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EXISTENCE OF SOLUTIONS FOR p-LAPLACIAN FUNCTIONAL
DYNAMIC EQUATIONS ON TIME SCALES

CHANGXIU SONG

ABSTRACT. In this paper, the author studies boundary-value problems for p-
Laplacian functional dynamic equations on a time scale. By using the fixed
point theorem, sufficient conditions are established for the existence of positive
solutions.

1. INTRODUCTION

Let T be a closed nonempty subset of R, and let subspace have the topology
inherited from the Euclidean topology on R. In some of the current literature, T is
called a time scale (or measure chain). For notation, we shall use the convention
that, for each interval of J of R, J will denote time scales interval, that is, J := JNT.

In this paper, let T be a time scale such that —r, 0, T € T. We are concerned
with the existence of positive solutions of the p-Laplacian dynamic equation, on a
time scale,

(6@ @)]” + Aa(t) f(a(t), 2(u(t) =0, te (0,T),

’ (1.1)
IO(t) = w(t)v te [77"7 0}7 ‘T(O) - BO(:CA(O)) = 07 IA(T) = 07
where A > 0 and ¢,(u) is the p-Laplacian operator, i.e., ¢p(u) = [u[P=2u, p > 1,
(dp) " H(u) = dg(u), % + % = 1. Also we assume the following:

(A) The function f : (R*)? — R¥ is continuous;

(B) the function a : T — RT is left dense continuous (i.e., a € Ciq(T,RT)).
Here C4q(T,R™) denotes the set of all left dense continuous functions from
T to RT;

(C) 4 : [-r,0] = RT is continuous and r > 0;

(D) p:[0,T] — [—r,T] is continuous, u(t) <t for all ¢;

(E) By : R — R is continuous and satisfies that there are 8 > § > 0 such that

§s < By(s) < Bs for s € RT.
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p-Laplacian problems with two-, three-, m-point boundary conditions for ordi-
nary differential equations and finite difference equations have been studied exten-
sively, for example see [3], Bl [9] [TT] and references therein. However, there are not
many concerning the p-Laplacian problems on time scales, especially for p-Laplacian
functional dynamic equations on time scales.

The motivations for the present work stems from many recent investigations in
[2, [7, 10] and references therein. Especially, Kaufmann and Raffoul [7] considered
a nonlinear functional dynamic equation on a time scale and obtained sufficient
conditions for the existence of positive solutions. In this paper, we apply the fixed
point theorem to obtain at least one positive solution of boundary value problem
(BVP for short) (1.1). We do not need the condition that f(z1,x2) is increasing in
each x;, for z; > 0,7 = 1,2. And we claim the condition ¥ = 0 is not essential in
our results.

For convenience, we list the following well-known definitions which can be found
in [1L [, [6] and the references therein.

Definition 1.1. For ¢t < sup T and r > inf T, define the forward jump operator o
and the backward jump operator p:

ot)=inf{reTlr >t} €T, p(r)=sup{reTr<r}eT

for all t,r € T. If o(t) > t, t is said to be right scattered, and if p(r) < r, r is said
to be left scattered. If o(t) = ¢, t is said to be right dense, and if p(r) = r, r is
said to be left dense. If T has a right scattered minimum m, define T,, = T — {m};
otherwise set T,, = T. If T has a left scattered maximum M, define T* = T — {M };
otherwise set T" = T.

Definition 1.2. For z : T — R and ¢t € T", we define the delta derivative of x(t),
22 (t), to be the number (when it exists), with the property that, for any £ > 0,
there is a neighborhood U of t such that

[2(a()) = 2(s)] = 22 (t)[o(t) — ]| < elo(t) 5|

forall s € U. For x : T — R and ¢t € T,, we define the nabla derivative of x(t),
zV(t), to be the number (when it exists), with the property that, for any ¢ > 0,
there is a neighborhood V' of ¢ such that

[z(p(t) — z(s)] = 2V () p(t) — s]| < elo(t) — 5|
forall s € V. If T = R, then z2(t) = zV(t) = 2/(t). If T = Z, then 2°(t) =
z(t + 1) — x(t) is forward difference operator while 2V (t) = z(t) — x(t — 1) is the
backward difference operator.
Definition 1.3. If F2(t) = f(t), then we define the delta integral by f(f f(s)As =
F(t) — F(a). If ®V(t) = f(t), then we define the nabla integral by [ f(s)Vs =
D(t) — ®(a).

In the following, we provide the definition of cones in Banach spaces, and we
then state the fixed-point theorem for a cone preserving operator.

Definition 1.4. Let X be a real Banach space. A nonempty, closed, convex set
K € X is called a cone, if it satisfies the following two conditions:

(i) z € K, A > 0 implies Az € K;;

(ii) z and —z in K implies z = 0.
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Every cone K C X induces an ordering in X given by z < y if and only if
y—zeK.

Lemma 1.5 ([§]). Assume that X is a Banach space and K C X is a cone
in X; Qi, Qy are open subsets of X, and 0 € Q; C Qy. Furthermore, let F :
KN (Qa\ Q) — K be a completely continuous operator satisfying one of the
following conditions:

) [[F(@)|| < |l=|| for all z € K NQy, ||[F(z)|| > ||z|| for all z € K N 0Qy;
(i) |[F ()| < ||z]| for all x € KN Oy, |[F(z)|| > ||z|| for all x € K N OQ;.
Then there is a fived point of F in K N (Qs \ Q).
2. MAIN RESULTS
We note that z(t) is a solution of if and only if
T
Bo(4( o Aa(r) f(w(r), a(u(r) V7))
2(t) = $ + Jy o0 ([T Nal)f (), 2(u(r)Vr) s, 1€ [0,T), (2.1)
1#(15); te [_Tv 0]
Let X = Ciq([0,T],R) be endowed with the norm ||z|| = max;cjo,7 |z(t)| and

K={ze X :z(t) > ||| for ¢t € [0,T7]}.

]
T+
Clearly, X is a Banach space with the norm ||z|| and K is a cone in X. For each
x € X, extend x(t) to [—r,T] with x(t) = ¢(¢) for ¢t € [-r,0].

For t € [0,T], define F : P — X as

Fa(t) = By (%(/T dalr)fa(r).a(u(r)Vr))
t 0 , (2.2)
+/0 (pq(/s /\a(r)f(x(r),l“(M(T)))Vo As,
We seek a fixed point, z1, of F' in the cone P. Define
xl(t)a 3 [O>T]>
2(t) = {W), ¢ E —r,0].

Then z(t) denotes a positive solution of (1.1). It follows from (2.2]) that
[1Fzl| = (Fa)(T)

= Bo(on( [ Aatr) ). 2(utr) )
t [ ol [ a0 e oo 2
< (T+ N0y / o) alr)alu(r)).
From and , we have the following lemma.

Lemma 2.1. Let F be defined by (2.2). If z € K, then
(i) F(K)C K.
(ii)) F: K — K is completely continuous.
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(i) z(t) > ~5 ||, t € [0, T].

=
T+B
We need to define subsets of [0, T] with respect to the delay u. Set

Yi:={t€[0,7]: u(t) <0} Ya:={t€[0,T]:p(t) =0}

Throughout this paper, we assume Y; is nonempty and le a(r)Vr > 0. Let

. AL (TN
(T4 B)g( fy a(r)vr) " 0% ( [y, alr)Vr)’
7= L _
(T + B)dq ( fo a(r)Vr)

In additions to Conditions (A)—(E), we shall also consider the following:
(H1) lim,_ o+ 1526 < p=1 uniformly in s € [—r, 0];

x

f(z1,22) <Pt

p—1  p—1

H2) lim . —— b2l
( ) z1—0t;20—01 max{z? .zl 1}

(H3) limy— oo % > mP~1, uniformly in s € [—7,0].

Theorem 2.2. Assume Conditions (A)-(E), (H1)-(H3) are satisfied. Then, for
each 0 < A < oo, BVP (1.1) has at least a positive solution.

Proof. Apply Condition (H1) and set €1 > 0 such that if 0 < z < g1, then
f(z,(s)) < (lx)P~1,  for each s € [-r,0].
Apply Condition (H2) and set e > 0 such that if 0 < 21 < £3,0 < 23 < &9, then
flay, o) < max{z? ™", 25~ Pt
Set p1 = min{ey, e2}. Then, for any € K with ||z = p1, from (2.3), we have
[ Fa]|

<(T+ﬂMq1%(ATdﬂf@v%MMM»Vﬂ
=+ o oo

Y1

avﬁ@wx¢wvmvT+/

Y2

alr)f(@(r), 2(u(r)) V7 )]
SMT+ﬁM“4£ﬁ%WGH%(ATMHVO

— T+ 6)Aq‘1|x||¢q(/0Ta(’")V’")

= ||z|| for x € K NOQy,

(2.4)
where 3 = {z € K : ||z]| < p1}. On the other hand, apply Condition (H3) and set
p2 > p1 such that if x > 72—, then

f(x,9(s)) > (ma)P~!,  for each s € [-r,0].
Define Qy = {z € K : ||z|| < p2}. For z € K with ||z| = p2, we have

z(t) >

t T
Frglel te.T)
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Thus, we have
|Fa| = (Fa)(T)
T
> 30, [ Aa(r)(a(r).a(ulr))) V)
> 0x 16, ([ ol f(atr), vtu(r) V)

' (2.5)

> maxt ! in{a(t)} 0y | alr)vr)

mé2 11
T lellen( [ atvr)
= |lz|| for x € K NoQs.

Applying Condition (i) of Lemma the proof is complete. d

Note that Theorem is useful, but it does not apply if
fxy,m0) = 22 + 22,

and if p(t) < 0 for some ¢ satisfying ¥ (u(t)) > I and p = 2, for example. That is,
Condition (H1) is not satisfied in this case.
We now provide a second theorem to address the above case. Firstly, we assume
(H2")

f(21,22) T
z1—0%;22—0% IHE:LX{LIIII)_I, .’Eg_l}

Theorem 2.3. Assume Conditions (A)-(E), (H2’) and (H3) are satisfied. Then,
there exists L > 0 such that for each 0 < A < L, BVP (L.1)) has at least a positive
solution.

Proof. We outline the proof as a modification of the proof of Theorem [2:2] Only
the argument in the construction of € is modified. As in the proof of Theorem [2.2]
apply Condition (H2’); this time set €5 > 0 such that if 0 < 27 < £9,0 < 29 < &9,
then

f(z1,22) < max {xfﬁl,xé’*l}ﬁ’*l.
Now, set p; = g5 and define
U ={zeK:|z| <p}

In particular, note that p; is independent of A\. Let

D= {maxxeﬁl le f((E(’I")7 ¢(N(r))vr) }p—l
(T + By ( Jy alr)Vr)
Recall that f is continuous so D is well defined. Assume

P1 . 791
max, ..q, fyl f(x(r)7¢(M(T))V7') } =t .

A< min{l,
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Then we have
| Fa||

<@ [ atr) 0,0 v)
=@+ oo [

Y1

() fr) )V + [ alr) (), alur) V7))

Y2

~ T
< (T + B)A ' max {DI™ 1,1 ?g%c{:ﬂ(t)}}qsq (/0 a(r)Vr)
<|lz| forxe KNo.

The remainder of the proof of Theorem [2.2] carries over verbatim. O

We now consider analogous conditions:
(H4) lim,_o+ L) o mP~1, uniformly in s € [—r,0];

rp—1
(H5) limg— 0o % < [P~1, uniformly in s € [—r,0];

f(£££71w2)pf1 <Pl

(H6) limy, —ooizs—oo max{z? "2l 1}

Theorem 2.4. Assume Conditions (A)-(E), (H4)-(H6) are satisfied. Then, for
each 0 < A < oo, BVP (1.1)) has at least a positive solution.

Proof. Apply Condition (H4) and set p; > 0 such that if 0 < = < pq, then
F@,9(s)) > (ma)'~".
Define Oy = {z € K : ||z|| < p1}. For z € K with ||z| = p1, we have

x(t) = llzll, ¢ <077,

Thus,
|Fz| = (Fz)(T)

> b0u( [ Aatr) ). a(utr)) )
> 0310, ar)alr). () V)

1

> maxt mina(0))o, ([ atr)r)

m o [ )

= ||z|| for x € K NOQ;.
To construct €25, we consider two cases, f bounded and f unbounded: When f is

bounded, the construction is straightforward. If f(z1,25) is bounded by N?~1 > 0,
set

T
p2 = max {201, N(T+ 0)6 (| alr)Vr)}:
0
Then define Qs = {z € K : ||z|| < p2}. For z € K with ||z| = p2, we have

IFall < N(T+8)o,( | alr)¥r) < po
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Assume f is unbounded. Apply Condition (H5) and set €1 > 0 such that if z > &4,
then

f(z,9¥(s)) < (lz)P~1, for each s € [—r,0].
Apply Condition (H6) and set e2 > 0 such that if 1 > €5, 29 > €9, then
f(r1,72) < max {x’l’_l,xé’_l}l’”_l.
Set po = max{2p;,e1,e2}. Then, for any z € K with ||z|| = ps, from (2.3), we have
[F|

<@ [ atr) 0,0 v0)
=@+ oo [

Yy

() f) )T+ [ alr)fa(r),alur)V7)|

Y>

SUT+ AN mae (1)) / Ta(rwr)

T
=17+ N el [ ar)vr)
= |lz|| for x € K NoQs,

where Q5 = {z € K : ||z|| < p2}. Apply Condition (ii) of Lemma the proof is
complete. 0

Similarly, assuming
(H6’)
lim f(@,22)

2 < !
- — )
T1—00;T2—00 max{xf ’xg }

we have the following theorem which is analogous to Theorem

Theorem 2.5. Assume Conditions (A)—(E), (H5) and (H6’) are satisfied. Then,
there exists L > 0 such that for each 0 < A < L, BVP (1.1) has at least one positive
solution.
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