul? (w, — u)} dx
+ / {ea|tn P2 un [ty — ul? (un — u) + Fp (2, wn) [t — u|? (1, — u)} ds
o0

=0.
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From the above inequality, taking into account (1.2)), (2.1), (2.2), (4.2), we obtain

/ [tr, — u|"|Vu, [Pv de

/ Zal T, Un, Vi) (v + 1) |upn — u\"’
Q

1=1

T / luy, — w7+ e + 2K/\(K)/ 1] + KP4 4 1jun — u]Y da
Q Q

’L

+ 02/ [t |P g, — w7 ds + / [ F*] 4+ NE)] |ty — u[* T ds,
20 a0

where + is such that 7(+1) AKANK) > 1

By Lebesgue theorem, the first three addends in the right hand side of previous
inequality go to 0 as n — 400 (see, [8, Lemma 3.4, pp. 229-230]). We prove, for
example, that

lim [[F*| 4+ ME)]|wn — u[7Tt ds = 0,

n—00 o0

this integral is absent in [§]. It results that a.e. = € 99,
[+ MO g — u™™ < (2K F| + A(K)] € L1(09).

As u, — u a.e. in 01, it will be enough to apply Lebesgue theorem again. Then,
it follows

lim / |un, — u|"|Vu,|Prde =0,
n—-4o0o Q
and, so, applying Hdélder inequality
lim / [un, — u||Vup|Pv dx = 0. (4.6)
n—-+4oo Q

By (4.3)) we obtain
O(un —u)

/;[ai(m,un,Vun) —ai(m,un,Vu)]T dx

:—/ coltn|P % (Uy — u) dx—/ fn(@, un, Vuy) (uy, — u) do
Q Q
/ZalxuVua(a )dx

O(un, —u)
+ /Q ;[al(:r,u, Vu) — a;(x, wy, Vu)]T dx

- / ol tn|P ™ 2up (uy — u) ds — / Fo(x,up)(u, —u)ds.
o0 o0

Now, all addends in the right-hand side of previous inequality go to 0 as n — +o0.
For example, we shall estimate the second and the last addend. We have

[ 1, Tl — uf d
Q

S)\(K)/[Kp71+g+l+|f*|}|unfu\dx+2)\(K)/ [tr, — u|| Vi, |Pv de.
Q Q
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From the Lebesgue theorem and (4.6]), the above inequality implies

lim / fn(@, un, Vug) (u, — u) dz = 0.
Q

n—-—+00

Next
/ (2 0n) [t — ] ds < M) + [ F* ]| o) / oty — u] ds.
oN onN

Taking into account that the imbedding of WP(Q) in L'(9Q) is compact (see
Remark 7 the above inequality implies

lim Fy(z,un)(up —u)de = 0.
n—-4o00 Fle)

For details concerning others passage to the limit see [8, pag. 228]. Consequently

/ Z[ai(x,um Vuy,) — a;i(x, un, Vu)]M dx
Q55 Oz;

tends to zero as n — +o0. So, u, — u in WHP(v, Q).
Now, to prove that the function v € W is the solution of (2.7)) it is sufficient to
pass to the limit as n — oo. For example, we prove that

lim Fo(z,up)wds = / F(z,u)wds (4.7
n=+o0 Jaq a0

for every w € W.

We fix € > 0 and a point zo € 9 such that u,(xo) — u(zg) as n — 400 and
the function F'(zg,u) is continuous with respect u. Then there is a number n, € N
such that for any n > n.,

—n < F(xg,u(zg)) — € < F(zo,un(x0)) < € + F(x0,u(x0)) < n.

These inequalities and the definition of the function F,(x,u) imply that for any
n > ne, F(xo,un(x0)) = F(xo,un(x0)) and

|Fn (w0, un(z0)) — F (o, u(zo))| <€
In this way F,(z,u,(x)) — F(z,u(x)) a.e. on IQ. Next, from definition of F,(x, u)
and (2.2]) we have
B ) w@)] < ) + 1 o o)

a.e. ¢ € 0Q2. Now, a new application of the Lebesgue theorem gives (4.7). The
proof is complete. O

Now, we show an example where all assumptions are satisfied. Let  be a
bounded open set of R™ such that 0 € 9. Put

viz)=lz|” for0<y<p-—1.
Then the function v satisfies Hypotheses (H1) and (H2) with ¢ such that

m m
— <t < —.

p—1 v
Consider the boundary-value problem

. |$|’y p—2 u P Y P _— 1
—div (1 P |Vul Vu) +e* — [ulP + |z|7|Vul’ = g(x) in Q, (4.8)
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|| o Ou s 1 L, el
T |u|p|Vu|ff’ ; oy ST i) + ZuluP 2 4 == =0 on 00, (19)
where g(z) € L*°(Q). In this case we have:
— ‘xlfy p—2 Ou P .
a;(z,u, Vu) = 1_’_|u‘p|Vu| P 1=1,2,...,m;

flz,u, Vu) = e — JulP — ulu|P~2 + |2|?|Vul|P — g(x), co=1;
1 ev1 1
F = — p—2 _— = —.
(o) = pouluP =+ S = o
If we put A(|u|) = el”, it is possible to verify all the Hypotheses (H3)-(H11). To
verify (H3), for example, it will be sufficient to note that the function (|u|P + ue®)
has minimum (< 0) in (—oo, +00).
Hence, BVP (4.8)), (4.9) has at least one weak solution in the sense (2.7)), i.e.
there exists at least one v € W such that

gl
/ 2] |Vu|P~2VuVw dz + / €Y — ul? + |z|"|Vu|P|w dx
o 1+ [ul? Q

1 L, 6u71
+ {=ululP~? + ——}wds
an € 2

:/gwdx
Q

holds for every w € W.
Examples concerning the Dirichlet problem related to (1.1)) can be found in [8]
Section 6].

5. ASYMPTOTIC BEHAVIOR NEAR INFINITY OF SOLUTIONS TO THE DIRICHLET

PROBLEM FOR. (1.1))

Let Q = {z € R™ : |z| > r}, r be a positive constant. For n € N, we denote
Q,=0n{zeR™: |z| <n}.

We introduce the hypothesis

(H12) The function v = v(z) : © — (0,+00) is a measurable function such that
v € L*(Q). For every n € N, there exists a real number ¢,, > max("* L)

' p—1
such that 1/v € Lo (,,).
We set
LYQ) + LP/P=0(Q) = {fi(x) + fa(x) : fr € LNQ), f» € L/ P~D(Q)}.
Let (H3), (H5), (H8)—(H12) be satisfied with fo € L'(Q) N L>®(Q), f* € LY(Q) +
LP/P=1(Q) and let u € WP (v, Q) N L>®(Q) such that

m

/ { Z (li(l’, U, vu) Ow + CO|u|p72uw + f(zv U, vu)w} dz =0 (51)
Q

ox;
i=1 v

for every w € WLP(v,Q) N L>=(Q). The function u exists because of [§, Theorem
2.2].
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Theorem 5.1. Let (H3), (H5), (H8)—-(H12) be satisfied, with the function f* in
LY(Q) + LP/P=1D(Q), and

|[fo(@)| + la*(z)| < de= 1,z € Q, (5.2)

with & and & positive constants. Let us consider u € WP (v, Q) N L®(Q) that
satisfies (5.1) for every w € WhP(v,Q) N L>(Q). Then

/ |ulP doz < Ce™%* (5.3)
|z| >N

for every A > r, where 63 and C are positive constants depending on known param-
eters.

Proof. Let us define in R™ a Lipschitzian function 6(z), 0 < 6(z) < 1, such that
O(x) =0if 0 < |z| < r+1, 6(z) = 1if |x| > r+2. Define in R™ the function 0 (z),
0 < Or(xz) <1, such that Og(x) = 1if |x] < R, Og(z) = 0 if |z| > R+ 1, and let
Or(z) be a Lipschitzian function.

Take in as a test function w = ulu|7e?™® 00 where 7(z) = 8|z if |2| < L,
7(x) = BL for |x| > L and the positive constants v, 3 will be stated later on.
Moreover, let us suppose that real numbers L, R are such that r +2 < L < R.

After easy computations, by (1.2)) and (2.4)), we obtain

V(@) ||V e P
/me |ul 993{{)\(||u|le(Q)) AllullLe (o)) | Y[Vl

+ (co — cl)|u|p} dx

< ’Y/ Z |ai(x7u7 Vu)|‘a;7@)‘|u|7+16'w(x)991{ dx
R™ i—1 €T;

+/ > lai(e,u, V) |[u] e |V0|0, da
R™ =1
m

+/ Z|ai(33,u,Vu)\|u|7+1eW(I)|V9R|9dx
Rm

=1

+/ @ follu| 00 R d.
]Rm

Now, we choose ~ in such that

v+1

——— — A||u|| = 2.
)‘(HUHL‘”(Q)) (H ||L (Q))

Then, we can estimate from below the left-hand side of (5.4) by

2/ P12 | VulP dz + (co — cl)/ Bl |y gz, (5.5)
r+2<|z|<L r+2<|z|<L
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Next, we shall estimate every addend of right hand side of (5.4). By (2.5), (5.2)
and the definitions of 7(z),0(x),0r(z), it results that

/ Z la;(x, u, Vu)| ’87- ’| 1@ 00 da

<~p VAl Z |ai (z,u, V)| |u[ 7 do
|w|<L i=1
< ~Bdy [/ la* (z)]ePe! da: + evﬁ(rﬁ)} (5.6)
+ 2m'yﬂ/\(||u||Loo(Q))|\1/||1L/£(Q) / Py | 7P d
r+2<|z|<L
oMl o) ) [ PN ju 1| Ful? do;
+2<|z|<L

/ Zmz 2,0, V)| [ul e | V6|05 da

i=1

e76(7+2)/ Z|al (z,u, Vu)||u|" T V| dx
[z|<r+2

YB(r+2) y+1 (5.7)
< dye )‘(||u||L°°(Q))||uHLOO(Q)
X / [a* ()P + [u|P~ WP 4 | VulP Y] da
|z|<r+2
< dSe’Yﬂ(T-‘r?);
/Z|ai(x,u,Vu)\|u|7+1e”(”)|V9R|9dx
™ i=1
< ewL/ |ai(z, u, Vu)||u| " | VOR| dx
R<|zx|<R+2 ; (5.8)
1
< dae A ([[ull @) 112 0y (I 5 ) + 1)
<[/ @@ldat [ (P TP dal;
R<|z|<R+2 R<|z|<R+2
/ )| follu 00 da < EHUHZw(Q)/ etB=ovlel go (5.9)
R™ R™

where the constants d; (i = 1,2,3,4) are positive and depend only on m, p, A(s),
||U||L°o(sz)a HU||1 P ||V||L<>o(9 : |a 21 () and 7.
From q 4)), estimates (| . letting R — +o00, we obtain

2/ P12 u| Y| VulP de + (co — ¢1) / Pl |y VP e
r+2<|z|<L +2<|z|<L

< dse?P+) 4 484, [5 / (B0 g 4 evﬁ(r+2)}

m

+ 2myBA(||ul L= Q))HVHLOO(Q) / Pl |yt dy
r+2<|z|<L
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1 T
+ myBA(ull @) 11112 / P a1y Vul? da
r+2<|z|<L

~ —01)|x
el /R OBl gy,

for every real numbers L > r + 2, § > 0; where « is a fixed real number, v > 2.
Fix (3 such that

o — 2
0<ﬁ<min (*17 o a l/p ) 1/p )
7 2yl @) 1122 gy MMl = @) 712

Then, for every L > r + 2, we obtain

/ evﬁ\a:||u|v+p dr < M
r+2<|z|<L

where M depends only on m, p, v, 8,7, co, c1, & A(3), [[ull =), [[ull1,p, [V][L=(0)
and d1. Letting L — 400, the above inequality implies

/ 221 | 7P do < My (5.10)
|z|>r

where d, = v and M; = e”ﬁ(”2)||u||2ffm) measy, (r < |z| < r+2)+ M. Hence
(5.3) follows from (5.10)). The proof is complete. O

We give an example where Hypothesis (H12) is satisfied. Let @ = {x € R™ :
|z| > 1}. We consider the function v : Q — (0, +00) defined by

v(a) = [(Jo] = De”I=D]7 v € (0,(p —1)/m).

Then

1
v(z) < (=)", zeq.
e
For every integer n > 2, we set Q,, = {& € R™ : 1 < |z] < n}. Then, the function

1/v(x) € L°*(Q,) for every 4, satisfying m/(p — 1) < 6, < 1/7.

6. PHRAGMEN-LINDELOF THEOREM

Now, we shall consider weak solutions of (1.1)) for the Dirichlet problem, with
p-Laplacian, in a cylindrical unbounded domain.
Let 0 < a < b < +00 and define the set

Tap={z €R":2' €V a <z, <b},

where 2’ = (z1,...,2m_1), Q is a bounded domain in R™~!, m > 3, with a smooth
boundary 0§Y; m, = T4 00. Let p be a real number such that 1 <p <m — 1.
For the next theorem we need the following hypotheses:

(H13) Let & = 0(2") : @ — (0,400) be a measurable such that
1
reL>Q), (2)elL' (),
U

with ¢ > max(2, -17);



EJDE-2017/270 EXISTENCE OF BOUNDED SOLUTIONS OF NEUMANN PROBLEM 17

(H14) Let f(x,u,n) be a Caratheodory function in m9 x R x R™ such that for
almost all x = (¢/, z,,) € mp and for all (u,n) € R x R™,

| (@, u,m)| < MJul)[f* (@) + 2(&)nfP), £ € L' (mo) + LP/ P~V (mp),
crlul? +uf(x,u,m) > —fo(x), fo € L' (mo) N L>(m),

where A : [0,4+00) — [1,400) is a monotone nondecreasing function and ¢;
is a positive constant.

Theorem 6.1. Let (H13), (H14) be satisfied. Let X : [0,400) — [1,+00) be a
nondecreasing function such that A(s) < X(s) for all s > 0. Let ¢y be a positive
constant such that co > ¢1. Let u € WYP(0,79) N L™ (o) satisfy

/ { S Z‘aup 2 0u Ow

Ox; Ox;
for an arbitrary function w € WYP(D,m0) N L () (the function u exists by [8)
Theorem 2.2]). Let us assume that for some a > 0,

+ coluP2uw + f(x,u, Vu)w} dr=0 (6.1)

erlul? + uf (e, u,m) > 0

for almost all x € 7, and for all (u,n) € R x R™.
Then there exists a positive constant a, depending onm, p, t, ', |[ul| Lo (xe), [u|l1,p,
A(s), 1PllLes(ary and |[1/D| Lo (qry, such that

" Qu P
armp NI 22N de < D
[Toe V;’axl’ r= ’

where D s a positive number depending only on known parameters.

Proof. For the sake of simplicity, we will assume throughout that
cuful” +uf(z,u,n) =0 (6.2)
for almost all x € 1 and for all (u,n) € R x R™. Let 6(z) € C*(R) be a function
such that §(z) =1ifz < 1,0(z) =0if 2 >1,0<0(z) <1, |¢'(2)| < 3.
For every b > 0, we consider 0y (z,,) = 0(x,, —b). It results 0 < Oy(x,,) < 1 and
67 (2.,)] < B for all b > 0. Let b be a real number, b > 0. Let us prove that

/ ’ i[ﬁ\ dx+/ {colul? + (2, u, Vu)u} do

IUI

ou
o )\ |u‘ Z‘afﬂl

+/ {colul® + f(z,u, Vu)u}lb, dz.

P=2 Ju

Ox; 0x;

(Qbu) dx (6.3)

The function w = (B (zm) — Op(2m))u € W2(0, 1) N L®(mg), ¢ > b > 0, so by

(6.1), we have
Ou |P=2 Ju
/ |u| Z ’8361 Ox; Ox;

+ f(z,u, Vu)(@C —Oy)udr =0,

[(9 — Gb)u] + C()|u‘p(9c — Ob)
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hence, in (6.3)) the right hand side does not depend on b. It results

0 20
/ Mul) Z‘@xu . 85 G (abu)der/ 00|U|p9bdx+/ [z, u, Vu)uby dx
u ¢ v v o o
1% Ou |P=2 Ou
3 0y d 6.4
/ A |U| Z’(‘?wz 7o AJul) 0z, 8mmu b 4% (6.4)

+/ Co|u|p9bdl‘+/ f(x,u, Vu)uby dz.
™0 ™0

By (H13) and ([6.2)), Holder’s inequality and the definition of function 6 it follows
that

< ﬁ(sglpl?)”p(/

s
b+d b+

P=2 Ju
0xm

u@é dm’

QZ ox;

Next, from the weighted Friedrichs inequality (see, [I7, Corollary 3.3]), we have

m—1
ou
! ~ /
o |u|? dz’ < oy // v(z") E oz,

i=1

(6.5)

p )(p—l)/p</ |u|pdx>1/p.

ot L b+1

da’, (6.6)

where the positive constant «; depends only on m, p, Q" and ||[1/7( (a1

From (6.5) and we obtain

P2 Ju 1 Ou p-1 /
<
‘/Tro A(Jul) me &Umudex’ = /ﬂoy amm‘ ul 0] dx
m 6.7)
ou |P (
N1/ ~
< ax(sup?) ”/ 0y oo | 1

Totdpt1 =1
where the positive constant az depends only on m, p, 3, " and ||1/7|1¢(q). Hence
2 ou |P=2 0
lim / L, ’ Y ) dz = 0. (6.8)
b— 400 A|ul) 1 0zm, 0T,

From ([6.4)), letting b — +o0, taking into account that the left hand side does not
depend on b, by Lebesgue theorem and we obtain (6.3)).
Next, by (6.2), (6.3 , co > c1, an easy computation gives

1 Ou |p Ou 1P—2 du
/ AJul) Z‘é‘xi o / Mul) Z‘axz ox; 61‘1(
for every b > 0.

From and (6.7]) we obtain
/ yz‘ “[ doe < Ml loalsup) P 1 [ o
Tpt 3 ‘

& du
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for every b > 0, where the positive constant a3 depends on m, p, 3, ', ||| o),
llull oo (xo)> A(s) and [|1/D]| £y Consequently,
Qs

1 <
pr1(u) < Py

Ib(u), vb > 0,
where, for every a > 0,

| Ou

Io(u) = / 7Y |

Ta =1 ‘

This formula, by induction, gives

Tyyn(u) < s"Ty(u) < As",

pdx, A= Ih(u) < 0.

forneN,b>0and s = a?j’_l We can write last relation in this way

Iyyn(u) < A8 for every b > 0, n € NU{0}.
It is simple to verify that above inequality gives
In(u) < age™,  for all A >0,

where oy = Ae® and & = —logs > 0.
Now, fixing « such that 0 < a < &, we have

ey xTr = e "my

0 : O0x; ° P ‘ ox;
=1 7=0 J.J+1 7
+oo m

. ou

a(j+1) >
<y [y
=0 s , [

“+oo
<Y e U (u)
§=0
400
< ay Zea(JJrl)e_m < +o00.
=0

The proof is complete. O
As in Section 4, we will show an example where all assumptions are fulfilled. Let
O ={2' = (z1,29,...,2m_1) € R™ 1 |2/| < 1}. Put
D(a') = [d(2’,00))" = (1 — |2'])”
for p: 0 < p < min(Z,(p—1)). Then the function » satisfies (H13) with ¢
arbitrarily taken as follows:

m 1 1
max (—, 7) <t < —.
p p—1 P
Let us define in my X R x R™ — R the function f(z,u,n) by
f@,u,m) = ue (1= [2')PIn]” — g1 (x),
where g1 (x) € L*(mp) has compact support. It is possible to verify (H14) by setting
A(Ju|) = €?l*l and, taking into account that

D

1 1 _p_
S lul” +uf(z,u,n) 2 =27 |gi (2)[7= (6.10)
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for almost all x € mp and for all (u,n) € R x R™. Then, from [8, Theorem 2.2],
there exists a function uw € WP (2, my) N L>(mg) such that

/ (alelr (1—2')) Z‘f’u "’ 2%@+|u|p—2uw+ueu(1_|x’|)ﬂ|vu|1’w}d:c
™o

62|“‘

Ox; 0x;

= / grwdx
0

for every arbitrary function w € W1 (5, ) N L (). In this case ¢o = 1.
From ([6.10)) because of the support of g1, there exists a positive number a such
that

1
Slul? + (@, u,m) 2 0

for almost all z € 7, and for all (u,n) € RxR™. So, it is possible to apply Theorem
[6.1] to the function w.
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