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PERIODIC SOLUTIONS FOR CONFORMABLE TYPE
NON-INSTANTANEOUS IMPULSIVE DIFFERENTIAL
EQUATIONS

YUANLIN DING, JINRONG WANG

ABSTRACT. In this article we study a type of conformable non-instantaneous
impulsive equation with periodic effects. We find a Cauchy matrix that can
provide solutions of linear and nonlinear problems and prove some of their
properties. Also we study the existence of periodic solution of different types of
conformable non-instantaneous impulsive differential equation. Some examples
also are given to illustrate our theoretical results.

1. INTRODUCTION

Hernéndez and O’Regan [I1] introduced the concept of non-instantaneous im-
pulsive equations. After that many results about this equations have been ob-
tained, including periodic differential equations with periodic non-instantaneous
impulses; see for example [IL 4, 6 [7, 10, 12, 15, 17, I8 20, 23, 24, 27). In [9]
an effective framework is given for obtaining periodic solutions of first-order pe-
riodic non-instantaneous impulsive problems. Feckan et al. [19] studied the peri-
odic solutions of second order non-instantaneous impulsive problems. Wang et al.
13, 14, 22 25| 28, 29| B0] established many results about periodic solutions with
non-instantaneous impulses. Abdeljawad [2] introduced the concept of conformable
derivatives and studied its basic theory. Recently, many articles about conformable
derivatives have appeared, see [3| [5] [8] [16], 2] [26].

In this article, we study the conformable homogeneous linear non-instantaneous
impulsive differential equation

@g’“z(L) =Pz(1), t€ (ok,tkt1], k=0,1,2,...,
2(0)=Qz2(,), k=1,2,...,
2(1) = Qz(ty ), € (wyonl, k=1,2,..., (1.1)
(o) =z2(0), k=1,2,...,

z(a) = z, € R™,
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the conformable non-homogeneous linear non-instantaneous impulsive differential
equation
D3 2(t) = P2(1) + (), € (ok, k1], k=0,1,2,...
=Qz(, ) +dy, k=12,...,
v )+ de, € (ow), K=1,2,..., (1.2)
z(of)=z2(0;), k=1,2,...,
z(a) = z, € R",
and the conformable nonlinear non-instantaneous impulsive differential equation
D z(t) = Pz(1) + h(t, 2(1), ¢ € (Okstet1], £=0,1,2,...
2(00) =Qz(;,) +di, k=1,2,...,
2(t) = Qz(vy ) +di, L€ (thsor), k=1,2,..., (1.3)
(o) =2(0r), k=1,2,...,
z(a) = z, € R",
where P and @ are n X n constant matrices with PQ) = QP, 0 < 8 < 1. 1 and oy
satisfy a =og <11 <01 <+ < <O < tgy1-.-,k=1,2,...,dr € R". Let
be the unit matrix, I = (Jp- (0%, tk+1] and J = Uy (tk, ox) and h(-) € C(I,R™),
h(-,-) € C(I x R™,R™).
We use the assumption
(A1) v and oy satisfy tgyq = te + T, Oktq = 0k + T for n(a,T) = ¢ in which
n(a,T) denotes the number of impulsive points existing in (a,T). dj are
constant vectors with dy1, = di + 7.
We set I = [a,400) and PC(I,R") := {y : I — R" : y € C((u,w4+1),R"),
k=0,1,.... There exists z(¢;,) and 2(;}), k = 1,2,... with 2(¢; ) = 2(1x)}, where
C((Lk, Lk+1],R”) denotes the space of all continuous functions from (tk, tg41] into
R™. We denote a vector 6 = (61,...,0,)" € R" with its norm [|0] = Y7, |6;] and
a matrix # : R” — R with its matrix norm ||x|| = max =1 ||&y].
This article is organized as follows: In Section [2] we introduce some basic theory
and give the solution of (|1.1)) and (1.2) for non-instantaneous impulsive Cauchy
matrix W (-,-). Also we give some properties of W(-,:). Section [3| concerns the

existence of T-periodic solutions of (1.2)) with two types of conditions. In Section
two lemmas prove the existence of T-periodic solutions of (L.3]).

2. PRELIMINARIES

Definition 2.1 (see [2 Definition 2.1]). The conformable derivative with lower
index a of a function z : [a,00) — R is defined as

s2(0) = lim =0T —2()
B e—0 £
Diz(a) = LLHL% Dj(1).

,t>a, 0< B <,

Remark 2.2 ([2]). If Djz(1,) exists and is finite, we say that z is S-differentiable at
ta- If 2 € C'((a,00],R), then D% (1) = (t—a)'=P2'(1). The conformable derivative

(1) exists if and only if z is differentiable at ¢ and Dfz (1) = (v — a) =P’ (1) for
L>a.
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Definition 2.3 (see [2, Notation]). The conformable integral with lower index a
of a function z : [a,00) — R is written as

Ja() = / x(o)dg(o,a) = / (0 —a)’1a(o)do, + > a,0 < B < 1,

if a = 0, then we write dg(o, a) as dg(o).
Lemma 2.4. The solution z(-,-,-) € PC([a,00) X [a,00),R™) of (1.1) with the
initial condition z(0) = z, has the form

2(¢) = 2(1,0,20) = W(1,0)25, > a, (2.1)
in which

W(i,0) = Quan o) [((‘_""t<w>)ﬁ)+—((U—Unm,a))ﬁ)++ZZ(§{?ZJ>(%+1—Uk)ﬁ]7
(2.2)

where j© :=max{0,j}, j € R. When n(a,t) =n(a,o), we have ZZ(:anL()a_;) =0. In
particular with o = a,

n(a,t)—1

"
21,0, 20) = Qn(a,L)e% [((Lfo'n(ﬂr,b))ﬁ) +Ek:n(a,g>((%+17m¢)ﬁ] Za = W(t,a)zq. (2.3)

Proof. There are several cases to be considered.
Case 1:: n(a,t) and n(a, o) satisfy n(a,t¢) = n(a, o).
(i) For any t,0 € (og, tk+1], Kk =0,1,2,..., when ¢ € (a, 1], we have

z(1) = e%(“‘m)ﬁza.
When ¢ € (11, 01], we have

z(1) =Qz(1]) = Qe 170

Then, for ¢,0 € (071, t2], we have

B
) Zg-

Z(L) = 6%0—01)52(01) _ eg(b—al)ﬁQe%(bl_Uo)ﬁZ{“
Z(G) = e%(a—al)ﬁz(al) = eg(a_gl)ﬁQB%(bl—Uo)Bza

)

SO
W(t,0) = of (o' —to-e))

In summary for any ¢,0 € (0%, tg+1], it holds
W(t, o) = o5 (=)’ ~(=0)")

(ii) For any ¢,0 € (v, 0k, k =1,2,..., we have z(1) = Qz(¢;, ), k=1,2,..., 50

2(¢) = z(0).

(iii) For any ¢ € (0(a,1)» tn(a,)+1) and any o € (Ly(a,0), On(a,0)], We have

)= e%(L_%(a’L))BZ(U:(a,L)) - e%(L_g"(a’”)ﬁz(grj(a,b)) = 7 0mmnw0)’ 4(0),

SO
W(t,0) = ef (=m0’

Case 2: n(a,t) and n(a, o) satisfy n(a,t) = n(a,o) + 1.
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(1) For any ¢ € (Ln(a,L)ao'n(a,L)} and any o € (Un(a,cf)an(a,U)-i-l]a we have Z(L) =
Qz(tp, ) and

20) = Q{5 0,) = QeF (00 =Tneo)* ~(=00eo)) (),
SO
W(L7 J) = Qe%((Ln(a’”7Un(a’d))ﬁ7(aion(a’d))3) .

(ii) For any ¢ € (0p(a,u)s tn(a,)+1) and any o € (Op(a,0)s bn(a,0)+1], We have
2(1) = 5077w (ot )

P 8
_ 5 (=0na,0) -
=¢? z(on(a’b))

-0 B —
— 7 t7n(a,n) Qz(Ln(a,L))

_ e%(L*G‘n(a,L))B Qe% ((Ln(a,l.)_an(a,d))ﬁ_(g—an(a,d))ﬁ) (o)

b
)
W(i,0) = Qe%((L_UTL(CL,L))ﬁ_(o-_o-n(a,a))ﬁ"r(Ln(a,L)_Un(a,o'))ﬁ).

(iii) For any ¢ € (tn(a,)s On(a,n)] and any o € (Ly(q,0); On(a,0)],there is
(1) = QZ(L;(G,L))
= Qeg(”‘(“*”_0"(“’”>)BZ(0;(a o)

= Qeg(bn(a")ign(a’a))ﬁZ(U;(a a))

_ Qe%(Ln(u.,L)_o-n(u.,o))ﬂz(a-)’
SO
W(,o) = Qeg(wav'*)"’"(“vf’))ﬂ.

(iv) For any ¢ € (0p(a,), tn(a,)+1] and any o € (tn(a,0); On(a,0)], We have

2(0) = eF4mon@n)’ 5 (gt

n(a,L))

B Lio”n a,t B -
= 7 (n@w) AT ay)

_ e%(L—aMa.L))BQZ(L;(a )
)ﬁ

L(—0o )ﬁ L — +
_ n(a,e) n(a,.) —%n(a,o)
=e? Qe? Z(Un(a,L))

— e%(L_a’n(a,L))B) Qe%(Ln,(a,L)fgn(a,a))ﬁZ(o-)

S0
W(,o)= Qe 5 ((=0n0.0) +enie=n(a)?)
Case 3: n(a,:) and n(a, o) satisfy n(a,t) = n(a,o) + 2.

(i) For any ¢ € (tn(a,)> On(a,)] and any o € (0n(a,0)s tn(a,0)+1), We have

z(t) = QZ(L;(Q,L))

jd B
— 3 n(a,) “%n(a,o +
= Qe# (tne. =Tn(a, 0 +1) Z(Un(a,a)+1)

L —c )13 —
= (a1) ~Fn(a.0)+1
= Qe n(a) T n(a z(on(a,ng)

P _ B _
= Qe? (tn(a,0) =On(a,o)+1) QZ(Ln(a,a)+1)
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— Qe%’(Ln(a,L>_0n(a,U)+l)BQ6% ((Ln(a,o)Jrl*Jn(a,a))ﬁf(afo'n(a,a))ﬁ) Z(O')

bl

so that

W([,’ O’) = Q2€[£; (_(U_U"‘(“vU))ﬂ+(L'rL(a,L)_an(a,a)+1)B+(Ln(a,a)+1_Urn(a,g))ﬂ) .
(ii) For any ¢ € (0n(a.0)» tn(a,)+1] and any o € (On(a,0)s tn(a,0)+1], We have

Plg B
z(1) = e7 (=) z(az(a7L))

_ P -onn)’? -
=e? z(an(w))

|

€

Lio-n a,t [3 -
(o) Qe )

(t=n(@0)” Qe F (tntan =Tn@.a+1)” 5 (5+
n(a,t Qeﬂ n(a n(a Z(Jn(aw)fl)

wly

=€

|y

— (L—Un(a,L))ﬁ %("n(a,l,)_o-n(a,o)+l)ﬁ -
=e Qe Z(Un(a,a)+1)

v

—¢ (Lfan(a,g)ﬁQe%(Ln@,L)—0n<a,o>+1)ﬁ)Qz(L*( )+1)
n(a,o

3 3
e%(L—Un(a,L))BQe%(wL(a,L)—Gn(a,a)+1)ﬁQe§ ((Ln(a,a>+1*0n(n,,o>)/ *(U*Un(n,,a))/)z(U%

SO

W(L o—) — Q2e%((Lign(a,b))[j‘k(bn(a,/.)70’n,(a,0)+1)ﬁ+("n(a,a)+170’%(@,0))[;‘7(0'70%(@,0‘))[5)
5 .

(iii) For any ¢ € (tn(a,)> On(a,)] and any o € (tn(q,0); On(a,0)], We have

z(1) = QZ(LT_L(G,L))

P B
= Qe (tnta.) =Tn(a,0)+1) +
— Qe/ n(a n(a Z(Jn(a7o—)+1)

P _ B _
— Qeg (Ln(a,,,) ffn(a,o)+1) Z(Un(a,a)+1)

pid - 8 N
= Qe (e =Tn(a.)+1) )Qz(%(w)ﬂ)

— Qe%(bma,n—Un(a,a>+1)ﬁQe%(Ln(a,o)+1—Un(a,c,))Bz(U)’
SO
W(L7 U) — QQC’% ((Ln(a,L)_Un(a,d)+1)ﬁ+(bn(a,a)+l_o-n(a,a))ﬁ).

Case 4: General n(a,t) and n(a,o).
(i) For any ¢ € (0p(a,); tn(a,)+1) and any o € (tn(a,0), Tn(a,q)], We have

n(a,t)—1

W, o) = Qe =n(a.) & [=onw) +32 000 (aa—on)?]

(ii) For any ¢ € (tn(a,.)» On(a,)] and any o € (0p(a,0), tn(a,0)+1], We have
W(L70') _ Qn(a,b)fn(a,o)e% [7(0'707“&,0))ﬁ+Z:(:a7;ELT;>(Lk_*_lfg-k)ﬁ)] .
(111) For any ¢ € (Un(a,L)7 Ln(a7L)+l] and any o € (a'n(aﬁ): Ln(a,a)+1]7 we have

3 3 (a,0)—1 3
W(,0) = Qn(a,L)—n(a,O’)e% [(L*Un(a,,,‘))/ —(0—0pn(a,0))" +2Z:anza,f,>(%+1*0k)[}

(iv) For any ¢ € (tn(a,) Tn(a,)] and any o € (tn(a,0)s On(a,0)], We have

n(a,)—1

W(i,0) = QUi —n(@) e Zidilam(tns o),
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Thus W (¢, o) can be written in the form
e%((L—fflc)g—(tf—ffk)ﬂ)7

if v,0 € (o, tpr1], K=0,1,2,...;
E, ifio€ (t,0k], k=1,2,...,n(a,¢);

Qrla.n—n(a.0) 5 [0 =0ntr) P+ 0 (rpa—on)?]

ifoe (Un(a,a)a Ln(a,0)+1]7 L e (Ln(a,L)van(a,L)];

W(L, O’) = Qn(a,b)fn(a,a)eﬁ [(L_Un(a,z,))B+EZ(:0;;’ELT;)(Lk+1_0k)ﬁj|

if o€ (Ln(a,a)a Un(a,a)}, Le (Un(a,a), Ln(a,L)—H];

Qn(a,b)—n(a,a)e% [((L—Un(a,L))B—(U—Un(a,g))B+ZZ(=";;'8;;)((Lk+1—0k)ﬂ]

)
ifoe (Un(aﬁ)a Ln(a,a)-&-lL S (Un(a,L)7 Ln(a7b)+l];
Qran)—nla.o) o F TR0 (i =on)?

9

ifoe (Ln(a,a)a O—n(a,a)}a L e (Ln(a,a),an(a,L)]a

s0 W(i,0) can be written as

W (e, 0)
_ Qrlen-n(a.0) & [(=on@)®) = (=on@en)®) +Sie0 ) (aesa—on)?] (24)
In particular, if o = a, we have
W(i,a) = QU@ s [(““fn(a,n)ﬁ)++ZZ§;E£T§)(%+1—%)’3].
The proof is complete. O

Lemma 2.5. Fort,0 € I,n €1, if (Al) holds, then
W(,o)=W(,nW(n,o), o<n<u

Proof. From ¢,0 € I and n € I, we obtain

n(a,t)—1

W (i, 0) = Qe —neo) s [(=n@)®) = (0=an@o))?) +Tp G0 G —0)”]
_ gran-n(am o5 [(0=0uwn)?) = (-0uen)?) + TR G —o0)]

« Qrlam=n(@o) 5 [(1=0a0)?) "= (0 =0nine)?) T wha =007
=W(,mW(n,o).
The proof is complete. O
Lemma 2.6. If (A1) holds, then W(-+T,-+T) =W(-,-).

Proof. Ttis clear that n(a,t+7T) = n(a, T)+n(T,1+T) = ¢+n(T,:+T) = g+n(a, ),
SO Op(au+T) = On(au)+q = On(an) + 1. According (2.4), for a <o <t < T, we
obtain

Wie+T,0+T)

P
= Q"(G’WT)*”(G"”T)E{ 3 [((t+T - Un(a,er))B)+
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n(a,.+T)—1

- ((U +7T — Un(a,o+T))B)+ + Z ([’k‘i‘l - Uk)ﬁ]}
k=n(a,c+T)

P
_ Qn(a,T)+n(T,L+T)7(n(a,T)+n(T,a+T))6{ 3 (4T = Onaury)®)

n(a,)+q—1

—((c+T- Un(a,a+T))B)+ + Z (ths1 —o3)"] }
k=n(a,0)+q

_ Qn(a,L)fn(a,U)e% [((L*Un(a,L))B)+*((U*Un(a,n))B)JrJrZ;:(an;z, ,)(Lk+1 Uk)ﬁ] .
The proof is complete. O

Lemma 2.7. Suppose that (A1) holds, and for everyt,o € I,n € I witho <n <.,
then W (i, a)W(T,0) = W(,o)W(T,a).
Proof. Calculating each side of the equality yields
W, a)W(T,0)=We+T,T)YW(T,0)=W(+T,o0),
W (e, o)W(T,a) =W(,o)W(+T,.) =W(+T,)W(,o)=W(+T,0).

So W(t,a)W(T,0) = W(,0)W(T,a). and he proof is complete. O
Lemma 2.8. A solution z € PC(I,R™) of (L.2) with z(a) = z, € R™ has the form
n(a,)—1 Cog1
2(t,a,2q) = W(t,a)zq + Z W(t,0)h(o) (o — op)?tdo
L () (2.5)
+/ W (1, 0)h(0)(0 = 0pan)’ o+ > W, op)dy
Tn(a,e) k=1

Set

( ) (L_Jk)ﬁilﬂ Le(akaLkJrl]a k:031a2,"'a
L) =
X 0, ve (or), k=1,2,....
So (2.5)) can be rewritten as
¢ n(at)

z(t,a, zq) = W(L,a)za+/ X)W (¢, 0)h(o)do + Z W (e, ok )d.
@ k=1

Proof. When ¢ € [09,t1], it holds D°2(¢) = Pz(t), and the solution of the above
equation is

When z, = z,(¢), we obtain
D%2() = DPW (1, a)zale) + W (1 a) D 200
= P2(0) + W(a)( — 00) P24 (0
= Pz(1) + c(v).
Then
Ya(t) = W, a)e() (e = 00)

za(L) = L WY, a)h(o)(0 — 00)?do + z,.

g0
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By comparing both side of the equation, we obtain
() = W(i,a) [/ W= (0,0} h(0) (0 — 00) o + 2]
=W, a)ze + /L W (,0)h(c) (o — 0¢)?Ldo.
When ¢ € (11, 01], we have
() = Q=(7) +di = NW (11, 0)20 + N / W (tr, 0)h(o) (o — 00)P~Ldor + dy.
When ¢ € (071, t2], we have
z2(t) = W(i,01)z(01) + /L W(t,0)h(c)(o —01)?Ldo
= W)W (i.0)z + W0)Q [ Wlar,0)ho)o — 00) o
0
+ W(,01)d1 + /L W (t,0)h(o) (o — 01)?"Ldo (2.6)
=W, a)ze + / W (1, 0)h(o) (o — 09)?~tdo
/ W(r,0)h(o)(o — 1)~ tdo + W (1, 01)d;.

For a positive integer n and ¢ € (0p(a,0)s Ln(a,)+1), it holds

n(a,)—1 teg1
z2(1) =W(t,a)zq + Z W (r,0)h(o)(o — op)?tdo
. n(a)
s W)~ oun) o+ Y W)y
Tn(a.) k=1

When ¢ € (tn(a,)+15 On(a,)+1), We have

Z(L) = QZ(L;(Q’L)Jrl) + dn(a,L)+1
n(a,)—1 thg1

= Q |:W([/n(a L)+15 UO Zq + Z / W [/n (a,e) +17 )h(g)(g - O'k)ﬁildo'

tn(a)tt 1
+ / W(Ln(a,L)—H? U)h(U)(U - O—"(aab))ﬂ_ do

n(a,e)

n(a,)

+ Z W(’/n(a,L)Jrlka‘)dk:I +dn(a,L)+1-
k=1
When ¢ € (0p(a,)+15 Tn(a,)+2); We have

L

2(t) = W(t,0n(a,)+1)2(On(a,)+1) + / W(t,o)h(o)(oc — an(a)b)ﬂ)ﬁflda

On(a,)+1

= W(l’7 O-n(a,L)+1)QW<Ln(a,L)+17 (L)Za
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n(a,)—1 Lk+1

+W(L,O’ aL)+1 Z / In(a,n)+1,0 )h(o)((j*a’k)ﬁilda

n(a,t)+1

+ W(L7 O-n(a,b)Jrl)Q/ W(Ln(a,L)Jrla U)h(a>(0 - o-n(a,L))ﬂ_ldU

On(a,e)

n(a,t)

+ W(L’ Un(a,b)+1)Q Z W("n(a,b)-{-lv Uk)dk

k=1
+ W(L7 Un(a,L)Jrl)dn(a,L)Jrl + / W(L> U)h(O’)(O‘ - o-n(a,L)+1)ﬁ_1dU
On(a,)+1
n(a,t) g1
(t,0)zq + Z / W (1, 0)h(c) (o — o)’ tdo
. n(a,t)+1
+ / W (e, 0)h(o)(o — an(a7b)+1)571d0 + Z W (e, o)dg.
Tn(a,)+1 k=1

Using induction, we can show that the solution of (1.2)) with z(a) = z, € R™ has
the form

n(a,)—1 o1

2(0) =W, a)zq + Z W(t,0)h(0) (o — o%)Ptdo

. n(a,t)
+/ W(t,0)h(c)(o — Un(a,b))ﬁ_lda + Z W (v, ok )d (2.7)

n(a,t) k=1

n(a,t)

:W(L,a)za—k/bx() (t,0 do—i—z (¢, 01)d

The proof is complete. O
A function z(-, a, z,) € PC([a,00),R™) is T-periodic if 2(¢, a, z,) = 2(¢t+ T, a, z4),
¢ > a. We define
PCr(I,R") ={z€ PC(I,R") : 2(t) = 2(t + T),. > a}.
Theorem 2.9. If (Al) holds, then has a solution z € PCr(I,R™) if an only
if (E—W(T,a))z, =0.
Proof. Lemma [2.4] gives z(t,a, zq) = W (1, a)zq, so that
20+ T a,zq) = 2(t,a,20) <= WL +T,a)ze = W(t,a)z,
S W+ T, T)W(T,a)z = W(t,a)z,
<= W, a)W(T,a)zq = W(t,a)z,
— (E-W(T,a))z, = 0.
The proof is complete. O

Example 2.10. Consider and let 8 =1/2, 00 =0, sp =k, 1 = k — =
k=12,....T=1,qg=1. Weset

() -] ()
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i _ oAt At _ 2t
0 et ’

W(1,0) = Quoveh ((=me)’) +EIG ™ s =0)’]

264[((L—0n<0,L)) ) A0 1(bk+1—0k)ﬁ] ((1) n((i’ L)>

so that

And we can obtain

1 1_6_2[<(L_G’L(O*L))ﬁ) +Zn(0 9 I(LkJrl—O'k)ﬁ]
0 e 2[(=0n0?) HEEG O T - 0n)?]

et [((L_U"<°’L))ﬂ)++zn(0 - 1(Lk+1_0'k)ﬂ:|

1 1+ (n(0,¢) - 1)6*2[((“%0 )7) TG =)

X
0 6_2[(@_0"(0”)&) En(O - 1(%“_%)‘3}
Then

Z(L, 07 ZO) = W(L, 0)

64[(L Tn(0,1)) ) +3 R 1(%+1*01€)5]

2+«nmﬁ>—1k—4«wwmm») TG 0w’

X
6_2[((L_(T7L(0,L))B) +3 00" I(Lk+1_‘7k)ﬁj|
Then
623/2 623/2
W@m=(0 gm» (B~ W(1,0)z 0

so (1.1)) only has the trivial 1-periodic solution.

3. NONHOMOGENEOUS LINEAR NON-INSTANTANEOUS IMPULSIVE PROBLEM

In this section, we study the existence of T-periodic solution of in this
section and consider the following assumptions:

(A2) det(E — W(T,a)) # 0;

(A3) det(E —W(T,a)) =0;

(A4) there are constants u € R and J > 1 such that || exp{Ac}| < Je“t, 1 > q;

(A5) for any ¢ € I, it holds h(¢ + T) = h(r).

Lemma 3.1. Assume (Al), (A2), (A5). Then the solution z € PC([a,T],R™) of
(1.2) with z(T) = z(a) has the form

T a
2(Ly a,24) = / x()p(e,0)h(o)do + Z (¢, o%)dg,
@ k=1
where

¢(L7U):{(W(T,a)(E—W(T,a))_ +E)W(,0), a<s<t, 51)

W (r,a)(E —W(T,a))"*W(T, o), t<o<T.
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Proof. From Lemma ([2.4), we obtain

Lk+1

2(Tya,zq) = W(T,a)z, + Z/ W(T,0)h(c)(c — o)’ Ldo

q
+ / W(T,0)h(c)(o — aq)’do + Z W(T, or)dy, = za,
7 k=1
so that

q L

=(F—-W(T,a) Z W(T,0)h(c)(c — or)’Ldo

+ / W(T,0)h(o) (o — 0q)° 'do + Z W (T, ak)dk)
g k=1

Then, the solution of (1.2)) has the form

Z(L, a, Za)

=W(t,a)(E —W(T, a))_l(Z/ W(T,0)h(o)(o — op)?~do

k=0"k
T q
+ / W(T,o)h(o)(c — Jn(a,b))ﬁ_ldo + Z W (T, Uk)dk>

n(a,)—1 Cog1

+ Z /U W(t,0)h )(o—ok)ﬁflda

n(a,t)

+/L W (1, 0)h(0)(0 = Onan)’ Hdo+ > W(i,00)dx

nles) =1
-(X W0 (B - W) W(T.0)h(o) (o — 1) do
k=0" Tk

T
+ / W (,a)(E —W(T,a)) *W(T,o)h(c)(c — aq)ﬁflda

+ > W a)(E — W(T,a) "W (T, a4)d )
k=1
n(a,)—1

+ Z /U W(t,o)h )(o—ak)ﬁ_lda

n(a,t)

+ /L W (e, 0)h(o)(o — Un(w))ﬁ_lda + Z W (¢, o1 )dg,

e k=1
n(a,)—1 Lot
= Y [ W@ E - W)+ B W (o) - o) e
k=0 7ok
[ WE@E - WTa) " + B)W(a)h(o)(o = o) do

On(a,)
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L,L(a,L)—‘rl
+ / W(t,a)(E —W(T,a)) *W(T,0)h(0)(0 — Opa)’ 'do
L

q-1 Lkt
+ > / W (t,a)(E = W(T,a)) " *W(T,0)h(c)(c — o1,)’tdo

=n(a,)+1" %
k . +
n / W (i, a)(E — W(T,a))" "W (T, o)h(0)(o — 0,)°'do

n(a,.)

+ > (W(T,a)(E - W(T,a))™" + E)W (1, 01)dk
k=1

q
+ Y W(,a)(E—W(T,a)” ' W(T,or)dy
k=n(a,.)+1

:/ X o)h(o)do + 3 61, 0%)di
a k=1

The proof is complete. O

Then we consider det(E — W (T,a)) = 0. We assume that @ is invertible and
consider the adjoint system of (|1.1)) with the form

D3 (L) = —Px(1), t€(op,thp1], K=0,1,2,...,
() =1Q"  2(y), k=12,...,
(1) =[Q" a(ey), € (yor], k=1,2,..., (3.2)
z(of) =x(oy), k=1,2,...,
z(a) = x4 € R™.
Theorem 3.2. Let y and x be the solution of and , respectively. Then
(2(1),x(1)) = ¢ for v > a, where ¢ is a constant.
Proof. Let ¢ € (o), tk+1], K =0,1,.... Then
D5 (2(0), 2(1)) = (95" 2(1), 2(1)) + (2(1), D z(1))
= (Pz(1),z(1)) + (2(c
= (2(0), PTz()) + (2
Let ¢ € (tg,0k], k=1,2,.... Then
(2(0),2(1)) = (Q=(15), [QT] ()

Lett =1, k=1,2,.... Then
(2(), 2 () = (Q2(1), 1Q ] a(y)
= (=), QTIQ T (1))
= (21 ), 2(1.))-

Therefore (z(¢),2z(¢)) = ¢. The proof is complete. O
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Lemma 3.3. Suppose that (A1), (A3) hold and rank(E — W (T,a)) = n — | with
1 <1 < n. Then the adjoint system (3.2)) has I linearly independent T-periodic
solutions.

Proof. By (A3) and rank(E — W(T,a)) = n — [, Equation (1.1) has linearly inde-
pendent solutions. And the solution of (3.2) is #(¢) = W (1, a)z,, where
W (1) = [(QT) 1@ e~ 55 [((moman)?) +TRE00 (enmon)’]

Now

+ n(a,t)—
o) = o5 [(0onen) 2 -] Tynte]
Then
pT

+ | n(a,T)— -1
2(T) = 24 <= {67 [((T=on@)?) +Ek(:n(72,a;(“"+1_"’“)ﬁ] (QT)n(ayT)} Ty = Tq

pT n(a,T)—1

= P?_.eif[UTLUnWwﬂB)++§%=nwm»““**””B]OQT)"mﬂw}xa::0

n(a,T)—1

=, € ker [E _ @ E(T-0uw0)?) 2100 w00 ] T

=ker(E —W(T,a))".
So that
dimker(E—~W(T,a))" = n—rank(E—-W(T,a))" =n—rank(E—W(T,a)) = n—I.
The proof is complete. O

Theorem 3.4. Suppose that (Al), (A3) hold. Then(1.2)) has a T-periodic solution
if and only if (x4, dq) = 0, for every initial value x, of a T-periodic solution of
(13.2), in which

n(a,T)

T
%:/ X()W(T,o)h(o)do + Z W (T, o1,)dy.

k=1

Proof. By Lemma [2.4] we obtain
2(T) =W(T,a)za + ¢q = Za
= ¢, =(E—-W(T,a))z,
<= ¢, € Im(E — W(T,a))
= ¢, € [ker(E — W(T,a))"]*
= ¢, € [ker(E — W(T,a)")]*.

The proof is complete. O

Example 3.5. Consider (1.2)) with 8 =1/2,00=0,0r, =k, tx, =k—1/2, k € N,
T=1,q=1, and

h) = (L= k)20, ve (kk+13], k=0,1,...
(—t—k+D)Y2,0)T, vek+Lk+1], k=0,1,....

() e ) )
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62t 4t82t
Pt/ — < 0 2 -

so that

It is easy to obtain
W (e, 0)

+ + n(0.0)—
_ 00000 E [((=000.0)) = (0= 0n0.0)") +LET D (hsr=on)?]

_ 2[(000.0)7) = ((0=0n0.0)?) T v —on)?] (1 n(07b)—n(0>0)>

0 1
+ + n(0,)—1
T A= 0n00)7) T = (0= 0n00)%) T+ it (1 — o))
0 1
_ 62[((L_a"rz(o,b))ﬁ)+_((O'_Un((),a))ﬂ)++Z:(:0,;L(2):,1)(Lk+1_‘7k)ﬁ} 1 B )
0 1
where
n(0,.)—1
~ + +
b= 4{(0 —000:)") " = (0 = Tn00)) "+ D (1 - Uk)ﬁ]
k=n(0,0)
+n(0,t) —n(0,0) .
Then
1 n(0,1)
o= [ XOW LT+ Y WL,
0 k=1
1/2 .
= W(1,0)h(c)s™ 2do + (0,0)"
0
21/2 1/2
1 2
=G -5- 50T
2 2 2
From
21/2 5/2),2'/2
W(LO) - (6 (1 * 221/2)6 )
0 e
and
1 _(1+25/2)621/2
(F —W(1, O))*1 = 1—1951/2 171621/2 ,
1—e2l/?
we have e
212 1 o51/2 T
B 1, (€ 1-2
ZO—(E—W(lao)) ¢1_ ( 2(1—621/2) ) )
Therefore,
Z(Lvovzo)
. n(0,c)
= W(L,O)ZoJr/ X(o)W (¢, 0)h(o)do + Z W(1,0k)dg
0 k=1

1/2
2(1 _ 621/2) ’
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n(0,0)—1

Lk41 + + n(0,1)—
+ Z / <62[((L_0n(0¢))1/2) _((”_‘Tn(&a))lﬂ) +Zk(:0n(z),(rl)(Lk+l_ak)l/2j|
)
k=0 7k
T
0) do

+ /L 2L(0=000.0)72) =~ ((0-0u0.0)2) + L =0 ] 0) "o

n(0,0)

1/2
= 2=on@0)""? <e21/2n(0¢) M
2(1 — e? / )
n(0,0)—1 i1
+ Z / +35 672((070-"(01‘7))1/2)++(n(0,b)*k))21/2
k=0 “k

n(0,t)

22 4 91/2
_ eQ(L—Un(o,L))l/2 (621/2n(0’L) ¢ 1-2

2(1 — e2'/?)
l7’1- S
(- 21/2 o2 e2"? 1) 621/2(1 — 22" ))
2 2 2 1—e2?

T
— (- 1/2 =2(t=0n(0,0)"/? 1 —2(t—0n(0,)"? 1 )
(L Un(O,L)) e 26 + 2,0

91/2 T

e 12 L1 oo, )
R — n(0,¢ O .

M-+ e :

o1 1/2
_ (e (t=on0.1)) m — (= On(0,0)

Then

1/2
62

2(1 — e2'/?)
11

-3 + 562(L+1—0'7L(0,L)+1)1/27O)T

= 2(1,0, 2p),

/2

21 +1,0,2) = (62(L+1—0'n(0,t+1))1/2 —(t+1- O-n(o’tJrl))l

so there is a 1-periodic solution.

4. NONLINEAR NON-INSTANTANEOUS IMPULSIVE PROBLEMS

In this section, we study the nonlinear non-instantaneous impulsive problem
(1.3). We use the following assumptions:
(A6) For all t € I and =z € R™, we have h(v + T, x) = h(¢, z);
(AT) there is a constant Ly > 0 such that |h(¢,21) — h(t, 22)|| < Lp||lz1 — x2|| for
allt €T and z1,29 € R™;
(A8) there are constant A, B > 0 such that ||h(¢, x)|| < A||z|| + B for any ¢ € I
and x € R".

Two important lemmas are given first.

Lemma 4.1. When ¢ € [a,T] and Lemma 3.1 holds, we obtain

Z ¢(e, 00)ds|
i=1
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e0™” max{[|Q|9, 1} max{||W (T, a)|, 1}
<J[|(E = W(T,a)) Y|+ 1] L, |dill, i u>0,
max{[|Q||¢, 1} max{[|W (T, a)], 1}

< J[I(E = W(T,a)) "M +1] S0 lldill, ifu < 0.

Proof. Using (3.1)) we have
q

Z p(e, i) dill

i=1

< Z llé(e, o3)l]1sl
= > Mool + > loaa)llldil

a<lo; <t 1<Lo; <T
< D W@ a)IIE — W(T, @) W (e o) llldill + W (e, o3)ll1]
a<lo; <t
+ Y W)l = W(T,a) W (T, o3)ll1ds]
<o <T
, P
= X IE-wma) W a) Qe ep { (0~ ouwn)’)”
0<i<n(a,c)
N n(a,)—1
(@i = On@e)) D (i — )] |l
k=n(a,0;)
DI CA e L= n@0)’)" = (00 = onae))”
0<i<n(a,.)

S o))}l

k=n(a,0;)

Y e - wa) e e (e ) T o] |

n(a,)<i<q

X HQ’I—"(am)e% [((T*%)B) T- (("i*"n(avvn)ﬁ) ++Zi;i(a,ai)(bk+1’“’“)ﬁ] H IId;]]

§maX{HQllq,1}maX{IIW(T7a)II71}J[ Y IE-w(Ta)™

0<i<n(a,)

x [le” [(t=0n0)?) " = (@i0ner)?) + R0 (rir=00)”] 11

i Z ’ e% [((Lfan(a,n)ﬁ)Jr*((Gifan(a,a”)ﬁ) +Zz(an81 o (Lk+1*0'lc)ﬁ} HHdZH
0<i<n(a,.)

Y E - W@ JeF L) o]
n(a,)<i<q

d

e%[((T_Uq)ﬂ)Jr_((Ui_an(a,ai,))ﬁ) 2% n(aa)(LkJrl ox)” HHd Hi|
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If w > 0, then
q
S 116 o)1
i=1

< max{[|Q[|*, 1} max{||W (T’ o), 1}J{ Yo IE-W(Ta) | x e di|

a<i<n(a,.)

FY el Y B W) e ]

a<i<n(a,t) n(a,)<i<q
q
uqT? _
< """ max{||Q||, 1} max{[|[W (T, a) |, 1} T [||(E = W(T,a)) M| + 1] Y_ [|di]|-
=1
If u <0, then

q
> llo(e o)l il
i=1

< max{[|Q[1?, 1} max{[|W (T, a) ||, 1}J || (B — W (T, a))~"|| + 1] Z sl

The proof is complete. U
Lemma 4.2. When ¢ € [a,T] and Lemmal[3.1] holds, we obtain

[ orieorio

<o o [T max{|Q) 1T T ([(B = W(T,a) [ +1), u>0,
ST T max{||QU, 11 (I(B = W(T,a) 7 + 1), u <0,

Proof. Using , we have

T

| In@ste oo
T
< / (2, o) TP\ do
<797 [ I =W ) W )] + WG o)do
T a

+ [ W alIE = W a) W o) do]

~r] [ - wma)

x HQ"(mL)—n(aﬂ)e% [((L—Unw.,n)ﬁy—((0—0n<a,a>)6)++EZ’S£ELT§>(‘Hl—"k)ﬁ] H

n(a,t)—1

+ HQTL((Z,L)—’IL((I,O’)G% [((L*O'n(a,z,))ﬁ)+7((U*G’n,(a,a))ﬁ)++Zk:n(a=g)(Lk-f—l*G'k)ﬁjI

‘da
T p[( B )B)+ n(an-1 B )B]
b [ frenebllemmmen?) emisim =] s - i,y

x [[Qrienn@oes [(r=0nter)?) = ((r=on0e)?) TR a1 -00)7] i
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< 75 max{|Q||*, 1} / I(E —W(T,a)"|

« €u[((Lig"("w’«))ﬁ)+*((070"(a=”))ﬁ)++22(thl it (th41—0k) H

eu [((Lfan(a&))ﬁ) t ((afan,(a,a))5)++22(an22 ) (tk41—0K) Hdo_

T
+/
L

ot [(T=on@r)?) = ((0=0ne)?) +TRE T T s —on)?]

e[l ) TG e | (8 - W (a7

X

‘do.

If w > 0, then
T
[ Ixwet.o)ldo
a

< TP max{||Q|", I}J[H(E W(T,a)) 1\\/ un’do+/ uqT” dg}

a

< 7% max{||Q||%, 1}Je"9 ™" (|(E — W(T,a))" || + 1).

If u <0, then
T
/ Ix(0)(c, o) |do

T L

< 7% amax{[QI 11 [I(B - W(Ta) | [ e ok [ et o]
< TP max{[|Q||%, 1} J(|(E — W(T,a))"!|| + 1).

The proof is complete. O

Theorem 4.3. Suppose that (A1), (A2), (Ad), (A6), (A7) hold. If 0 < LK, < 1,
equation (1.3) has a unique T-periodic solution z € PCp(I,R™) satisfying
Lullz(@) 1w + [|Pa || Ku + Fu

1— LK, :

lyll <

where [|h,| = max,cjq, 17 |1 (¢, a)].
Proof. For each z € PCrp, it holds z(¢ + T) + z(¢). By (A6),
he+T,z2t+T))=h(t+T,2(T)) = h(t,2), t €R,

so h(-, (+)) € PCr.
According to Lemma we consider the equation

T q
z2(t, a,2q) = / x(0)é(¢,0)h(o, z(0))do + Z (¢, o%)dg
@ k=1

By using the operator H : PC([a,T],R™) — PC([a,T],R™), we have

T a
Hz(t,a,2,) = / x(0)@(t,0)h(o, z(0))do + Z oL, 0% )dg. (4.1)
@ k=1
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If each y, z € PC([a,T],R™), we obtain
T
I H2(0) ~ Hz(0)] < | / hio,2(0)) ~ [ x(@)8(e)hlo,2(0)|do
< / IX(@)6(e, ) 175, 2(0)) — h(@, () do

T
§Lh||y—ZH/ x(0)p(r, 0)do

< LynKully = 2|

From 0 < Ly, K, < 1, we know that H is a contraction mapping and H has a
unique fixed point. Then we obtain

lyll = 1 Hyll

T q
S/ Ix(0)8(e, 0)ll1A(o, z(0))lldo + D llé(e, 0n) |
. k=1
S/ Ix(0) (e, 0)[l[|h(, (o)) — (0, 2(a)) + h(0, 2(a))||do

q
+ 3 16, o) lldx |

k=1
< Lully — =(a)] / IX(0)6(0.0)ldo + / Ix(@)6(. o)1 A(o, 2(a)) |do

q
+ 3 16t o) lldx |
k=1

< Lilly = 2(a) [ Ku + [[hall Ky + Fu
< La(llyll + [12(@) DI K + [1hal Ky + Fu,

SO
Lnllz(@) [ u + [|Pa || Ku + Fu
1-L, K, ’
The proof is complete. ([

lyll <

Theorem 4.4. Suppose that (A1), (A2), (A4), (A6), (A8) hold. If 0 < AK,, < 1,
then (1.3) has a unique T-periodic solution z € PCr(I,R™).

P'I“OOf We use the operator H in (4.1)) defined on C; —iz € PC([a, Ti%”)”y” <
4.1 2

T> M} For any a <1 < T z € Cr, by lemma/4.1/and lemma we have

[H ()]

T
S/ Ix(@)o (e, o)l[|h (e, 2(o Hd0+z 16(¢, o) dic |

T q
<A / Ix(0)é(e, o)1 2(0)ldor + B / Ix(@)6( 0)do + 3 16(, ow )|
a a k=1
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so ||Hy|| < 7 and H(C,) C C.. We can show that H is continuous and H(C,) is
pre-compact. By Schauder’s fixed-point Theorem, ([1.3)) has at least one T-periodic
solution z € PCr(I,R"). O

Example 4.5. We consider (1.3)), with

o) 76 2 a6 Y ()

2k —1 k
h(t,z(1)) =sintcos z(¢), = T oR= 5T k=1,2,..., o00=0
Let T'= 7. Then PQ = QP,
2k + 3 2k —1 k+2 k
lk+2 = 1 ™= 1 T+T =1L +T, Ogio2=- D) 7T:§7T+7T:O'k>+ﬂ'7

dgso =dj for k=0,1,2,.... Then we obtain ¢ = 2, so (A1) holds. We obtain

ePt/ﬁ B 36_2t _ 26_4t _26—2t + 26_4t
T \3e % —3e 4 _2e72t 4 3
and
n(—oo'w)il(bwlff’k)ﬁ}

W(T,0) = W(r,0) = Qn(O,ﬂ)eg [((ﬂfan(owﬂ))ﬁ)JrJeri

_ @2ef =0 +a—on]
_ QQG%ﬂl/z

o 1/2 A1/2 o 1/2 A4 1/2
36 27 — % 4 —% 27 + %2 47
= 5. 1/2 _4-1/2 _o.1/2 _a-1/2 ]
3e2m T — 347 —2e72m " 4 34

lW(m,a)| = 0.169. So det(E — W (m,0)) # 0 and (A2) holds. Then
1

E—-W(r,0) " =
( ( ? )) (1 _ 6_271.1/2)(1 _ 6_471-1/2)
14+ 26277 _ge—an'/? _ge-2n'/? 4 gp—dn'/?
N\ gemat Dgemamtt L gemant? y gemanl?
3 —2 —2 2
_ 1—e—2n1/2 T 1—e—4nl/2 1—e—2w1/2 + 1—e—4nl/?
- 3 —3 —2 3
1—e—2n1/? + 1—e—4nl/? 1—e—2n1/2 + 1—e—4nl/? ,
and
I(E =W (x,0))"|
B 3 2 3 3
—2 2 -2 3
’ 1— 6—271'1/2 + 1— 6—471'1/2 ’ 1— e—27r1/2 + 1— 6—471'1/2 }
= 1.9617.

Next, h(v + m, z) = bsin(v + 7) cos(z) = bh(t,z) and (A6) holds. By |h(t,x) —
h(t,z)] < |b||cosz — cosy| < |b||lx — yl, it follows that L, = |b| and (A7) holds.
Because a(%) = {—2,—4}, (Ab) satisfies with u = —2. Now

J =sup 62t||6%L||
>0
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= supmax{|3 — 2¢7%[ + |3 — 37|, | =2+ 2¢7H[ + | -2+ 3¢ H[} =6,
>0

and F, = 35.5404, K, = 31.4969.

If L, = |b] < 0.0281, then 0 < LK, < 1 and the conditions of Theorem
hold. Thus there is a unique m-periodic solution z € PCy ([0, 00), R?).

If A < 0.0317,B = 2|b|, we know that (A8) and 0 < Ak, < 1 hold. Thus
the conditions of Theorem [£:4] hold and there is a unique 7-periodic solution z €
PC,(]0,00),R?).
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