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STABILITY OF STOCHASTIC FUNCTIONAL DIFFERENTIAL
EQUATIONS AND THE W-TRANSFORM

RAMAZAN KADIEV, ARCADY PONOSOV

ABSTRACT. The paper contains a systematic presentation of how the so-called
“W-transform” can be used to study stability of stochastic functional differ-
ential equations. The W-transform is an integral transform which typically
is generated by a simpler differential equation (“reference equation”) via the
Cauchy representation of its solutions (“variation-of-constant formula”). This
other equation is supposed to have prescribed asymptotic properties (in this
paper: Various kinds of stability). Applying the W-transform to the given
equation produces an operator equation in a suitable space of stochastic pro-
cesses, which depends on the asymptotic property we are interested in. In
the paper we justify this method, describe some of its general properties, and
illustrate the results by a number of examples.

1. INTRODUCTION

Stability analysis for stochastic delay and functional differential equations is
usually based on the classical Lyapunov-Krasovskii-Razumikhin method (see e.g.
[12] and [16]), where one tries to find a suitable Lyapunov function (a Lyapunov-
Krasovskii functional) which ensures the prescribed stability property. Another
way is more straightforward: it uses direct estimates on solutions [12].

On the other hand, a recent progress in stability theory for deterministic func-
tional differential equations shows (see e.g. [2]) that at least for linear delay equa-
tions it seems to be more convenient to use special integral transforms to study
various asymptotic properties.

The idea of using the W-transform in stability theory was originally proposed
by Berezansky in his pioneer work [3]. Later on, this idea was developed by him
and his collaborators in a series of papers (see [I]). The method can be briefly
outlined as follows. Instead of studying stability of a given linear delay equation
with respect to the initial function, one first moves the initial function over to the
right hand side of the equation. By this, one arrives at another property called in
the literature ”admissibility of pairs of spaces” (see e.g. [13]). One proves then that
any kind of stability with respect to the initial function is implied by admissibility
of certain pairs of functional spaces. To check admissibility one choose a simpler
equation (called “a reference equation”), which already has the required property
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of admissibility. This new equation gives then rise to an integral transform (tradi-
tionally called ”the W-transform”) which, when applied to the original equation,
produces an integral equation of the form z — ©x = f. If the latter equation is
solvable (for instance, if ||©| < 1), then admissibility, and hence stability, is proved.

In this paper, we try to extend this method to the case of stochastic functional
differential equations. We exploit the scheme that (in the deterministic case) was
developed in [I] replacing functional spaces by certain spaces of stochastic processes.
This enables us to put the study Lyapunov stability (e.g. asymptotic stability and
exponential stability) of stochastic delay equations into a unified framework in a
natural way. As we show, this method covers more general stochastic functional
differential equations and produces sufficient stability results in an efficient way.

Let us remark that the main purpose of the present paper is to give a theoretical
justification of the W-method in connection with stochastic stability. That is why
all the examples we present are illustrative and are not compared with the stability
results which can be found in the literature. A more specific analysis of some sto-
chastic delay equations, including a comparison with the existing stability criteria,
will be a subject of a forthcoming paper.

2. NOTATION AND MAIN ASSUMPTIONS

Basic notation. Let (Q, F, (F;)i>0, P) be a complete filtered probability space
(see e. g. [II p. 9]), Z := (z%,...,2™)T be a m-dimensional semimartingale [LT]
p. 73] on it (we distinguish column vectors (a, . ..a")T and row vectors (a?,...a")).

In the sequel, we let |- | denote the norm in R™; R¥*™ will be a linear space
consisting of all real k& x n-matrices with the norm ||.|| that agrees with the chosen
vector norm in R™. We write 0 for the zero column vector in R™, the symbol E
denotes the unit matrix, while E stands for the expectation.

For convenience, we denote by A* the complete measure on an interval I, gener-
ated by a nondecreasing function \(t) (¢t € I).

The following linear spaces of stochastic processes will be used in the sequel:

L™(Z) consists of predictable n x m-matrix functions defined on [0, c0) with the
rows that are locally integrable with respect to the semimartingale Z, see e. g. [5];

k™ consists of n-dimensional Fp-measurable random variables (we set also k :=
kh);

D" consists of n-dimensional stochastic processes on [0, 00), which can be rep-
resented in the following form:

2(t) = 2(0) + /O H(s)dZ(s) (t>0),

where z(0) € k™, H € L"(Z);

L;‘ consists of scalar functions defined on [0, c0), which are g-integrable (1 < g <
o0) with respect to the measure A*, generated by a nondecreasing function A(t)
(t € [0,00));

L), consists of scalar functions defined on [0, 00), which are measurable and a.
s. bounded with respect to the measure \*, generated by a nondecreasing function
A(t) (t € [0,00));

Lg stands for L) in the case when A(t) =t (1 < ¢ < o0).

In addition, we will implicitly assume that the real numbers p,q satisfy the
inequalities 1 < p < 00, 1 < ¢ < 0.
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The following notational agreement will be used in the sequel: fab = f[a b (oth-
erwise we will write f(%b], or f(a,b) etc.

The variation of a function over a closed interval [a, b] will be denoted by V/,
and we will also write \/(, ; for lims—o+ V{15, and Vi, ;) for lims—o+ Vi, ,_s),
respectively.

Now we are able to formulate the main assumption on the semimartingale Z(¢).
In what follows we always assume that the semimartingale Z(t) (¢ € [0,00)) can be
represented as a sum

Z(t) = b(t) + ¢(t) (t>0), (2.1)

where b(t) is a predictable stochastic process of locally finite variation and c(t) is
a local squire-integrable martingale [IT], p. 28] such that all the components of the
process b(t) as well as the predictable characteristics < ¢!,¢/ > (t), 1 < i,j <
m of the process c(t) [I1, p. 48] are absolutely continuous with respect to to a
nondecreasing function A : [0,00) — Ry. In this case, we can write

bi:/aid)\, (ci,cj>=/Aijd)\, ,j=1,...,m. (2.2)
0 0

For example, A(t) = t for It6 equations. Without loss of generality, it will be
convenient in the sequel to assume that the first component of the semimartingale
Z(t) coincides with A(t), i.e. 2!(t) = A(t). Clearly, we can always do it adding, if
necessary, a new, (m-+1)-th component to the m-dimensional semimartingale Z(t).

It is known [B] that under the assumption the space L™(Z) can be described
as a set of all predictable n x m-matrices H(t) = [H%(t)], for which

t
/ (|Ha| + |HAH"|)d\ < 0o a. s. (2.3)
0

for any ¢t > 0. Here
a:=(a',...,a™t, A:=[AY]. (2.4)

Note that a is an m-dimensional column vector and A is a m X m-matrix.

Under the above assumptions we can also write fot HdZ = fot Hdb + fof Hde.
Moreover, we can describe the space D" as a set consisting of all n-dimensional
adapted stochastic processes on [0, 00), the trajectories of which are right continuous
and have left hand limits for all ¢ € [0,00) and almost all w (the so-called ”cadlag
processes”). In addition, the following estimate holds:

(E’/Ot maz|")” < (E(/Ot o))" -I—cp(E(/ot jar|a)") ",

(2.5)
where ¢, is a certain positive constant depending on p (see e. g. [II, p. 65]).
Given H = [HY] € L"(Z) and a, A defined in (2.4)), we will write
ot = (lal],.. Ja™)T, At i=[AY]], HT = (HY]. (2.6)

Studying different kinds of stochastic stability requires different spaces of sto-
chastic processes which are listed below.
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Main spaces. Assume that we are given:
a scalar nonnegative function £, defined on [0, 00) and locally integrable with respect
to the measure A* generated by a nondecreasing function A (A is the same as in

(2-2));

a positive scalar function ~(¢) (¢t € [0, c0)).

Remark 2.1. In what follows we silently adopt the following convention: if in a
definition, a theorem etc. 7(t) is mentioned without any comments, then it is only
assumed to be a positive scalar function. Otherwise, additional properties of v will
be explicitly described.

These functions are involved in the definitions of almost all spaces we are going
to use in the sequel. Both are crucial for our considerations as they are responsible
for the asymptotic behavior of the solutions.

ky ={a:a ek [lalk = (E|a|P)Y/P < ool

M) ={z:x € D", |zlry := (igEEIV(t)x(t)\p)l/p <oo} (M) =M,):;

AR (&) ={H:H e L"(Z),(E|Ha|")"/r¢s !
T 211 -1_05 Y.
+ (E[|[HAHT||P/?)t/pga e L)}
A"H(E) ={H : H € L"(Z), (E|H a't|P)/pes "~
T —1-o. A
+ (B[ HT AT (HY)T|P/2)pga =05 ¢ [,

The following parameters are involved in the above definitions: The numbers p, g
are assumed to satisfy the inequalities 1 < p < 00, 1 < ¢ < o0; a, A are defined by

(2.4); a*, AT, HT are given by (2.6).

In the last two spaces the norms are given by
1H sz, e) = [I(B[Ha|?)!/7¢1
Tl | BETATHY)T P2 e

1 1

Ty + B HART|[Pr2)red =05

1 1

1H] (B|H atP)!/rgt

agie = 17

Operators and equations.

Definition 2.1. An operator V : D" — L"(Z) is called Volterra (see [9]) if for any
stopping time [I1l p. 9] 7 € [0,00) a. s. and any z,y € D™ such that x(t) = y(¢)
(t € [0,7] a.s.) one has (Vz)(t) = (Vy)(¢) (t € [0,7] a.s.).

Definition 2.2. An operator V : D" — L™(Z) is called k-linear if
V(Otlxl + 042562) =a1Vri + a3V
forany o; € k, x; € D™, 1 =1,2.

This property exclude “global” operations, like expectation, from the coefficients
of the equation, and therefore determines the pathwise way of describing solutions.

Remark 2.2. If V is continuous with respect to natural topologies in the spaces
D™ and L™(Z), then one can show that k-linearity follows from the usual linearity
(with respect to R).

The central object of this paper is a stochastic functional differential equation

da(t) = [(Va)(t) + f(D)]dZ(t) (¢ = 0), (2.7)
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where f € L"(Z) and V : D™ — L™(Z) is a k-linear and Volterra (in the sense of
Definition operator.

In [15] it is shown that covers linear stochastic delay equations, linear
stochastic integro-differential equations, linear stochastic neutral equations - all
with driven semimartingales etc. It can look a little bit confusing as does not
depend on the values z(t) for ¢ < 0. In fact, this dependence can be incorporated
into the right-hand side as it is demonstrated in the following example.

Example 2.1. Consider a linear scalar stochastic differential equation of the form
da(t) = [a(t)(Tx)(t) + g(t)]dZ(t) (t = 0) (2.8)
with the prehistory condition
z(s) = ¢(s) (s <0), (2.9)
where (Tx)(t) = f(foo " dsR(t,s)z(s) is the distributed delay operator.

Under natural assumptions on the right-hand side (see [I5]) this equation can
be reduced to the form (2.7) if one sets

(Vz)(t) = alt) dsR(t,s)x(s) and f(t):= a(t)/ dsR(0,s)p(s) + g(t).

[0,t) (—00,0)
(2.10)
In addition to (2.7)) we consider the associated homogeneous equation (f = 0).
dx(t) = (Vz)(t)dZ(t) (t>0). (2.11)

Using k-linearity of the operator V', we immediately obtain the following result.

Lemma 2.1. Let for any x(0) € k™ there exists the only solution (up to a P-
null set) x(t) of (2.7). Then one has the following representation (“the Cauchy
representation”) of the solutions

2(t) = X(0)2(0) + (KF)(t) (t>0), (2.12)

where X (t) (X (0) = E) is an n x n-matriz, the columns of which are the solutions
of the linear homogeneous equation (“the fundamental matriz”), while K :
L"(Z) — D™ is a k-linear operator (“the Cauchy operator”) such that (K f)(0) =0

and K f satisfies (2.7)).
In what follows we will always consider equation (2.7) under the uniqueness as-
sumption, i.e. existence, for any x(0) € k™, of the unique (up to a P-null set)

solution z(t) of this equation. In other words, according to Lemma the repre-
sentation (2.12)) is silently assumed to be fulfilled in all further considerations.

3. M - STABILITY
Definition 3.1. The zero solution of the linear homogeneous equation (2.11)) is
called
(a) p-stable if for an arbitrary € > 0 there exist n = n(¢) > 0 such that
BIX(02(0) << (1>0)
for all 2(0) € R™, |2(0)] < 7.
(b) Asymptotically p-stable if it is p-stable and lim;_, ;o E|X (¢)2(0)|? = 0 for
all z(0) € R™.
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(¢) Exponentially p-stable if there exist ¢ > 0, 8 > 0 such that
E|X (#)z(0)” < ¢z(0)]exp{—08t} (t>0)
for all 2(0) € R™.

Similarly, we can define stability of solutions to the nonhomogeneous equation
. Clearly, the representation implies that all solutions to are p-
stable (asymptotically p-stable, exponentially p-stable) if and only if the zero solu-
tion to the homogeneous equation is p-stable (asymptotically p-stable, expo-
nentially p-stable). In the sequel we shall therefore say that the nonhomogeneous
equation (2.7)) is stable (in a proper sense) if the zero solution to the homogeneous
equation %D is stable in the same sense.

Theorem 3.1.  (A) . Equation is p-stable if and only if X (-)x(0) € M,
for all (0) € R™.

(B) . Equation is asymptotically p-stable if and only if there exists a
function y(t), for which v(t) > 6 > 0 and lim;_, o ¥(t) = +o00, so that
X(-)z(0) € MY for all (0) € R".

(C) Equation is exponentially p-stable if and only if there exists a number
B> 0 such that X(-)z(0) € M for all x(0) € R™, where (t) = exp{ft}.

Proof. The proof is based on the ideas developed in [6].

(A). Letting be p-stable we suppose that for some zg € R™ the solution X (-)z
is not in M), i. e. for any K > 0 there exists ¢t(K) > 0 such that E|X (¢(K))zo|? >
K. Taking an arbitrary ¢ > 0 we find n > 0, which satisfies the definition of p-
stability from Deﬁnition and put Ko = &[22 /0P, to = t(Ko), xy = n|xo| 1 zo.
Then for the solution z(t) = X (t)xf, we have E|x(t)|P > ¢, although |z(0)] < 7.
This contradicts the assumption.

To prove the converse we first note that for each individual z(0) € R™ one has

oop )E\X(t)x(o)lp < K = K(2(0)).

As X (t) is linear and R™ is finite dimensional, then there is a constant K’ which pro-
vides the uniform estimate: sup,¢jy o) E[| X (#)[|P < K'. Hence for any € > 0 we may
put n = (e/K')Y/? so that |z(0)| < n implies E|X (t)z(0)|? < |2(0)|PE|| X (t)||P <
for all ¢ € [0, 00).

(B) Assume that is asymptotically p-stable. We have to find (t) satisfying
conditions listed in Part (B) of the theorem. First we find a function 7(¢) for which
a) 0 < F(t) < M (t € [0,00)) and b) ¥y L(H)E||X(#)||P — 1 as t — +oo. This is
possible due to p-stability of and the boundedness of the function E|| X (¢)||?
(see Part A of the proof).

We set now 7(t) = 1/5(t) and check directly that X(-)z(0) € M, for all z(0) €
R™.

The converse to Part (B) of the theorem is evident: for any ~v(t), satisfying
conditions listed in Part a) of Definition the space M) will be a subspace of
the space M), and lim;_, ;. E|X (¢)2(0)|? = 0 for all (0) € R™.

(C) The exponential p-stability trivially implies that X (-)2(0) € M, for all x(0) €
R™, where 7(t) = exp{ft}. Conversely, if X(-)z(0) € M) for all z(0) € R", where
~(t) = exp{fFt}, then

sup (exp{Bt}E|X(t)z(0)") < ¢
te[0,00)
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for some ¢’ = ¢/(2(0)). As X(t) is linear and R™ is finite dimensional we, as in Part
(A), find a constant ¢ such that

sp (exp{BIEIX(0)IF) <&
te[0,00)

Clearly, this implies the exponential p-stability of (2.7)). |

This theorem says that to prove p-stability (asymptotic, exponential p-stability)
of we can check that the solutions of the homogeneous equation belong
to a certain space of stochastic processes (M, or M}).

Minding Theorem [3.I} we introduce now a new definition of stability which is
more convenient for our purposes.

Definition 3.2. Equation (2.7) is called M) -stable, if for any x(0) € k; we have
X(1)z(0) € M.

Due to Theorem [3.1] we can now say that:
o M,y-stability (i. e. M)-stability with v = 1) of equation (2.7) implies the
Lyapunov p-stability of (2.7));
o M) -stability of (2.7) with v satisfying v(¢f) > ¢ > 0 and lim; 4o y(t) =
+oo implies the asymptotic p-stability of ;
e M)-stability of (2.7) with y(t) = exp{ft} (for some 3 > 0) implies the
exponential p-stability of (2.7)).
Thus, we have replaced stability analysis of (2.7) by the problem of how resolve
this equation in a certain space of stochastic processes. This observation is crucial
for applying the method based on the W-transform, which we are going to describe
now.

As we already have mentioned any W-transform comes from an auxiliary equa-
tion, which we call a reference equation. That is why we assume given another
equation, similar to (2.7), but “simpler”. In addition, we assume the asymptotic
properties of the reference equation to be known.

Let the reference equation have the form

da(t) = [(Qu)(t) + g(t)]dZ(t) (t =0), (3.1)
where @ : D" — L™(Z) is a k-linear Volterra operator, and g € L™(Z). Also for
equation (3.1]) it is always assumed the existence and uniqueness assumption, i. e.
for any x(0) € k™ there is the only (up to a P-null set) solution z(¢) of (3.1f). Then,
according to Lemma for this solution we have "the Cauchy representation”
z(t) = U)z(0) + (Wg)(t) (¢t > 0), where U(t) is the fundamental matrix of the
associated homogeneous equation, and W is the corresponding Cauchy operator.

Let us rewrite equation (2.7)) in the form
dx(t) = [(Qz)(t) + (V — Q)x)(t) + f(t)]dZ(t) (t >0),
or, alternatively,
z(t) = U)z(0) + (W(V = Q)z)(t) + (WS)(t) (t=0).
Denoting W(V — Q) = 6,, we obtain the operator equation
(I =©yz)(t) = Ut)z(0) + (W[)(t) (t=0). (3.2)

Here and in the sequel by invertibility of the operator (I — ©;) : M) — M) we
mean that this operator is a bijection on the space M.
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Remark 3.1. The letter ”1” in ©; stands for “left”, which indicates that the W-
transform is applied to the equation from the left hand side. Equivalently, one can
apply the W-transform from the right. This will lead to a similar theory and a
similar operator ©,. This approach is not studied in this paper. However, we are
planning to develop it in one of the forthcoming papers.

The following important result is proved in [9].

Theorem 3.2 ([9]). Let the reference equation (3.1)) be M, -stable and the operator
Oy act in the space M) . Then, if the operator (I —©;) : M — M) is invertible,
then the equation (2.7)) is M) -stable.

Let us stress that, in general, there is no direct dependence between stability
of the equation in question and invertibility of the operator equation . For
instance, in certain situations the operator ©; even does not act in the corresponding
space of stochastic processes, while both equations and are stable in this
space.

Nevertheless, if is stable, then there always is at least one (in fact, infinitely
many) stable reference equations, for which the operator ©; will act in the related
space of stochastic processes and I — ©; will be invertible there. For instance,
one can choose equation be identical to (or be in the vicinity of) the initial
equation .

This observation and Theorem imply the following stability criterion based
on the W-transform.

Corollary 3.1. Equation (2.7) is M) -stable if and only if there exists a reference
equation (3.1)), which is M} -stable and which gives rise to the invertible operator
(I—-0)): My — Mj.

Among the assumptions imposed on the initial equation (2.7)) and the reference
equation (3.1]) one is more involved than the others when applying Theorem It
is invertibility of the operator (I —©;) : M) — M. A reasonable method to check
this requirement in practice is to estimate the norm of the operator ©; in the space
M.

P

Thus, from Theorem we obtain the following simple result.

Corollary 3.2. Assume that there is a M, -stable reference equation (3.1)), for

which the operator ©; act in the space My and ||©;|rr; < 1. Then (2.7) is M) -
stable.

In what follows we will need a more explicit description of the W-transform (and
the corresponding reference equation (3.1])), which is summarized in the assump-
tions below:

(R1) The fundamental matrix U(¢) to (3.1)) satisfies ||U(¢)|| < ¢, where ¢ € R;..
(R2) The W-transform coming from (3.1])) has the form

(W) (t) = / C(t.5)g(s)dZ(s) (t>0), (3.3)

where C(t,s) is an n x n-matrix defined on G := {(¢,s) : t € [0,00), 0 <
s < t}, and satisfies
IC(E, 5)|| < cexp{—aAuv}, (3-4)

where v(t) = fg £(¢)dA(C), Av = wv(t) — v(s) for some oo > 0,¢ > 0.
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Example 3.1. Let a reference equation be given by
dx(t) = (A(D)z(t=) + go(t)) dA(B) + Y gi(t)d="(t) (¢ >0), (3.5)
i=2

where A(t) is an nxn-matrix with locally A-integrable entries (in this case (Qx)(t) =
(A(t)z(t),0,...,0)). In this case it is straightforward that the kernel C(t, s) in
is of the form C(t,s) = U(t)U~(s). Note also that if we set A(t) = —aéFE, then
conditions (R1) and (R2) will be fulfilled.

A more involved example of a reference equation is given by

da(t) = ( o dsR(t, s)z(s) + go(t))d/\(t) + Zgi(t)dzi(t) (t=0), (3.6)

where the entries 7;,(¢, s) of a (non-random) n x n-matrix R(¢, s), defined on the
set G from (R2), are of bounded variation in s and, in addition, \/ (4 7jk(t, )
(t € [0,00)) are locally A-integrable for all 1 < j, k < n. In this case, the represen-
tation is again valid, but there is no direct relations between C(t,s) and the
fundamental matrix U(¢). The estimate can be obtained in special cases (see
[2] and [4] for details). One particular case of this reference equations is used in
this paper (see Section .

For more examples of reference equations (3.1)), giving rise to the W-transforms
of the form (3.3) and which satisfy all the additional assumptions listed above, see
[7]. In the rest of this section we will be concerned with the M -stability of (2.7)
with

s =ew {5 [ oo} @20 (37)

where (3 is some positive number satisfying 8 < « (see (R2) for the notation). This
specific weight v comes naturally from the W-transform satisfying (R1)-(R2). We
wish to use such a W-transform and the corresponding weight ~ in order to prove
two main results of this section (Theorems and . The first theorem justi-
fies the W-method in connection with M} -stability (and by this to the Lyapunov
stability of with respect to the initial value 2(0)). The second theorem deals
with the following fundamental problem which is also well-known for deterministic
functional differential equations (see e. g. [2]): find conditions, under which the
p-stability implies the exponential p-stability. We shall prove that it is the case if
the delay function satisfies the so-called “A-condition” (see Definition below).
The A-condition is fulfilled if for instance the delays are bounded (see Lemma.
Apart from the importance of these two general facts for the theory of stochastic
functional differential equations, the technique we use to prove them is itself a good
illustration of how the W-transform works in practice.
For further purposes we will need the following technical lemma.

Lemma 3.1. If the reference equation (3.1)) satisfies the assumption (R2), then W,
given by (3.3), is a continuous operator from (A3, (€))7 to My, where 2p < q < oo
and ~y is defined by (3.7) for all 3 (0 < B < «), the number « is the same as in
)

Proof. To prove the lemma it suffices to check that
IWyllag, <éllglliag, ) (€E€Ry), (3.8)

2p.q
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if g € (A%

bp.g(€))7. From the definition of the space My,

Walasg, = WWala, = Iy | O ()3t
We are to show that

lg:=| / cr (5)lata, < 2lvallas. o (3.9)

2p,q

where ¢ is some positive number. We have

lg < 5(sup(E(/0 exp{—(a — ﬁ)AUH’Y(S)g(S)a(s)|d/\(s))2p)1/(2p)

>0

+epsup(E( | exp{=2(a = B)AuHa(5)a(s)A(5) (1 (5)a(s) T IdN(3))") /)

>0

< c(sup( /0 exp{—(a — ) Av}du(s)) =D/

t>0

x (/0 exp{—(a — B)Av} () PE|y(s)g(s)a(s)[2PdA(s))/ @P)

t
+c¢p sup(/ exp{—2(a — 6)Av}dy(s))(1’—1)2p
t>0 Jo

< ([ expl=2(0 = HAVHEE) TBIH ()o(s) Al (s)a(5) TIdN(:) )
< eflsun( [ expl=(a = B)AHE() B (s)a(s)a(s) Pax(:) /)

T Sup(/o exp{—2(a = B)Av}(&(s)) TPEly(s)g(5)A(s) (v(s)9(5)) " ||”

t>0
x dA(s)) /¢ 2p>}

where ¢ is some positive number. Here we have used the inequality

(E"y /Ot C(t, s)g(s)dZ(s)rp) v

SE(E( /ot exp{=(a = B)A”}W(S)g(s)a(S)|d>\(s)>2p> 1/(2p)

+ CPE(E( /Ot exp{—2(a — B)Av}||V(S)Q(S)A(S)|(7(s)g(s))T||d>\(s))p) 1/(21))7

which follows directly from the estimates (2.5)) and (3.4).
To obtain further estimates we have to consider three cases separately: (1) ¢ >

2p, q # 005 (2) ¢ =2p; (3) ¢ =00
Let first ¢ > 2p, q¢ # co. Then

lg < é{igg[(/ol exp{(—(a — B)q/(q — 2p)) Av}du(s))(a=2P)/2pa

X (/0 ((Ely(s)g(s)a(s)| )/ @ (g())* 1) dA(5)) /7]
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+6p Sup[(/ exp{(=2(a = B)a/(q — 2p)) Av}du(s)) 12/
t>0 0

t
—1 -
X (/0 (Elv(5)g(s)A(s)(v(5)g(s) TI7)EP(E(s)) T ) 2dA(s) ]}
< ellvgllag, -
Assume now that ¢ = 2p. In this case we derive the estimate

lg < é{Sup(/0 (Ely(s)g(s)a(s)]) /P (g(s))" 1) 1dA(s))/?

>0
t
top jgg(/o (Ellv(s)g(s)A(s)(v(5)g(s)) T[7)CP (& ()T ~O%)2dA(s)) 7}
< EH’YQHAgp)q(g)-
Finally, if ¢ = oo, then we have

lg < efsup( / exp{—(a — B)A0}E(s) [(Bl1(s)g()a(s) ") 7 (€(s) 2 dA(s))

t>0

+ ¢ sup/o exp{—2(ar = B) Av}E(s)[(Ellv(s)g(s)A(s) (v(s)g(s) " |I”

t>0

X (€(5)) 700 IR (s) )

< e{vrai supl(Ely(t)g()a(t) 7)) (6(0) 7 (1/e) /7

+ avral sup{(Bl(s)a(s) A() (1 (5)g(s) 7)1 3 (€)% (17200 )y
AZp (&)

The proof of the lemma is completed. O

< |yl

Corollary 3.3. Assume that the reference equation (3.1) satisfies (R2). Then W

giwen by (3.3) is a continuous operator from Agp,q(f) to My, where 2p < g < 0.

From Lemma [3.1] and Theorem [3.2] we obtain the following result.

Theorem 3.3. Let v(t) be given by for some B (0 < B < «, where « is
taken from ) Assume that the reference equation 18 M;p-stable. Assume
also that the operators V and @Q from ) and , respectively, act from M;p
to (A3, (€))7 Then the estimate H@HM;p < 1 implies the My, -stability of 2.7,
where 2p < q < 0.

This theorem offers a formal justification of stability analysis in the case (rather
general) when the W-transform is given by .

To formulate and prove the second main result of this section we need some
preparations. Below m, stands for the space M, in the scalar case. We assume
that the k-linear operator V in satisfies V' : M), — Ap (£). We will also use
the following notation related to the operator V:

o V= Wz,...,Vya);
o (VB2)(t) :=~v(t)(V(z/v))(t) , where ¥(t) is defined in .
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Definition 3.3. We say that a k-linear Volterra operator V : m;, — AL* (£) dom-
inates a Volterra operator V' : M, — A} (§) ,if 1) V is positive, i. e. z > 0 a. s.
implies Vr > 0 a. s., and 2) (|Vazl,...,|Vna|) < Vx| a. s. for any # € M,,.

Definition 3.4. We say that a k-linear Volterra operator V' : M;, — A} () satisfies

the A-condition, if V' is dominated by some k-linear Volterra operator V' : m, —
Azl,:z (&) with the following additional assumption: there exists a number 8 > 0, for

which the operator B B
(VPa)(#) == ~()(V (2/7))(¢)

acts continuously from the space m, to the space A;:Z({).

Definition 3.5. Let X, Y be two linear spaces consisting of predictable stochastic
processes on [0,00), and T : X — Y be a k-linear Volterra operator. We say that
the operator T' satisfies d-condition if there exist two positive numbers §’, 6",
6" > 8", providing the following implication for all ¢ € [0, 00): any = € X, satisfying
z(¢") = 0 for all ¢’ € [0,t] such that fz, &(s)dX(s) < &', also satisfies (T'z)(¢") =0
for all ¢" € [0, ] such that fZ,, &(s)dX(s) < &".

Lemma 3.2. Assume that a k-linear Volterra operator V- : M, — A} (§) is domi-

nated by a k-linear, bounded and positive operator V : my — A;,}‘Z(ﬁ) satisfying the
§-condition. Then the operator V' satisfies the A-condition.

Proof. According to our notation

2)0) = (7 (exnlth [ €ire1)) 0,

The d-condition from Definition [3.5/implies that the value (Vy)(t) depends only on
the values y(¢"), where fgt” &(s)dA(s) < ¢" (here ¢” is again taken from Definition
and ¢” € [0,t]), and for these ¢ we have exp{fy fct,, E(s)dA(s)} < exp{Bpd”}.
This leads to the following estimate

Via <V (exp{Bod"}a]) = exp{B5"}V|z|
almost everywhere. O

In examples below we use equations with a discrete delay as reference equations.
The next definition describes the corresponding operators.

Definition 3.6. Given a measurable function g : [0,00) — R such that g(¢) <
t (t € [0,00)) and a row vector G = (G1,Ga,...,Gp), where G; = G;(t) are
all predictable and nonnegative stochastic processes, we define the weighted shift

operator GSy by (GSgx)(t) = G(t)(Sgx)(t), where

~Jx(g(t), ifg(t) >0,
(Sgz)(t) = {07 it g(1) < 0. (3.10)

Clearly, GS, : D* — L'(Z). To check the d-condition from Definition [3.5| for
weighted shifts we will use special conditions on g. We will also need some new
notation: for a given measurable function ¢ : [0,00) — R we will write

1, gt >0,
Xg(t){o, if (1) < 0. (3:11)
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Definition 3.7. We say that a measurable function g : [0,00) — R satisfies the
d-condition if there exists § > 0 such that f;g(t)g(t) &(s)dA(s) < 6 for all t € [0, 00).

Example 3.2. If a measurable function g : [0,00) — R satisfies the d-condition
from Deﬁnition then the weighted shift operator GS, : D' — L!(Z) satisfies the
é-condition from Definition [3.5] To see this, we notice that according to Definition
[3-7 there exists § > 0 such that

¢

/ &(s)dA(s) < 4 for all ¢ € [0, 00).
Xq(t)g(t)

Setting &' = 26, 0" = ¢ and taking arbitrary ¢t € [0,00) and z € D!, for which

y(¢") = 0 for all ¢’ € [0,¢] satisfying f;,{(s)d)\(s) < ¢, we have to check that

(GSyx)(¢") = 0 as. for all ¢" € [0,t] such that fg,,g(s)d)\(s) < ¢"”. This

follows from the equality (Sgx)(("”) = 0 a.s., or equivalently, from the estimate

f;g(C”)g(C”) £(s)d\(s) < &'. But this is implied by
t ¢ t
/ E(s)dA(s) = / E(s)dN(s) + [ &(s)dA(s) <d+ 0" =4,
xq(¢")g(¢"") xq(¢")g(¢"") ¢

Note also that if A = ¢ (i.e. A* is the standard Lebesgue measure), then £(¢) = 1,
and the d-condition for g takes the following form: ¢ — g(t) < § (¢ > 0), i. e. the
delay will be bounded.

The concluding result of this section explains when the usual stability of solutions
implies the exponential and asymptotic stability. We present here only a general
principle, postponing all further discussions and examples until the last section.

Theorem 3.4. Let equation (2.7) and the reference equation (3.1) satisfy the fol-
lowing assumptions:

e The operators V,Q act as follows: V,Q : Mz, — A3, (§), where 2p < q <
00
o The reference equation (3.1)) is My, -stable and satisfies condition (R2)
e The operator V satisfies the A-condition.
If now the operator (I — ©;) : Map — My, is continuously invertible, then (2.7) is
M;p- stable, where vy is defined in with some 3 > 0.

Remark 3.2. Note that under the assumptions of Theorem [3.4] the operator ©;
does act in the space My, (see Corollary .

Proof of Theorem [3.4]. First of all, we notice that (2.7) is Mj -stable if and only if
the equation

e = ey [ €A (V( e {~ 0 [ €OO}))0) + 10 azto)

+ BE(B)y(t)dA(t)  (t = 0)
(3.12)
is Myp-stable. Hence, in order to prove the theorem it is sufficient to show the
existence of a positive number 3, for which will be My,-stable. From Theorem

it follows that if the operator @lﬁ acts in the space My,, and the operator
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(I —©)) : My, — My, is invertible for some § > 0, then (B:12) will be Ma,-
stable for this 3. Here @lﬁ is a k-linear operator defined, according to our previous
notational agreements, by

(6])(t) = +(£)(©r(/7))(?), (3.13)

so that, in particular, 6? = 0.

Using the assumption of the theorem saying that the operator V satisfies the A-
condition, we obtain a number 3y > 0, for which the operator @lﬁ acts continuously
in the space My, for all 0 < 8 < By. This fact follows from Corollary and
a simple observation that if the operator V satisfies the A-condition, then the
operator V# acts from the space m, to the space A2p - (€) and, moreover, it is
bounded for all 0 < g < Gy. If now we check that

187 = ©1llar,, — 0, (3.14)

when 8 — 0, then the operator (I — @lﬂ) : My, — Ms, will also be invertible
for some B > 0. Clearly, in this case the continuous extension of the operator
(I- @lﬁ) : My, — May, to the completion of the space My, will be invertible as well.
The fact that the operator (I —©/) : Ma, — My, will be invertible can be derived

from the observation that the solution of the equation (I — @lﬁ )z = g belongs to the
space D" if g € M>,, while the intersection of the space D™ with the completion of
the space My, coincides with the space May,.

Note that the operator (9'6 — ©)) is given by

G / C(t, 8)(V(1()/4()— 1)) (5)dZ(s) + / C(t, 5)5E(s)a(s)AA(s).
0
Then
o7 - @ongz,,

< Sup / 1C(t, s)(V(7(t)/v(.) — Dz)(s )a(s)|d)\(8))2p)1/(2p)

t>0

+ ¢psup(E / 1CE8)(V(v(#)/7(.) = 1)) (s)Als)

t>0

= (E(/o . SWf(s)m(s)ldA(s))z”)1/(2p>

t>0

= sup <E(/t exp{—aAv}{(V(v(t)/7() — 1)$)($)a(s)|d>\(s))2p)1/(2p)

t>0 0

+epmp (B( [ exp{=2080} |V (0/1() = Da) () 4(5)

>0
« (VOO0 - D) ) )
+ sup (E( /Ot eXp{—ocAUHﬁ{(s)x(s)\d)\(s))2p) 1/(2p).

>0
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Here we have used the inequality (2.5)). The next estimation step is based on the
A-condition for the operator V' and the inequality

7(8)/7(s) = 1 < (8/Bo) exp{Bov} (s € [0,4], 0< B < Bo),
following from the estimate
Bu + B2 )20+ B33 /31 4+ ... < B)Bo + By + B2+
< (B/Bo)(1+ Bov + B2 /2! +...) (v >0).

Using this estimate, we obtain

(67 — O,

< sup(E(/0 exp{—alv}[(V(|y(t)/7(.) = Lllz]))(s)(a(s)) T1dA(s)) )/ P

£>0

T Sup(E(/O exp{ =20 Av}{|(V ([ (t)/4(.) = Ll|=[))(s)

t>0

% (A7 (A0 /() — 1) ()T [dA(s))7) @)

+sup(E(/O exp{faAv}\ﬂg(S)i(s)|d)\(s))2p)1/(2p)

t>0

= s‘”’(E(/o exp{—alv}|(8/80)|(Va, |2l (s) (a(s)) T|dA(5))*) /37

t>0
t
+ ¢y sup(E( / exp{—20A0} (82/53)|
t>0 0

X (V|| (8)(A(s)) T (VF0lz])(s) T [|dA(s))P) "/ (2P)

Jrsup(E(/O exp{—aAv}\ﬁg(s)x(s)|d)\(5))2p)1/(2p)

t>0

< sup( /0 exp{—alv}do(s))2P~D/2P(3/6))

>0

/ exp{—a v} (§(s)) PEI(V[a])(s) (a(s)) *[dA(s) /7

+cp sup(/0 exp{fQQAv}dv(s))(pfl)/zp(ﬂ/ﬂo)

t>0

< [ =280l (6) ! PRIl (5)(A() " (Vi b ()T 170 (:)) /27

+ﬁsup(/0 exp{—aAv}dv(s))(p_l)/Qp(/o exp{ —aAv}E(s)E|z(s)|[?PdA(s))L/ (3P

>0
< (B/Bo)(1/ar)BP=1)/2p igg(/o exp{—aAuv}({(s)) PE[(V|z[)(s)(a(s)) T [
d)\(s))l/(Qp) -
+(cpﬁ/ﬁo)(l/a)(”‘”””iglg/0 exp{—2aAv}(§(s))" P

X EI|(V2])(5)(A()) (Vo l2]) (5) T [[PdA(s)) /2P



16 R. KADIEV, A. PONOSOV EJDE-2004/92

+ B(1)a)r—1)/2p Sup(/t exp{—aAv}E(s)E|z(s)|PdA(s)) /2P,
t>0 Jo

To proceed, we have to consider three cases: (1) ¢ > 2p,q # 00; (2) ¢ = 2p; (3)
q = oo. Treating each case separately and making use of the last estimate we
obtain, as in the proof of Lemma that

1(8F ~ @n)allan, < B/, + BV o

for some positive number d. Hence, due to the boundedness of the operator

Vﬁo tMmop — Aé;_,q(g)a

we get -
16 = ©n)llar,, < (B/)l|l|rza, + Bdll s,

where d is a positive number. From this we deduce that ||@’18 = O4l[ar,, — 0 as
B — 0. This proves (3.14), and as it is was mentioned above, this suffices to
complete the proof of the theorem. ([

4. ADMISSIBLE PAIRS OF SPACES AND STABILITY WITH RESPECT TO THE INITIAL
FUNCTION

Another name for admissibility of pairs of spaces is stability under constantly
acting perturbations. Roughly speaking, given a pair (Bj, Bs) of spaces of stochas-
tic processes, one calls it admissible for a linear stochastic differential equation if
any solution of the equation lies in B; as soon as the right-hand side of the equation
(“perturbation”) lies in Bs. This terminology goes back to Massera and Schéfer
[13] who studied admissibility for ordinary deterministic differential equations in
Banach spaces. The main idea of this theory is to connect admissibility and Lya-
punov stability (or the dichotomy of solution spaces). This approach proved to be
particularly useful for deterministic functional differential equations [2]. Stochastic
functional differential equations admissibility was studied in [7, 9], and in this paper
we continue those studies.

To outline this method in brief, let us again look at Example Suppose we
want to study Lyapunov stability of the solutions of with respect to the initial
function (2.9). The usual Lyapunov-Krasovskii-Razumikhin method suggests that
we rewrit as an equation in a Banach space of all initial functions ¢ (usually
it is the space C[—h,0]). A detailed description of this approach in the case of
stochastic differential equation can e.g. be found in the monographs [12, [16].

Another way is presented in [2] and developed in [7, @] for the case of stochastic
delay differential equations. The idea is to rewrite (2.8]) in a different manner,
namely in the form with V and f defined in (2.10), as it is described in
Example By this, the initial function ¢ will be included in the right-hand
side of the equation, and stability of with respect to ¢ will be reduced to a
particular case of the general admissibility problem for the functional differential
equation . This approach is flexible and efficient, especially in the case of
linear equations. In its practical use, it is common to exploit the W-transform as
an additional tool.

The main objective of this section is to demonstrate how this approach, in com-
bination with the general results and techniques developed in the previous section,
can be utilized to derive stability of stochastic delay differential equations with
respect to the initial function .
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We start with some more notation. Let B be a linear subspace of the space
L"(Z) (defined in Section 1). The space B is assumed to be equipped with a norm
II.llz- Given a weight v(t) (t € [0,00)) we set BY = {f : f € B,~f € B}, which is
a linear space with the norm || f|| g+ := |7/l 5-

For the sake of convenience we will also write x (¢, zo) for the (unique) solution
of ([2.7). Here f is the right-hand side of and x is the initial value of the
solution, i. e. zf(0,x0) = xo.

Definition 4.1. We say that the pair (M}, B) is admissible for equation (2.7) if
there exists ¢ > 0, for which zo € k) and f € B imply z4(.,79) € M, and the
following estimate:
25 (- x0)llary < elllzollry + [1f115)-
By definition the solutions belong to M) whenever f € B and zo € k; and
depend continuously on f and x( in the appropriate topologies. The choice of
spaces is closely related to the kind of stability we are interested in. The first two

results in this section describe assumptions on the reference equation that are to
be checked if one wants to exploit the W-transform to study admissibility.

Theorem 4.1. Assume that the reference equation (3.1)) satisfies conditions (R1)-
(R2). If the operator I —©; acts in the space M and has a bounded inverse in this
space, then the pair (M), BY) is admissible for (2.7).

Proof. Under the above assumptions, U(-)zg € M, whenever xg € k; and

wy(t,z0) = (I = ©) T (U()z0)(t) + (I = ©)'W[)(t) (t>0)

for an arbitrary zo € kj,, f € B?. Taking the norms and using (R1)-(R2) for the
reference equation, we arrive at the inequality

27 z0)llary < €lllzollry + 1f1lB+),
which holds for any zo € k), f € B7. Here ¢ is some positive number. This means
that the pair (M,, BY) is admissible for (2.7). O

If, in addition, we have the A-condition from Definition then we can prove
more.

Theorem 4.2. Let v be defined by , the assumptions of Theorem be ful-
filled and the reference equation (3.1) satisfy the condition (R1). Then the pair

(Mg, (A3, ,(£))7) is admissible for (2.7) for some > 0.

Proof. First we note that the pair (Mj),, (A%, ,(€))7) is admissible for (2.7) if and
only if the pair (May, (A3, ,(£)) is admissible for the modified equation (3.12)). The
latter can be proved if we check that the assumptions of Theorem [£.2] imply the
assumptions of Theorem for the modified equation (3.12)), where we put v = 1,

B = A3, (§) and use 2p instead of p (so that M, becomes My,).
Then we check that there exists 3y > 0 such that the operator

I —07: My, — My,
where @lﬂ was defined in 1) has a bounded inverse for all 0 < 8 < (y. According

to the proof of Theorem we have H@f — Oi|lr,, — 0 as 8 — 0, so that the
operator I — @lﬁ is invertible for sufficiently small 3 > 0.
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To see that the operator W is continuous from the space A3, (&) to the space
My, we apply Corollary Summarizing, we conclude that for some 3 > 0 the

pair (My,, (A%, ,(£))7) is admissible for (2.7). O

We are now ready to investigate Lyapunov stability with respect to the initial
function . In the previous section we studied stability with respect to the initial
value z(0). The difference between these two stabilities can again be explained by
virtue of Example In the initial condition there is no formal difference
between all the “prehistory” values of the solution x(s), s < 0. In fact, if we change
the value of the initial function ¢(s) for one (or even countably many) s < 0, then
the solution z(t),t > 0 will not be changed. If we, however, change the value
©(0), then the solution will be different, that is the instants s = 0 and s < 0
are different. This observation explains roughly why it is reasonable to treat the
function ¢(s),s < 0 and ¢(0) = z(0) separately. That is why we rewrite the delay
equation with the initial condition as the functional differential equation
(2.7). This idea proved to be fruitful in many cases (see e. g. [2 [7] and references
therein).

In our paper we exploit this approach to study Lyapunov stability wit respect to
the initial function with the help of the theory of admissible pairs of spaces and the
W-method. Generalizing Example 2.1} we consider a linear stochastic differential
equation with distributed delay of the form

da(t) = (Va)()dZ(t) (¢ > 0),

- (4.1)
z(v) =p(v) (v<0),
where
(V:r)(t) = (/ dsR1(t, s)x(s),. .. ,/ dsRm(t, s)x(s)),
(—o0,t) (—o0,t)
Ri (t, 8) = Z Qij (t)’l“ij (t, 8)
§j=0
Equation can be rewritten in the form by putting
(Vz)(t) = ( dsR1(t,8)x(s),. .., dsRm(t, s)x(s)),
[0,t) [0,¢) <4 2)

SO=( ARG [ Rt ),

where @;; are n x n-matrices with the entries being predictable stochastic processes
and 7;; are scalar functions defined on {(t,s) : t € [0,00), —o0 < s < t} for
i=1,....,m;j=0,...,mp. Let

=3 10501\ ryts),
=0

s€(—00,0)

() =Y 1Qu® \ rilts) (=1,...,m),
j=0

s€[0,t]

Hj=(Hj,...,H") (j=0,1).
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Equation (4.1) will be considered under the assumption
t
/ (|Hja™| + ||HjA+HjT||)d>\ <oo a. e foranyt>0, 5=0,1.
0

This implies, in particular, that H; € L"(Z) (compare the last inequality with
(2.3)). The initial function ¢ will be a stochastic process such that f € L™(Z). An
example of such ¢ is given by a stochastic process on (—oc, 0) which is independent
of the semimartingale Z(t) and which has a. s. essentially bounded trajectories with
respect to to the measure \*, generated by the function A(t). If these assumptions
are satisfied, then the operator V' in equation , defined by the first formula in
, will be k-linear and Volterra and act from the space D™ to the space L™(Z).
In addition, for any z(0) € k™ there will be the unique (up to a P-null set) solution
of (remember that is equivalent to (4.I))). For the proof of these results
see [1].

As a particular case of equation we obtain stochastic differential equations
with “ordinary”, or concentrated delay. Another name is difference-differential

stochastic equations. By this we mean the following object:
da(t) = (Va)(t)dZ(t) (t>0), 43)
z(v) = p(v) (v <0), '

where

Mm

(Va)(t) = (32 Qui®althas (1), > Qus®alhms(8)).  (44)
j=0 j=0

Here h;; are A*-measurable functions, for which
hij(t) <t (N —a.e)fort€[0,00), i=1,....,m, j=0,...,m;

Qij are n X n-matrices with the entries that are predictable stochastic processes for
alli=1,...,m, j =0,...,m;; ¢ is a stochastic process which is independent of
the semimartingale Z(t).

The assumptions imposed on the general delay equation can easily be ad-
justed to its particular case (4.3)). The details can be found in [7]. Here we just
outline briefly how equation can be represented in the form and then
formulate the assumptions on the coefficients. We set

Ri (t, S) = ZL Qij (t)’l’ij (t, 5),
7=0

where Q;; are the matrices from and r;; is the indicator (the characteristic
function) of the set

{(tvs) te [0,00), hij(t) <s< t}a
defined on t € [0,00), s € (—o0,¢] fori=1,...,m, j =0,...,m;. By this, equation
is rewritten in the form and this leads automatically to the following
assumptions on the coefficients of :

t
/(|HA+|+||HA+HT||)d)\<oo a. s. for any t > 0,
0

where

mi
H=(H'...,H™), H:=> [Qjll (i=1...,m)
7=0
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the initial function ¢ is a stochastic process with trajectories which are a. s. essen-
tially bounded on [0, c0) with respect to the measure \*.
In what follows we treat equation (4.3)) as a special case of (4.1)).

Remark 4.1. The assumptions on the initial function ¢ do not imply, in general,
that ¢ should be cadlag. It is an important observation for what follows as we are
going to use a weaker topology (the LP-topology) on the set of all ¢. Moreover, we
do not treat the solution z(t) on t € [0, 00) as a continuation of the stochastic process
. This is an essential feature of the theory of functional differential equations
presented in [2] as it offers more possibilities to choose a suitable topology in the
space of initial functions. A similar idea was also used in [I4] to define the Lyapunov
exponents for stochastic flows associated with certain linear stochastic functional
differential equations. This was motivated by the fact that Ruelle’s multiplicative
ergodic theorem, which is needed to define the Lyapunov exponents, requires the
topology of a Hilbert space instead of the uniform topology on the space of initial
functions.

If we, nevertheless, want the solutions z(t) of (or ([£.3)) to be continuations
of the initial functions ¢(t), then we can easily treat this situation as a particular
case of the more general setting described above. First of all we have to require that
©(t) should be cadlag (or continuous, if the semimartingale Z(t) is continuous). In
addition, we set the continuity condition at ¢ = 0, i. e. we demand that

= 1li .
2(0) = lim ¢(9)
By this, the solution will be cadlag (or continuous) for all ¢.

Now we describe different kinds of stability of solutions of and which
we intend to study in this paper. The definitions below are classical, up to some
small adjustments, and can be found in many monographs (see e. g. [10] 14, [16]).

In the next definition we use the following notation: x(t,xg, ) stands for the
solution of , with the initial function ¢, such that x(0, zg, p) = xo.

Definition 4.2. The zero solution of (4.1)) (resp. of (4.3))) is called:
e p-stable with respect to the initial function, if for any € > 0 there exists

n(e) > 0 such that the inequality
E|xzo|P 4+ vraisup E|p(v)|P< n
v<0

(vraisup is the essential sup with respect to the measure A\*) implies the
estimate
E|z(t, z0,0)|P <e (t>0)
for any ¢(v), v <0 and z¢ € ky;
o asymptotically p-stable with respect to the initial function, if it is p-stable
with respect to the initial function and, in addition, for any ¢(v), v < 0
and xo € k;, such that

E|zo|? + vraisup E|p(v)|P < oo
v<0
one has lim;_, o, E|z(t, 20, ¢)|? = 0;

o cxponentially p-stable with respect to the initial function, if there exist
positive constants ¢, § such that

E|z(t, x0, ¢)|” < &(E|xg|? + vraisup E|p(v)[?) exp{—0t} (t >0)
v<0
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for any ¢(v), v < 0 and g € k.

It is easy to see that p-stability (resp. asymptotic p-stability, exponential p-
stability) of the zero solution of with respect to the initial function implies p-
stability (resp. asymptotic p-stability, exponential p-stability) of the zero solution of
the homogeneous equation , corresponding to , with respect to the initial
value z(0). The converse is, in general, not true, even in the case of deterministic
delay equations (see e. g. [2]).

The notions of admissibility and stability with respect to the initial function are
close to each other. In the following lemma we assume, when treating admissibility,

that (4.1) is rewritten in the form (2.7)).

Lemma 4.1. Assume that for any ¢ such that vraisup, .o E|¢(v)|P < co the sto-
chastic process f defined in belongs to a normed subspace B of the space
L™(Z), the norm satisfying

| £llp < K vraisup(Elp(v)[") /7,
v<0

where K is a positive constant. If the pair (M, B) is admissible for (2.7), cor-
responding to (4.1), then the zero solution of (4.1) is p-stable with respect to the
initial function.

Proof. Under the assumptions of the lemma, we have
s (s zo)lln, < Ellzollry + 11£113)
< &|zollky + K vraisup(Elp(v)[?)/?)
v<0

< e(llzollry + Waigup(E\w(V)l”)l/”),

where ¢, ¢, K are some positive numbers. From this, using the estimate x(t, zg, ¢) =
x4(t, z0), we obtain

sgg(Elar(two, o)) < &llwollg + Vrai%up(E\w(V)\”)””)-
t> v<

This implies p-stability of the zero solution of (4.1) with respect to the initial
function. 0

Remark 4.2. Evidently, in Lemma [4.1| one can replace the space B by the space
B7 for any reasonable weight . Then admissibility of the pair (M, BY) for
with v(t) = exp{ft}, 8 > 0 will imply the exponential p-stability of the zero
solution of with respect to the initial function. The asymptotic p-stability
of the zero solution of with respect to the initial function can be derived
from admissibility of the pair (M,', BY) for the corresponding equation , if
limy_, 4 o0 ¥(t) = +00 and ¥(t) > 6 > 0, ¢t € [0, 00) for some 6.
Definition 4.3. We say that the semimartingale Z(t) satisfies condition (Z):

(Z) If < c',¢? >=0fori# j, so that A* x P- almost everywhere A% = 0 (i # j,

,j=1,...,m).

We will subsequently use only semimartingales with condition (Z). We first treat
equation including distributed delays. Wishing to use the W-transform and
the related operator ©; we have to rewrite in the form . It is easily done
via the formulas (4.2)).

We begin by listing some technical conditions:
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(D1) 1 < p <00, 2p < ¢ < 005 SUPe(r,00) (V(E) — v(t — 1)) < oo, where v(t) =

[ E(s)dA(s

||Qij|||ai| < aé-, HQZ-]-|HA“‘|0'5 < h;- (A" x P)-almost everywhere,
. 1 . B
aj x \/ rii(,8)€7 Tle L;‘, Rl x \/ rii (-, s )fq 05 ¢ L;I\

(=00,] (—00,]
(i=1,...,m, j=0,...,m;).

Theorem 4.3. Let the semimartingale Z(t) satisfy condition (Z), the reference
equation satisfy (R1)-(R2), and equation (4.1)) satisfy (D1). If now the op-
erator (I — ©;) : M, — Mo, (constructed for (2.7) corresponding to ([4.1))) has
a bounded inverse, then the zero solution of (4.1)) is 2p-stable with respect to the
initial function.

Remark 4.3. Due to Corollary [3.3] the operator W, under the assumptions of
Theorem [4.3| are contlnuous from the space A3,  (§) to the space My, while the
operator @h deﬁned in 7 acts in the space My,.

Proof of Theorem [[.3 We first go over to the form of equation ([.1]), where
V and f are specified by the formulas (4.2)).

Applying Theorem [£.1] gives us, under the assumptions of Theorem [4.3] admissi-
bility of the palr (Map, A3, ,(£)) for (2.7). The property of 2p-stability of the Zero so-
lution of (4.1]) with respect to the 1n1tlal function follows now from Lemma if we
manage to prove the following property: For any ¢ such that vraisup, o E|¢(v)[? <
oo the function f in equation belongs to the normed space B := A3, (£) and
the following estimate holds |||z < K vraisup, .o (E|¢(v)|?")Y/2P)| where K is a
positive number.

To prove this property, we observe that

1

15 = I(E|fal??)/EI =[x 4 [(BI FAST|[P)Y P80

L . 1/(2) _
IES(B( [ aeltia Vo)) e
i=1 j=0 o0,0) s€(—00,T]
m m; 1
1> (B( / HO@Pd N i) ) Ter 0,
i=1j=0 00,0) SE(—o00,T]
<vralsup(E\<p |2p 1/(2p) ii”a X \/ ’I”ij(-75)€q_171||[]21\
i=1j5=0 s€(—00,0)
+3 3 i\ ri(s)er 00
i=1 i=1 s€(—00,0)

< K vraisup(E|@(v)|?P)1/ 2P)
v<0

where K is a positive constant, then f € B and

I fllz < eraiSup(E|@(V)|2p)1/(2p)_
v<0
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This completes the proof. ([

Let us now consider discrete delays, that is equation (4.3)) with the operators
(4.4). The following assumption will be used.

(D2) 1 <p <00, 2p < g < 005 SUPepr,o0)(V(E) — v(t — 1)) < oo, where v(t) =
Jo €(s)dA(s);
[1Qijll]a’] < dj-, 1Qi; 11| A% < iz; (A\* x P)-almost everywhere,
aict Tte L), RS e L) (i=1,...,m,j=0,...,m).
From Theorem we have the following result.

Corollary 4.1. Let the semimartingale Z(t) satisfy condition (7), the reference
equation (3.1)) satisfy (R1)-(R2), and (4.3) satisfy (D2). If now the operator (I —
©) : My, — My, (constructed for equation (2.7) corresponding to (4.3)) has a

bounded inverse, then the zero solution of (4.3) is 2p-stable with respect to the
initial function.

Definition 4.4. Equation (4.1) (Equation (4.3)) is called M, -stable with respect
to the initial function, if for all zg € k;; and ¢ such that vraisup, o Elp(v)|P < oo
one has z(-,zo, p) € M) and

(-, w0, )llazy < elllwollry + vraL%up(Elw(V)I”)””),
where ¢ € R..

Let us stress that, as before, the notion of M) -stability of with respect to
the initial function covers the classical notions of p-stability, exponential p-stability
and asymptotical p-stability of the zero solution with respect to the initial function.
It is also evident that M -stability of with respect to the initial function
implies M,/-stability of the associated equation in the form .

Theorem 4.4. Let the semimartingale Z(t) satisfy condition (Z), the reference
equation satisfy (R1)-(R2), and equation (4.1)) satisfy D1. If now the operator
(I —©y) : My, — My, (constructed for equati corresponding to ) has
a bounded inverse and there exist numbers §;; > 0 such that r;;(t,s) =0, where
—00 < s<t—6; <oo,te€[0,00),i=1,....,m, j=0,...,m;, then 18
M;p—stable with respect to the initial function, where v(t) = exp{Buv(t)} for some
6> 0.

Proof. As in the previous theorem, we first rewrite (4.1]) in the form (2.7). Then
we observe that under the assumptions of the theorem, the operator V' will
act from My, to Ay, (§). Due to Lemma the operator V' : My, — A3, ()
satisfies the A-condition. Hence the assumptions of Theorem are satisfied.

We proceed now as in the proof of the preceding theorem, i.e. we show that for
any ¢ such that vraisup, o E|@()|?’ < oo the function f in equation (£.I)), given
by the formulas , belongs to the normed space B, where B := A} (), and

2p,q
the following estimate holds

£l < K vraisup(E|p(v)[?7)Y/ (2P
v<0

K being a positive number. In this case the M;p—stability of (4.1) with ~(t) =
exp{f fot &(v)dA\(v)} (for some 8 > 0) is implied Theorem and Lemma
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To check the above estimate on f we observe that

15 = IElyfalP)V I |+ [(Elly fAGS) TP P09 s

Now we have

I(Elyfal?) /R0 a4 [[(Eflyf Ay f) TP B e =09

m  m;

SIS () e Vo)) e
i=1 j=0 00,0) et
FIEY (B[ amosm Vo nea))'
i=1 j=0 0,0) se(—o0rr]

X (€))7 0
S exp(d / @) x N il s)E)T s
=0

<12

i=1 SE(—00,0)

m  m; i ‘ .
DML J R O [ TO P VRSO0 G P
i=1 j=0 0 s€(—00,0)

x vraisup(E|p(v)|?P)/ (2P)
v<0

< K vraisup(E|p(v)|?P)1/(2P)
V<0
where K is some positive number. This gives f € BY and

£l < K vraisup(E|p(v)[??)Y (2P),
v<0
The theorem is proved. -

From Theorem for (4.3) we obtain the following result.

Corollary 4.2. Let the semimartingale Z(t) satisfy condition (Z), the reference

equation (3.1) satisfy (R1)-(R2), and equation (4.3)) satisfy (D2). Assume that the
operator (I — ©y) : Ma, — M), (constructed for (2.7)) corresponding to (4.3))) has
a bounded inverse, and there exist numbers 6;; > 0 such that

t
/ §0)dv <8y (£ € [0,00)),
Xny; (£)hij (1)
where i =1,...,m, j =0,...,m;, and x4(t) was defined in . Then is
M;p—stable with respect to the initial function v(t) = exp{f fo (v)} for some
6> 0.

Proof. To apply Theorem [£.4] we notice that under the assumptions, listed in Corol-
lary equation in the form has the following properties r” (t,s) =0
if —oo<s<t—10;; < oo (te]0,00)), where §;; = inf{t € [0, c0) fo du>(5u}
(t=1,...,m,5=0,...,m;).

For the sake of completeness we also observe that the estimates on h;;(t) in the
corollary imply the d-condition on h;;(t) (see Definition [3.7).
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5. SOME SUFFICIENT CONDITIONS FOR STABILITY OF STOCHASTIC DELAY
EQUATIONS

In this section we use the developed theory to derive certain stability results
for specific classes of equations and . We stress, however, that all the
examples below are of an illustrative character. That is why we do not formally
compare them with the known stability criteria (e.g. those presented in [I0] and
[12] as well as in other papers not listed in the bibliography). The aim of this
paper is to describe and illustrate an alternative method of studying stability. A
more careful analysis of specific classes is therefore left to forthcoming papers.
Here we only mention that our approach normally covers more general classes of
linear stochastic functional differential equations than the Lyapunov-Krasovskii-
Razumikhin method does in this case. Moreover, our method treats different kinds
of stability in an unified framework. Finally, the W-approach seems to give stability
criteria which are different, i.e. not exactly comparable, with those which can be
obtained with the help of other techniques. This observation suggests that the
W-method should be one of the additional instruments in “the stability analysis
toolbox”.

To study equation , we intend to use a special reference equation of the form

(31) with

@0 = (- [

1
. )dSR(t, $)z(s)dA(s),0,...,0), R(t,s) =3 Qu;(t)ri;(t,s).
)t =0
(5.1)
Note that we use here the same Q1;, 71; (j =0,...,l)as in . As we also want
the assumptions (R1)-(R2) to be fulfilled, we require that the n x n-matrices Q1;
should be non-random for j =1,...,! (the matrices Q1; (j > [) are still allowed to
be random).
Let us now introduce to important constants which are used in what follows.

Assuming that the formula (3.3) from condition (R2) in Section 2 is valid we put

Q=MJ&%%@W®7@ﬂw/%WMM%@~(M
t>0 Jo t>0 Jo

We will also use the following notation: if M is an n X n-matrix function, then
we write ||| M]| |L3 = ||| M]] HLQ We proceed with describing the main assumptions
on the semimartingale Z(t).

Definition 5.1. For a semimartingale Z(t) we difne the conndition

(Z0) The condition (Z) from Definition holds and, a! =1, A" =0, a* =0
(i=2,...,m) A* x P-almost everywhere (see (2.2)).

We note that, in fact, we can always deduce condition (Z0) from condition (Z) by
increasing the number of the components of the semimartingale Z(t) (and adjusting
the operator V appropriately). This means that (Z) and (Z0) are equivalent. But in
this section we choose to use (Z0) as it simplifies our calculations. A typical example
we have in mind is given by the semimartingale coming from Itd equations.

In what follows we will also need some hypotheses on the coefficients of .
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(D3) 1 <p < o0, 2p<q <00 SUPyepr,o0) (V(E) —v(t — 1)) < oo, where v(t) =
fot &(s)dA(s); Qij (1 =0,...,1) are non-random;

Q] < a; (A" x P)-almost everywhere,

1
a} X \/ r1; (-, $)&4 Le L{I\,

s€(—00,0)
at()i=al() x ) riylhs)E? e L), (7=0,...,m),
s€[0,-]

1Qi; I|A™%® < B (X* x P)-almost everywhere,

i —1-05
Wyx o\ ri(hs)gt TP e Ly,
s€(—00,0)

B;() = h;() X \/ Tij('75)€q7170.5 € L; (7’ = 27 . '7maj = Oa s 7mi)'
s€0,]

We remark that if we replace condition (Z) by condition (Z0), then condition (D1)
becomes condition (D3).

Our first theorem in this section is of general character and will in the sequel be
used to more specific studies.

Theorem 5.1. Let the semimartingale Z(t) satisfy condition (Z0), equation (4.1))
satisfy condition (D3), the reference equation (3.1)), where Q is given by (5.1)),
satisfy (R1)-(R2). Assume also that for somel (0 <1 <'my) the following estimate
holds:

ma m my
1—q~* - 0.5—q " 7
p=Cr Y llajlle, + ey T YN Ikl < 1,
j=1+1 i=2 j=0
where C1, Cy are given by . Then (4.1)) is Map-stable with respect to the initial
function. If, in addition, there exist positive numbers d;;, i=1,...,m, j=0,...,m;

such that r;j(t,s) = 0, where —oo < s <t—4;; < o0, t € [0,00), 1 =1,...,m,
j=0,...,my, then (4.1) will be Mgp—stable with respect to the initial function,
where y(t) = exp{Bv(t)} for some B > 0.

Proof. The proof of the first statement in the theorem is based on Theorem
while the second statement exploits Theorem [1.4]

According to the assumptions of the theorem the operator ©; for in the
form acts in the space Ms,. Now, if we manage to show that the operator
(I —©;) : My, — M, has a bounded inverse, then applying Theorems and
will prove Theorem

To prove the invertibility of the operator (I — ©;) we check that, under the
assumptions of the theorem, the norm of the operator ©; in the space My, is less
than 1. In this case the only continuous extension of the operator (I —©;) : Mo, —
My, to the completion of the space Mjy, in its own norm will be invertible. To see
this, we observe that the equation (I — ©;)xz = g will have the unique solution in
the space D" for all g € M>),, while the intersection of the completion of the space
My, with the space D" coincides with the space Ma, by definition. This will imply
the existence of a bounded inverse of the operator (I — 0;) : My, — My,.
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In the rest of the proof we estimate the norm of the operator ©;, which is given
by

(@lx)(t)z/o C(t, s)[(Vx)(s)dZ(s)—/[o )dTR(S,T)CC(T)d/\(S)],

in the space M,,. We have

1©12| a1,
2py 1/(2p)
supE‘/ C(t, s) Z Q1 (s / dyrij(s,v)x(v ))d)\(s)‘ )
20 Jj=l+1
t B 2 Py 1/(2p)
. 2 11 .
+cp(ggE( / IC(t, )] Z'A ()] / d,Ri(s, v)a(v)| d\(s))")
sc£2p‘1)/2p<||x||M2p (supE / IC(,s)
l+1 =

X (€(s) 2P 9 (al (s >>2pdx< NYEPY 4 e,V 2] agy,

XZE Sl_lpE/ IO, )€ ))1‘21’/‘1(15;'-(3))%&(5))”(2’”

=2 j=0

Now we, as in the proof of Lemma [3.1] should consider three cases separately. We
omit the corresponding calculations here as they are identical with those in Lemma
Accepting this we then obtain, using the above estimate on [|©;x||as,,, that
1©12||a1,, < pl|||az,,- Since p < 1, we conclude that ||©;||az,, < 1, and the theorem
is proved. ([l

Corollary 5.1. Let the semimartingale Z(t) satisfy condition (Z0) and reference

equation (3.1), where @ is given by (5.1)), satisfy (R1)-(R2). Equation (4.1)) is

supposed to have the following property:

o The functions £, A", the entries of the matriz Q;; and the variation
\/se[o,-] r:; (-, 8) are all from the space LY, fori=1,...,m, j =0,...,m;.

Also assume that for somel (0 <1< my) one has the estimate

SRy x VoG9

j=1+1 s€0,]
m  m;
+6p(V/C2/Cr) Y Y IR (AT x \/ rij(, )67 Iy, < 1/Ch,
=2 j=0 s€l0,-
where C1, Cy are given by . Then 18 M2p—stable with respect to the initial
function. If, in addition, there exist positive numbers 0;5, 1= 1,...,m, j=0,...,m;
such that r;;j(t,s) = 0, where —co < s <t —9;; < 0o, t € [0,00), 1 =1,...,m,

j=0,....,m;, then (4.1) will be M;p-stable with respect to the initial function,
where y(t) = exp{Bv(t)} for some B > 0.

We remark that the property assumed in Corollary which describes the as-
sumptions on (4.1)), implies the property (D3). The next proposition is a particular
case of Corollary if we put £(t) =1 (¢t € [0, 00).
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Corollary 5.2. Assume that the semimartingale Z(t) satisfies condition (Z0) and
reference equation (3.1)), where Q is given by (5.1)) with I = 0, satisfies (R1)-(R2).
Equation (4.1)) has the following property:
e 2 =0a. s (i=3,...,m), m =0, mg =0, the entries of the matrices
Qio and \/ j¢po Tio(+; s) belong to the space L), (i=1,2).

Also assume that one has the estimate

(V2 /ClldzlllLy, < 1/Ch,

where Cq, Csy are given by and da = Q2 X Vse[o ] r20(+, 8)|A?2|95. Then
(4.1) is Map-stable with respect to the initial function. If, in addition, there exist
positive numbers §; (1 =1,2) such that r(t,s) =0, where —oo < s <t —6§; < o0,
t€[0,00),i=1,2, then (4.1)) will be M;’p—stable with respect to the initial function,
where y(t) = exp{B(A(t) — X(0))} for some 3 > 0.

In the rest of the paper we are concerned with the stability analysis of equation
(4.3) with discrete time delays. As this equation is a particular case of equation
(4.1), we can use Theorem to obtain sufficient conditions of Mj) -stability of

(4.3)) with respect to the initial function.
As we wish the reference equation to be a part of the studied equation, we define

Q in as follows:
L = = ~
(Qz)(1) = (Y Qu;(t)(Sny,2)(1),0,...,0),  Qij(t) = Quj(D)xn,, (H).  (5.3)
j=0

Shift operators of the form S, are described in (3.10), while x4(¢) is defined by
|| In lb we again require that the matrices Qlj (j = 1,...,1) should be

non-random, while the matrices Q1; (j > 1) can be random). This is to ensure the
assumptions (R1)-(R2).

The assumptions on the coefficients of are summarized in the following
condition

(D4) 1 < p <00, 2p < ¢ < 005 SUPe(r,00)(V(E) — v(t — 1)) < o0, where v(t) =

Jo €(5)dA(s);
Qut) = Qi (1) (1= 1o om,j=0,....my),
where x, is given by , C:QU (t) are non-random for j =0,...,[;
||é1]|| < d; (A" x P)-almost everywhere,
1= d}é‘fl’l € L;‘ for 5 =0,...,mq,
Héwu |A%05 < B; (A" x P)-almost everywhere,

iL; = B§§q71_0‘5 c L; fori=2,...,m,j=0,...,m,.
Clearly, if condition (Z) is replaced by condition (Z0), then condition (D2) becomes
condition (D4).
From Theorem we now deduce the following corollary.
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Corollary 5.3. Let the semimartingale Z(t) satisfy condition (Z0), equation (4.3)
satisfy condition (D4), the reference equation (3.1)), where Q is given by (5.3)),
satisfy (R1)-(R2). Assume also that for somel (0 <1 <'my) the following estimate
holds:

mi mo MMy ~
1—g~ ! 2 0.5—q "t 2i
O3 (a4 608 S Ry < 1,
i1 i=2 j=0
where Cq, Co are given by (5.2). Then (4.3)) is Moy,-stable with respect to the
initial function. If, in addition, there exist positive numbers 0;;, ¢ = 1,...,m,

j =0,...,m; such that r;;(t,s) = 0, where —co < s <t —¢;; < 00, t € [0,00),
i=1,...,m, j=0,...,m;, then (4.3) will be M;p—stable with respect to the initial
function, where v(t) = exp{Buv(t)} for some 3 > 0.

As an important particular case of Corollary we obtain:

Corollary 5.4. Assume that the semimartingale Z(t) satisfies condition (Z0) and
the reference equation (3.1), where Q is given by , satisfies (R1)-(R2). Then
(4.3) has the following property:

e The entries of the matrices Qij and the functions A%, €1 belong to the
space L), fori=1,...,m, j=0,...,m;.

Assume also that for some l (0 <1< my) the following estimate holds:

mi - m. Mm; ~
> Q€ iy, + (v C2/C1) D D Q5 (A™) P60l 1y < 1/Ch,
j=1+1 i=2 j=0
where Cy, Coy are given by . Then equation (4.3) is May,-stable with respect to
the initial function. If, in addition, there exist positive numbers 6;5, i=1,...,m,

Jj =0,...,m; such that r;;(t,s) = 0, where —co < s <t —4;; < 00, t € [0,00),
i=1,...,m, j=0,...,m;, then (4.3) will be M;p—stable with respect to the initial
function, where v(t) = exp{Buv(t)} for some B > 0.

Remark 5.1. It is convenient to apply Theorem [5.1]and Corollaries [5.1]- [(.4]if it is
known that a part of the drift operator gives rise to a stable deterministic equation.
In this case we use this deterministic equation as a reference equation. In order
to achieve best possible stability results we have to find the constants C; and Cy
from , or at least good estimates on these constants. The exact values are only
known in exceptional cases (like for diagonal ordinary differential systems). But
good estimates on C; and Cs can easily be found if the constants « and ¢ in
are known or estimated.

In what follows we will restrict ourselves to the case of It6 delay equations. In
this case the semimartingale Z(t) has the form.
(B) Z(t) = (t,B'(t),...,B™ ()T, where B*,i = 1,...,m—1 are independent
standard Wiener processes.

When this condition is satisfied, A(t) = ¢ and the associated measure A* becomes
the Lebesgue measure which we denote by p.

Remark 5.2. It is easy to see that the semimartingale, described in (B), satisfies
condition (Z0) as a = (1,0,...,0)T, and the m x m-matrix A is given by A% = 1
if i =2,...,m, and AY = 0 otherwise, i.e. ifi =j=1ori#j,4,j=1,...,m
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(see (2.4)). In addition, we have that L"(Z) is a linear space consisting of n x m-
matrices, where all the entries are stochastic processes on [0,00) that are adapted
with respect to the given filtration, and the first column in the matrix are a.s. locally
(Lebesgue) integrable, while the other columns are a.s. locally squire (Lebesgue)
integrable. The space D™ consists now of adapted stochastic processes on [0, 00)
with a.s. continuous trajectories.

We will also use an adjusted reference equation (3.1]) with
Qz)(t) = (—k(Spx)(t),0,...,0), kK is an n x n-matrix; 54
h(t) is a p-measurable function such that h(t) <t (¢t € [0, 00)). (54)

Recall that here p is the Lebesgue measure, and the operator Sy, is given by (3.10)).
As before, we introduce a new condition to summarize assumptions on the coef-
ficients.

(D5) 1 < p < o0, 2p < q < 005 SUPer,o0)(V(E) — v(t — 1)) < oo, where v(t) =
Jo €(s)ds;

Qij(t) = Qij(t)xhij(t) (i=1,...,m,j=0,...,my),
where x4 is given by |D élj(t) (j =0,...,1) are non-random,

QI < a; (px P)-almost everywhere

EL} = d}é‘fl’l € Ly for j=0,...,mq,
1Qs5 < il; (1 x P)-almost everywhere,
hi =Rhigt 0% e Lofori=2,....m, j=0,...,m.

Note that if the semimartingale Z(t) satisfies condition (B), then (D4) becomes
(D5).

Recall that we use the following notation (adjusted for the case A\(t) = ¢, t €
[0,00)): if M is an n x n-matrix function, then we write |[|M|||r, := || [|M]| ||z,

Theorem 5.2. Let the semimartingale Z(t) satisfy condition (B), equation (4.3)

satisfy condition (D5), reference equation (3.1), where @ is given by (5.4)), satisfy
(R1)-(R2). Assume also that there exist a natural number I (0 < 1 < my) and
positive constants ¥; (j =0,...,1) such that

/ &(s)ds <v; (j=0,...,0).
Ixn (Oh(), Xny; (0)h1;(t)]
Finally, the following estimate is supposed to hold:

l l maq
1—g—1 X -1_ 2 1—q ! 2
pi= O IN(Y Qus +6m) e M lle, + D0 Nadlle, 037 D N,
=0 §=0 j=0
m My N

0.5—q~ 1 2i
ey YD IR,
i=2 j=0

m m;

mi
2 0.5—q"" i
+ > laglle,} + e Y D kg, <1

j=l+1 1=2 j=0
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where C1, Cy are given by . Then is Moy, -stable with respect to the initial
function. If, in addition, there exist positive numbers 055, i=1,...,m, 7 =0,...,m;
such that the functions h”( ) satisfy the 6;5-condition fori =1,...,m;5=0,...,m;
(see Definition ‘ then will be M;p—stable with respect to the initial function,
where y(t) = exp{Bv(t))} for some (3> 0.

Proof. As in Theorem[5.1] to prove the first part we use Corollary [£.1] while to prove
the second part we apply Corollary Evidently, that under the assumptions of
Theorem the operator V' for in the form acts from My, to A3, (€).
By Corollary [3.3] this implies that ©; : My, — May,.

Due to Corollaries and it suffices to prove that the operator I — ©; has
a bounded inverse in the space Ms,. We show that the norm of the operator O,
in the space My, is less than 1. As in the proof of Theorem @ we then observe
that the only continuous extension of the operator (I — ©;) : My, — Ma, to the
completion of the space My, in its own norm is invertible. Indeed, the equation
(I — ©;)z = g has the unique solution in the space D" for all g € My, while the
intersection of the completion of the space My, with the space D" coincides with
the space My, by definition. This implies the existence of a bounded inverse of the
operator (I — ©;) : Ma, — Ma),.

In our case, the operator ©; is given by

(@zx)(t)Z/O C(t,s)(Vr)(s)dZ(s) — k€(s)(Snx)(s)ds) (£ = 0).

For short notation, let us write o(t) = xn(t)h(t), 0;(t) = xn,, ()h1;(t) ( =0,...,1).
Then estimating the norm of the operator ©; in the space Ms, gives

€12 15,
: !
(bupEI C(t, ) ( Qui(s )i)(Sh)(s)
>0 et

miy

= U()
+ZQ”<8)/ £ 3 Qui(s)(Sh, () Jds) 2

j=0 i(s) j=l+1

te, supE/ 1 5)]2 Z|ZQU )(Sh, ) (s)2ds)?)/ 2P)

=2 7=0

< P (sup / IC 9)EE) Z(Qm €71 6) + k|7 ds) P 2,
+2_(sup(El (7)) #) (sup / IC(t 9)[1€(s) (@5 ()€~ (5))*ds) M/ (2P

+lzlam, Y Sup/ IC(t, 5)[1€(s) (@] ()€ (5))*Pds) "/ 2P)]
j=l+1

m m;

(02)(19 1) /QPHJC”MMZZ Sup/ lC(t, s ” &(s )(hl( Ve~ 05( ))des)l/(Qp)

1=2 j=0
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Since z is a solution of equation (4.3)),
o(t)

Ty := sup(E| dx(7)|2p)1/(2p)
20 a;(t)
<Zsup E| / ()10 ()~ (5)(Sn, ) (5)dds[22) 1/ 2P)
t>0
m.o M, a'(t
i3S sup®l [ 616N (S, 2) 0
=2 j= O
(2p—1)/2p = A —1 1-2p 7.1\1/(2p)
< o Zsup ® [ €)1 S |(Sn,z) () 2ds])
j=0 20 o;(t)
(p—1)/2p e ®) 2 —0.5
et YS @) [ 6 1Qu o)
1=2 j= 0 o5 (t

X |(Shiy ) (s))'Pds|) /4P,

where £ =0,...,1.

Now we have to consider three different cases: 1) ¢ > 2p, ¢ # oo, 2) ¢ = 2p, 3)
q = oo. Fortunately, they can be treated in a similar way. Let us therefore restrict
ourselves to the first case.

Assuming g > 2p, q # oo we obtain

m  m;
e (07 Zudllwcpﬂ“ DI D 11 PHI E v
1=2 j=0
where k = 0,...,l. From this and from the estimates for ||©;z| 5z, we conclude
2p
that ||©,2|/nn, < pllz| s, Since p < 1, we have ||©;]|ar, < 1. This completes the
proof. O

We apply now Theorem [5.2] to an It6 equation with unbounded delays. In (4.3)),
we therefore assume that

hm‘(t):t/ﬂ‘j, TijZI(’L'Zl,...,m, j:O7...,mi). (55)

Such equation are known to have a number of “strange” properties, for instance they
are exponentially stable only in exceptional cases. Applying our general scheme
gives, however, asymptotic stability of such equations in a natural way. This is
shown in Corollaries below.

Remark 5.3. In the case of the delays given by , the initial function in
disappears as h;;(t) > 0 for all t € [0,00), i =1,...,m, j =0,...,m,;. That is
why for with the delays it is natural to study its M)-stability in the
sense Definition (which, in turn, for certain + implies stability properties from

Definition .

Below we use the following function which determines asymptotical properties
of the equation we are interested in:

§(t) = Lo, (1) + o) (1) (1/1) (€ [0,00)), (5.6)
where 7 > 0 is some number and 1. is the indicator of a set e. From Theorem [5.2]
we obtain the following result.
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Corollary 5.5. Let the semimartingale Z(t) satisfy condition (B), equation
with satisfy condition (D5), the reference equation , where @ is given by
, satisfy (R1)-(R2). Assume also that there exist a natural number ! (0 <1 <
m1) and a positive real number r such that

[ my
pi= O IS Qu +€0)e” L, +lealllL N
j=0 j=0

m m;

+epty Tt ZZWHL
1=2 j=0
2 0.5— NG
+ Z lad Iz, } + 08 SN AL, < 1,
J=l+1 =2 j=0

where & are defined in @, C4, Cs are given by and ¥; = max{log 1, 7(1 —
Tfjl)}, J=0,...,1. Then (4.3)) is M -stable, where y(t) = L (t)+ 1 o] (t)(t/r)?
for some 3 > 0.

Remark 5.4. In fact, Corollary [5.5 gives us the usual asymptotic 2p-stability in
the sense of Definition 3.1l

Proof of Corollary[5.5 Using (5.6) we easily check that the delay functions h;;(t) =
t/Ti] satisfy the d;;-condition with ¢;; = max{log 7;;,7(1—7;; 1)} (i=1,...,m, j=

0,...,m;). This enables us to use Theorem [5 - 5.2| directly. (I
Applymg this corollary to the equation
m My
dr(t) = Q™ Bx(t)dt + ) D | Qui(D)a(t/rij)dB () (¢ =05 7; > 1), (5.7)
1=2 j=0
where B¥(t) (i = 2,...,m) are independent standard Wiener processes, the n x n-

matrix Q(t) has entries from the space Lo, and

1Qi; (Il < ai;(H)VER) (=0, 2=1,...,m, j=0,...,m;)
for some ¢;; € Lo (£ is again given by (5.6)) we obtain from Theorem the
following result.

Corollary 5.6. Assume that there exists & > 0 such that

mo My

11Q + aE||r., + V052> > llgijlle. < a-

i=2 j=0
Then is Mgp—stable with respect to the initial function, where
’Y(t) = 1[0,7"]( ) + 1 [r,00] ( )(t/?‘)
for some 3 > 0.
Proof. As the reference equation we can take
m
dz(t) = (diag[—a, ..., —al¢()z(t) + g1 (1)) dt + Y gi(t)dB ' (t) (¢ >0). (5.8)
i=2

It is straightforward that conditions (R1)-(R2) are satisfied in this case. It is also
easy to see that (D5) is fulfilled. O
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The example below illustrates Corollary [5.6]

Example 5.1. The equation
dn(t) = (a6 (£)2(t) + bE~ (D) (t/70)) dt + &5 (t)a(t/7)dB(E) (¢ > 0),
(5.9)
where £ is again given by (5.6), B(t) is a scalar Wiener process, a,b,c, 79,71 are
real numbers (79 > 1,71 > 1) is My -stable, where y(t) = 1(g,,9(t) + 1jr,o0] (t)(t/r)?
for some @ > 0, provided there exists & > 0 such that

la+ b+ al + cple|vV0.5a + (Jab] + b%)dg + cp|be| v/ do < @,
and &y = max{log hg, (1 — hy *)r}.
Some situations where such a number « does exist are found in the dissertation

[T, Sect. 3.3], where the results are formulated in terms of coefficients of (5.9).
Let us now consider the case of a scalar equation of the form

dz(t) = [az(t) + bx(ho(t))]dt + cx(h1(t))dB(t) (t > 0),

z(v) =p(v) (v<0),
where B(t) is a scalar Wiener process, a, b, ¢ are real numbers, hg, h are pmeasur-
able functions such that h;(t) <t (¢t € [0,00)) for i = 0, 1, ¢ is a stochastic process,

which is independent of the (scalar) standard Wiener process B(t).
We will now exploit the following reference equation:

da(t) = (—a(Shx)(t) + g1 (1)) dt + g2(t)dB(t) (t = 0), (5.11)
where @ > 0 and h(t) is y-measurable and h(t) < ¢ for all ¢ € [0,00). We remark
that in the works [6] [7], the M -stability of (5.10) was studied with the help of
the reference equations (5.11) which was ordinary differential equations, i.e. when
h(t) =t.

From Theorem [5.2] we obtain the following corollary for equation (5.10)).

(5.10)

Corollary 5.7. (1) Assume that there exist positive numbers & and § such that the
reference equation (5.11)) satisfies t — h(t) < § (for all t € [0,00)) and conditions
(R1)-(R2). If

la+ a| + 6(a® + |ab]) + c,Vdlac| + |b] + ¢,ple|CT 1/ Co < €4,

where C1 and Cs are given by , then the zero solution of is 2p-stable
with respect to the initial function. If, in addition, there exist positive numbers dg,
01, for which t—h;(t) < 6; (i=0,1,t € [0,00)), then the zero solution of the
exponentially 2p-stable with respect to the initial function.

(2). Assume that there exist positive numbers & and &, dy such that the reference
equation satisfies t — h(t) < 6, ho(t) — h(t) < 0o (for allt € [0,00)) and
conditions (R1)-(R2). If

|a+ b+ 6(a” + [ab]) + ¢,Vd|ac| + do([bal + b%) + cp\/Sobe| + ¢|c|(v/Co/Ch) < Ci,
where Cy, Co are given by (5.2)), then the zero solution of (5.10) is 2p-stable with

respect to the initial function. If, in addition, there exist a positive number 61, for
which t — hi(t) < §1 (t € [0,00)), then the zero solution of the (5.10) exponentially
2p-stable with respect to the initial function.

Remark 5.5. Formally, the inequalities in the lemma does not include the constant
a. However, the constants C; and Cs depend on & through the formulas (5.2)).
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If the reference equation is an ordinary differential equation, then it is easy
to see that conditions (R1)-(R2) are satisfied. If equation is not ordinary,
then (R1)-(R2) may fail, and the problem of how to find exponential estimates on
the fundamental matrix U(t) and the matrix kernel C(¢, s) from the representation
for the reference equation is rather difficult. This was discussed in [2].
The problem of how one can numerically estimate the constant C in some particular
cases was studied in [4]. Similar algorithms cane be applied to the constant Cs.
Using these estimates we derive below some stability results for .

Consider the following It6 delay equation:

dx(t) = bx(t — €)dt + cx(h(t))dB(t) (t > 0),
z(v) =pv) (v <0),

b, c, e are real numbers, b < 0, ¢ > 0, —be < 7/2; }NL(t) is a p-measurable function
such that h(t) < t for all t € [0,00), ¢ is a stochastic process, which is independent
of the (scalar) standard Wiener process B(t).

Taking in the reference equation with @ = —b, h(t) = t — €, we refer to
[2], where the assumptions (R1)-(R2) are verified.

Corollary yields now the following result.

Corollary 5.8. (1). If2|b|+|c|(v/C2/C1)c, < Cy, where Cy, Cs are given by (5.2)),
then the zero solution of is 2p-stable with respect to the initial function. If,
in addition, there exists a number § > 0 such that t —h(t) < & (t € [0,00)), then the
zero solution of is exponentially 2p-stable with respect to the initial function.
(2). If |c|(v/C2/Ch)ep < Cy, where Cy, Co are given by (5.2), then the zero solution
of 1s 2p-stable with respect to the initial function. If, in addition, there exists
a number § > 0 such that t —h(t) < & (t € [0,00)), then the zero solution of

is exponentially 2p-stable with respect to the initial function.

(5.12)

The constants C7 and Cy can only be estimated numerically. An algorithm of
how to find C; with an arbitrary precision is presented in [4]. There are some
estimates from this paper in Tables 1 and 2.

TABLE 1. Estimates for C;

—br | 0.4 0.5 0.6 0.7 0.8 0.9 1.2 1.4
C; | 1.001 | 1.164 | 1.262 | 1.510 | 1.840 | 2.290 | 4.620 | 9.740

TABLE 2. Estimates for Cy

—br | 04 0.5 0.6 0.7 0.8 0.9 1.2 14
Cy | 0.754 | 0.843 | 0.948 | 1.075 | 1.233 | 1.434 | 2.666 5.833
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