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EXISTENCE OF POSITIVE SOLUTIONS FOR FRACTIONAL
DIFFERENTIAL EQUATIONS WITH RIEMANN-LIOUVILLE
LEFT-HAND AND RIGHT-HAND FRACTIONAL DERIVATIVES

SHUQIN ZHANG

ABSTRACT. Combining properties of Riemann-Liouville fractional calculus and
fixed point theorems, we obtain three existence results of one positive solution
and of multiple positive solutions for initial value problems with fractional
differential equations.

1. INTRODUCTION

Let s be a real number and n = [s] + 1 where [s] the integer part of s. For a
function f : [a,b] — R the expressions

. 1 do, [f 0 f(t
Dt = 1 )" | (x_tgs)—m‘“
— n b
Dif) = s [ i

are called, respectively, the Riemann-Liouville left-hand and right-hand fractional
derivative of order s. If s is an integer, the derivative of order s is understood in
the sense of usual differentiation:
d d
D, =(—)° D;_=(-1)7°(-=)° =1,2,3,...
o= () D= (C() s
Here we consider the initial-value problem
D$_D§, u(t) = g(t,u(t)) 0<t<1,0<a,d<]1
t0ut)|,_ =a>0, (1—)"""Df, u(t)|tmo =020,

where D¢, D§, are the Riemann-Liouville right-hand and left-hand fractional
derivatives.
For z > 0, the expressions

I f(x) = r(ls)/a . f(tt))lsdt, z>a,

(1.1)
t=0
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I ) = — /b IO g w <o
xr) = T
- L(s) Jp (t—a)t=

are called, respectively, the Riemann-Liouville left-hand and right-hand fractional
integral of order s; see [6]

Proposition 1.1 ([6, theorem 2.4]). If s > 0 then D} I3, f(x) = f(x) for any
f € Li(a,b), while
15+ Dor f(x) = f() (1.2)
is satisfied for f € I, (L1(a,b)) with
I(iJr(Ll(aab)) = {g(l‘) : g(.’IJ) = ;Jr(p(x)» (7S Ll(a7 b)}
If f,D; . f € Li(a,b), then (1.2) is not true in general. However
(LL’ _ a)s—k—l
I(s—k)
where n = [s] + 1, fr_s(x) = I;7° f(x). In particular for 0 < Res < 1, we have
flfs(a) s—1
T(s) (x—a)’ .

Remark 1.2. Similar results hold for right-hand fractional derivatives.

15 (a)

n—s

I3, Dy f(x) = f(z) = 2p2;

154Dy f(2) = f(=)

The following theorems play major role in this article.

Theorem 1.3 ([7]). Let X be a Banach space, and let P C X be a cone in X. If
01,9y are open subsets of X with 0 € Q1 C Q1 C Qq, and let S : P — P be a
completely continuous operator such that either

(1) [|Sw|| < JJw|], we PNoQy, ||Sw| > ||w|, we PNy, or
(2) [|Sw]| = wll, w e PN 02, [|Sw| < |lw|| wePNo

then S has a fized point in P N Qo\Qy.

Theorem 1.4 ([4]). Let K be a cone and K. = {y € K|||y|| < ¢}, and A: K. — K,
be completely continuous and o be a nonnegative continuous concave function on
K such that a(y) < |ly|l, for all y € K.. If there exist 0 < a < b < d < ¢ such that
(C1) {y € K(«,b,d}|a(y) > b} # 0 and a(Ay) > b, for all y € K{«,b,d},
(C2) Ayl <a, for [ly] < a
(C3) a(Ay) > b, fory € K{a,b,c} with ||Ay| > d,
then A has at least three fized points yi1,ys2,ys satisfying

lyill <a, b<aly), lysll>a with afys) <b.

2. MAIN RESULTS
Let X = {u € C(0,1) : t179(1 — t)*~2u € C[0,1]} be the Banach space endowed

with the norm

-5 —_
Jull = max 15(1 = )~ u(s)].

Let K be the cone K = {u € X;u(t) >0, 0 <t < 1}. Applying I{ to the first
equation in (1.1) it follows that (1 — ¢)*~'D§, u(t)|t—o = b that

Diu(t) = b(1 — )"~ + I g(t,u(t) (2.1)
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From this equation, Proposition 1.1 and the condition ¢'~%u(t)|;—g = a, we have
ut) = at® I3 (01— 1)+ I g(t,u(t))

1 t
=at®t 4+ —/ (t —s)°"1b(1 — 5)* tds
0

T0)
1 t — )01 (s, u(s))ds

*@/0“ VUL g(s,u(s))d

— atd! b ! _ )01 — g)e1gs

— at +F(5)/O(t )Pl (1—s) 1

g 9 [ et i

Defining T': X — X by
b t
Tu(t) = at® ! + —/ t—s)"H1—s)* tds
(v o7 -
1 ' o1 [ 1
+ / (t—s)°" / (1 —98)*  g(r,u(r))dr ds,
F(6>F(a) 0 s
we see that u is a solution to (1.1) if and only if u is a fixed point of T'.

Lemma 2.1. If g is continuous, then T is a completely continuous operator.

Proof. Since g¢ is continuous, T transforms X into X. Let M = {u € X;|lu]| <
I,l >0}. Forue M,

(1= )| Tu(t)]

1-6(1 _ p\l—a gt
=la(l —t)'7> 4+ LA C kD (;(5;) /0 (t—5)°"11 —s5)* ds

w ¢ 78671 17—786!71 N dr ds
T /0@ ) /S< )* (7 u(r))dr ds|
1-6 _ 11—« +
Sa—’-W/O (t_8)5—1<1_t)a_1d8

t 1
— = — )%t 7 —8)* Yag(r, ulr Tds
+ S =0 [ =9 et d

b L ! -1 ' a—1
§a+I‘(l+5)+I‘(5)F(a)/O(t_s)é /S(T—S) drds
b L

:a+F

—_

t — )% (1 — )%ds
+9) " TE( +a)/0(t ) =)

5

b L ¢ .

S0t iy T e+ a) /0 (t—s)"ds

b L

+0) "Ta+ori+ta)
b

1+ T+ ordra)

6

:a+F

~

<
a—|—F

where

lg(t, u(t))| + 1.

max
0<t<1,[Jul| <1
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So T'(M) is bounded.
Let us see that T'(M) is equicontinuous. For u € M, e > 0,t1,t2 € [0,1], ¢ < to,
let

€ el'(1+0)\176 eI'Q1+a)T(1+6) 176 eI +0)T'(1+ )
" Uary Gy ol SL R O (T EL

For ty —t; < max{ty —t1,t5 % — 170 (1 — 1)1~ — (1 — t)'~*} < 7, we have
[t57 (1 — t2)' [ Tultz)| — 41 (L — )"~ Tu(tr)|
btE 701 — ty)lm [t
= la(l —tx)' 7™ —a(l — )7 + M/ (ty — )21 — 5)*ds
I'(5) 0
b (1 —ty)te

h —g o—1 —g a—1 s
—té_é(lib)lia . — )0t 1 7 — ) Lg(r,u(r))dr ds
| = [ =9 atra(yard

T(O)F(a)
SO [ [t

< btﬂ;(é)“)” [ =97 = = 90— s

bt%ﬁ(;&)@l_a /tf (2 — )1 (1 — )7 ds + a((1 — 1)1~ — (1 — 1))

T Lt%?((;)r(z))la /Otl((t1 5L (1 — )Y /:(T — 52 1dr ds
+ Lté;(;);(ff))l_a /tlt?(tg—s)‘S 1/31(7 $)*~Ldr ds
R
+ L(ty (1~ tz);;);(f)é(l —t)"™) /Otl(tQ —5)°! /:(T — 8)* drds

< Fz’fjé)(t‘i +(t2 = 1) —13)
n F(b?:é) (ts— 1) + a((1 = 1)~ — (1 — ta)1)

Lt%_é(l — tl)lfa t1 B §
L@+ a) /o ((tr =) = (ta — 5)°"")ds

Lt576(1 _ t2)1—a to S_1
T Tt ) /t (t2 =) ds
bty O(1 —ta)' = — 17 (1 — 1)1 7)

(1 +9)

L(tlfé(l —tz)l_a _tlfé(l _tl)l—a) ty .
) NGINETY /0 (t2 = 5" ds

t5(1 — 1)t

+
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< ﬂ to — )9 ﬂ to — )9

Starale W gtz —t)

Ll 01 — )t

T(1+0)I(1+a)

bty * —t17°) | Lty ° —1;"°)
T(1+0) T(1+0)0(1+a)

+oa((l—t)'" = (1 —tx)' ") + 19+ (ta —t1)° — 1)

Lti 70 (1 — tg)1 =

T(1+6I(1+a) (t2 = 12)° +

S v A vew e ks Al R
L L
TTaEori+a) (ta —t1)° + NIETNET) (ta —t1)°

bty " —t,7") | L(t, " —H ")

Ay TTa+orita)
2 + 1 2L
STa+ 5)”6 et Dt s ST a T a) "
b L

o Trazorara)”

g ) g g
SititiTa
=&

By Arzela-Azcoli’s theorem T'M is equicontinuous, so the operator T' is completely
continuous. (]

Theorem 2.2. If g is continuous, a + b # 0, and there exists 0 < p < 1 such that
t,u(t

m 20U (2.2)
|u|—o0 |u|“
then problem (1.1) has one positive solution.

Proof. As pointed out above, we only need to prove the existence of fixed point of
operator T in K. It follows from the Lemma 2.1 that T : K — K is a completely

continuous operator. From (2.2), there exists N > 0, such that for 0 < ¢ <
D(1+pu(a—1)+a)T(1+p(8—1)+9)
AP(I+p(a—D)T(A+p(3-1)) *

g(t,u(t)) <elul*, forte|0,1],|ul >N

So we have
g(t,u(t)) <elul* +¢, fortel0,1],u € [0,+00)
where
= t,u(t 1.
c Ogtgfﬁflglg( cu(t))| +

Let 1 = {u € K;||u|| < Ry}, where R; > {1,4a, F(;Lié)’ F(1+6;L12(1+a)}’ for u €
01, we have
#1701 = 1) | Tu(t)]
bt o1 — )t 5
- |a(1_t)1*a+—/ (t— 5)""1(1 — )°\ds
INQ)) 0
tl—é(l _ t)l—a

T TN

/Ot(t —s)"7 /:(T — 5)*Lg(r,u(r))dr ds|
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1-6(1 _ 11—« t
<a+ bt(;(é)t)/o (t—s)°"1(1 —t)* " 'ds

1-6(1 _ p\l—a gt 1
! tFE;)P(?o/o - S)H/S (7 =) g(r, u(r))|dr ds
=0(1 —p)l-a gt e - )
<ot R, 0 [ - e+ oy ds

th 6(1 ) ! — s 6—1 ! r—3 a—1 7_;4(671) 7 n(a—1) wll® + e)dr ds
< LD Llem st [ er D = Dl + ar d

b
R YTy

01— ) ul /t 5 1/1 1
< t—s)°" 7 — ) 1gn(0=1 (1 _ e g gs
Tor@ L) 4=

¢ t — )%t 17'—5'17175 a 76
" <>m»/“ ) A( )7 drds a5

5(1_t)1 elul'TQ + e = 1)) [* — 5)0tgr(0=1) (1 _ g)ula=Dtagy
O+ a+ pla—1)) /O(t ) (1—5) d

c ¢ 1 o b
r((s)r(ua)/o(t_s)é (1=9)%ds+a+ 5a—7

If (o — 1) + a < 0, then the first equality of above becomes

+

tlia(l _ t)liaé‘”uHur(]‘ + :u(a — 1)) ! —g 6718;/,(571) —g wla—1)+o S
T et aac) €9 (1=2) !
70— O eful T+ pla = 1) 1 5ot uoo1) g _ e Drag,
T+ pla—1) +a) /0 (t=3) (1 —priemired
A =yt e lu|FT (L 4 p(e = 1)) [f $)0—1gn(6-1) g
n FOr+ pla—1) + ) /O (8= s) d
0= (1 — ) e De||uf|PT (1 + p(a = 1))0(1 + p(5 — 1))
T(14 p(a—1)+ )1+ p(6 — 1) +6)
eRIT(1 + p(a = 1)0(1 4 p(d — 1))
“TT(l4pula—D)+a) D1+ pd—-1)+6)"

If (o — 1) + « > 0, then the first equality of above becomes

01— o) ejul]"T (1 + pla = 1)) [ S—1 _pu(6—1 pla—1)+a

T e el (=9 spereas
01 =) e jul|"T (1 4 pla = 1)) [* 51 _p(6—1

S T O+ pla—1) +a) /0 (t =)0V ds

A (1 )= T( o~ DI (5~ 1)

N P14+ pla—1)+a)D(1+ pu(d—1)+9)
ER'T(1 + (o — 1))T(1 + (5 — 1))

ST tpla-D) 1l (0+ud—1)+0)
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Therefore, we obtain

o _lulT(L ¢ o~ D)X+ (6~ 1)
_F(1+u(a D+ )L+ (6 — 1) +0)

— t — )Y s +a L
" ()F(l a)/(t s et T

eRIT(1+ p(a—1)L(1+ u(d—1))
F(14pla—1)+a)T(14 p(d—1)+46)

701 =)' Tu(t)

C 5 oy
Ta+ori+a) Tt Tato)

eR T (1 + pla— 1)1+ p(d —1))
M1+ pla—1)+a)l(14 p(6—1)+9)

+

<

c b
Trarorare Tt TaT e
Ri R R R _
<TtTtItTom

and || Tu|| < Ry = |lu||. Taking
QO ={u € K;|ju| < Rz}

where Ry < {a(3)°~ ' + (1)°, R1}, then for u € 8, we obtain

r(1+5)

Tu(%) :a(§)6—1 + % /OE(% —5)°7 (1 - 5)2 s

; %175571 17750‘1 7,u(T))dT ds
trma ) G0 [ =0 trtrara
> a(%)&—l + FZS)/O (% _8)6—1ds

1, . b1
:a(§)5 ‘*‘m(g)é

\}

> Ry.

Therefore, ||[Tu|| > Rz = [|uf|. Theorem 1.3 implies that operator 7" has one fixed
point u*(t) € 91\, then u*(t) is one positive solution of problem (1.1). O

Theorem 2.3. If g is continuous, and there exists constant c1,co >0 and1 <\ <
min{1%, 55} with > § or 1 < XA <min{—, 155} with 0 < a < 1 such that

g(t,u(t)) < e1 + colu(t)*,  for allt €[0,1],u € [0, +00) (2.3)
then problem (1.1) has at least one solution.

Proof. As in Theorem 2.2, we only need to consider existence of fixed point of
operator 7. By Lemma 2.1, T' is a completely continuous operator. We will make
use of the Schauder Fixed Point Theorem to prove this theorem. Let 0 < R < 1,
and

BR={uecmnmm+w»mu—mﬁ*+f%)£&—sVJG—@w*wHSR}
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be a convex bounded and closed subset of the Banach space C[0,~], where
RT'(1+0)I'(1+ «) )1/5

201
( TA+d+ A6 ))F(1+a+A(a—1)))m}
20T (1+ A6 — 1)) (1 + Mo — 1))
Note that for all u € Bg,

7<min{1 (

1-6/1 _ p\1—« u —(a 6—1 L ! —s o—1¢1 s a—1 s
A0 = () - (0t + s [ (=)0 )

—_ ! _85—1 1T—Sa_1 roulr - ds
5)(a) /0“ ) /s( ) g(r u(r))drd
LS t —5)°7! 17’—50‘_10 eo|u(T)|M)dr ds

H(a) /o(t ) /S( )" Her + eolu(r)|M)dr d

<1‘“1a/% fl/? !
SO0 S T LT
x (e1 + 027_/\(6—1)(1 — T)’\(a_l)||u||)‘)d7 ds

Clt1_6(1 - t)l_a ¢ _s 5—1 — $)%ds
——————flu Y11 - s)2d

- TOTI(1+a)
collul MO (1 =)' /t 5—1 /1 —1AG-1) A(a—1)
+ t—s T—8)%"s 1—7)M"*"Ydrds
tor@ ST e
. at! (1 —t)tm 5—1
= TOTrta) /0 (t =8 (1= s)%s
Arl—6 —« t
callul ' (1 =)' T (1 + Aa — 1)) / (t — 5)5 LD (1 — gMa-Dtag,
TOTAta+Ma-1) o
If 1 <X <min{12, 15}, then for the second formula of above becomes
) —a t
collul ' (1 =)' T (1 + Ma — 1)) / (t — 5)0-1AG-D (1 — ga-Dtagy
FOT(14+a+ AMa—1)) 0
Apl—6 —a t
B Y (R LS [
FOT(1+a+ Aa-—1)) 0
_ et =T+ Mo = ))FA+AE = 1) ss-1)+1
T1+5+A0—1))I(1+a+ Aa—1))
< lulPTO+ Mo - DIPA+ A= 1)) sp-1)4
TTA4+6+A0 -1 +a+AMa—1))

IN

Similarly, if 1 < A < min{ﬁ, ﬁ}, then for the second formula of above becomes

collu M0 (1 =)' T (1 + AN = 1)) [ —1 A(5—1 a—1)+a
: TO(1+a+ Ma—1)) /0 O
collu M (1 =T+ M= 1)) [ —1 A(6—-1 a—1)+a
= TOT(1 +a+ Ma—1)) /0 (1 =) ORI - N
collul (1 = ) FAOIT( 4 Mo = D)T(1 4+ A0 - 1) ja6-1)+1
T(L 8+ A0 1)L +atra_1)
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< callul T+ Ma = 1)T(1 + A0 - 1)) AAG-1)+1
TTA4+5+A0-D))T14+a+Aa—1))

Therefore, we have

— -« -1 b ! -1 a—
701 — )Y Tu(t) — (at® ™ + F((S)/O (t — )01 — 5)* Lds)|
1-8(1 _ Nl—a [t 1
= -t " FE;)F(tO)é) /0 (t— s)‘s_l/ (1 — ) tg(r,u(r))dr ds

1 ‘ _ llulPTA+Ma— DA+ A6 —1) s
=TT+ a) /O (=) s+ T S G DFA fa @)
_ c1 5 cllulPTA+Ma—D)PA+AG =1) y5o1)41

TA+0T(1+a) ' TA+6+A0—1)T(1+a+ MNa—1))
< c1 5 RCA+AMa—D)PA+A0 1)) yo1)41
STA+0f(1+a) "TA+0+ A0 - 1)1 +a+a—1)

2422 R
<2+2

Therefore, T(Br) C Br.Now by the Schauder Fixed Point Theorem there exists
u*(t) € Bg such that Tu*(t) = u*(¢), and this completes the proof. O

The following result establishes the existence of multiple positive solutions for
the initial value problem (1.1). Let

1
f) =u(3), uek
Obviously f is a nonnegative concave function that satisfies f(u) < ||ul|, for u € K
and
K.={ue€ K;|u| <c},
K(f.de) = {u€ I;d < f(u), |ul] <e}.

Theorem 2.4. Let g be continuous. If a(%)‘sfl + ﬁ <a<b<d=2b=c, if

g satisfies:
(H4) g(t,u) < (@—a— ﬁ)l"(l—i—(S)F(l—&—u) for0<t<1,0<u<a
(H5) g(t,u) < (c—a— ﬁ)F(l—i—é)F(l—}-a) for0<t<1,0<u<c
(H6) g(t,u) > (2)"1-9(b — a(%)&—l B b(%)jS )(1+5)F(1-&[;5)1"(1+a) for0<t<i,

g \2 T(1+9)
b<u<2b,
then the initial-value problem (1.1) has three positive solutions ui,us,us satisfying
lurl <@ B< flus) fusl >@ with flus) < (24

Proof. We apply Theorem 1.4. Since g is continuous, by Lemma 2.1, operator T’
is completely continuous. Now we choose u € K., then ||u|| < ¢, and g(¢,u(t)) <
(c—a— ﬁ)r(l +9)I'(1 + «) for t € [0,1] by (H5), so we have

31— 1) | Tu(t)|

1-6(1 _ fNl—a [t
= la(l —t)'7> 4+ LA k) (1}(5)t) /0 (t—s5)°"1(1 —s)* " ds
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tl_é(l—_t)l_a t e 17’—3“_1 7,u(7T))dT ds
e = [ =9 trumaras
1-6 _ \1l—« t
<a(l—-t)'7>+ bt(l_l‘(é)t)/O (t—5)°71(1 —5)* Lds
151—5(1—_75)1—04 t e 17’—3“_1 T, u(T Tds
e = [ =9 atmutrlara
bt (1 —

<a(l—t)'7> + 1“((5)t)a/0 (t — 3)5*1(1 _ )2 1ds

. =91 — )= (c - i(;);(é)&)ru + 6T (1+a) /Ot(t e /81(7' s
=a(l=n""+ btl_é(pl(g)t)la /Ot(t —5) 7 (1= 5)" s

t M /O (t=s)"e—a- r(1b+5))r(1 +OT(1+a)(1 — 5)ds
sat tlé(p((;)t) /Ot(t — )" L1~ t)*lds

i m /ot(t )N e—a~ mbﬂg)ml + O (1 4 a)ds
Sa+ﬁ+t(1—t)l—a(c_a_ﬁ)
<a+ F(1b+6) +c—a— F(1b+6) =

That is ||Tu|| < ¢. On the other hand, f(u) < ||u|| for v € K¢, and T : K, — K, is
completely continuous by the above deduction and Lemma, 2.1. Similarly, if u € Kz,
then |lu|| <@, and g(t,u(t)) < (@—a — ﬁ)r(l + 0)I(1 + «) for each t € [0,1]
by (H4), we obtain

701 — ) Tu(t)]

1-6(1 _ \1—« t
= |a(17t)17a+—bt (I}(é)t) /O(tfs)‘sfl(lfs)o‘*lds
—tl_é(l_t)l_a t — )0t 17’—80‘_1 T, u(7))dT ds
g = [ =9 tru(myaras
btl=o(1 —t)1-

<a(l—t)' 4

—0‘ ' _ s 5—1 _s a—1 s

T'() /O(t Y1 —s)*
U R PRI L TN

HESYHINE) /O(t ) /S( )" g(r, u(r))|dr d

L b (1 =yt _ o
<a(l—1t)t +W/O(t78)5 11 —s)2"tds

01 =)@ —a— rrt) P+ OT(L +a) st [ ot
+ T (a) /0 (t—s) /‘5 (T —8)*"drds
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— o] — i bt' (1 —t)tm 1] - g)e—lgg
e e At A (B

t1_5(1 _ t)l—a t s b X
+m/o (t—8)5 (a—a—m)r(l—‘ré)r(l—l—a)(l—s) ds

1-6(1 _ 11—« t
<a+ bt(;(é)t)/o (t—s)°" 11 —t)* lds

1-8(1 _ $\1—a pt
T rar o ey T e
bt e b
= g 0T )
b B b 7
§a+m+a—a—m:a.

So || Tu|| < @ for ||u|| <@ which proves the condition (C2) of Theorem 1.4. We note
that u(t) = 2b, 0 <t < 1 belong to K(f,b,2b). In fact f(u) = f(2b) = 2b > b, so
{u € K(f,b,2b)|f(u) > b} # 0. In addition, if we choose u € K(f,b,2b), then we
have b < f(u) = u(3) < |lul| < 2b, and by (H6)

F(Tu) = Tu()

L5 b 21 -1 a—1
=a(2)° —|—7/0 (5—5)5 (1—25)*""ds

L [ e a1 ds
+F(5)F(a)/0<2 ) /S( ) g(r,u(r))dr d

_1-6/T _ b(1)° s 5 a
(%) 1 6(1)— a(%)& 1_ F((12+)6))(1+ )F(l‘g T (A+a)

T(5)L(a)

1

1
2 1_ §—1 ! _ a—1 1 6—1 L/E 1_ o=t
></0 (39 /S(T §)*drds + a(3) +F(5) 0 e
L B b(1)° | (14+86)T(1+6 1
Sl i e il AL RS T
() 0o 2

Lisor,  b)°
Q) T
1§/ _ b()° 1
L DT 0 ap) ! — ) /E(1 — 8)971(1 - s)ds
= N0 o 2
Lisor bG)°
Q)+ T
— _ b(1yo _ b(L1yo
S (b—a(3)’ " - F((12+)5))(1 +9) _ b—a(3)"" - F((12+)6)
0 1)
(L)Y
+ (1)6 1+ (2) —b.
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So f(Tw) > b for u € K(f,b,2b) which proves the condition (C1) of Theorem 1.4.
Choosing u € K(f,b,c) such that ||Tu| > d = 2b, then b < f(u) = u(3) < [ju|| <

¢ = d = 2b, therefore by the above deduction that f(Tu) = Tu(3) > b, which
proves the condition (C3) of Theorem 1.4. Thus by Theorem 2.3, T has three fixed
points in K, which proves the theorem. (I
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