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LOCALIZED NODAL SOLUTIONS FOR SEMICLASSICAL
QUASILINEAR CHOQUARD EQUATIONS
WITH SUBCRITICAL GROWTH

BO ZHANG, XIANGQING LIU

ABSTRACT. In this article, we study the existence of localized nodal solutions
for semiclassical quasilinear Choquard equations with subcritical growth

—ePApv + V(z)|o[P~ 20 = ao‘fN\v\q72v/‘ Jv@)* dy, xRN,

RN |z —y[®
: * x+ _ P2N—0)

where N >3,1<p< N,0<a<min{2p, N-1},p < g < pk, p} = SN=p)
V' is a bounded function. By the perturbation method and the method of
invariant sets of descending flow, for small ¢ we establish the existence of a
sequence of localized nodal solutions concentrating near a given local minimum
point of the potential function V.

1. INTRODUCTION

In this article, we are interested in localized nodal solutions of the quasilinear
Choquard equation

a
—ePA,u + V(2)|v|P %0 = EO‘_N\U\‘J—QU/ To)l*. dy, zeRVN,
RN T —y|* (1.1)

v(z) >0 as |z| — oo,
where A, = div(|Vv|[P72Vv) is the p-Laplacian operator, N > 3, 1 < p < N,
0<a<min{2p,N -1}, p<q<pl,p, = % is the upper critical exponent
in the sense of Hardy-Littlewood-Sobolev inequality, € > 0 is a small parameter.
The potential function V satisfies the following assumptions:

(A1) V € CHRY, R) and there exist b > a > 0 such that
a<V(zr)<b VreRN.

(A2) There exists a bounded domain M C RY with the smooth boundary d.M
such that

(7 (z), VV()) >0, VoedM,

where 7/ () is the outer normal of M at z.
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In the previous decades, the Choquard type equation has been widely studied,
we refer to [28] [TT], 12} [16] 27, 20] and references therein. The Choquard equation

2
—Au—i—u:u/ ()l dy, x€R? (1.2)
g3 [T — |

which goes back to the description of the quantum theory of a polaron at rest
by Pekar [28], and which emerged in the work of Choquard on the modeling of an
electron trapped in its own hole, as a certain approximation to Hartree-Fock theory
of one-component plasma [I1]. For the Choquard equation

P
—Au+V(z)u= \u|p*2u/ Juty)” dy, zeRY,
Ry |z —y|* (1.3)

u(z) =0 as|z] = oo,

where QNN’ 2 <p< 211\\,[_’20‘. When the potential V' is a positive constant, Lieb [12]
obtained the existence and uniqueness of positive radial ground states for , Li-
ons [I6] extended Lieb’s results to a more general case and established the existence
of infinitely many radial solutions, Ma and Zhao [20] studied the radial symmetry
and uniqueness of positive ground states for in higher dimension space via the
method of moving planes. For more related results, we refer to [23] 24], 22] 2T] 25]
and references therein. For the semiclassical Choquard equation

—2Au+V(z)u = s“’Ng(x,u)/ Gly, ulv)) dy, zeRN,

Ry |7 —yl*
u(x) >0 as|z| = 0.

(1.4)

Alves and Yang [3] proved the existence, multiplicity and concentration of solutions
for by using the Lyapunov-Schmidt reduction method [I0]. The existence and
qualitative properties of solutions for have been also studied extensively for
recent decades by variational methods [30, 1l 2]. When p = 2, Moroz and Van
Schaftingen [26] constructed the single spike solution concentrating around the lo-
cal minimum of the potential V' by using the nonlocal penalization method. Cassani
and Zhang [5] considered the existence of ground states for involving a critical
nonlinearity in the sense of Hardy-Littlewood-Sobolev. Yang and Zhang [32] inves-
tigated the existence and concentration of solutions under the local potential well
condition. Under conditions (A1) and (/a2), Li and Ma [18] proved the existence
and concentration of infinite many solutions for the subcritical Choquard equation
by using the penalization method [4] and symmetric mountain pass lemma.

In this article, we consider the existence of localized nodal solutions for the
semiclassical Choquard equation by using the method of invariant sets of
descending flow and the perturbation method. Byeon-Wang type penalization
method [4] can be used to deal with multiple localized nodal solutions for semi-
classical Schrédinger equations. Additional coercive term [I7] can be used to make
the perturbed functional has necessary compactness properties in changed space.

Under the condition (A2), the critical set

A={z e M:VV(z)=0}#0,

and without loss of generality we assume 0 € A. For any set B C RY and any
0 > 0 we denote

Bs; = {z ¢ RY : 62 € B},
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B° = {z € RY|dist(z, B) := in}f3 |z —y| < 6}
ye

Theorem 1.1. Assume that (A1) and (A2) hold. Then for any positive integer k
there exists e, > 0 such that if 0 < € < eg, equation has at least k pairs of
sign-changing solutions *v;., j = 1,...,k. Moreover, for any § > 0 there exist
w>0,C=Ck >0 andeg(d) > 0 such that if 0 < e < g,(9), then it holds that

lvje(x)] < C’exp{fﬁ dist(z, A°)} forzeRN, j=1,... k.
5
Denoting u(z) = v(ex), equation (1.1)) is equivalent to
q
— Apu+ V(ex)|ulP~?u = |u|q_2u/ L?Jﬂa dy =eRN. (1.5)
Ry [T =y
The energy functional associated with E is
1 |u(@)|?|uy)]?

=1 [ (v o [ f HOE

for u € WLP(RYN).

To obtain multiple localized nodal solutions of , we use the penalization
method due to Byeon and Wang [4]. Let ¢ € C®(RY) be a cut-off function,
Ct)=0fort<0,¢(t)=1fort >1,0<'(t) <2and 0 <((t) <1. Define

Xe(z) = e P{(dist(z, M,)).

Since the imbedding from W1P(RY) to L¥(RY) (p < s < p*) is continuous but
not compact, we choose a suitable space as working space such that the functional I,
recovers compactness on the changed space. We denote X, = W1P(RY) N L™(RY),
where L™(RY) is a weighted space defined as

s drdy, (1.6)

L™(RN) = {u € L™(R") : /RN exp{(m — p) dist(ex, M) }|u|™ dz < 400}

endowed with the norm
. 1/m
Jullzy = ([ exp{(m = p)dist(ez, M)} ul" o)
R

We define

1/p
ey = ([ (9l + Blea)lup) dz)

lullx. = lullwre@y) + llul

Ly (RN)-

Meanwhile, we introduce one additional coercive term such that I. has the nec-
essary compactness property on X.. We need some auxiliary functions. Let
&(t) € C*(R,[0,1]) be a smooth, even function, such that &(¢t) = 1 if |¢| < 1,
E(t) =0if [t| > 2,0 < &(t) <1, and € is decreasing in [1,2]. Fore € (0,1] , z € RV,
t € R, we define

be(x,t) = &(e exp{dist(ex, M)}t), me(z,t) :/0 be(x, 7) dr,

t TP K
= —- p—2 =
ko (z,1) (ma(x,t)) P2, K.(x,t) /Okg(g;,T)dT,
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where p < m <min{2,¢} f 1 <p<2;p<m<qif p>2 We define

T (u) = %/RN(Wu|p+E(ex)\u|p)da:+U/ K. (2,u) dz

1 / / / |u(@)|?|u(y)|?
+ — updzfl dx dy,
pﬂ( RN (@)l + 2q RN JRN |9U— yl

for u € X., where p < pf < ¢q, E(x) = V(z) — o, for small o, E satisfies the
assumptions (Al) and (A2) (with a different constant ' = a — o > 0).

We will use the method of invariant sets of descending flow [I9] to prove the
existence of sign-changing critical points of I'; 5, but the method of invariant sets of
descending flow can not fit well for the functional . So we use the perturbation
method [9] to overcome this difficulty. For ¢t € R*, we define

(1.7)

ba(t) = E(M), / ba(r

gr(t) = , ha(t) = ga(t) + ba(2).

Now we define

Poa@) = 5 [ (@l 4 By a0 [ Koty
F B 1R (1.8)
+ 7</RN Xe (@) |u|? do — 1)+ - qugx(w/z(u))@(u), u € X.,

pB
q
b= [ [ MO,
RN JRN |’I*

By Hardy-Littlewood-Sobolev inequality and the Sobolev inequality, we have

where

@I/Z(U) < COHU”;I/VLp(RNy

Note that if

1 \1/4q
1p < (——
([l (RN) = (C’o)\)

)

1
lu(z)| < R exp{— dist(ez, M)} for z € RV,

</sz Ye (@) |ul? dz — 1)+ _o,

for sufficiently small e, A, then I'; x(u) = I.(u) and DI'; x(u) = DI.(u). Hence we
obtain solutions of .

In the following we use ¢ to denote various constants, c. denotes constants de-
pending on € and ¢, ¢, may be used from line to line for different constants but
independent of the arguments. This article is organized as follows. In Section 2 we
prove preliminary results and verify the Palais-Smale condition for the functional
I'c,». In Section 3 we construct a sequence of sign-changing critical points of I';
by using the method of invariant sets of descending flow. In Section 4 prove Theo-
rem 1.1. In Section 5 we prove the uniform bounds on the critical points obtained
in Section 3.
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2. PALAIS-SMALE CONDITION

First collect some elementary results about the auxiliary functions and we prove
that I'.  satisfies the (PS) condition.

Lemma 2.1 (Hardy-Littlewood-Sobolev inequality [13]). Suppose o € (0, N), and
s,r > 1 with 2 41 = 22 Tep g e L5(RN),h € L"(RY), there exists a sharp
constant C(s,r,a, N), independently of g, h, such that

g(z)h(y)
— L Zdxdy <C N r hl|zs .
/RN /RN |m—y|“ xdy < C(s,r,a,N)lglL (]RN)” Iz (RN)

Lemma 2.2. For z € RY andt € R, it holds:

(1) 02 ba(a,t) < elet) < 1

(2) me(z,t) =t, if |t| < e~ exp{—dist(ex, M)};

(3) e texp{—dist(ex, M)} < |mc(z,t)| < ce™t exp{—dist(ex, M)},
if et exp{—dist(ex, M)} < |t| < 267! exp{—dist(ex, M)};

(4) |me(z,t)| = ce L exp{—dist(cx, M)}, if |t| > 27 exp{—dist(ex, M)},
where ¢ = [°&(7) dr;

(5) c1(1+ ™ Pexp{(m — p) dist(cz, M) }t|™P)|t|P~2t < ke(x,t)
< co(1 + ™ Pexp{(m — p) dist(ex, M) }|t|™P)|t|P~2t;

(6) srthe(a,t) < Ke(a,t) < Sthe(x,t);

(7) (ke(z,t1)—ke(z,t2))(t1 —t2) > ce™ P exp{(m—p) dist(ex, M) }|t1 —t2|™(p >
2); (ko(z,t1) — ke(m,t2))(t1 — t2) > ce™ Pexp{(m — p)dist(ex, M)}t; —
to ([t >~ — [t2*7™) 7 (1 <p < 2);

(8) [ke(w,t1) — ke (@, t2)| < c([ta[P~% + [t2[P~2 + ™ P exp{(m — p) dist(ex, M)}
(Ita]™ =2+ [t2| ™ =2)) b1 = t2|(p 2 2), [ke(,t1) — ke(@, t2)| < efts — Lo~ +
em=Pexp{(m — p) dist(ex, M) }|t; — t2|™ 1) (1 < p < 2).

Proof. The proof is straightforward. We only prove (6), (7) and (8).

(6) Let f(z,1) = Ka(n,1) — Sthe(n,t), g(z,t) = Ko(2,t) — Ltha(w,1), since
F(a,0) =0, 28 < ¢ for ¢ > 0; 2D > 0 for t < 0 and g(x,0) = 0, 221 > ¢
for t > 0; % <0 for t < 0. So (6) holds.

We use the following elementary inequalities (see [§]). For p > 2 and &, € RY,

1€ =P < di(|€[P726 — ]P0, & — 1), (2.1)
|16P~2¢ — [nP~2n] < da([€] + |nl)P € = nf. (2.2)
For1 <p<2and§&,neRVN,
€ — P < ds(1€P72€ — [nP~2n, & — )PP (P + )=, (2.3)
[1E[P~2€ — InP~2n| < dalé —n|P~". (2.4)

(7) For p > 2, by we have
(ks(x7t1) - ks(xatZ))(tl - t2)
_ /1 Ok (z,0t, + (1 — 0)ts)
0

_ 2
= do(t; — t2)

L 0+ (1= 0ty o\
z — p—2 _ 2
= C/O (me(x, 0ty + (1 _ g)tz)) |6‘t1 + (1 0)t2| d@(tl t2)
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> ce™ P exp{(m — p) dist(ex, M)} /1 |0t1 4 (1 — O)to|™2dO(t; — to)*
> ce™ P exp{(m — p) dist(ex, M)}|tf — to|™.

For 1 <p <2, bywehave
(ke(m,t1) — ke(z,t2))(t1 — t2)

1
> ce™ P exp{(m — p) dist(ex, M)}/ |01 4 (1 — O)to|™2dO(t; — to)?
0
> ce™ P exp{(m — p) dist(ex, M) }|t1 — ta>(t2]|*~™ + [t2|>~™) " .
(8) For p > 2, by we have
|]{7€(.’L',t1) - k5($7t2)|

_ ‘ /1 Ok (x,0t1 + (1 — 0)tz)
e ot

do(t, — tg)‘

! 0ty + (1 — )ty m—p
< _ p—2 _
< c/o (mg(azﬁtl . a)tQ)) 10t + (1 — O)ts)P~2db]t1 — o]

1
< c/U (1+ ™ Pexp{(m — p) dist(ex, M) }|0t1 + (1 — O)to|™P)

X |9t1 + (1 — H)tglp_2d9|t1 - t2|
1
< c/ 10t + (1 — 0)t2|P~2d0|t, — ta| + ce™ P exp{(m — p) dist(cx, M)}
0

« /1 10t + (1 — 0)t™ 20t — ta|
< c(|1§(i|p_2 + [t1[P% 4 €™ P exp{(m — p) dist(ex, M)}
X (62|72 A+ [t2]™72)) [t — tol.
For 1 <p <2, bywehave
|ke (2, t1) — ke(z,t2)|

1
< c/ |0, 4 (1 — 0)to|P~2dO|t — ta] + c™ P exp{(m — p) dist(ex, M)}
0

1
X / |0t1 + (]. — 9)t2|m72d0‘t1 — t2|
0

< |ty — taP7H + €™ P exp{(m — p) dist(ex, M) }|t1 — to|™ ).

Lemma 2.3. Fort € RT, it holds
(1) ga(t)=1,04(t) =0 if0 <t < };
(2) ba(t)t < ga(t)t < cx, where cy = w’-
(3) g\ (D)t + ga(t) = ba(t).

The proof of the above lemma is easy, we omit it.

Lemma 2.4. The imbedding X. — L"(RY)) (1 <r < p*) is compact.
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Proof. Let {u,} C X be bounded, then u,, — u in X, up to a subsequence if

necessary, u, — u in L7 _(RV)(1 <r < p*). We first prove u, — u in L*(R"). For
R > 0 we have

/ |u| dz
RN\ Bg(0)
m—1

< (/ e('rrL—p)dz’st(aa:,M)'u‘m dm)l/m(/ e—z:‘fdist(s;p?M) d.’L‘> m
RN\BR(0) RN\BR(0)

m—1

<l ey / et gg)
RN\ BR(0)
= og(1).

Hence

/ |un7u|d:v:/ |unfu|dx+/ |t — u| dz = 0,(1) + or(1)
RN Br(0) RN\ BR/(0)

as n — oco. For 1 < r < p*, we have
/ |t — u|" dx
RN
_ / |Un . u|r0+(170)r dx
RN
(1—6)r
1 ré . p* A
< (/ [ — w7 dz) (/ i — (=0T i)
RN RN
r0
< c(/ |un—u|dx) ,
RN

where 0 < 0 <1, L =94 =0, O

p*

Lemma 2.5. Let {u,} C X. be a Palais-Smale sequence of the functional T¢ y,
then {u,} is bounded in X..

Proof. Since

<DFE )\( ) >

/ (|VulP~2VuVv + E(ex)|ulP~ 2uv)dm+a/ ke(z,w)vdx
RN
p-1 2.
+(/ @l de=1) " [ @l de 29
RN +  JrN

q—2
h>\ 1/2 / / y)|u(z)| a u(z)v(z) da dy,
RN JRN |z — vy

for any v € X.. By Lemma [2.2] we have

Dea(u) — é(DI‘a)\(u), u)

L. p ex)|ulP)dx + o x,u)dr
= (= 2) [ 0vup 4 Bl do+o [ Kea)d

p g

o 1 B
- — ke(z,w)uder + — / S |ul?dr —1
2 [ hetwudet ([ ol as 1)’
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1 1 1 1
> (=== VulP + E(ex)|ulP)de +o(— — — ke(z,u)udr
( q)/RNu P+ Blen)lup)do+o (o= 2) [ k(o)

B
—|—c(/ Xg(x)|u\pdx—1) —c
RN +

B
> el + ulEy o)) + e [ @l de=1)" —c

Hence the Palais-Smale sequence {u,} is bounded in X.. (]
Lemma 2.6. For every e > 0, I'; ) satisfies the Palais-Smale condition.

Proof. Let {u,} C X. be a Palais-Smale sequence of the functional I'; . By

Lemma {u,} is bounded in X.. By Lemma we can assume u, — U in
L"(RN),1<r <p*. By Lemma and Lemma we obtain

0(1) :<DF57>\(U]€) — DFEA(ul),uk — ul>

= /}RN(Wuk\Hvuk — |V |P2Vuy, Vuy, — V) d
+ [ B a2~ )~ w) de
+ U/RN(kE(:c,uk) — ke(z,wp))(ug, — wy) do
(e de=1)7 [ vl .~ s
([ ve@turan=1)7" [ @l o - w)ds
Lintotony [ [ O e~ )

2 |z —y|*
1 s ()| ()| %y () (un (%) — wi ()
+ ih,\(cp(ul)) ‘/RN /RN = — gl dzx dy

2/ (|Vug P2 Vuy, — |V |P~2Vuy)V (ug — wp) da
RN
+ [ Bl =l ) = ) de
RN

+ O'/ (ke(zyup) — ke(z,wp)) (ug — wp) dz + o(1).
RN
So
/ (|Vug P2 Vuy, — |Vu|P~2Vuy, Vug, — V) dz — 0, as k,1 — oo,
RN

/ (JunlP~2up — |w|P~%w) (uy, — w) de — 0, as k,l — oo,
RN

/ (ke(z,up) — ke(z,w))(up —wy)de — 0, as k,l — oo.
]RN
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For p > 2, by (2.1) we have
/ |V (ugp — w)|P de
RN
< c/ (|Vug[P~2Vug, — [V [PV, Vug — V) de — 0, as k,1 — oo,
RN
/ lug — w|P dx
RN
< C/ (Jur P~ up — |wlP"?w) (ue — w) dz — 0, as k,l — oo,
RN
/ exp{(m — p) dist(ex, M) }|u, — w|™ dz
RN
< c/ (ke(z,up) — ke(z,w))(ug —w)de — 0, as k,l — oo.
RN
For 1 < p < 2, by (2.3) we have
/ |V (ugp — w)|P de
RN

-2 -2 p/2
< c( (IVug|P~*Vu — |V [P~*Vuy, Vug, — V) dx)
]RN

2—p

X (/ (|Vug? + |Vul|p)dx) ’
RN

p/2
< c(/ (|Vur|P~2Vuy, — |V [P 2V, Vuy, — V) daz) — 0, ask,l— oo,
RN

/ E(ex)|up — w|P dz
RN
<c

p/2
(] el 2un =l 2u) (o, — ) )
R

2—p

(g l? + Jaf?) der)

x (/
RN
-2 -2 p/2
Sc( (JugP™ug — Jug|? ul)(uk—ul)dx> =0, ask,l— o0
RN
and

/]RN exp{(m — p) dist(ex, M) }|(ur, — w)|"™ dx

< c(/RN(kE(:E,uk) — ke(x,uy))(ug — ul)dz)m/2

2—m

X (/RN e Pexp{(m — p) dist(ex, M)} (Jur|™ + |u|™) dx) ’

< c(/ (ke(zyug) — ke(zywp)) (ug — wp) daz)m/2 —0, ask,l— o0
RN

So {uy} is a Cauchy sequence in X.. O
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3. EXISTENCE OF SOLUTIONS

In this section we construct a sequence of critical points of the functional I'; »
by using the method of invariant sets of a descending flow. Firstly we define an
operator A : X — X. The vector field u — Au will be used as pseudo-gradient
vector field of the functional I'; 5. In order to obtain multiple sign-changing critical
points of I, », we introduce the abstract critical point theorem [I4] Theorem 2.5],
see also [0 Theorem 3.2].

Let X be a Banach space, f be an even C'-functional on X. Let P,Q be two
open convex sets of X, Q@ = —P. Set

W=PUQ, Y=0PNoQ.
Assume
(A3) f satisfies the (PS) condition.
(Ad) ¢* =infyex f(z) > 0.
Assume there exists an odd continuous map A : X — X satisfying

(A5) Given ¢, by > 0, there exists b = b(co, bp) > 0 such that if |Df(x)| > by,
|7 (z)] < co, then

(Df(x),z — Az) > bl|lx — Azx||x > 0.

(A6) A(OP) C P, A(0Q) C Q.

We define
I, ={ECX:Eiscompact,—E = E, y(ENn (X)) > j for n € A},
A={neC(X, X):nisodd, n(P) C P, n(Q) C Q, n(z) = if f(x) <0}
where v is the genus of symmetric sets,
v(E) = inf {n : there exists an odd map 7 : E — R™\{0}}.

Assume

(A7) T'; is nonempty.
We define

_ inf i=1,2,...:
¢; Elgrmsggwf() J=12,...;

Ko ={z:Df(x) =0, f(z) =c}, Ki=K\W.

Theorem 3.1. Assume (A3)—(AT7) hold. Then
(1) & > e, K2, £0.
(2) ¢j = 00 as j — oo.

(3) Ifcj =cjr1 =" =cjyr—1=c, then y(K?) > k.
Lemma 3.2. For anyv € L*(RY), s € (1, ), Jan I:(Z;/)\“ dy € LN=Ns¥as NiTas (RN).
Moreover
Ns N*]X]iﬁ»as
(/ ’ y|4N—N5+cTS dx) dx < c(s, N, )| s(RN)-
RN |~T - y|a

By Hardy-Littlewood-Sobolev inequality, the proof of Lemma [3.2]is straightfor-
ward, we omit it.
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Lemma 3.3 ([3I, Theorem 4.2.7]). Let Q@ C RN be a domain and let {u,} be
bounded in L1(Q) for some ¢ > 1, If up(z) — u(x) a.e. in Q as n — oo, then
Up — u in LI(Q) as n — 0.
Lemma 3.4. If {u,} is bounded in WLP(RYN), u,, — u in WP (RY) and u,(z) —
u(x) a.e. in RN then for p < q < p?,
2N
1) [~ ‘|un|q — |up — ul? — \u|q’2N‘“ dy — 0 as n — oo.
2N
) fRN “Un|q + |y —ul? — \u|q’“”‘” dy — 0 as n — oo.
2N
3) fRN ||Un|q72Un — Jup — u‘qu(un —u) — quﬂm dr — 0 as
n — 0o.
The proof of the above lemma is similar to that of [33] Theorem 2.5], we omit
it.
Lemma 3.5 ([7, Theorem 2.6]). Let o € (0,N), s € (1, 5~) and let {u,} C
LY(RM) N L*(RY) be bounded and such that, up to a subsequence, for any bounded
domain Q C RN, u,, — 0 in L*(RY) as n — oo. Then, up to a subsequence if

lzi(yyl)a dy — 0 a.e. in RN asn — oco.

Lemma 3.6. Let {u,} C WYP(RY) be such that u, — u in WHP(RY) and
un(x) = u(z) a.e. in RN asn — oo. Then, up to a subsequence if necessary,

q
RN JRN |$—y|a
_ a
S ) slte) ko, o
RN JRN |z — y|*
)|
/ / "“ Wty + on(1).
RN JRN |$_
2

/ / |un (Y)|?|un ()9 un () () dz dy

RN JRN |$*y|a
L[ ) ) o) ),y
RN JRN |z —y[*

/ / Y u(@) 12 u(z)¢(x )dxdy—kon(l)H(bHleP(RN)’
RN JRN

|z —y|*
where 0 < o < min{2p,N}, p < q < pi, ¢(z) € CL(RY) and 0,(1) — 0 as
n — oo.

necessary, fRN

From Lemmas we can prove this lemma according to [7, Lemma 2.2,
Lemma 2.4], we omit it. We define

1 p PYde +o r,u)dr
JE(U)ZE/RNOVM + E(ex)|ul?) dx + /RNKE( ,u)de.

Definition 3.7. Given u € X, define v = Au by the equation
1
§<DJE(u) + DJ.(v) — DJ.(u—v),n)

B—1
+( / x5<x>|u|de—1)+ [, xetalolr 2o do (33)
() [ [ MO 4y,

RN JRN ’

|z —yl*
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Lemma 3.8. If ||u||x. is bounded, then ||Au||x. is bounded.
Proof. By (3.3)
|\Au||§vl,,(RN + [|Aul
< e(DJ:(v),v
q 2
< Ch)\ 1/2 / / | |u | (.’I;)'U(I) dmdy
RN JRY

|z —yl®

m
L7 (RN)

< cllulfhs @) lAullwro @)
< cl|Aullwrpmny,
50 ||Aul|x. is bounded. O
Lemma 3.9. For u, v € X, the following holds: (1) For p > 2,
(DJe(u) = DJe(v), )
< e(llullfy s gy + 10 Ie @) e = vllwe @ [ @llwe @y
el 2y + 00 B M = ol [
(2) For 1 <p <2,
(DJe(u) = DJe(v), 9)
<e(llu— UHW1 » RN)H¢||W1 p@®N) + U — ’U”zlm 1RN)||¢||Lgn(1RN))~
(8) Forp>1,

(DI~ ),6) < c(lu— ] p(RN)||¢||W1,p(RN> lu—ol

Z:(%N)H(bHL;”(RN))
Proof. We only verify (1). By (2.2) and the Hélder inequality, for p > 2, we have
<DJ6(U) - DJe(v)a ¢>

< c/ (|VulP~2Vu — |Vo|P~2Vv, Vo) d;z:—l—c/ (JulP~?u — |v|P~2v)¢ dx
RN RN
Jrc/ (ke(z,u) — ke(x,0))p da
RN
<c [ (Va2 4 Vol )9 - )| Vol da
RN
e [ (s o = oljelde
RN
+C/ exp{(m — p) dist(ez, M) }(Ju|™ "2 + [v|"?)|u — v[|¢| dx
RN
(||u\|W1,,(RN + HUHWlp(Rw M= vl @y lollwre @)

el ey + 1o )t = vl s ey ] o )

Lemma 3.10. A is odd, well defined, and continuous on X..

Proof. It is easy to see that A is odd. We define

Gv) :%<DJE(U),U> + %Js(v) + %Js(u )
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+%( /. x8<x>|u|pdx—1)f’1 [ xe@lop da

q q 2
_ 7h)\ 901/2 / / )| u(z) | 2u(z)v(z) dzdy, v € X..
RN JRN |z —yl®

Equation (3.3]) has a unique solution v = Au, which can be obtained by solving the
minimization problem inf{G(v) : v € X.}. Since

1 1
G(v) 2 S(DJe(u),v) + 5Je(v) = ex Z callollyrpgny = c2llvlwrr@y) = e,

G is coercive.
Let {v,} C X. be a minimizing sequence for the functional G, v,, — v in X..
By the lower semicontinuity

G(v) = liminf G(v,) = inf{G(v)|v € X.},

n—oo

so v is a solution of (3.3). Assume vy, vy are solutions of (3.3)), then taking (vq —v9)
as the test function, we have

1 1
§<DJ5(1)1) — DJ.(va),v1 — va) — §<DJ5(U —v1) — DJ(u—vq),v1 — v2)

B—1
+ (/ Xe (@) [ul? dz — 1) / Xs(x)(|vl|p_zv1 - |v2|p_2v2)(v1 —vg)dx = 0.
RN + RN
Hence
(DJ(v1) — DJc(v2),v1 — v2) = 0.
For p > 2, by (2.1) we have
<DJ5(U1> - DJE(U2)7U1 - U2> > c(H'Ul - U2||€V1,p(RN) + ||'U1 - U2||Zn;n(RN))-
For 1 < p <2, by (2.3) we have
<DJ5(1)1) - DJs(Uz), U1 — U2>
2/p p=2
zc(/ IV (v —Uz)lpda:) (/ (Vo |? + |Vv2|p)dm)
RN RN

p—2

+C</RN 1 —vzl”dx>2/p(/RN(U1|p+|v2p)dx>p

+C</RN exp{(m — p) dist(ex, M) }|vy — va|™ dx)%

m—2
m

< ([ expltm = p) dist(ew, M)H(ur ™ + o) do)
RN

> 2 2—p 2—p -1

> cf|vy Uz||W1,p(]RN)(||U1HW1,p(RN) + HU2||W1»p(RN))

_ —1
- llor = 02l ey (1ol gy + 2225

Then we have v; = vy in X.. So (3.3 has a unique solution v = Au. Denoting

vl = ([ xe@lulae 1)
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and taking 1 = v, — v in (3.3), we have

SUDL (=) = D1ty — ), (0= 0) — (1~ )

+ %(DJE (vn) — DJ:(v), v, — v)

() [ Xl@) a0 = ol )0, = 0) o

= %<DJ5(U —v) — DJe(up —vn),u —uy) + %(DJE(un) —DJ.(u),v —vy)
+ (veln) = 0:() [ @l (o - v,) do

5l 2@t [ [ (@l @) @) = )l 2u(w)
X (vn(z) — w(x)))/|x —y|*dzdy

+ 5 (na(2(n) — a0 ()

[ [ I ) o)
RN JRN |z —yl® '
(3.4)

Now we estimate the right-hand side of (3.4). By Lemma and Lemma
suppose u, — u in X, for p > 2, we have

(DJe(u—v) — DJe(tup — vn),u — Up) + (DJe(upn) — DJ(u),v — vy)

< C(”u - Ule P (RN) + [Jun — Un”Wl »(RN) )”U —U = Up + UnHWLP(RN)

X [Ju — un”leP(RN)

+e(llu = vl Fm Gy + llun = vnll T Geny) 1t = 0 =t + a0 vy

(3.5)

Hu — un| Lm(RN)
+ C(Hun”Wl p(RN + HUIlwl P RN))Hun - “HWLP(]RN)”U - Un||W1=P(RN)
+c(llunllf,

< dlu —un|x. = 0n(1).

T RN) +lull 7y RN))Hun —ullpm@™yl|v = vnll Lm @y

For 1 < p < 2, we have
(DJ:(u—v) — DJe(Upn, — V), u — tp) + (DJ(u )fDJ()van>

< c(||u—v — Un +Un||W1 P(RN) + |u = v = up 4 vp |7,

Lm(RN )Hu - un”Xe (3.6)
+ C(Hun u||W1 »(RN) + [Jun — u||T;;(1RN))HU - UnHXs = on(1).

By Lemmas [2.1pnd (3.8 and the continuity of . (u) and hy (¢'/?(u)) for u, we have
(Veln) = 00)) [ @l 2u(0 = ) o
2 (a0 2()) — a2 (w)) 37)
[ [ OO0 D 4y,
RN RN " '

|z —yl®
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By Lemmas 2.3][3.6] and [3.8] we have

2 wn)) [ [ ()2

— o) )| u(w) (v () — v(a)) ) /I~ l* dzdy
= 1 1/2 un(y) —u U — u(x)]972
- D[] () = u) @) = (o)

x (un(ﬂf) — u(@))(vn () — v(:v)))/lw —y|* dxdy + 0 (1) = on(1).

So the right-hand side of satisfies
RHS = o0,(1).
Next, we estimate the left-hand side of (3.4)), for p > 2, by (2.1)),
LHS > (DJ.(v,) — DJ:(v), v, — v)
> c(llon = 0By gy + lom = 0l )
For 1 <p <2 by 7
LHS >(DJ.(v,) — DJ.(v), vy, —v)

1
>cllv, — U”Wl P (RN) (anle 2(RN) + HU||W1 p(RN))

-1
+lvn = 0l Em gy (lonll T Ey)) -

L RN) + ||'U|
By (3.9)-(3.11), for p > 1, we obtain ||v, —v||x. — 0 as n — co.

Lemma 3.11. Let u € X, v = A(u), then the following holds:

(1) (DT x(u),w—v) = c(|lu = vlffyr gy + 1w = 0l @));
(2) IDTex(w)| < e(X+ Fen(w) + [lu = vllx.)"lu —vlx. (v >1).

Proof. (1) We denote v = Au. For n € X, we have
<DF5,/\(U‘)777>
1
= §<DJ£(U) - DJS(U)7 77> + 7<DJ€(’U’ - U)7 77>
p-1 2 2
([ xe@lulde=1) " [ e@ur e pponds.
RN + RN
Hence
(DT a(u),u —v)

- %(DJE(U) D), u— ) + %(DJE(U — o) u— )

15

(3.10)

(3.11)

(3.12)

([ oxeharde 1) [ @l o) o) de

> C(”u - v||€vl,p(RN) +flu— UHZH(RN))'
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2) By (3.3) and Lemma we have
1
Toa(u) — 2—q<DJE(u) — DJ.(v),u)

1 1 P PYdr + o xr,u)axr
(-2 [ (9 Bl ot o [ Ko d

o 1 B
- = kax,uudx—l——/ c(@)|ufPdr — 1
o | kel wudr S @l de—1)

1 p-1 B
- &(/RN Xe(2)|ul? do — 1)+ - Xe () [v]P~2vu dx
1
+ 50t plw) + 5o (DI =) )
b e rar—1)
(lullfnngamy + Il ) +e( [ xe(@lul de = 1)

- c(/]R Xe(2)|u — v|P d:c)ﬁ

- C(HUIIW1 P (RN) + ||”||W1 p(RN)) lJu — ”HWLP(RN)HUHWLP(RN)

(3.13)

— ([l 017 ey ) ot = o ey el ey —

where we have used the estimate

TR RO e
N }%(AN Xe(@)ul” dz — 1>i - %(/RN Xe (@) |u|P dx — 1)23:1 /RN Xe (@) [ul? dz

1 A1 -2 -2
b ([ xe@lapds=1) 7 [ @)l ol s
q\JrN + RN

2o [ xeraz 1) el [ eyt o i vluldr)” e
> c(/RN Xe () [ul? do — 1)i — c(/RN Xe(@)|u — v|pdx>ﬁ .

On the other hand, by Lemma [3.9]
1
Toa(u) — 2—<DJE(u) — DJ.(v),u)

< |F5’)‘( )l + c(llu”Wl P(RN) + ||UHW1 p(RN))Hu - 'UHWLI’(]RN)HUHWLP(]RN) (3'14)

+ e(llull Fo ey + 1001 ey 1w = vl m el L vy -
By (3.13), (3.14)) and the Young’s inequality, we have
B
Iy ey + el + ([ @l do=1)"
<c(l+[Cen(u)] + [u— U||€V1,p(RN) + [lu— Uuangl(RN) + [l — U||€51,p(RN))-

By Lemma (13.12)), (3.15) and Young’s inequality, we have
[DTex (w)]

B—1
<c(([ @l o= 1)+ 1) (i m, + ol i = ol
RN +

(3.15)
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+ C(HuHLm ') T IVI7 Gy llu = vllx,
m 2
c(l + ‘Fa)\(u” + [Ju — U”wl,p(RN) + [Ju — U”L;"(RN) + [Ju — 7)||€51,p(RN))
X Jlu —vl|x,
eI+ [Tea(u)] + [Ju—vllx.)"|lu— vl x..
O

Corollary 3.12. For all bg,co > 0, there exists b = b(bg,co) > 0 such that if
ITea(u)| < co and || DT x(u)|| > bo, then u — Au # 0 and
(DT a(uw), u — Au) > bljlu — Au|| x. > 0.
Now we define the convex open sets
P = {u|u € X, |lu_|lwirm~) <6},
Q = {ulu € Xz, [[usllwrn@y) <0},

where § is a positive constant, u_ = min{u, O} and u4 = max{u,0}. We denote

/ >d dy.
RN JRN \13*3/\“

Lemma 3.13 ([13], Theorem 9.8]). Let N > 3, 0 < o < N and D(f, f),D(g,9) <
o0, then

|D(f,9)I> < D(f, f)D(9.9)
with equality for g # 0 only when f = cg for some constant c.

Lemma 3.14. There exists 65 > 0 such that for 0 < § < dy,
A(OP) C P, A(0Q) C Q.
Proof. We only prove A(0Q) C Q. For u € 9Q, let v = Au. By Lemma and

[3:13] we have

llvs Hgvl,p(RN)

< e(J.(v),vs)
q q4=2q,
com(i) [ [ QIO rects)
RN JRN |z — y
< chy ("2 (u / / Y|y ()| uy () vy (2) d dy
RN JRN |z —yl®
< cha (0"2(u)) M2 (u / / |ug (@) Moy (2 )||u+(y)|“‘1|v+(y)|dmdy)l/2
N RN JRN |z — y|~
< C>\||u+||wl,p(RN)Hv+HleP(RN):
__1
taking dy < ¢, “7" the conclusion follows. O

Lemma 3.15. There exist o > 0 and c* = ¢*(0), such that for any 0 < § < dy,
Toa(u)>c¢* >0 forallu e 0P NOQ.
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Proof. For u € 9P N 0Q, we have

]' q
Foa)2 1 [ (VaP+ Benlup)do - oot [ [ OEEIE 41,
RN RN JRN

p eyl

ZCl||“H€V1,p(RN) CQHUH 2Ng_

“(RN)

> ClPH“H?}yl P(RN) T 6252q p”u”Wl,p(RN)

C1
||U’HW1:D(]RN) > B 617 = 0*7

where §p = (252 ) =g O

Assume B = {z € RY||z| < R} € M. Let {e,}32, be a family of linearly
independent functions in C§°(B). There exists an increasing sequence R,, such
that

Jo(u) <0, YueH,, HUHXE >R,

where H,, := span{ey,...,e,} and
1 1
Jow) =5 [ (Vul? +uly ot [P d = g (o2 ) o).
D JrN RN 2q

We define ¢,, € C(B,,C§°(B)) as
=R, Ztel, = (t1,...,ty) € By = {t|t e R, t| < 1},

where R, is also chosen such that ||, (t)||x. > Ry, for t € B,,. Let
I, ={E C X.: Eis compact, —E = E, v(Enn (X)) > j for n € A},
A ={neC(X;, Xc) :nis odd, n(P) C P, n(Q) C Q, n(u) =wif I'c x(u) < 0}.
Lemma 3.16. The set I'; is nonempty.
For the proof of the above lemma, we refer to [I5, Lemma 5.6].

Theorem 3.17. Assume that conditions (Al) and (A2) hold. Then there erist
0<&<land0 < X<1, such that if 0 < e <&, 0 < X\ < X, then the functional
I'ca has infinitely many sign-changing critical points, the corresponding critical
values are

, — r i=1.2,.... 1
cj(e, ) = Elgﬁmesggw ea(u), j=12, (3.16)

Moreover

(1) there exist mj, j =1,..., independent of €, A such that

ci(e,N) <my, j=1,2,.... (3.17)

(2) Ifcj(e,A) =---=cjtr(e,N) =c, then y(K}) > k+1.
Proof. All the assumptions of Theorem are satisfied, so we only need to prove
estimate (3.17). Since E; = ¢j11(Bj+1) € Ty, for t € Bjy1, u = @;41(t), there
exist 0 < € < 1and 0 < XA < 1, such that ( [ xe(2)|u|Pdz — 1):3_ = 0, and
Ioa(u) < Jo(u), for u € wj11(Bjt1), if 0 <e <& 0< A< A Hence

ci(e, A) <my = sup Jo(u).
uck;
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4. PROOF OF THEOREM [I.1]

Theorem 4.1. (1) Assume T'; z(u) < L, DI'. zx(u) = 0. Then there exists a
constant H = H(L) such that

lullwrr@yy < H.

(2) Assume T'.(u) < L, DI'.(u) = 0. Then there exist constants pu > 0, ¢ = ¢(L)
such that, for any 6 > 0, there exists ¢ = (§) > 0, for 0 < e < e(9)

lu(z)| < cexp{—pdist(z, (A%).)} forz e RN,
The proof of the above theorem is given in Section 5.

Corollary 4.2. (1) Assume Tc (u) < L, DT x(u) = 0. Then there exists A =
ML) such that T x(u) = Te(u) and DTc(u) =0 if 0 < XA < A.

(2) Assume Tc(u) < L, DI'c(u) = 0. Then there exists € = (L) such that
Pe(u) =I.(u) and DI (u) =0 if 0 < e <E.

Proof. (1) By Theorem (1),if 0 <A< A(L) = ﬁ, then
1

lullwir@yy < (m)l/q~

It follows that I'. x(u) = I's(u) and DT'c(u) = 0.
(2) By Theorem (2), there exist constants p,c¢ = ¢(L) such that, for any
0 > 0, there exists ¢ = () > 0, for 0 < e < ()

u(a)] < cexp{—pdist(z, (A°).))
for x € RY. Let 2 =&(L) < min{y, %}, then for 0 < ¢ <,
u(z)] < cexp{—pdist(z, (A°).)}

é exp{fg?dist(ﬁ, (Aé)s)}

IN

IN

éexp{f dist(ez, M)}.

Hence me(z,u) = u for x € RN. Moreover we denote D =max{|y||y € M},

d = dist(A%, OM). Choose an integer [ > 1 such that Id > D, then for z ¢ M.
Idist(z, (A%).) > Idist((A°)., OM.) + dist(z, OM.)

l D
> —d+ || = — > [z],
3 £

hence
[u(@)] < cexp{—cdist(z, (4%).)}

< cexp{—%\ad}7 for z ¢ M..

We have
/ Xe(2)|ul? de < cs_p/ exp{—ﬂx\}dm
RN |z|>ce—1 !
< cem NPt cxp{—g} <1

and

(/RN X€($)|U‘pdx— 1)+ -0
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for 0 < e < ¢(9) sufficiently small. It follows that I'.(u) = I.(u) and DI.(u) =
0. (]

The proof of Theorem[1.1. For each positive integer k, by Theorem- 3.17] there exist
0<é<land0<A<1,suchthatif0<e<éand0<\<A, the functional I'; »
has k pairs of sign-changing critical points +u;,j = 1,...,k. The corresponding
critical values satisfy

0<eci(e, ) <...<cp(e,A) < my.
By Corollary (2), there exists e = ex(my), such that if
0 < e < ép =min{eg, &}, Te(u) <myg, DU.(u)=0,
then
Ie(u) = I.(u), DI.(u)=0.
Fixed z € (0,&). By Corollary (1), there exists Ay = Ag(my), such that if
0 <A< A =min{\g, A}, Tex(u) < my, DIzx(u) =0,
then
Iz (u) =T=(u), DI's(u) = 0.

Now for 0 < & < &, 0 < A < A, Uje = uj(e, N), j = 1,...,k are critical points
of the functional I.. Moreover, by Theorem there exist constants pu > 0,
¢ = ¢(my), such that for any ¢ > 0, there exists £,(9) such that for 0 < e < £x(9)
it holds

|uje| < cexp{—pdist(z, (A%).)}, = €RY,
hence
vjel < CeXp{—H dist(x, A%)},z € RY. 0
€

5. UNIFORM BOUND

In this section we prove Theorem It is easy to obtain part (1). So we only
prove part (2).
Lemma 5.1. Assume I'c(u) < L, DT'.(u) = 0. Then
(1) there exists cr,, such that |u(x)| < cr for x € RY;

(2) there exists d, such that [px I;f y)‘la dy <d forz € RV;
(3) for any & > 0 there exists ¢ = c¢(0,L) such that |u(z)| < ce for z €

RN\ (M.)°.
Proof. (1) It is easy to show that u is bounded in W' (RN ) and ( fpn x<(2)|ul? dz—
1)?_ is bounded. Choose ¢ = |ur[P* "Dy as the test function in (DT (u), @) =

Wherek217T>0anduT( ) =T if tu(z) > T, ur(z) = u(z) if |u(z)] <T. B
(DT.(u), ¢y = 0, it is easy to obtain the inequality

/ |Vu|p_2VuV¢dx§c/ / Pl fu(@)|" ()¢ () dx dy. (5.1)
RN RN JrN

|z —y|®
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First, let us estimate the right-hand side of the inequality (5.1). According to

Lemma [2.1] and Holder’s inequality, we obtain
q—2
/ / U)ot
RN JRN |5f —yl*
N .
< c(/ o] ar) (/ (ullur % ar) 7 (52)
RN RN

p(2N —a)

<o [ (ulurk#s ar)
RN
The left-hand side of (5.1)) satisfies
/ \VulP~2VuVe dx 2/ \VulPlupP*—D dz
RN RN
C _
> 19l P ds (53)
c EPIU 3
> [ ultur 1 da) .
By (5.2) and (5.3)), we have
k * pL* k 2Ngq p(22];]\7;Q)
([ Gullurl=y ae)™ <o ([ Qulfurl )5 dz) = G
RN RN

Letting T' — oo in (5.4]), we obtain

D Nk p(2N —«a)
* P 2Ngq INq
(/ |ulP kdm) < ck”(/ |u|2N=a d:E)
RN RN
Wehwrite X = % > 1. By using iteration, starting from k; = % > 1,
we have
= 1 —1 T
(/ JufP"X dac)p < (cxpn)w(/ JufP"X dx)" T (5.5)
RN RN

for n =1,2,.... Hence by (5.5) we have

[ul| oo vy < cflull Lor mvy < L. (5.6)

(2) In view of 0 < @ < N — 1, for € RY we have

[ ([ el
RN |ZE - y|a - lz—y|>1 |£C - y|a lz—y|<1 |£E - y|a

1
<l + [ o dalull )

|lz—y|<1 |z — y
< C(”UHqu(]RN) + ||u||q°O(RN)) =C.
(3) For zg € RY, 0 < p < R < 1. Choose n € C$*(RY,[0,1]) such that
n(z) = 0 for x ¢ Br(xo); n(z) =1 for z € B, = B,(x0) 7, Take
¢ = ulu|P*=VpP p > 1 as the test function in (DI'. y(u), ) = 0, we have

q 2
/RN |Vu|P2VuVedr < c/]R /RN ) fu(@)[* “ulw)e(z )dxdy. (5.7)

|z — y[*
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The left-hand side of (5.7) satisfies
LHS

Z/ |Vu|p|u|p(k71)77pd:c—|—p/ \VulP~2Vu|u|PFDunP~ vy dx
RN RN

> / VulPluf? "D de — p / Tl | DD o1 |
RN RN

>c [ VP - [ e ds (5:8)
RN RN

C
> =
kp RN

c * P c
> — upkdx?*—i/ ulP* dx.
[t ® = s [
By (5.6), the right-hand side of (5.7)) satisfies
RHS < c/ |77 [u|PEnP dz < CL/ |u|P* d. (5.9)
RN

Br
By (5.8) and (5.9)), we have

. /p* kP
(/ |Up kdx)pp S(_Rfllipw/ ‘U|pkd1' fOI'k’Zl
B, - Br

V(P de—c [ Vol s

By iteration we obtain

ull Lo (B(2,r/2)) < crLllullr(B(z,R))- (5.10)
Since
/ |ulP dz < eseP,
RN\(M.)°
by (5.10)), we have |u(z)| < ¢(d, L) for z € RNV\(M.)°. O

Let &, — 0, assume u,, € WLP(RN), DT (u,) =0, T, (u,) < L. Since {uy,} is
bounded in W1P(RY), we have the following profile decomposition [29],

U = > Uk = Yni) + 7, (5.11)
keA
where A is an index set, y, r € RY,
(1) un(-+ ynk) = Uy in WHP(RY) as n — oo.

)
(2) |Yn.k — Yna| = 00 as n — oo for k # L.
3) Hun”II:VlvP(]RN) =2 kea HUk||€V1,p(RN) + ||7"n||€vl,p(RN) +o(1) as n — oo .
(4) llrallpe gy = 0 asn — 00, p < 5 < p*, |uallze@ny = Zren IUkll7s @y +

o(1) as n — oo.
By Lemma (3) we have

lim dist(yn,x, M., ) < +oo.

n—oo

We denote
yr = lm enynp.
Since dist(yy k, Mc, ) = €, dist(e,,yn k, M), we have

dist(y;, M) =0, ie. y; € M. (5.12)
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Lemma 5.2. Assumee, — 0, DT, (u,) =0, T¢, (un) < L. Let Uy, = un(-+yn) —
U in WEP(RN), y, € RN, limy, 00 €nyn = y*. Then Z = |U| satisfies

/ |VZ|HVZW dx + /N |Z[P~ o dx
R

912 ( q—1
<// IZE) et )
RN JRN |z — yl|*
for o € WHP(RY), o >
5’°

Proof. Let ¢ € (RM).  Selecting ¢, () = ¢(r — y,) as a test function in
(DT, (un), pn) = 0, we have

(5.13)

/ (IVan P72V, Vo + E(en(z + yn)) |0 |[P2tnyp) do

RN

to / e (& 4+ Yoy ) + o, (1) / vou (& + gl Zinpde (5.14)
RN

S LA NEEE P
RN JRN |z — yl|* .

Let R > 0, such that ¢(x) =1 for |x| < R and ¢(z) = 0 for |z| > 2R. The sequence
{ii,} converges in L1 (RN), p < ¢ < p*. By Lemma we have

loc

/ (V[P Vi, — |V |P~> Vi, Vi — Vi) do
RN

=t 1/p
< c(/ (|Vﬂk|p+|Vﬁl|p)dz> ’ (/ \aramdx)
RN Bar(0)
=1 ~ ~ 1/p
+ c(/ (|aglP + @) daz) (/ |ty — @]? dm)
RN Bar(0)

ve( [ G s laman) ™ ([ e dmaz)

_,_2Ng _ | _2Ng S
o [ Gl a)#%) ds)
RN

(5.15)

2N

2Ng 2
« (/ i — i 5 dr) T+ o(1)
Byr(0)
< clltr = W Lo (Bar (o)) + cllir = Wl Lm(Byr(0))

+o(1)

+ et — |

Lo & (B2r(0))
—0 ask,l—o0.

For p > 2, by (2.1) and (5.15) we have

/ |V(’L~Lk — ﬂl)‘p dxr
Br(0)

< c/ (|Vag P2V, — |V |P 2 Vi, V(u, —w))ede — 0,
RN

as k,l — oo.
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For 1 < p <2, by (2.3) and (5.15) we have

/ |V (t —w)|? d
BRr(0)

e - 2 - ~ _ p/2
< c( (Vg P~V — |V [PV, V(a, — ) e dx)
]RN

2-p

x (/ (IVal? + |Vﬁl|p)g0dx) ’
RN
P 2o~ B B p/2
< c( (Vg P~V — |V [P~V V(i — ul)gpdz> —0 ask,l— oo
RN
Since p(z) = 1 in Br(0) and ¢ > 0. Hence @, — u in W'lf)’f(RN). Let z, = |tp],
Wy = (42 + 0%)1/2 — §, then it follows from Lebesgue dominated convergence

theorem that w, s € WLP(RY), and w, s — zn in W“’(RN) as 6 — 0. Now for
any ¢ € C°(RN), ¢ > 0, we have o5 = @i, (@2 + 6%)~2 € WLP(RN), and

/ (IVn|P~2Vw, sV e + E(en(z + yn)an]?~*wn,sp) da
RN
= [ Vil V5, V(i + ) da
]RN
+ | Elen(@ + yn))lin|P> (a2 + 6%)'/? = 6)p da
RN
= [ (VP2 Vies — Vi P2 + )22 (5.16)
RN
+ Een(@ + yo )P 72((@2 + 022 - 6)p) da

S/ (|Vﬂn|p_2Vﬂnv¢5 +E(5n(x+yn))‘ﬂn|p_2ﬁn‘p5) dx

qg—1
<[ [ B, ,
RN JRN |z —yl®

Let 6 — 0 in (5.16)), for ¢ € C°(RY), ¢ > 0, we obtain

/ (IV2n P72V 2, Vo + |2, [P ) da

q q—1
<c/ / [ @)% en (@) P (@ )da:dy.
RN JRN |$*y|a
By %, — v in W,

LP(RN) as n — oo, we have z, — Z in WLP(RN) as n — oo.
Hence we complete the proof by a denseness argument. ([

(5.17)

Lemma 5.3. A is a finite set.

Proof. Z), = |Uy| satisfies (5.13) and take ¢ = Z, in (5.13), we have
12k ()| 2k (2) |7
||ZkHW1 p RN) /RN /RN |.1? — y|0‘ dx dy < CHZk”Wl P (RN)* (518)

So there exists m > 0 such that ||[Ug|lw1.»@~y) > m. By the property (3) of the
profile decomposition ([5.11)), we know A is a finite set. a
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Assume that the sequence {u,} has the profile decomposition (5.11)). Define
A={1,...,k}, QW =R"\{UpearB(ynr, R) UB(0,R)}.

Lemma 5.4. Assume DT, (u,) = 0,1, (un) < L. Then there exist ¢ = ¢(L), p,
independent of n, such that

. Ge, (2, Un, V) dz < ce ™ for z € QWY
Q'

where

Gsn (1'7 Unp, vun)

B
= 190l a4 e G+ (e @lual? de=1) T v @)l

Moreover, we have
[ (7)] < ce B forx € Qg).

Proof. By the decomposition (5.11]) we have
||unHLq(Qg>) =og(l), p<g<p,
where or(1) — 0 as R — 400, by Moser’s iteration we have
[unll oo ) = 0R(L)-
Let n € C*°(RY) such that n(z) = 0 for = ¢ Qg); n(x) =1 for z € QS;LJ)A and
|Vn| < 2. Take ¢, = u,nP as test function in (DI'¢, (uy,), ) = 0, we have

/(n) (|Vun\p + E(Enm)|un|p)n” dx + U/(n) ke, (@, up)unn® dx
QR QR

B—1
H ([ xe@lulde=1) 7 [ @l do
RN + Q;")
q qnpb
C[ ] e,
Q%U RN

|z — yl|*

—p/ |V [P~ 2V, u,n? Vi da.
Q(") \Q(")

By Lemma [5.1| (2) and ||un||Loo(Q(n)) = opr(1) we obtain
R

()9, (2)]97P 1
/ dx/ |un (y)|?un(2)|90P () dy < 7/ E(e02)|un|PnP da.
Q) RN 2 Jom
R R

|z — yl|*

Also

\Vun|p*2Vunun77p*1V77 da:‘

| (n )
ey,

<o [P se [ d,
QR QR \QR+1

So, we have

/(n) G., (z,un, Vuy,) dr < c/(n) o Ge, (z,upn, Vuy,) dz.
Q Qp\Q

R+1 R+1
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Consequently,

/( ) Ge, (z,up, Vuy,) dr < 9/( )Gan(x,un,Vun)dx,
- Q'

R+1

p— C
where 0 = )

/( ) G, (z,up, Vuy,) dz < ce MR
Qi

where 1 = —Inf > 0. And by Moser’s iteration, we have |u,(z)| < ce " for
zely. O

Lemma 5.5. For every k € A, it holds y; = limy, 00 €nYnk € A.

Proof. If not, we assume that there exist k € A, €, > 0, €, — 0 as n — oo and
dist(y;, A) > 0. Let t, = VV (y;) # 0. Then by condition (A2) there exists d; > 0
such that

1
(ti, VV(z)) > §|z:,€|2 >0, (tg, Vdist(z,M)) >0 forz € By, (y;). (5.19)

Set
oo = min{ly; —y/'lyr v/, k, 1=0,1,..., ko, y5 =0}
Let )
1) ) 2
0< <m1n{ 1 75092 1.
Denote

B = {z||x — yni| < 206, '},
T, = z|0e,* < |z —yni| < 20e,!
Choose 7 € C5°(RY) such that n(x) = 0if |z —y, x| > 20e, 1 n(x) = Lif [z —yn x| <
eyt and |V < 26,(< 1). By (DI., (uy), ¢) = 0 for ¢ € WHP(RY), we have

/ (IVun [P?Vu, Vo + E(en)|un P 2unep) do + a/ ke, (z,un)p dz
RN RN

B—1
+ (/ Xe,, ()| un|P de — 1) / Xe,, (x)|un\p_2un<p dx (5.20)
RN + RN

L[ ) et
RN JRN |z —yl|* '

Choosing ¢ = (tx, Vu,)n as test function in (5.20), we obtain the local Pohozaev
identity

En (tk,VE(Enx))Wn\Pndx—i—a/ (ti, Voke, (@, u,))n dx
p N N

1 B—1

- P )

z/ |Vt [P~2(Vn, V) (t, Vuy,) dz
RN

1
— 5/ (IVun|? + E(enx))|un|?)(tk, V) dz — O'/ ke, (2, upn)un(ty, V) do
RN RN

1 g1
([ @z =1) [ @ (6, T do
P NIy + RN
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_«a / / (W_y)|un<y>|Q|_un<f+>|;n<x> Loy
RV JRV £ \
RN ]RN |x |a

Next, we estimate all terms of the above inequality. By (5.19)), we have

en/ (te, VE(en2))|unPnda > cep,
RN

and

B—1
(/ Xe,, (z)|up|P de — 1) / (VXE” (x),tk)|un|pn dx > 0.
RN + RN
Hence the left-hand side of ([5.21)), satisfies
LHS 2 CEn. (5.22)
We estimate the right-hand side of (| , by

|Un( )|q|un($)|q77($)77(y) _
/]RN /]RN |z — ylot? dwdy =0,

|un ()| un (2)|n(x)
AN /RN(tkaxiy) | _y‘a_;'_g dl'dy
[ O ) g,
RN ]RN |z — ylot?

|tn ()| |un (y)|?
= c/ﬂy—yn,klzée;l W dx dy

|z—yn K| <26e !

[n ()| (9)|
: C/%Eilﬁlyfyn,k\gs&;l W dz dy

|T—Yn, k|<265_1

Jun ()| ]un(y)|¢
//y Yn,k|>36e" |;v— |1 du dy

‘ZE Yn, k|<25871

= I+1I,

then

where

II<c//y Y| 2366 L un ()9 wn (2)|? 6a+1 et de dy < et

|&—yn, k| <20t

The region T;, = {y|de;! < |y—yn.r| < 30e;,'} is contained in Q 1, by Lemma
we have

lun (y)] < ce*“‘ssgl,y €T,
Then

—qu&:;l |un(x)|q
Isee /Aﬁﬁlﬁ\y*yn,klﬁ35651 |z — y|ott d dy

|T—yn, k|<25€;1

1
—quée;
< ce” M0%n //‘3c gl <5t Wmn(xﬂqdydx

|7" Yn, k‘<26 ot

-1
< Cefqp,(san 5;N+a+1 < CEn +1 .
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By Lemmas [5.1] and we obtain that the right-hand side of (5.21]), satisfies
RHS < c/ G, (2, un, Vuy,) dr + ce2 Tt
T

—1
< e 4oeettl < et

Therefore ce,, < ce®*1. Since 0 < a < min{N —1,2p}, we arrive at a contradiction
as n — 0o. The proof is complete. O

The proof of Theorem (2). By Lemma
|tn (x)] < ce ™R for x € Q%).
Let R, (x) = min{|z — yn x|k € A}. Then

un (z)] < ce Fn@) for 2 € Qg;)

Since e yn ik — Y5 € A, for any 0, there exists €(6) such that for e, < £(4),
Enyn,k € A°, hence

[ (z)] < ce™Hn < ce Hdist@(A)en) g e RN,

O
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