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Completeness of elementary solutions of second
order elliptic equations in a semi-infinite tube
domain *

Yakov Yakubov

Abstract

Boundary-value problems for second order abstract differential equa-
tions on a semi-axis are considered in this article. We find isomorphisms
for the corresponding operators and prove completeness of elementary so-
lutions corresponding to subsets of eigenvalues. As an application of the
abstract results, we study second order elliptic equations in semi-infinite
tube domains. Our results can be applied to pure differential, integro-
differential, functional-differential and equations with a shift.

Introduction

The question of completeness for systems of eigenvectors corresponding to the
whole spectrum arises when solving non-stationary equations. However, when
solving stationary equations the question changes to the completeness of systems
corresponding to subsets of the spectrum. For general equations this question
can be very difficult. For thermal conduction and elasticity systems [9, 10, 11],
it is an open question. In this article, we consider only equations without mixed
derivatives.

There are many articles and monographs devoted to the solvability of reg-
ular elliptic boundary-value problems in non-smooth bounded and unbounded
domains [2, 7, 4, 3]. In this article, we obtain algebraic conditions for the solv-
ability of boundary-value problems for second order elliptic equations on semi-
infinite cylindrical domains. We also obtain conditions for the completeness of
elementary solutions corresponding to subsets of eigenvalues. The presence of
an abstract operator in our equation allows us to consider integro-differential
equations, functional-differential equations, equations with a shift, in addition
to pure differential equations. To the best of our knowledge, our results are
new.
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Similar questions were considered by Yakubov and Yakubov [14] for fourth
order elliptic equations and by Shkalikov [8] for second order elliptic equations
in semi-infinite tube domains. In contrast to Shkalikov [8] who assumes that
two supplementary Kondratiev problems do not have eigenvalues on the line
Re X = 1, we find sufficient conditions for the completeness of root functions
and elementary solutions corresponding to eigenvalues with Re A; < 0.

We start by giving the notation and definitions to be used in this paper.

Let £ be a Banach space and n a non-negative integer. Let W'((0,1); E)
denote the Banach space of functions with values from E which have generalized
derivatives up to order n on (0,1). In this space, we consider the norm

n 1
1/
[ullwr (0,1):5) :=Z(/0 [u® ()P dar) 7.
k=0

Let the standard Sobolev space be W'(0, 1) := W;((0,1);C).

Let Ey and F; be two Banach spaces continuously embedded into the Banach
space E: Ey C E, E;1 C E. Such spaces are called an interpolation couple
{Ey, E1}. We also consider the Banach space

Ey+ E; = {u|ueE:u:u0—|—u1 with u; € Ej, j:O,l},
lull oty := inf{luollzy + lluallz, = u = uo +us, u; € Ej}.
Due to Triebel [12, 1.3.1], the functional
K(t,u) == inf{||uo|| g, + tl|u1llg, : v =wo+ w1, u; € E;}
is continuous on (0,00) in ¢, and
min{L, tHlullgy 5, < K(tu) < max{L, Hull g, 5,

An interpolation space for {Ey, E1} by the K-method is defined as follows:

lull .5 :(/ 1R () dt) P, 0< <1, 1<p< oo,
0

0,p °

(Eo, E1)o,p == {u | u € Eo + B, |ull(z,£,),, < o0}

HUH(EO,El)g,OO = sup t_eK(t,u), 0<f<1,
t€(0,00)

(E07E1)970<> = {U ‘ u € EO + Ela Hu”(EmEl)e,oo < OO}
When /¢ is an non-negative integer, sz (GQ) is a standard Sobolev space. Let

By o(G) = (W2 (G), Wt (G))o,q,

p,q p

where s, s1 are non-negative integers, 0 < § < 1,1 < p < oo, 1 < g < oo and
s = (1—0)so+ 0s1. Set W;(G) := B; ,(G), where 0 < s is not an integer.
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Let {Ey, F1} be an interpolation couple. Further, let ¢ = 1,2,..., and
1 < p < 0. Then one sets

sz((O, 1); Eo, Er) := {u(t) | u(t) is an (Ey + E1)-valued function in (0, 1)
with u(t) € L,((0,1); Eo), u®(t) € L,((0,1); E1)}

lullwe0,1);80,1) = ()L, ((0,1):E0) + [u® Oz, 0,18

where L,((0,1); E) := W2((0,1); E). It is known that W]f(((),l);Eo,El) is a
Banach space [12, Lemma 1.8.1]. One can also replace (0, 1) by (0, 00).

Let H be a Hilbert space. Consider a polynomial operator pencil equation
in H

LNu = \"u+\"tAju+ -+ Ayu =0, (0.1)

where n is a natural number and Ay are, generally speaking, unbounded opera-
tors in H. Let H,, C H be a Hilbert space, such that operators A, k =1,...,n,
from H,, into H, are bounded.

A number A is called an eigenvalue of equation (0.1), or of the operator
pencil L(A), if

L()\o)u =0

has a nontrivial solution belonging to H,,. The nontrivial solution vy € H, is
called an eigenvector of equation (0.1), or of the operator pencil L()) corre-
sponding to the eigenvalue A\g. A solution of the equation

1 1
L(AO)UP + FLI(AO)up—l + -+ HL(Z)) (AO)UO = 0,

u, € H, is called a p-associated vector to the eigenvector ugy of (0.1), or of the
operator pencil L()).

Eigenvectors and associated vectors are combined under the general name
root vectors of equation (0.1), or of the operator pencil L(\). The dimension
of the linear space of all root vectors corresponding to \g is called algebraic
multiplicity of \g.

A complex number A is called a regular point of (0.1), or of the operator
pencil L(A) : w — L(X)u which is bounded from H,, into H, if for any f € H,

LMNu=f

has a unique solution v € H,, and ||ul g, < CA)| f]-

The complement of the set of regular points in the complex plane is called
the spectrum of (0.1), or of the operator pencil L()).

The spectrum of (0.1), or of the operator pencil L()), is called discrete, if:

a) All points which are not eigenvalues of (0.1) are regular points of (0.1)
b) The eigenvalues are isolated and have finite algebraic multiplicities

¢) Infinity is the only limit point of the set of the eigenvalues of (0.1).
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Consider the Cauchy problem for a differential-operator equation
L(D)yu == u™ () + Aju™ D (t) + - + Aqu(t) = 0,
u™(0) = vpp1, k=0,...,n—1, (0.3)

where vg41 are given elements of H, D := %, and t > 0.
By [14, Lemma 1, p.56], a function

N th=1

— 0 - e

u(t) :=e (k!uo + = 1)!u1 4o+ ug) (0.4)
is a solution of (0.2), if and only if the system of vectors ug, u1, - - , uy is a chain

of root vectors of (0.1), corresponding to the eigenvalue Ag. A solution of the
form (0.4) is called an elementary solution of (0.2).

The possibility of approximating solutions of (0.2)—(0.3) by linear combina-
tions of the elementary solutions, suggests that the vector (v1, va, ..., v,) should
be approximated by linear combinations of vectors of the form

(u(0),4/(0),...,u""1(0)), (0.5)

where u(t) is an elementary solution of the form (0.4).
Let H be a Hilbert space, continuously embedded into the orthogonal sum

of Hilbert spaces gBH =HeoH® ---&H.

A system of root vectors of (0.1) is called n-fold complete in the space H, if
the system of vectors (0.5) is complete in H, i.e., the closure of a linear span of
vectors (0.5) is equal to H.

1 Abstract results for second order elliptic equa-
tions

In this section we prove completeness of a system of root vectors corresponding
to a part of the spectrum of a quadratic operator pencil in a Hilbert space.
Isomorphism and the completeness of elementary solutions corresponding to
the eigenvalues \; with Re A; < 0 for some special cases of abstract differential
equations of the second order are established.
1.1 Completeness of a system of root vectors
Let us consider, in a Hilbert space H, the unbounded operator pencil:

L(\) := X1 + B. (1.1)
Theorem 1 Let the following conditions be satisfied:

1. B is a densely defined and closed operator in in a Hilbert space H;
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2. There exists a Hilbert space Hy for which the compact embeddings H(B) C
H, C H take place; H1|,, = H and H(B)’H1 = Hq;

[

3. sj(J1; H(B),H,) < Cj~® and s;(Jo; Hi,H) < Cj~?, j =1,...,00, for
somep>01;

4. There exist 2 rays 0}, with angles between neighboring rays less than B

and a number n such that numbers A from fi and with sufficiently large
moduli are regular points for the operator pencil L(\) and

ILA) By < CIA", X E L, |A| = 0.

Then the spectrum of pencil (1.1) is discrete and a system of root vectors of
pencil (1.1), corresponding to the eigenvalues A; with Re \; < 0, is complete in
the spaces Hy and H(B).

Proof When applying a theorem from [14, p.65] or [13, Theorem 3.6, p.71]) to
operator pencil (1.1), we have two-fold completeness of a system of root vectors
of (1.1) in Hy ® H and H(B) & H;.

Let v°, v1,0v%,...,v® be a chain of root vectors of the operator pencil (1.1)
corresponding to the eigenvalue Ag, i.e.,

(NI + B’ =0, (1.2)

(AT + B)v' +2X\00° =0, (1.3)

NI+ B)o* + 200 4 0F 2 =0, k=2,...,s. (1.4)

Then —v°, v, —v? ... (—1)*"1v?® is a chain of root vectors of the operator pencil

L(A) corresponding to —Ag, i.e.,
[(=X0)*I + B](—v") =0,
which follows from (1.2),
[(=20)*I + Blv' + 2(=Xo)(—v") = 0,
which follows from (1.3), and
[(=X0)I + B](—v") + 2(=Xo)o* "t +2(—0*72) =0, if k is even,
[(=X0)%I + B]v* +2(=Xg)(—v*" 1) + 20572 =0, if k is odd,

which follow from (1.4).
Let v(t) be an elementary solution of the equation u”(t) + Bu(t) =0, t > 0.
Then

(0) = vJ if v(t) corresponds to Ag,
~ ) (=1)7t'd if u(t) corresponds to — Ao.

1Singular numbers s; of the compact operator A from a Hilbert space H into a Hilbert

1
space Hi are eigenvalues A; of the compact selfadjoint non-negative operator (A*A)2 in H.
2For p > 4 the existence of one such ray is enough.
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By virtue of the above-mentioned two-fold completeness,

N
F v (0 )
H (F;) B kz:leN <UZEO§> HHl@H < e for eigenvalues A

and
F al )
H 1) _ ZCkN ( i“ ) H < e for eigenvalues Ay,
(Fz P v,(0) ) la(By®H,
then
N - .
1Py =Y Cenvillm, <& for A with Red, <0
k=1
and
N - .
1Py =Y Cenvlllms) < e for Ay with Re A < 0.
k=1

1.2 Isomorphism of problems on the semi-axis

In a Hilbert space H, consider a boundary-value problem in [0, c0) for the second
order elliptic equation

L(D)u :=v"(z) + Bu(z) = f(z), x>0, (1.5)
Lu := au(0) + pu'(0) = ¢,

where o and 3 are complex numbers. Denote L()\) := \2T + B.

Theorem 2 Let the following conditions be satisfied:
1. B is a densely defined and closed operator in a Hilbert space H;
2 (1+ PRILK) s < €. Red = 0;
3. lal + 18] #0; Reaf™t <0 if 3#0.

Then the operator IL : u — Lu := (L(D)u, Lu) from W2((0,00); H(B), H) onto
L,((0,00); H)+(H(B),H) where m =0 if B=0and m=11if B #0,

and p > 1 is an isomorphism.

1
%4‘@»?’
3

3Isomorphism means that the operator and its inverse are bounded.
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Proof By Theorem 1.8.2 in [12], the operator L is continuous from the space
W2((0,00); H(B), H) into Ly((0, 00); H)—l—(H(B),H)%JFﬁJ,. Let us prove that
for any f € Lp((0,00); H) and any ¢ € (H(B), H)xp 1, problem (1.5)~(1.6)
has a unique solution that belongs to W7((0, 00); H(B), H). Let us show that a
solution of problem (1.5)—(1.6) is represented in the form u(z) = uy (z) + uz(x),
where wu; (x) is the restriction on [0, 00) of a solution @, (x) of the equation

@ (z) + By (z) = f(z), z€R, (1.7)

where f(z) := f(x) if € [0,00) and f(z) := 0 if 2 € (—00,0), and uy(z) is a
solution of the problem
(@) + Bus(x) =0, >0,

au(0) + Buy(0) = —Luz + . (18)

Apply Theorem 1 of [14, p.250] to equation (1.7). Let Hy := (H(B),H)1 »,
Hy := H(B), Ay := 0, Ay := B. Then, by virtue of [14, formula (1), p.39], we
have

1Ll = 12O Pl ey , < CHEQ) ™ Fll e 1L I3
From condition (2) it follows that
ALYl + 1LY fllasy < Cllf e, f € H, ReA=0.  (1.9)

Using the last inequality and the Young inequality [14, p.53], we have
— — 1/2 — 1/2
ML) L < CIEO) ™ Fll sy (APILO) ™ £lLar)
< C(ILO) s + ML) flla) < ClFI-

Therefore, conditions (1)—(3) of [14, Theorem 1, p.250] are satisfied and, hence,
(1.7) has a solution 4, € W2(R; H(B), Hy, H). Thenu; € W2((0,00); H(B), H).

Let us now prove that for any ¢ € (H(B),H)m 1 , problem (1.8) has
a unique solution uy(x) that belongs to W7 ((0,00); H(B), H). By the above
inequality (1.9), we have for f € H, ReA =0

I+ B) " fllm < CINT2 1 flla, [V +B)" fllm < Cllf|a-
This implies that [[(\*I + B) ™' f|lz < C(1+ [A?) 7| flla, ReA =0, ie.,
IR, =B)I| <CA+ )7 argh=m.

Hence, as shown in Balakrishnan [1], there exists an operator e==(=B)""* and
for some w > 0,

le= B < cemr, 2 >0,
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Repeating the proof of [14, Lemma 1, p.263], one can show that an arbitrary
solution of the equation in (1.8) that belongs to W2((0,00); H(B), H) has the
form

up(x) = e B g, (1.10)

where g € (H(B), H) 1, (and conversely). To this end one should use Theorem

2p 0

3.2.11 in Krein [5]. Function (1.10) satisfies the boundary condition in (1.8) if
ag — B(-B)"/?g = @, (1.11)

where ® = —Luy + ¢. Since u; € W2((0,00); H(B), H), by Theorem 1.8.2 in
(12], Luy € (H(B), H) 4 1 . Then ® € (H(B), H)m 1 ;.
For 8 =0, a solution of problem (1.8) has the form

’U,Q(LE) — a—le—m(—B)l/ch).

Since ® € (H(B), H) L ,, uz € W2((0,00); H(B), H).
Let 8 # 0. From conditions (2) and (3), by T. Kato’s theorem [14, p.31], it

follows that (1.11) has a unique solution g = (af —3(—B)z)~1®. Then solutions
of (1.8) have the form

us(x) = e B (al — B(~B)Y/?)1a.

By Theorem 1.15.2 in [12], the operator (—B)Y/? from (H(B), H),
(H(B), H)pz1 , is an isomorphism. Then (al-B(—~B)Y/?)~'® ¢ (H(B),H)
Le., ug € W2((0,00); H(B), H).

The uniqueness of a solution of problem (1.5)—(1.6) follows from the unique-
ness of a solution of problem (1.8). Indeed, if problem (1.5)—(1.6) has two solu-
tions u(z), u(x), then functions us(x) := u(z) —uy(x) and G (z) := a(x) —uy(z),
where u;(z) is the restriction on [0,00) of the solution @;(x) of (1.7), are two
different solutions of problem (1.8), which is a contradiction. O

onto

1
2p0P?

1.3 Completeness of elementary solutions of a problem on
the semi-axis

In those cases when it is difficult to prove the applicability of the Fourier method,
it is desirable at least to establish that a solution of an initial boundary-value
problem may be approximated by linear combinations of elementary solutions.
In a Hilbert space H, consider a boundary-value problem in [0, co) for the second
order elliptic equation

u'(z) + Bu(z) =0, z>0, (1.12)
au(0) + pu’(0) = . (1.13)

Let us find conditions that allow building an approximation of a solution of
(1.12)—(1.13) by linear combinations of elementary solutions of (1.12).
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As it was mentioned in the introduction, the function

is a solution of (1.12) if and only if w;o, w1, . . ., uik, is a chain of root vectors of

the characteristic operator pencil (1.1) corresponding to the eigenvalue \; and
(1.14) is called an elementary solution of (1.12).

Let w19, U11, - - ., u1,.—1 be one of the maximal chains of root vectors of (1.1)
corresponding to the eigenvalue p. Then A\y = Ay = -+ = A\, = pand k =
0,k; =1,...,k. =r — 1. Note, it may happen that \,;; = pu.

Lemma 3 Let |a|+|3| # 0 and ReaS~! <0 if 3 # 0. Then, if a system of root
vectors {u;,} of (1.1) corresponding to eigenvalues \; with Re A; < 0 is complete
(a basis) in a Hilbert space H then a system of vectors {(a+ BA;)wip + Bui p—1},
where u;,—1 = 0, is also complete (a basis) in H.

Proof Let uig,u11,...,u1,r—1 be one of the maximal chains of root vectors
of (1.1) corresponding to the eigenvalue p with Rep < 0. Show that we can
uniquely define coefficients M; with respect to coefficients C; from the equation

Cruip + Coury + - -+ + Crug p—1 =My (o + Bp)uio + Ma((o + Bp)urr + Bugo)
R Mr((a + ﬁ/’b)ul,r—l + ﬁu17r—2)~

Rewrite the last equation in the form

Cruio + Coury + - -+ + Crug o1 =uro(Mi(a+ Bu) + BMa) + uir (Ma (o + Sp)
+ BM3) + -+ uy 1 My (o + Bp).

Therefore,

My (o + Bp) + Mo = Cy,
My (o + Bp) + M3 = Co,

Mrfl(a + BM) + ﬁMr = Crfly
M, (a+ Bu) = C,.

If 3 =0 then o # 0 and M; = éCi, i=1,...,r. If £ 0 then o+ pBu #0
(since Rea3~! < 0 and Reu < 0). Therefore, starting from the last equation
of the previous system we find that

Cr Or—l - ﬂMr Cl - BMQ

T':a_’_ﬁM) r—1 = Oé+ﬁ/£ PRI 1= a+5’u

Theorem 4 Let the following conditions be satisfied:
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1. B is a densely defined and closed operator in a Hilbert space H;
sj(J;HB),H)<Cj=1,j=1,...,00, for some q > 0;

For L(X) :== NI + B, (14 [AP)[[ILAN) sy < C, Re A = 0;
lal + 6] # 0; Reap™! <0 4f B #0;

For q < 4 there exist rays £y with angles between neighboring rays less
than 4 and n such that

vt o

ILN) "B, am) < CIA, A E Ly, |\ — oo
6. o€ (H(B),H) .
if B#0.

2
Then problem (1.12)-(1.13) has a unique solution u € W}((0,00); H(B), H)
and there exist numbers C;,, such that

+ﬁ’pforsomep>1, where m =0 if =0 and m =1

) > " k
Jm [ @) -3 @l de=0. (113
i=1

k=0,2

where Hy = H,Hy = H(B), u;(x) are elementary solutions (1.14) of equation
(1.12) corresponding to the eigenvalue \; with Re \; < 0.

Proof Consider in H an operator S such that D(S) = H(B), S = S* > I
(see, for example, Lions and Magenes [6, 1.2.1]). By Lemma 1 in [14, p.15] and
condition (2), we have

s;(J;H(B),H) = s;(J; H(S),H) = s;(JS™ H,H) = \;(S™!) < Cj .

Let Hy := (H(B),H)y 5. Then Hy = (H(S),H); , = H(S'/?) and by Lemma 1
in [14, p.15],

5;(J; H(B), Hy) = s;(J; H(S), H(S8'/?))
— sj(Sl/ZJS—l;H7 H) = )\j(S_%) <Cja?,
5;(J; Hy, H) = s;(J; H(SY?), H) = 5;(JS™2 H, H) = A;(S™2) < Cj /2,

Hence, by Theorem 1, a system of root vectors of pencil (1.1) corresponding to
the eigenvalues A;, {u;(0)} = {wi,}, with Re\; < 0 is complete in the spaces
Hy and H(B). On the other hand, H;|y = H. Then the same system of root
vectors is complete in the space H and, therefore, in (H(B),H)pp, 0 < 0 <1
(see [12, Theorems 1.3.3 and 1.6.2]). Therefore, by virtue of Lemma 3, a system
{au;(0) + Bu}(0)} is also complete in (H(B),H)g,, 0 < 8 < 1. Hence, there
exist numbers C;,, such that

tim_[lp = 3" Cunlaus(0) + Bui(O) ar 4
P

n— oo 4 P
=1
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On the other hand, from Theorem 2 we have

llu — Z Cintillwz((0,00);H(B), H)
=1

< Cllg = > Cinloui(0) + Buy(O)llazm) )y, - (116)
i=1 ?

O

2 Boundary-value problems for second order el-
liptic equations

In this section we apply abstract results of section 1 to boundary-value prob-

lems for second order elliptic equations in semi-infinite tube domains. The cor-

responding isomorphism and completeness theorems are proved. Completeness
theorems apply to eigenvalues \; with Re A; < 0.

2.1 An isomorphism

In the semi-infinite strip Q := [0,00) X [0, 1], consider a principally boundary-
value problem for an elliptic equation of the second order,
Lu:= Dju(z,y) + b(y) Dyu(z,y) + Mu(z,")|, = f(z,y), (z.9) €9 (2.1)
Pu:=yu(0,y) + 6D,u(0,y) = ¢(y),  y<€0,1], (2.2)
Liu = oy Dyu(z,0) + apu(x,0) =0
Lyu := 1 Dyu(z,1) + fou(x,1) =0

x € [0, 00),

x € [0, 00), (2:3)

)
)

where «y,, 3, v, § are complex numbers, D, :=
ing spectral problem is

D, = 6%. The correspond-

Nu(y) +by)u" (y) + Mu| =0, ye€0,1], (2:4)
Liu = /' (0) 4 apu(0) = 0,
0

- ) (2.5)
Lou = Bu' (1) + Bou(1) = 0.

Let m, :zooord Ly, WS (Q) :== WS((0,00); W3(0,1), Lg(0,1)),
Ly 4(Q) := W, ().
Theorem 5 Let the following conditions be satisfied:

1. b e C[0,1], b(y) > 0;

2. aa| + || # 0 and [B1] + [Bo| # 0;
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3. The operator M from W2(0,1) into Ly(0,1) is compact.
This is equivalent to Ve > 0, ||Mul|,0,1) < €||uHW22(071) +CE)lull £y 0,1)5
u € W3(0,1) (see Lemma 4 and Remark 5 [14, p.45]);

4. The spectral problem (2.4)—-(2.5) does not have eigenvalues on the straight
line Re A = 0;

5. |y +16] #0; Reyd~! <0 when § # 0.

Then the operator L : u — Lu := (Lu, Pu) from Wi’QQ(Q;LVu =0,v =1,2)

onto Lp,Q(Q)—i—Bs;mii((O, 1);[~/l,u =0,m, < % —m — 1—1)), ifp>1andp # 2,
orp=2 and m, # 1 —m, is an isomorphism, where m =0 if 6 =0; m =1 if
0 #0.

Remark 1In the case p = 2 and m, = 1 —m, (W3((0,1); Lu = 0,v =
1,2), La(0, 1)) 1 5 = B3y ™((0.1); Lyuw =0, m, < 1—m; Lyu € Bs,(0,1),
my, =1 —m) (see Triebel [12, 4.3.3]) should be written instead of

Bi;m(((), 1);Lyu = 0,m, <1—m). E;ﬁq(G) = {u|u e By (R"),supp(u) C
G}. From the introduction, B3 , = W3. Moreover, by virtue of Theorem 6 of
Crisvard and Seeley [14, p.45], (W3((0,1); L,u = 0,v = 1,2), Ly (0, 1)mi192
(W2((0,1); Lyu = 0,0 = 1,2),L5(0,1))1.5 = Wy ((0,1); Lyu = 0,0 = 1,2).
Then, for a unique solvability (and not an isomorphism) it is enough to take
o €Wy ((0,1); Lyu=0,v=1,2).

Proof Let us denote H := Ly(0,1). Consider an operator B defined by

D(B) := W2((0,1); Lyu = 0,v = 1,2),

2.6
Bu = b(y)u" (y) + Mu|y 26)

Then problem (2.1)—(2.3) can be rewritten in the form
() + Bu(z) = f(2), o

yu(0) + 6u’(0) = ¢,

where u(z) = u(x,-), f(x) := f(z,-) are functions with values in the Hilbert
space H := L(0,1) and ¢ := ¢(+) is an element of H.

Let us apply Theorem 2 to problem (2.7). From Theorem 1 [14, p.111] (or
Theorem 1.7 [13, p.100]) it follows that the operator (A2I + B)~! is bounded in
L2(0,1) (see below for the proof). A bounded operator is closed. The inverse
operator to a closed operator is also closed. Therefore, A2 + B is a closed
operator. This implies that the operator B is closed, i.e., condition (1) of
Theorem 2 is fulfilled.
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Consider the problem

Nuly) + bly)u" (y) + Mul = ), y€(0,1),
oq ! (0) + aou(O) (2.8)
Bru’ (1) + Bou(l) =
By condition (1), the equation 1 + b(y)w? = 0 has roots wi(y) = i bl( ) and
y
_ 1
wa(y) = z\/@. Then
w:= inf min{argw;(y),argws(y) + 7} = z,
y€[0,1] 2
w:= sup max{argw;(y),argws(y) + 7} = T
velo.] 2
When choosing wq(y) = —i\/ﬁ, wa(y) = z\/ﬁ we get that w = U = — 7.

Therefore, from Theorem 1 [14, p.111] it follows that condition (2) of Theorem 2
is satisfied. Indeed, for a solution of problem (2.8), from formula (5) [14, p.112]

for £ =2, ¢g=2,v=0and w=w = § we have

AP 1wl oo,y + 1ullwz0,1) < ClFlLaco,1)s
feLy0,1), e<argh<m—eg, |N— o0

and forw =w=-Z2

M2 lull 20,1 + lellwz o1y < Cllfllzao.),
f€eL20,1), mH+e<argh<2m—e¢,

— OQ.

These two inequalities and condition (4) give us condition (2) of Theorem 2.
By a theorem of Grisvard and Seeley (see, e.g., [14, Theorem 6, p.45]), we
have

(H(B),H)op = (W3 ((0,1); Lyu = 0,1 = 1,2), L5(0, 1)),
1

= B0 "((0,1); Lyu = 0,m, < 2(1 —6) — 5)

if there does not exist a number m,, such that m, = 2(1—6) — % Consequently,

2—m— =~ 3 1
(H(B),H)s .y, =By, P ((0,1); Low = 0,my, < 5o

If there exists m, =2(1—0) — % then see the corresponding remark to Theorem
5. So, for problem (2.7) all conditions of Theorem 2 are fulfilled, from which
the statement of Theorem 5 follows. O

In the semi-infinite domain Q := [0,00) X G, where G C R", r > 2, is a
bounded domain with an (r — 1)-dimensional smooth boundary G, consider a
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principally boundary-value problem for an elliptic equation of the second order

Lu = Diu(z,y) + Z bjk(y)DjDku(zay) + MU(JC, )|y = f(xvy)v (29)

jok=1
Pu = yu(0,y) + 6D;u(0,y) = ¢(y), y€G, (2.10)
Liu = Z bia(y)Dyu(z,y') =0, (z,y') € [0,00) x 0G, (2.11)
|| <my
where 7, are complex numbers, mq < 1, y := (y1,...,yr), Dz := a%, Dy :
Di' - Dy, Dj = go-. Let Wpa () := Wi ((0,00); Wi (G), Lyg(G)), Lp,g(9) :
Woo(9).
The corresponding spectral problem is
Nu(y)+ Y bik(y)D;Dyuly) + Mu| =0, y€G, (2.12)
j k=1 ‘
Lyw= Y ba(y)Dju(y) =0, y €0G. (2.13)
|| <my

Let us denote H := L2(G) and consider the operator B which is defined by
D(B) := W3 (G; Lyu = 0),
Bu = i bk (y)D;jDyu(y) + Mu‘y (2.14)
jik=1
Theorem 6 Let the following conditions be satisfied:
1. bjr € C(G), bia € C* ™ (G), 0G € C%

2. Ifye G, g:=(01,...,0,) ER", |o| + |\ #0 then

A - Z bi(y)ojor #0, Rel=0;
7,k=1

3. Zla\:ml bia(y)o® #£ 0 for any vector o normal to OG at the point y' €

4. Let y' be any point on OG, the vector o’ tangent and the vector o normal
to OG at the point y € OG. Consider the following ordinary differential

problem
T , ) d / d
(A2 j;l bir(y') (o5 + Uj%) (o}, + O'k%)]u(t) —0,t>0, ReA =0,
(2.15)
d\a
Z bla(y/)(al =+ O.E) U,(t)|t:0 = hl; (216)

|a|=m1
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problem (2.15)—(2.16) should have only one solution that with all its deriva-
tives tend to zero as t — oo for any number hy € C;

5. |y 416 # 0; Reyd~t <0 when § # 0;

6. The spectral problem (2.12)-(2.13) does not have eigenvalues on the line
Re X =0;

7. The operator M from W(G) into La(G) is compact.

Then the operator L : v — Lu := (Lu, Pu) from W;_”QQ(Q;Llu = 0) onto
L,2(0)+ B;;M_E(G;Elu =0m < 2 —m-— %), ifp>1andp # 2, or
4

p=2and my #1—m, = is an isomorphism, where m =0 if § = 0; m = 1 if

5 #0.

Proof Problem (2.9)-(2.11) can be rewritten in the form

u’(z) + Bu(z) = f(z), x>0, (2.17)
Yu(0) + 0u'(0) = ¢, (2.18)
where u(z) := u(z,-), f(z) := f(z,-) are functions with values in the Hilbert

space H := La(G), ¢ := ¢(-) is an element of H, the operator B is defined by
the equalities (2.14).

Apply Theorem 2 to problem (2.17)—(2.18). From Theorem 1 in [14, p.207]
it follows that the operator (A2l + B)~! is bounded in L2(0,1). A bounded
operator is closed. The inverse operator to a closed operator is also closed.
Therefore, A2I + B is a closed operator. This implies that the operator B is
closed, i.e., condition (1) of Theorem 2 is fulfilled. On the other hand, from
Theorem 1 in [14, p.207] and condition (6), condition (2) of Theorem 2 follows.
The last part of the proof is similar to that in the proof of Theorem 5. O

2.2 Completeness of elementary solutions

Let us consider, in the semi-infinite strip Q := [0,00) x [0, 1], a principally
boundary-value problem for an elliptic equation of the second order,

D2u(x,y) + b(y)Diu(x, y) + Mu(z, )‘y =0, (2.19)
Yu(0,y) +6D,u(0,y) = ¢(y), ye€[0,1], (2.20)

Liu = oy Dyu(z,0) + apu(z,0) = 0, z € [0,00),

Lou := B Dyu(z, 1) + Bou(z,1) = 0, x € [0, 00), (2.21)

and the corresponding spectral problem (2.4)—(2.5), where «,,, 5, are complex
numbers, D, := %, D, = 8%; m, := ord L, and Wg:g(Q) = Wé((O, 00);
W2(0,1), Ly(0,1)).

4See the corresponding remark of Theorem 5.
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As it was mentioned in the introduction, a function of the form
ki—l
(k; — 1)!

ui(z,y) == 1 uio(y) + wir(y) + -+ + wi, (y)) (2.22)

becomes an elementary solution of problem (2.19), (2.21) if and only if a system
of functions wu;o(y), wi1(y),- .., uik, (y) is a chain of root functions of problem
(2.4)—(2.5) corresponding to the eigenvalue A;. See the corresponding remark in
subsection 1.3.

Theorem 7 Let the following conditions be satisfied:
1. The conditions of Theorem 5 are fulfilled;
1 -
2. p€ B;p ?((0,1); Lyu = 0,m, < % -—m — %) ifp>1andp # 2, or
p=2andm, #1—m®, where m=0if§ =0; m =1 if 6 # 0.

Then problem (2.19)—(2.21) has a unique solution u € Wi;(Q), and there exist
numbers Cy, such that

lim ( | D2u(x ZCmD u;(x ||L2 0,1)

n—oo 0

+ ||’LL Zcmuz HW2(O 1 ) dr =0

where u(x,y) is a solution of problem (2.19)-(2.21) and w;(z,y) is the elemen-
tary solution (2.22) of problem (2.19), (2.21) corresponding to the eigenvalue

Proof Apply Theorem 4 to problem (2.19)—(2.21). In H := L2(0, 1), consider
an operator B which is defined by equality (2.6). Then, problem (2.19)—(2.21)
can be rewritten in the form

v (z) + Bu(z) =0, x>0, (2.23)
yu(0) + du'(0) = ¢, (2.24)

where u(z) := u(x, ) is a function with values in the Hilbert space H := Ly(0,1)
and ¢ := ¢(+) is an element of H.

Conditions (1) and (3) of Theorem 4 have been checked in the proof of
Theorem 5. By virtue of Triebel [12, formula 4.10.2/14],

$;(J; W3 (0,1), La(0,1)) ~ j 2, (2.25)

Since W2((0,1); L,u = 0, = 1,2) is a subspace of WZ(0,1) then, by Lemma 3
in [14, p.17], from (2.15) it follows that

s;(J; H(B), H) < Cs;(J;W3(0,1), Ly(0,1)) < Cj 2,

5See the corresponding remark of Theorem 5.
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i.e., condition (2) of Theorem 4 is fulfilled for ¢ = 2. We have shown in the
proof of Theorem 5 that for e < argA\ < m—eor m+e < argA < 27 — ¢ and
Al = oo,

APl zo0,0) + lullwzo.1) < ClifllLa.n),  f € L2(0,1).

This gives us condition (5) of Theorem 4 for ¢ = 2 and n = 0. Condition (6) of
Theorem 4 one can see in the proof of Theorem 5.

So, for problem (2.23)—(2.24) all conditions of Theorem 4 have been checked
and the statement of Theorem 7 follows. 0

In the semi-infinite domain Q := [0,00) X G, where G C R", r > 2, is a
bounded domain with an (r — 1)-dimensional smooth boundary 0G, consider a
principally boundary-value problem for an elliptic equation of the second order

Jk=1
Yu(0,y) +6D.u(0,y) = ¢(y), ye€G, (2.27)
L= Y bia()DSule,y) =0, (5.y)) € 0,00 x G, (2.28)
|a] <ma

and the corresponding spectral problem

Nu(y) + Y bi(y)D;Dyuly) + Mu|, =0, y € G, (2.29)
jk=1
Liu:= Z bia(y')Dyu(y’) =0, ' €0G, (2.30)
la|<ma

where m; <1,y := (y1,...,Yr), Dy := %, Dy .= D{"---Dpr, Dj = 3%]_ As
above, Wg:;(ﬂ) = W]f((O,oo);WqS(G),Lq( ))-
A function of the form
ki ki1
ui(z,y) = e“””(k—i!uio(y) + muil(y) + o A Uik, (ZU)) (2.31)

becomes an elementary solution of problem (2.26), (2.28) (see the introduction)
if and only if a system of functions w;o(y), ui1(y), . - ., uik, (y) is a chain of root
functions of the spectral problem (2.29)—(2.30) corresponding to the eigenvalue
Ai. See the corresponding remark in subsection 1.3.

Consider in H := Ly(G) the operator B which is defined by the equalities
in (2.14).

Theorem 8 Let the following conditions be satisfied:

1. The conditions of Theorem 6 are fulfilled;
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2. There exist rays £y, with angles between neighbouring rays less than 5 such
that for y € G, 0 € R", |o| + |\ # 0, X € £y, the following is true:

N+ b(y)oson #0;

k=1

3. Lety' be any point on G, the vector ' tangent and the vector o normal
to G at the point y' € OG. Consider the following ordinary differential
problem

d d
[ szlbjk 0 +Ojdt)(ak+0kdt)} u(t) =0, t>0, \€ ¥,
(2.32)

d
Z bia(y cr —|—adt) u(t)|t:0 = hy; (2.33)

lee|=

problem (2.32)—(2.33) should have only one solution that with all its deriva-
tives tend to zero as t — oo for any number hy € C;

4.<p€B;,p (GL1U—0m1<——m——)zfp>1andp7é2 orp=2
and mi #1 —mS, where m =0 if § = 0; m—lzfé;éO

Then problem (2.26)-(2.28) has a unique solution u € W;QQ(Q), and there exist
numbers C;,, such that

n—oo 0

+ [Ju(z Z:C'muZ ||W2 G)) dz =0,

where u(x,y) is a solution of problem (2.26)-(2.28) and w;(x,y) is the elemen-
tary solution (2.31) of problem (2.26), (2.28) corresponding to the eigenvalue

Proof Apply Theorem 4 to problem (2.26)—(2.28). Problem (2.26)—(2.28) can
be rewritten in the form

u'(x) + Bu(x) =0, x>0, (2.34)
yu(0) + 0u'(0) = ¢, (2.35)

where u(z) := u(z,-) is a function with values in the Hilbert space H := Lo(G)
and ¢ := ¢(-) is an element of H.

6See the corresponding remark of Theorem 5.
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Conditions (1) and (3) of Theorem 4 have been checked in Theorem 6. By
formula 4.10.2/14 in [12],

5; (W3 (G), La(G)) ~ 57 (2.36)

Since W2(G; Liu = 0) is a subspace of W3(G) then, by Lemma 3 in [14, p.17],
from (2.36) it follows that

s;(J;H(B),H) < Cs;(J; W3(G), Ly(@)) < Cj_%7

)
i.e., condition (2) of Theorem 4 is fulfilled for ¢ = % By Theorem 1 in [14,
p.207], from conditions (2) and (3), condition (5) of Theorem 4, for ¢ = 2,
follows.
Condition (6) of Theorem 4 one can see in the proof of Theorem 5. So, for
problem (2.34)—(2.35) all conditions of Theorem 4 have been checked and the
statement of the theorem follows. g

The results of this paper can be applied to the thermal conduction problem
from [9] in the case when there are not mixed derivatives in the equation. We
get completeness of a system of root functions of the corresponding spectral
problem and completeness of elementary solutions of the original problem for
eigenvalues \; with Re \; < 0. Moreover, since the corresponding operator B of
the thermal conduction problem is selfadjoint then one can get a basis property
theorem instead of completeness Theorem 7 (for p = 2). But the latter needs
some additional considerations.

A few examples of the operator M which satisfies conditions of Theorems
5 and 6 and, therefore, Theorems 7 and 8 are the following. Let G denote the
interval (0,1) or a bounded domain in R”, » > 2, with an (r — 1)-dimensional
smooth boundary.

1. If b; € Lo(G), then the operator

from W2(G) into Ly(G) is compact.

2. If bj; € La(G) and @ji(z) are functions mapping G into itself and belong
to C(QG), then the operator

from W2(G) into La(G) is compact.

3. If Bj(x,y) are kernels such that for some o > 1

/G\Bj(af,y)l"der/GIBj(:c,y)|"dxgc
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then the operator
2
Mu= Y [ Byl dy
j=0"¢

from W2(G) into La(G) is compact.
The proofs can be found in [14, p.201].
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