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ASYMPTOTIC PROPERTIES OF SOLUTIONS TO
THREE-DIMENSIONAL FUNCTIONAL DIFFERENTIAL
SYSTEMS OF NEUTRAL TYPE

EVA SPANIKOVA

ABSTRACT. In this paper, we study the behavior of solutions to three-dimensional
functional differential systems of neutral type. We find sufficient conditions
for solutions to be oscillatory, and to decay to zero. The main results are
presented in three theorems and illustrated with one example.

1. INTRODUCTION

We consider neutral functional differential systems

/
[y1(t) — a1 (9(1)]" = p1(t)y2(2),
ya(t) = pa(t)ys(t), (1.1)
ys(t) = —ps() f(y1 (R(2))), t = to.
The following conditions are assumed:
(a) a: [tg,00) — (0,00] is a continuous function;
(b) g : [to,00) — R is a continuous and increasing function and lim; . g(t) =
003
(¢) pi: [to,00) — [0,00), ¢ = 1,2,3 are continuous functions; ps not identically
equal to zero in any neighbourhood of infinity, [~ p;(t)dt = oo, j = 1,2;
(d) h:[to,00) — R is a continuous and increasing function and lim; ., h(t) =
003
(e) f:R — Ris a continuous function, uf(u) > 0 for u # 0 and | f(u)| > K|u|,
where K is a positive constant.
For t1 > tg, we define
t1 = min{ts, g(t1), h(t1)}.
A function y = (y1,y2,ys) is a solution of the system (1.1)) if there exists a t; >
to such that y is continuous on [t1,00), y1(t) — a(t)y1(g9(t)),yi(t), i = 2,3 are
continuously differentiable on [t1, 00) and y satisfies (1.1]) on [t1, 00). Denote by W

2000 Mathematics Subject Classification. 34K25, 34K40.

Key words and phrases. Differential system of neutral type; asymptotic properties of solutions.
(©2005 Texas State University - San Marcos.

Submitted February 12, 2005. Published April 27, 2005.

Supported by grant VEGA No. 2/3205/23 of Scientific Grant Agency of Ministry of Education
of Slovak Republic and Slovak Academy of Sciences.

1



2 E. SPANIKOVA EJDE-2005/47

the set of all solutions y = (y1,y2,y3) of the system (|1.1)) which exist on some ray
[Ty, 00) C [to,00) and satisfy

3
sup { Y [yi(t)] :t>T} >0 forany T > T,
i=1

A solution y € W is considered to be non-oscillatory if there exists a T} > ¢y such
that every component is different from zero for ¢t > T;,. Otherwise a solution y € W
is said to be oscillatory.

The purpose of this article is to study asymptotic properties of solutions to
the three-dimensional functional differential systems of neutral type and also
the special asymptotic properties of solutions whose first component is bounded.
The asymptotic and oscillatory properties of solutions to differential systems with
deviating arguments has been studied for example in the papers [11 2, 4, 8] 10} [1T].

For a y;(t), we define

z1(t) = yi(t) — a(t)y1(g(t)). (1.2)
Denote

s = [(m@de. Palst) = [ ) [ e
Pg(s,t):/:pg(as)dx, P271(s,t):/tspz(v)/tvpl(x)dxdv, s> 1> 1o,

2. CLASSIFICATION OF NON-OSCILLATORY SOLUTIONS

Lemma 2.1 ([6 Lemma 1]). Let y € W be a solution of (1.1)) with y1(t) # 0 on
[t1,00), t1 > to. Then y is non-oscillatory and z1(t),y2(t), ys3(t) are monotone on
some ray [T,00), T > t;.

Let y € W be a non-oscillatory solution of (1.1)). From (1.1} and (c) it follows
that the function z;(¢t) from (1.2]) has to be eventually of constant sign, so that
either

y1(t)z1(t) >0 (2.1)
or

y1(t)z1(t) <0 (2.2)
for sufficiently large t. Assume first that holds. From [6, Lemma 4] it follows
the statement in Lemma [2.2]

Lemma 2.2. Let y = (y1,y2,y3) € W be a non-oscillatory solution of (1.1) on
[t1,00) and that (2.1) holds. Then there exists a ty > t1 such that for t > to either

Y1 (t)Zl (t) >0
y2(t)z1(t) <0 (2.3)
yg(t)zl (t) > 0

yi(t)z1(t) >0, i=1,2,3. (2.4)

Denote by N;~ the set of non-oscillatory solutions of (1.1)) satisfying (2.3), and
by N; the non-oscillatory solutions of (L.1)) satisfying (2.4). Now assume that (2.2)

holds. With the aid of the Kiguradze’s Lemma is easy to prove Lemma [2.3
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Lemma 2.3. Let y = (y1,y2,y3) € W be a non-oscillatory solution of (1.1)) on
[t1,00) and (2.2) holds. Then there exists a ty > t1 such that for t > to either

Y1 (t)Zl (t) < 0
yg(t)zl (t) >0 (25)
y3<t)2:1 (t) <0

o Y1 (t)Zl (t) < 0

yi(t)z1(t) >0, i=2,3.

Denote by N, the sets of non-oscillatory solutions of (1.1) satisfying (2.5), and
by N; the non-oscillatory solutions of (1.1} satisfying (2.6). Denote by N the set

of all non-oscillatory solutions of (1.1)). Obviously by Lemmas and we have

(2.6)

N =N} UN;jUN; UN;. (2.7)

Lemma 2.4. Suppose that a(t) is bounded on [tz,00) and y € W be a non-
oscillatory solution of the system with y1(t) bounded on [tz,00), ta > to.
Then

y € N UN; .

Proof. We must show that the set N3Jr U N5 is empty. Let y € W be a non-
oscillatory solution of with y;(t) bounded on [tz,00) and y € Ni U Nj .
Without loss of generality we suppose that y1(¢) > 0 on [ta, 00). Because a(t) and
y1(t) are bounded, z(¢) is bounded on [t3,00), where t3 > t5 is sufficiently large.
If y € N U N5 then a function |y2(¢)| is nondecreasing and

ly2(t)] > M, 0< M = const. fort>ts.

Integrating the first equation of (1.1 from s to ¢t and using the last inequality we
get

¢

|z1(t)] — |z1(8)] > M/ pr(u)du, t>s>ts. (2.8)
From (2.8) and (c) we have lim;_, |21(t)] = oo. This contradicts the fact that
21(t) is bounded and N5 U N; = (. The proof is complete. O

Lemma 2.5 ([3) Lemma 2.2]). In addition to the conditions (a) and (b) suppose
that

1<a(t) fort>to.

Let y1(t) be a continuous non-oscillatory solution of the functional inequality

y1(®)[y1(t) — a(t)y(g(t))] >0

defined in a neighbourhood of infinity. Suppose that g(t) >t for t > to. Then yy(t)
is bounded. If, moreover,
1<\ <a(t), t>t

for some positive constant A, then limy_, y1(t)

=0.
Lemma 2.6 ([9, Lemma 4]). Assume that q : [to,00) — [0,00) and § : [tg,00) — R
are continuous functions, lim;_,~ d(t) = oo, §(t) >t fort > to, and

s(t) 1
lim inf q(s)ds > —.
e

t—oo t
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Then the functional inequality

2'(t) = q(t)x(6(t)) 2 0, t > to,
has no eventually positive solution, and

a'(t) — q(t)=(6(t)) <0, t<to

has no eventually negative solution.

3. OSCILLATION THEOREMS
Theorem 3.1. Suppose that
a(t) is bounded for t > to, (3.1)
g(t) < h(t) <t<alt) fort>to,

where « : [tg,00) — R is a continuous function,

hT()
Jim sup / K Pos (u, )ps(u) du > 1, (3.3)
t—oo t
g~ (h(®)) o) K Py(u,v)ps(u)dudv 1
lim inf ’ — 4
mint [ e [ SRS 6

where g~ (t) is the inverse function of g(t). Then every solution y = (y1,y2,y3) €
W of (1.1)) with y1(t) bounded is oscillatory.

Proof. Let y € W be a non-oscillatory solution of with y1(¢) bounded. From
Lemma we have y € Nfr U N, on [t2,00). Without loss of generality we may
suppose that y; (t) is positive for ¢ > t,.

I) Let y € N; on [tg, 00). In this case

yl(t) > O, Zl(t) > 0, yQ(t) < 0, yg(t) >0 fort>ts. (35)

Integrating [° Py,1(u,t)y4(u) du by parts with f(u) = Pa1(u,t), g(u) = ys(u), and
one gets

/leut)yg()dU—Pglst y3(s /Plut Yo (u) du.

Integrating by parts again with f(u) = Py (u,t), g(u) = y2(u), we have

/ts Py (u, t) y(u) du = Pay(s,t) ys(s) — Pi(s,t) ya(s) + z1(s) — z1(t) . (3.6)

This equation implies
z1(t) = z1(s) — Pi(s,t)ya2(s) + Pa1(s,t)ys(s) — / Py 1 (u, t)ys(u) du, (3.7)
t

for s >t > to. From (3.7) in regard to (3.5)), (e) and the third equation of (1.1)),

we get
t) > /S KPs1(u,t)ps(u)yr (h(u)) du, s>t > to. (3.8)
Since z1(t) < y1(t) for ttz to, it follows that
z1(h(t)) <y1(h(t)) for t>ts, (3.9)
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where t3 > to is sufficiently large. Combining (3.8]) and (3.9) we have
S
t) > / KPs(u,t)ps(u)zi(h(u)) du, s>1t>ts.
t

Putting s = h~1(¢) and using the monotonicity of z;(h(u)) from the previous in-
equality we obtain

0

zZ1 (t) 2 z1 (t)/ Kngl(uj)pg(u) du, t Z tg;
t

(1)
1 2 / Kngl(u,t)pg(u) du, t Z t37
t

which contradicts (3.3) and N = 0.
(IT) Let y € N5 on [t2,00). In this case

y1(t) >0, z1(t) <0, yo(t) <0, wys(t) >0 for t>ts. (3.10)
Integrating fts Py (u,t)yh(u) du by parts we derive the integral identity
y2(t) = y2(s) — Pa(s, t)ys(s / Py(u,t)ys(u) du, s>t >ts. (3.11)
From with regard to , (e) and the third equation of we get
ya(t) < — /S KPy(u,t)ps(w)yr (h(uw)) du, s>t > ts. (3.12)

Because z1(t) > —a(t)y1(g(t)) for ¢ > ty it follows
21(g~ M (h(1) > —alg~ (h(t))y (h());
_ z1(g~ (h(1)))
PO <y )

Combining ([3.12)) and ( -, we have
/ K Py (u, )ps(u)z1(9~ " (h(w))) du

a(g=t(h(w)))

Multiplying the last inequality by p;(t), using the first equation of (I.1)) and the
monotonicity of z1 (g1 (h(t))) we get

5 KPy(u,t)ps(u) du
a(g=" (h(u)))

for t > to. (3.13)

. s>t>ts.

A1) < [m®) |7 @), s>tz

Let s = a(t) and so
a(t) U ) du
40 [t [ FEBR (o) <0, ezt

By Lemma [2.6] and condition (3.4)), the last inequality has no eventually negative
solution, which is a contradiction and N, = @). The proof is complete. (I

Theorem 3.2. Suppose that
1< <a(t)<c, fort>ty and some constants A, ¢; (3.14)
t<g(t) <h(t) fort>to; (3.15)

t < at), wherea: [ty,00) — R is a continuous function (3.16)
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and holds. Then for every non-oscillatory solution, y € W of (L.1)) with y; (¢)
bounded, we have lim; . y;(t) =0, 1 =1,2,3.

Proof. Let y € W be a non-oscillatory solution of (1.1)) with y; (¢) bounded. From
Lemma we have y € N1+ U N5 on [ta,00). Without loss of generality we may
suppose that y; (t) is positive for ¢ > ts.

(I) Let y € Ny on [ta,00). In this case (3.5) holds. By Lemma it follows that
lim; o y1(t) = 0. We prove that lim;_, o, y2(t) = lim;_, y3(t) = 0 indirectly.
Let lim; o y2(t) = =S5, 0 < S = const. Then

ya(t) < =8, t >t (3.17)
Integrating the first equation of (L.1)) from t5 to ¢ and using (3.17) we get

Zl(t) - Zl(tg) S —S/tpl(s) dS, t Z t2. (318)

2
From this inequality and (c) we have lim;_,», 21 (t) = —oo which contradicts 21 (t) >
0 for t > t5 and so lim;_,o y2(t) = 0.
Let lim; . y3(t) = P, 0 < P = const. Then
ys(t) > P, t>ta. (3.19)

Integrating the second equation of (1.1} from 5 to ¢ and using (3.19) we get

Y2(t) — y2(ta) = P/ pa(s)ds, t>ts. (3.20)

ta

From ([3.20) and (c) we have lim;_,o y2(t) = co and that contradicts y2(t) < 0 for
t > to and so lims—, o y3(t) = 0.

(IT) Let y € Ny on [t2,00). Analogously as in the case (II) of the proof of Theo-
rem we can show that IV, = (). The proof is complete. (Il

Example. Consider the system

[y1(t) — 201 (3t)]" = tya(t),
Ya(t) = tys(t), (3.21)
ya(t) = —45t 2y, (9t), t>to > 0.
In this example a(t) = 2, g(t) = 3t, h(t) = 9t, p1(t) = p2(t) = t, p3(t) = 45t7>,

f(t) =t, K =1, Py(u,v) = 3(u® — v?). We chose a(t) = 2t and calculate the
condition ([3.4) as follows

4 3t 2v 4
lim inf —5/ v/ (u? — v?)u~" dudv = 405 In3.
t—oo 4 t v 256

All conditions of Theorem [3.2] are satisfied. Then for every non-oscillatory solution
y € W of (3.21)) with y;(¢) bounded, it holds

lim y1(¢t) = lim yo(¢t) = lim y3(¢) = 0.
t—00 t—o0o t—oo

For instance functions
1 -1 1

yl(t) = E, yg(t) = @7 yB(t) —

are such a kind of solutions.

t >t
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Theorem 3.3. Suppose that

1< A <alt), t>tg for some constant Ay; (3.22)
¢ KPyo(t d
limsup/ 1,2(_,1u)p3(u) LSS (3.23)
t—00 ey alg7t(h(w)))
and and (-) hold. Then for every non-oscillatory solution y € W

of 1.’ zt holds lim; 0o yi(t) =0, i =1,2,3.

Proof. Let y € W be a non-oscillatory solution of . From we have y €
Nf U Ngr UN; UN; on [tg,00). Without loss of generality we may suppose that
y1(t) is positive for ¢t > ts.

(I) Let y € N, on [ta,00). In this case (3.5) holds. By Lemma it follows
that lim; o y1(t) = 0. We prove, that lim;_, o y2(t) = lims—, o y3(t) = 0 indirectly
analogously as in the case (I) of the proof of Theorem

(IT) Let y € N3~ on [ta,00). In this case
y1(t) >0, z1(t) >0, ya(t) >0, wys(t)>0 fort>ts. (3.24)

In this case,
ya(t) > M, 0< M =counst. fort > to.

Integrating the first equation of (1.1) from s to ¢ and using the last inequality we
get

z1(t) — z1(s) > M//pl(u)du, t> s> ts. (3.25)

From 1_' and (c) we have lim;_, 21(t) = 0o and the function z; (¢) is unbounded.
From (1.2 - - we have
y1(t) > a(t)yi(g9(t) > y1(g(t)),

which implies that y;(¢) is bounded, but z;(t) < y1(¢) which is a contradiction.
N = 0.

(III) Let y € N5 on [tz,00). Analogously as in the case (II) of the proof of
Theorem [3.1) we can show that Ny = 0.

(IV) Let y € N5 on [t2,00). In this case
y1(t) >0, 21(t) <0, wyo(t) <0, wys(t) <0 fort>ts. (3.26)

By interchanging the order of integrating in P (¢, u), we have

/st P (t,u)ys(u) du = /: (/utpg(x) /Itpl(v) dv dx)yg(u) du

and integrating f; Py o(t,u)ys(u) du by parts with f(u f po(z f p1(v) dv dx,
9(u) = y3(u), we get

t
/PLQ(t,U)yé(U)d = —Pi1o(t,5)ys(s /Pltuy2 ) du.

Integrating by parts again with f(u) = Py (¢,u), g(u) = y2(u), one gets

/ Py o(t,u)ys(u) du = — Py o(t, s)ys(s) — Pi(t, s)y2(s) — z1(s) + 21(¢).



8 E. SPANIKOVA EJDE-2005/47
From the equation about, we derive the integral identity
t
z21(t) = z1(s) + Pi(t, s)ya(s) + Pia(t, s)ys(s) + / Py o(t,u)ys(u) du, (3.27)
S

for t > s > to. From ([3.27)) in regard to (3.26]), (¢) and the third equation of (1.1)

we get
¢
() > / K Puo(t, w)ps (wys (h(u)) du, ¢ > s > to. (3.28)
Since z1(t) > —a(t)y1(g(t)) for t > tq it follows that
z1(t)
> to.
y1(g(t)) > —at) for t > tq

From the above inequality we have
z1(9~ ' (h(1)))
nne) > IO
Combining and we have
., " =K Pio(t, u)ps(u)z1(g~" (h(u))) du
0> | (g (h(u)) |

Putting s = h~!(g(t)) and using the monotonicity of z;(g~'(h(u))) from the last
inequality we get

a0z aw [ KeCund
n-1gry  algt(h(w)))
where t3 > to is sufficiently large and
> /t KP(t, u)ps(u) du
T Iy algTrH(M(w)
which contradicts and N5 = ). The proof is complete. ([l

t >ty (3.29)

t>s>ts.

tZtSa

t2t37
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