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Boundary stabilization of a linear elastodynamic
system with variable coefficients *

Rabah Bey, Amar Heminna & Jean-Pierre Lohéac

Abstract

We consider the boundary stabilization of a linear elastodynamic sys-
tem, with variables coefficients, by natural feedback. In [5, 7], Guesmia
proved the boundary stabilization of the linear elastodynamic system,
with variables coefficients, under restrictive conditions on the shape of
the domain and on the data of the problem. Here, we propose using local
coordinates in the boundary integrals to obtain stability under conditions
that are only geometrical and less restrictive than those in [5, 7]. We also
extend the boundary stabilization result obtained in [2].

Introduction
Let © be a bounded open set of R? such that its boundary I" satisfies

T is of class C2, T' = I'o UT; with meas(T';) #0, [o NIy = 0. (1)
Let ajp (i,4,k,0 =1,2,3) be a set of functions in W (Q x R) such that

Qijkl = Oklij = Gk, in Q@ xR,
satisfying for some « > 0 the condition
AijkI€ijE€RL = OE€iiEi7 ,  Gijkl€ij €kl <0, In QxR (2)

for every symmetric tensor e;;, where " denotes 9/0t (we use the summation
convention for repeated indices). Given x, a point on I', we denote by v(x) the

normal unit vector pointing outward from €.
For a regular vector field v = (v1,v2,v3), we define

1
vij = 0jvi,  €ij(v) = S(vig +vji), 03(V) = agmen(v).
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Let A and B be two positive constants. We consider the following problem
introduced by Lagnese [12]:

u’ —div(e(u)) =0, nQxRy,

u=0, onlyxR,,

oc(wy+Au+Bu' =0, onl; xR, (3)
u(0)=u’, inQ,
u(0)=u', inQ.

Let L2(Q) (resp. H'(Q)) be the space of vector fields v such that every com-
ponent of v belongs to L*(Q2) (resp. H'(£2)). We introduce the space Hp, () =
{veHYQ)/v=0,0nTy} and we assume

(u’,u') € Hp () x L*(Q). (4)

Under this assumption, using semi-group theory, one can show that problem (3)
is well-posed.
The energy functional associated with this problem is

E(u,t) = 1 / ([0']* + o(u): e(u)) dx + 1 Alul*dr.
2 Jo 2Jr,

A boundary stabilization result for this system has been proved by Guesmia [4]
under restrictive conditions on the shape of 2 and on other data of the problem.
We propose here a direct approach by using local coordinates in the expression of
boundary integrals. Our conditions are only geometrical and are less restrictive
than those in works of Guesmia. Our proof is constructive. Furthermore, the
reader will observe that similar conditions have been introduced by Lagnese [11]
for some anisotropic linear elastodynamic systems and by Lasieka and Triggiani
[13] for the wave equation.

For a vector field h = (hy,ha, h3) € (Cl(ﬁ))3 we denote by 4, a small
(non-negative) number satisfying

|, Om (@ijikt) €kt €5 < Y Qijit €k E4j

for all symmetric tensor ;5. We assume that there exists a vector field h =
(h1, ha, h3) such that

hE(Cl(ﬁ))g7 hr <0, onIly, hvr>0, only, (5)

and furthermore, there exist ay > 0 and Gy € R such that

ve e (@), /Q 013 () hpsEin dx > am /Q o (€): e(€) dx + fn /F ¢[2dr,

max(div(h)) — min(div(h)) < 2an — Y, min(div(h)) >0,
) Q Q ©)

where we can choose B = 0, if meas(T'g) # 0.
Under the above assumptions, we obtain the following result.
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Figure 1: An example of an open set €.

Theorem 1 Assume (1), (2) and (4). If there exists a vector field h satisfying
(5) and (6), then there exists some constant w > 0 such that the solution u of
(3) satisfies

Vt>0, E(u,t)<E(u,0)exp(l—wt).

Remark 1 Since Q is bounded and T satisfies (1), I'; is compact. Using con-
tinuity of h and v given in (1) and (5), we get

dk>0:hv>k, only.

Remark 2 This result can be applied when h(x) = x — x¢ (an = 1, fn = 0)
and

m<2, To={xel/hx)v(x)<0}, T'ht={xel/hx)v(x)>0}.

Especially, a possible case is = U; \ Us, where U; is a convex open set, Us
is a closed set, star-shaped with respect to one of its points, xgp, such that
{x0} C Uz C Us. (see figure 1)

This case has been studied in [4] for a particular shape of Q (I'; is supposed to
be close to a sphere). Furthermore, this remark can be extended as follows.

Theorem 2 Assume (1), (2), (4) and suppose that

Tx—xo < 23
(x —x9).v(x) <0, ifxeTly,
(x —x)v(x) >0, ifxel;.

Then there exists a constant w > 0 such that the solution u of (3) satisfies

Vt>0, E(ut)<E(u,0)exp(l—wt).
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This paper is mainly devoted to the proof of Theorem 1. After introducing
some notations and definitions (section 1), we deal with the well-posedness in
section 2 and conclude with the stabilization in section 3 where the proofs of
Theorems 1 and 2 are given.

1 Notation

In this paper, we use the convention of repeated indices. As usual, we write
tI‘(T) =T11 —+ T22 +...= Tiiy, V.W = U;W;, O’(V): €(V) = O’ij(V)&‘ij(V).

Geometrical notation

We define Q, T', v as above. Since I is of class C2, for every point x of T', we
can build a local C2-diffeomorphism ¢ from an open subset I' of R? onto some
open neighbourhood of x in I'. Then, the following vectors

a0 (x) = gf% (67'x) . ac{L2},

are independent and generate the tangent plane to I' at x, T%(T"). Furthermore,
we denote by T'(I') the tangent bundle (see [14] and [18]).
Then, we define

e The metric tensor g related to ¢: gag = an.ag , for all (o, 8) in {1,2}?,

e The inverse tensor of g: (gaﬁ)Ka s<a”

We denote by 7(x) the orthogonal projection on Tx(I') and, for a given vector
field v : @ — R3, we will write
vx e, v(x)=vr(x)+uv,(x)rx),
with vp(x) =7(x)v(x), v,(x)=v(x).r(x).
We denote by dr (resp. 0,) the tangential (resp. normal) derivative. If v is

some regular function, the transposed vector of Orv is the tangential gradient
of v and is denoted by Vrv. We have

Vv=Vrv+9,vr, onl. (7)

Strain and stress
If the vector field v is regular enough, as in [14] and [18], we can write

dv =x(Orvr)m + v, (Orv) + (O vr)T

+ v ((Orv,) —vr(0rv) + (O,v,)7) , on T, (8)

where ¥V (resp. T) is the transposed vector (resp. matrix) of v (resp. 7). The
strain tensor £(v) can be written on T' as follows

e(v) =ep(v)+ves(v)+es(v)v+e,(v)vp, onT,
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with

2er(v) =m(Opvy)T + wOpvrT + 20,07V,
265(V) =0, vy + Vv, — (aTl/)VT ,
e, (v) =0,v, .

Similarly, we can write

o(v)=or(v)+vog(v)+os(v)T+o,(v)vr, onT,

where o (v) is a linear symmetric operator field on the tangent plane, og(v) is
a tangent vector field and o, (v) is a scalar field.

Remark 3 Let v be in H'(2). From the previous formula, we deduce

e(v): £(v) = e (v): e (v) + 2es (V) + e ()P, on T,
o(v):e(v) =or(v): ep(v) + 205(v)es(v) + 0, (V)e,(v), onT.
We will consider the following vector spaces.
o L (Tx(T")) is the space of linear symmetric operators of Tx(T"),

o L(T(I')) is the space of symmetric operators of T'(T").

Remark 4 0rv(x) belongs to L£4(Tx(T")); its eigenvalues are principal curva-
tures of I' at x.

Some function spaces

Consider a tangent field vy : I' — T(T') with: vy = vla; + v2a;. We will say
that v belongs to L2(T', T(I")) if v* and v? belong to L2(I'). In L3(I', T(T)),
we define the following norm

1/2
el = ([ rfar) ", )

1/2
which is equivalent to the norm: vp — (||U1||i2(r‘) + ||'U2||%2(F)) . Similarly,

vy belongs to HY(T', T(T")) if v! and v? belong to HY(I') and we define a norm
in HY(T', T(T")) by

1/2
Ivrlla ey = (0 1wy + 102 rwy) (10)

A field 77 : T — Ly (T(T)) belongs to L2(T, L4(T(T))) if (7p: 7)Y/ : T — R
belongs to L2(T"). We take

I llezm,cocrayy = 1 7)Y 2 L2 - (11)

Remark 5 If vp € HY(T, T(T")), then ex(vr) € L3(T, L(T(T))).
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Another useful space is V= {v € H'(Q) /vy € HY(T', T(T))} with the norm

1/2

[vllv = (”VHI%P(Q) + HVTHI2—11(F,T(F))) (12)

Proposition 1 The expression
vrl = [ (vel? + er(vr): en(vr)) ar.
r

constitutes a norm equivalent to (10).
Proof. We only need to prove that there exists a constant C' > 0 such that
[vrlluerey < Cllvelli,  Vvr € YT, T(T)).

Assume that such a constant does not exist. Then there exits a sequence (vgC ))

such that
(k) _
||VT ||H1(F,T(F)) = 1, vk € N,
(er(vi)) =0, in L3I, £,(7(T)),
(vg@) 0, in LT, 7).
Setting v¥) = vFla; + vF2ay and vE¢ = 22 we get
T 1 2 ] €5 g
(v%’ + gA“ggﬂvf“A”) — 0, inL*(I).
With a = 3, we easily get (vﬁl + vf“22) — 0, in L2(T"). We have
Gan (Ufcﬂa + gAagﬁqu)\H) = ganvﬁja + gﬁﬂv,kn“ .

This expression vanishes in L2(I") as k — oo. We use (8,7) = (1,1), (8,n) =
(2,2) and (6,7) = (1,2) and get

(91108 + g210%2) — 0, in LA(T),
(9221{’32 + 921021) — 0, inL*I),
(110" + g220"2) — 0, in L3(I),

(v +0%2) — 0, in LX(T).

Set wit) = gvi¥) = whla, 4+ w2a,. From (vgpk)) — 0, in L', T(T)) and
previous computations, one can easily deduce that sequences (wkl), (wkl),
(wh! +wk), (wh? + wh') vanish in L*(T'). Thanks to Korn’s inequality in I,
we get that sequences (w*!), (w*?) vanish in H*(I"). Hence, (v*!), (v*?) vanish
in HY(T"). This is impossible.
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2 Well-posedness

By using semi-group theory [17], we can show that problem (3) is well-posed.

Proposition 2 Assume (2). If (u® u') belongs to Hy (Q) x L*(), then prob-
lem (3) has one and only one (weak) solution u which satisfies

u € C°(Ry, Hp, () NCH(R4,L*(Q)).
If (u®,u') belongs to (H?*(Q) NHy, (Q)) x Hp, () and if

o(u’)v+ A’ +Bu' =0, onTy,
then the (strong) solution of (3) satisfies

(u,u’,u”) € C°(Ry, (H*(Q2) N Hp, () x Hp, () x L*(2)).

3 Stabilization

Following Komornik [9], we will prove here that the energy functional is expo-
nentially decreasing with respect to time. From Lemma 5, to be proved later,
it is sufficient to consider the case meas(I'g) # 0. We recall the following fun-
damental result [9].

Lemma 1 Let E : Ry — Ry be a non-increasing function and assume that
there exists T' > 0 such that

/ E(s)ds <TE(t), Vt>0.
¢

Then we have

E(t) < E(O)exp(l - %) . Vt>T.

First, we prove that the energy functional is non-increasing.

Proposition 3 Under assumptions (1), (2), (4), the weak solution u of (3) is

such that w'v/B belongs to L? (Ry,L%(T)) and aijkl €ij €kt belongs to the space

loc
LL (R, LY(Q)). The energy functional is non-increasing and satisfies

T T
1
E(u,T)—E(u,S):—/ / B|u/|2d1“dt+§/ /aijklsij(u)ekl(u)dxdt,
S IR S Q

for0< S <T < 4o0.
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Proof. Assume first that u is a strong solution of (3) (with appropriate initial
data). We can write

E'(u,t) :/ (u’.u” +o(u): e(u’) + %aij‘kl gi;(u) skl(u)) dx+ [ Auu'dl
Q

:/Q (u'.div(c(u)) + o(u): e(v')) dx + % /Q aijr €ij () e (u) dx

+ Auv' dl

I

:/ (c(u)v).u' + % / aijreij(u)eg(u)dxdl + [ Aua’dl
I Q

|1
1
:—/ B\u’|2dI‘+—/al-]'-kleij(u)skl(u)dx.
r 2 Ja

We obtain the result by integrating the time variable from S to 7. A density
argument completes the proof. O
In order to apply Lemma 1, we have to prove the following results.

Preliminary results
In this subsection, we assume (1) and

(u’,u') € (H*(Q) NHf, () x Hp, (), 13)
o(u®)r 4+ Au’ + Bu' =0, onTy,

and consider the (strong) solution of (3). Let h be a vector field satisfying (5)
and (6). For some positive constant 3, define

Mu =2(h.V)u + fu.
The value of 3 will be chosen later.

Lemma 2 The strong solution u of (3) satisfies

/ (div(h Y ([u']? = o(u): e(n)) dx dt

Q
T
+2 /oiﬁj(u)hk’jui’k dxdt—/ /hmam(aijkl)skl(u)sij(u) dx dt
s Ja

= [/uMudx] // v)Mu —h.wo(u): e(u)) dxdt.
//hy|u|2dth

Proof. We use the multipliers method (see [9], [15]). Thanks to the first equation
in (3), we may write

T
/ /u”.Mudxdt:/ /le ).Mudxdt. (14)
s Ja
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Consider the left-hand side of the above equation.

T T T
/ u”.Mudxdt:[ u’.Mudx} —/ u’ . Mu' dx dt
s Ja s

/ . S Q
:[/Qu .Mudx}s

T T
—2/ /ughjugjdxdt—ﬁ/ /|u’|2dxdt.
s Jo ’ s Ja

We have

/ /uhu”dxdt / /hja] u'|?) dx dt

T
:/ /h.u\u’|2drdt—/ /div(h)|u’|2dxdt.
S r S Q

Hence

T T T
/ /u".Mudxdt:[/ u’.Mudx —/ /h.u|u’|2dth
S Q T
/ / (div(h) — B) |u'|? dx dt .

Now, we consider the right-hand side of (14):

/ / div(o(u)).Mudxdt = / / Tij,( W) P U, dx dt
+6/ / u.div(o(u))dxdt.

We have

T
/ /Uij,j(u)hkui,kdxdt
S
T
= / /O’U u)vjhpu;  dl dt — / /UU i (hru, ) dx dt
S Q
T
/ / v.(h.V)udl dt — / /aw W)y jui g dx di
S Q
—/ /aij(u)hkui,jk dxdt,
S Q

(15)
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and

T
—/ / O'ij(ll)hkui’jk dxdt

:__/ /hkak () dxdt + = / /hma (ass0) s (W () dx dt

/ /le dxdt——/ /hZ/G' u)dl'dt

+—/ /hma7n(aijkl)5kl(u)5ij(u)dth'
2)s Ja

Furthermore,

/ /u div(o(u)) dxdt = /gTA(U(u)V).udth—/ST/QJ(u): e(u)dxdt.

Hence

/ /le ).Mudxdt
:[3 /Q(div(h) — B)o(): e(u) dxdt—Q/ST/Qaij(u)hk,jui,kdxdt

+/T/ hinOm(aiji)er (w)es; (u) dx dt
/ / ).-Mu—huvo(u): e(u)) dl'dt.

(16)
We deduce the desired result from (14), (15) and (16). O

Lemma 3 There exist > 0 and C1; > 0 such that

T T
Cl/ Edt < - [/ u'.Mudx]
s Q s

T
+/ / ho (pldyur|® + (2p + N)|0,u,|?) dI dt
T'o

/ (5 -6) i - spuw + o) ara
Iy

—/ / (2(Au+ Bu').(h.V)u+h.wvo(u): e(u)) dl' dt.
Iy
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Proof. Lemma 2, (5) and (6) give

T
/S /Q (div(h) — B) (W[ - o(u): e(w) + (2an — 1) o(w): e(u)) dxdt

T T
<— {/ u’.Mudx} —|—/ / h.v [u'|? dT dt
Q S S JI
T
+/ / ((c(u)v).Mu—h.wo(u): e(u)) dI'dt.
s Jr
Since (6) is satisfied, we can choose § > 0 such that

B < div(h) < 2an + 6 —7n, inQ, (17)

and choose C; > 0 such that

T T
Cl/ Edt < — [/u'.Mudx}
s Q S

T
+/ /(ﬁA\u|2+h.y|u'|2) dr dt (18)
s Jro\ 2

T
Jr/S /F((cr(u)u).Muf h.vo(u): e(u)) dldt.

We write u = ur + u,v and h = hp + h,v on I'. With Dirichlet boundary
condition, we get on 'y

Mu=2h.V)u=2hvo,u, er(u)=0, 2eg(u)=203a,ur.

and, with our notations, using Remark 3, we get

(o(u)v).Mu = 2h.v(cs(u)d,ur + o, (u)d,u,), onTy,
o(u): e(u) = og(u)d,ur + o, (u)dyu,, only,
(c(uw)v).Mu—hwvo(u): e(u) =hwvo(u): e(u), onTly.

Hence

/F ((c(u)v).Mu —hwvo(u): e(u)) dl' = / hvo(u): e(u)dl. (19)

o
Using the boundary conditon on I'y, we get
/ (o(u)v).Mudl = —/ 2(Au+ Bu).(h.V)udl'— 8 [ u.(Au+ Bu')dl.
I

Fl l—‘1
(20)
We deduce the result from (18), (19) and (20). O

Lemma 4 There exists Co > 0 such that

]/ u'(t).Mu(t) dx| < CoE(u,t), Vt>0.
Q
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Proof. Given t > 0, for every n > 0, we can write

/ M2 1 2
|/Qu.Mudx| < Iy + 5 1wl
We have

[Mullfaq) = /Q(|2(h.V)u|2 + #2[u)? + 4pu.(h.V)u) dx

= /Q(|2(h.V)u|2 + #2[ul? + 26V(Jul?)h) dx

/(|2(h.V)u|2 + B(8 — 2div(h))|ul?) dx + 25/ h.v|u/?dl.
Q Iy
Setting R = supg |h|, from (17), we get
[Mul|faq) < 4R2/ |Vul?dx +26 [ hwlu*dl.
Q Iy

With Korn’s inequality, we can find the smallest positive real number Ry (de-
pending on h and ) such that for all v € Hy, (T),

AR? (/ U(V):e(v)dx—i—/ A|v|2dF> 2432/ |Vv|?dx+28 [ hw|v|]*dl.
Q I Q

Iy
It follows that

2R?
‘/ u'.MudX’ < Q||u/||]%2(9 + —(/ o(u): e(u) dx + A\u\2dI‘) .
Q 2 Q r,

The choice n = 2Ry gives the result with Cy = 2R;. O
Lemma 5 There exists Cs3 > 0 such that, for every n in (0,1),

//|u|2dfdt<—E +77/ E(u,t)dt, 0<S<T<+c0.
I'y

Proof. We proceed as in [9]. We define z, depending on ¢, as follows:
div(e(z)) =0, inQ,
z=u, onl.

We have

/z.div(a(v))dx:/ u.(o(v)v)dl, Vv eH*(Q)NHH(Q).
Q

I

Using the definition of the energy functional and Proposition 3, we can find
some positive constants ¢, ¢a, ¢, ¢4 such that

/ |z|? dx < cl/ [u?dl’ < o F;
Q I

/Q |z'|? dx < ¢} g [W'|?dl < ch(—E").
1
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Furthermore, we have

/Qa(z): c(u—7) dx = — /Q(u ~ 2). div(o(z)) dx + /Fl(u — 2)(o(2)v)dl = 0.
Then
/Qa(z): g(u)dx = /Qa(z): e(z)dx > 0.

From (3), we deduce

0= /Q 2.(0” — div(o(u)) dx dt
:/Qz.u”abﬂ—/Q o(z): e(u)dx—/ z.(o(u)v)dl

Iy

:/ z.u”dx—!—/ o(z): e(u) dx+/ u.(Au+ Bu')dr.
Q Q r,

Hence

Alu)?dl’ < —/ zu'dx— [ Buu'dl.
Fl Q F1

For 0 < S < T < oo, we obtain

T r T T
/ / Alu)?dl dt < f{/ z.u’dx} +/ /z’.u’dxdtf/ / Bu.u'dl'dt.
s Jry Q s Js Ja s Jry

Let C be a positive constant, large enough. Using the Cauchy-Schwarz inequal-
ity and the estimates obtained above, we can write for every 6 > 0,

T T
/ /A\u|2d1“dt < OE(u,S)+C’/ (—E'(u,0))Y?(E(u,t))'/? dt
S Iy S
T
+B/ / [u| |u'| dT" dt
S
C
< CE(wS)+ /Eut)dt—|— © Bu,s)

/ /A\u\Qdth+—/ / |u'|? dT dt .
Fl l—‘1
From Proposition 3, we get

2 C B co [T
2 < R _
/ 5 lu|? dT" dt ( + 9+A2>E(u,S)+ A/s E(u,t)dt

We now choose 6 = % and obtain the desired result. O
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Proof of Theorem 1

We assume (1) and that h satisfies (5) and (6). From Lemma 5, it suffices to
consider the case meas(I'y) # 0. We first suppose (13) and we consider the
(strong) solution u of (3).

The energy functional is non-increasing (Proposition 3). From Lemma 4, we
deduce

T
7[/ u’.Mudx] < 2C3E(u,S).
Q S

Since h.v < 0 on I'g, Lemma 3 gives

T
Cl/ Edt S QCQE(U, S)
S
/ / =L _3 A|u|2—ﬁBu.u/+h.u\u/|2) dr dt
'

—/ / (2(Au+ Bu').(h.V)u +h.vo(u): e(u)) dl' dt.
I
There exists ¢ > 0 such that

T T T
\/ Bu.u’ dr dt| g/ |u|2dth+c/ |u'|? dT dt .
S Iy

S Iy S I'y

Hence, using Proposition 3, we can find Cy > 0 and C5 > 0 such that

Cl/ Edt <C,E +C5/ / lu|?dI dt
I

—/ / (2(Au+ BuY').(h.V)u + h.wwvo(u): e(u)) dl' dt.
I'y

From (2), Remarks 1 and 3, we get

T
/ lu|? dT" dt

S Iy

T
Cl/ Edt §C4E(u, S) + Cs
S
T
— / 2(Au + Bu').(h.V)udl dt (21)

Ty
T
N ka/s /1“1 (5T(u): ET(U) +2|€S(u)|2 + |5U(u)|2) dr dt .

Now, we estimate two integrals which appear on the right hand side (second
line of the above formula).

Estimation of 7, = fS Jr, 2Au.(h.V)udr dt.

We denote by C' some posmve constant which is independent of u and large
enough. We have u.(h.V)u = 1h.V(|u/?). Setting u = ur +w,v and h =
hr + h,v on 'y, we use (7) and get

1
u.(h.V)u= §VT(|u|2).hT + hyur.(0,ur) + hyu, (Oyu,), onTh.
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Since

AVr(Ju)?).hydl = —/ Alu)? div(hy) dl,
Iy Iy T

hence

|/ AVr(Ju*).hydl| < 0/ lu?dr. (22)
Fl 1_‘1
Using e5(u) (see subsection 1.2), we can write

hy,ur.0y,ur = hy,ur.(2¢g(u) + (Orv)ur — Vru,), onTj.

Let 6 be some positive number. We have
2 c 2
| | 4Ah,ur.es(u)dl| <60 [ |es(u)]*dl + 7 lur|?dl.  (23)
a8 ry ry
Since h, and Orv are bounded, we get
| 2Ah uT 8T1/ uT dF| < C/ |uT|2dF. (24)
1

Now, observe

h,ur.Vyu,dl' = — / Uy d}v(h,,uT) dr’
I

=— hy u, div(ug) dl' — / u, Vrh,urdl.
Ty T 1Y

I

Proposition 1 implies
. 2, C 2
| [ 24h,u, div(ur)dl| < 6llur|f+ = [ |ul*dl.
Iy T 0 Iy
Hence

! / 2Ah, ur.Vru, dl—“ <40 ET(U.T)Z ET(uT) dl’ + % |u|2dr. (25)
I Ty Iy

We can also write

| 2Ah uy (Oyuy) dl'| < 6 |a uy\2df+§ lul?dr. (26)
Iy

Finally, (22)—(26) give

T
ILISH/ / (10,un|? + er(ur): er(ur) + es(u)[?) dT dt
S Ty

27

o (T . (27)

+— |u|“dT"dt .
9 S I
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We emphasize that, in (27), 0 is a positive number to be chosen later and C' is
a positive constant which does not depend on u.

Estimation of T = [g [, 2Bu’.(h.V)udl dt.
Here, we use (8) and get

u’.(h.V)u ZE(aTuT)hT + ’U,Z,E(aTl/)hT + hl,u_’Ta,,uT
+ul (Oru, )hy — v, ur(Orv)hy + ul,(O,u,)h,, on .

This can be rewritten as

u'.(h.V)u =u’.(0rur)hy + (u, 0 — ul,ur).(Orv)hy
+ul, Vru, hy + hy,(up.0,ur +u,(8,u,)), onTy.

Since h and J0rv are bounded, we get
0 2C
| [ 2Bur@ranhrdr| < Jurl+ 5 [ jarpar, 9
Ty Iy

| [ 2B(uufy — wup).(0rv)hy dT| gc(/ |u|2d1"+/ |u’|2dr). (29)
Ty Ty Ty

Under the assumptions about 2, we observe that I'; is a compact manifold
of dimension 2. So, we can build a finite number of local maps (Uy, ¢1),...,
(U, ¢r) and an associated partition of unity (¢1,...,9;). We have

)4
/ 2Bul,Vyu, hpdl = / 2BY;u., Vru,.hrdr.
Iy j=1 U;

Consider one of the ¢ terms of the previous sum. Omitting the index j, we
denote fU 2BYu,,Vru, hp dl'. Using the notation introduced in section 1, we
write hy = hla; + h%aq. Setting |g| = |det(g)|, W = ¢~ 1(U), we get

/ 2B19U/VVTUV1’IT dr’
U

_ o s Iuyo9), 1  Ouyog) , 1/2
= [ 2B00 o)t 0 0) (Tt + ) g2 ey

Since ¥ o ¢ is continuous and compactly supported, v, = u, o ¢ belongs to
HY2(W) and lvollarzowy < Clluw |lur/2)- Let us define two subsets of W

Wt ={(&,&) e W/h'(&,8&) >0}, W™ ={(&,&) € W/h'(&,&) <0}.
‘We have

/ 8 v a 1%
/ 2B(0 0 ¢)vl, 22Dt |g|"/? déyde, = / 2B(1 0 §)v), =L h | g|'/? dgrde,
w 061 W+ /31

+ [ 2B o G derdsa.
- 1
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Setting ¢ = ((¥ o ¢)h1|g|1/2)1/2, in W+, we have

| 2B o SRl derde

_ / o By, O " dgdy
W+

(1/1) r OY
- B déydes — | By (v, déyd
/W+2¢ o€, £1d&o /W+ 1/)(|’U\)a5 §1d&o .

Thus
H/W Bylv V‘Q d€1d§2} ‘<CE ,S).

We know that v is compactly supported in W, and ¢ = 0, on OW™. Define
function

G=1vv,, nWHxR,, G=0, in (RZ\ W) xR,.
We have

/W+ 2B, (;f’g ?) ge v, = / QBG'gT e, dé,

Let (@ be the Fourier transform of G, with respect to &;. We write

/ 2B¢v;a(d’v”) ¢ dey = / ABirm &G didés .
W 961 R?

This implies

T R T
/ / 2By], o(Yuy) dé1désdt = [/ 2Bimn; |G|? dmdfg]
s Jw+ &1 R2 s
t

Bu
| [ mIGE dmdsa] < CLlIGIaae) < el

Hence, using the energy functional and Proposition 3, we get

[ 2o 25 aisan| < rw ).

For the integral in W—, we replace a; by —a;, h' by —h!, respectively and
proceed as above. We can also get a similar result concerning the integral terms
containing h?.

Finally, we obtain

T
‘ / / 2Bu!, Vu, by dU dt| < CE(u, ) . (30)
Iy

Using eg(u),

hy, up.8,ur = h, up.(2e5(u) — (Vru,) + Orvur), on Ty,



18 Boundary stabilization of a linear systems EJDE-2001/78

and, for (23) and (24), respectively,
c
| | 4Bh,ufp.cg(u)dl g@/ les(w)?dl + — [ |uf]?dl’,  (31)
Iy I'y 0 I
| | 2Bh,u.(Orv)urdl| < c/ (Jup|* + lur|?) dT. (32)
T Iy

Now compute

T
/ h, Wp.Vyu, dU dt
s Jr,

T T
- U hl,uT.VTquF} 7/ / hy ur.(Voud!) dT dt
T, s s Jry

T T
{ / h,,uT.VTul,dF} + / / o, div(kur) dU' dt .
Iy S s Jr T

Since divy(hy,ur) = h, divy(ur) + Vrh,.ur, Proposition 1 gives

2
y/ 2Bu), div(h,ur) dl'| < Q||uT||;%+—O/ |u'|?dr. (33)
r, T 2 0 Jr,

Now consider fFl h,ur.V7u, dl. Given t > 0, let ¢ be in HY(T';) (notice that
HY(T';) = H}(T'1)) such that

C - ATC = d%V(UT)(t) .
Since divy(ur)(t) belongs to H-1/2(T'y), ¢ satisfies

<l ey < Cllur () |lLz e, 7)) »

¢ e H¥2( d < Cllur(t (34)
1) and [[Cllgs/2(ryy < Cllar (O)llur/2r, ery)) -

Then we have
/ h,/ uT.VTul, dr’
I

= 7/ u,, div(h,ur) dl’
Iy T

f/ uVVThV.quF—/ u,,hDCdFJr/ Uyhy ArC dl .
I I I

First, thanks to (34), we have

|/ u,Vrhy,updl| < C [ |u*dl,
Fl F1

\/ w, o dT| gc/ (|uy|2+|C|2)dF§C/ a2 dr .
I I I
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Second

—/ u,,h,,ATCdF:/ (=Ap)Y4(u, b)) (=Ap)?/4¢dr,
Iy

Iy

and, again with (34),
| g y, hy AC AT < Clluy e oy [l 2y < Cllull o -
1

Hence
’/Fl hl, uT.VTu,, dF‘ < C(Al |U.|2 dl’ + ||u||%{1(9)) .

Using Poincaré’s inequality and Korn’s inequality, we finally get
| | 2Bh,ur.Vyu,dl'| < CE(u,t). (35)
'

Observing that the energy functional is non-increasing and using (33), (35), we
obtain

T T
\/ / 2Bh, wp.Vru, dl di| gCE(u,S)+9/ llur||? dt
S Iy S

o T (36)
+ —/ |2 dT dt
0 Js Jr,
Again, we use boundedness of h and get
| | 2Bhy, u},0,u, dr| go/ |ayuy|2dr+9/ |u/|? dT. (37)
Fl Fl 9 1—‘1
Finally, with (28)—(32), (36) and (37), we obtain
T
|Z5| §0/ / (er(ur): er(ur) + |es(u)|® + [yu, [?) dT dt
§ (38)

T
+%/ /(|u|2—|—|u’|2)dth+C’E(u,S).
S Ty

Again, we emphasize that, in (38), 6 is a positive number to be chosen later and
C'is a positive constant which does not depend on u.

Final segment of the proof.

From (21), (27), (38), we obtain two positive constants Cg and C7 such that

T C7 T
Cl/ Edt SCgE(u,S)+—/ /(\u\2+\u’|2)drdt
S 0 S Ty
T
+29/ / (ex(ur): er(ur) + les(w)[? + |0, u,[?) dUdt (39)
S T

T
N ka/s »/1“1 (5T(u)5 er(u) +2|€S(u)|2 + |ayuu‘2) dr dt .
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From the relations er(u) = er(ur) +er(u,v) = er(ur) + u, 0rv on T', we have

er(u): er(u)

= ET(uT)Z ET(UT) + QET(UT)Z ET(U,,I/) + €T(’U,VV): ET(UUU) ,onI'y.

Using |er(ur): er(u,v)| < Oer(ur): er(ur) + (40) " ter(u,v): er(u,v), we get

er(u): er(u) > (1-20)er(ur): ep(ur)+ (1- 2—19)5T(ul,1/): er(uyv), onTj.

Since [i. er(uv): er(u,v)dl = [i |u,[*(@rv : Orv)dl < C [1 [uy|?*dT, we de-
duce from (39) that there exists Cg > 0 such that

T
Cl/ Edt
S

T
< CGE(u,SH@/ /(|u|2+|u’|2)dI‘dt
9 S I
T
+26/ / (er(ur): er(ur) + les(n)]? + |€y(u)|2) dr dt
s Jr,

T
_ko‘/s /F1 (1 =20)er(ur): er(ur) + 2les(u)|® + |e, (w)|?) dl' dt.

Then, for 8 > 0 small enough, we can find a positive constant Cg such that

T T
01/ EdthGE(u,S)Jng/ / (|u)? + [v|?) dr dt .
S S JIn
From Proposition 3 and Lemma 5, there exists C1g > 0 such that, for every
n>0,

T Cho T
Cl/ Edtg—E(u,S)+n/ Edt.
S n S

Hence, for 1 small enough, we get the theorem by applying Lemma 1 with
w = (Cy — n)n/Cyo. Now, we can observe that all above constants do not
depend on the strong solution u of (3). Hence, by a denseness argument, this
result can be extended to a weak solution of (3). O

3.1 Proof of Theorem 2
We now show that Theorem 1 can be applied with the vector field

h(x) = (x — x0) + ph(x),

where p is some positive constant and he (Cl(ﬁ))3 is such that

h=0, onTly, I~1:V7 on .
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Note that h satisfies (5). Indeed,
h(x).v(x) = (x —x0).v(x) <0, ifxeTly,
h(x).v(x) = (x —xo).v(x)+p>0, ifxely.

Also note that h satisfies (6). We will consider two cases.
First case: meas(T'g) # 0. Here we choose O, = 0. Then

/Uz‘j(f)hk,jfz‘,kdx:/Uz‘j(f)&,j dX+P/Uij(f)7lk,j€i,kdX-
0 0 o

Since ¢ € Hp (Q) and h e (Cl(ﬁ))g7 using Korn’s inequality, we can find a
constant C'(h) > 0 such that

|/Q<sz(§)7lk,j&,kdx| SC(E)LU(§)5 e(§) dx,

and

/ 035 (&) I j&i g dx > (1 — pC(lNl)) / o(&): (&) dx.
Q

Q

We choose an, = 1 — pC(h) and get ap, > 0 for p small enough.
Second case: meas(I'g) = 0. Since meas(T';) # 0, the map

5H<Af«rs@mx+ €2 dr)*/*

Iy

defines an equivalent norm on H!(2) [15]. We have

/ 035 (&) 3k dx = / 0:5(§)&i,; dx + p/ 013 (E)hie ik dx .
Q Q Q
Since £ € HY(Q) and h € (Cl(ﬁ))g7 we can find a constant C'(h) > 0 such that
| [ ou@hséindx| < C@( [ o©:el@) x+ [ e ar).
Q Q Iy

and

/Q 00y (G dx > (1= pO(R) / o(6): e(€)dx — C(h) [ |¢f2ar.

Q I

Then we choose ap, = 1 — pC(fl), which is positive for p small enough, and

Bn = —C(h).

Now one can easily show that the other conditions in (6) are satisfied if

2 — Yx—x, 3 )

p= mm(c@l) "1+ 20(h) + maxg(div(h)) — ming(div(h)) [ming(div(h))

This completes the proof. O
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