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ON THE DIRICHLET PROBLEM FOR QUASILINEAR
ELLIPTIC SECOND ORDER EQUATIONS WITH
TRIPLE DEGENERACY AND SINGULARITY IN A
DOMAIN WITH A BOUNDARY CONICAL POINT

MicHAIL BORSUK & DMITRIY PORTNYAGIN

ABSTRACT. In this article we prove boundedness and Holder continuity of weak
solutions to the Dirichlet problem for a second order quasilinear elliptic equation
with triple degeneracy and singularity. In particular, we study equations of the form

d T, 19 m—2 a0|x|T g+m—2 T q—2 m
— o (el ul? [Vl usci)+—(x2 Jr332)7,1/2U|U| — pla]"ulu| T V™ =
% n—1 n
_ 0fi
7f0(m) a$i7

with ag > 0,¢>0,0< u<1,1<m<mn,and 7 > m —n in a domain with a
boundary conical point. We obtain the exact Holder exponent of the solution near
the conical point.

0. INTRODUCTION

Lately many mathematicians have considered nonlinear problems with elliptic
degenerate equations (see e.g. [6] and its extensive bibliography). In the present pa-
per, we continue the investigation on the behaviour of solutions of the first boundary
value problem for a quasilinear elliptic second order equation with triple degener-
acy (see [18]). Namely, we derive an exact Holder exponent for weak solutions, in
a neighbourhood of a conical boundary point, for the Dirichlet problem

d T m— a0|‘T|T m— T - m
_£(|x| u|?| V| Qu“)Jr—(x? +w2)%u|u|q+ 2 pla|ulu) R V™ =
7 n—1 n
Ofi
= fo(z) — aij’ ze@, (0.1)
u(z) =0, z€0dG, (0.2)

a>0, ¢g>0, >0, 1<m<n, T>m-—n;

(summation over repeated indices from 1 to n is understood), where G is a n-
dimensional bounded convex circular cone with the vertex at the origin of coordi-
nates O. We shall construct functions playing a fundamental role in the study of
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the behaviour of solutions to elliptic boundary-value problems in the neighbour-
hood of irregular boundary points (see [5, 7, 13-15]). The special structure of the
solution near a conical point is of particular interest for physical applications ([2,
8, 11]). It can be used also to improve numerical algorithms ([1, 4, 12]). However,
the behaviour of solutions near conical boundary points is treated only in special
cases (see [5, 13-17]).

Let 2 = GNS™" ! be a domain on the unit sphere with smooth boundary 9.
For x € R™ we denote the spherical coordinates by (r,w) = (r,ws,...,w,_1) With
r=|z|, w € Q. We also set G§ = GN{|z| < d} and Q4 = G N {|z| = d} for all
d>0.

Let L,(G) and W*P(G),p > 1 be the usual Lebesgue’s and Sobolev’s spaces.
W{P(@) denotes the space of functions in W?(G) that vanish on dG in the sense
of traces. For k a non-negative integer and 7 a real number, we define the space
VF.(G) as the closure of C§°(G \ {O}) with respect to the norm

k
lullve @) = (/ Z rp(lﬁl—k)v“T‘Dﬁu‘pdx)l/P'
< 151=0

We will denote by 9, ;. .(G) the set of functions u(z) € V,}, (G) N Lo(G) such
that

[l
5 2m/2d9U<oo, q>0, 7T>m—-n,1l<m<n
G (wn—l + xn)
(i.e. the integral is finite).
Through this paper we assume that fy(x), fi(z),..., fn(z) are measurable func-
tions such that

folx) € Ly(G), |o|77/"fi(x) € Lze (G), (i=1,...,n), (0.4)
where
1 1 1 1
5<%—;, ;<%<1+Z<m, m—n<7’<min(m—1;%). (0.5)

We also set |f| = (>, f5)Y? and (|u| — k)3 = max (|Ju| — k;0).

1. BOUNDEDNESS OF WEAK SOLUTIONS

Definition. A function u(z) is called a weak solution of (0.1)-(0.2), if u(x) belongs
to ML, . (G) and for all ¢(z) € ML, _ (G), it satisfies

m77—7q m7T7q

a()’{L"T qg+m—2 T q—2 m
— 5 m Ulu — Q|| u|u Vu dx
T gyl el V)

/{|az|7|u|q|Vu|m_2uzi¢)zi—|—
G

:/{ﬁ@w+ﬁ%gm.
G

Our goal in this section is to obtain an L, (G)-a priori estimate of weak solutions
of (0.1)-(0.2). For this end, we need the following statements ([3, Lemma 2.1]).
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Lemma 1.1. Let » > 0, and

e —1 x>0
77(93)2{

—e 7 4+1 x<0.

Let a,b be positive constants, and m > 1. If » > (2b/a) + m, then
an'(z) — bln(z)| > ge ** Nr >0, (1.1)
€z m
w@) = )" ez o. 12)

Moreover, there exist d > 0 and M > 0 such that

n@) < Mip(S)", o'(@) < Min()™ Va > d, (1.3)

In(x)] >z, VzeR. (1.4)

x
m

The following statement is due to Stampacchia ([9, Lemma B.1]).

Lemma 1.2. Let a, 3, v, ko be real positive numbers, v > 1, and ¢ : Ry — R4
be a decreasing function such that

P() <

W(K)]Y, VI>k> k.

Then (ko + 6) = 0, where 6° = asp(ko)7~12°=1).
We will also use the following properties.

Lemma 1.3. ([6, Examples 1.5, 1.6, p. 29) Let m* denote the number associated

to m by
1 1 1 1
—(1+-)—— (1.5)

m# _ m t n

and assume that (0.5) hold. Then there exist constants ¢; > 0, co > 0 (depending
only on meas G,n,m,t,7) such that

/ |m|7_m|u|mdm§cl/ |z|T|Vu|"dz, (1.6)
G G
( /G o™ dzymm* < /G (e[~ ul™ + 2] [Vu™)dz (L.7)

for any u(z) € V), (G).
Our main statement in this section is as follows.

Theorem 1.4. Let u(z) be a weak solution of (0.1)-(0.5). Then there exists a
constant Mo > 0 depending only on meas G, n, m, 7, i, q, ao, ||fo(z)||z,(a), and
H‘.’L”—T/m’f(x)’HLm_fl(G) such that HUHLOO(G) < M.

Proof. We shall follow the proof of in [3, Theorem 3.1]. Let A(k) = {z € G :
lu(z)| > k} and xa(x) be the characteristic function for the set A(k). We remark
that A(k +d) C A(k) for all d > 0. By setting ¢(x) = n((Ju| — k)4 )Xxaw)sgnu in
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the definition of weak solution, with 1 defined by Lemma 1 and k > k¢ (without
less of generality we can assume ko > 1), we get the inequality

[l el (k) [Tt (b)) <
A(k) Ay (T T23)2

= /Am [Folln((ul = k)-)] + p /A o IVl el (= B+
[ Il Gl - 9L (8)
A(k)

By Young’s inequality
IVl = (™™ ] Ful) (o] 7 ] = f]) <

]_ —_T

< Lot vum + "L o
m
Substituting this expression in (1.8), we have
x|” _
2 1Vl gt e [ et <

2

A(K) Ay (Th_1 + fn) 2

m—1
s/ follal + P [ ol
A(k) m A(k)

Because |u| > k on A(k), we have

m—1 || -1
||l Vu|" [———n" — pnl] + ao/ [T T | <
/A(k) m Ay (T 1 +22)%

m—1 =T _—aq_ _m
<[ Afollal+ P [ el g g
A(k) meJAk)

Transforming the first integral on the left-hand side with the respect to (1.1), choos-
ing s appropriately by setting in Lemma 1.1 a = mT_l, b=y, ie. Z’i‘i + m,
we obtain

Tk [ Ve T sy [t <
A(k) Ak) (2 n)?

2m n— 1+{IJ2)
s/ |fo||77|+—k'6"—‘1/ 2| 77 ] (19)
A(k) m A(k)
Setting wy (z) = n( ke,
(|u|—k) m Z(ui=k)y m Mm m
e VU™ = (e T [ Vul)™ = ()™ V™

Now, we can rewrite (1.9) with (1.2) and (1.3) as

m—1 mym T m x|" m— m
e Iy e e e Y
x A(k) A(k)(

2m n— 1+IIJ2)

< M/ h(@)|ws|™ + ese %d/ hz), (1.10)
A(k+d) A(R)\A(k+d)
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where

h(z) = |fo(@)| + a7 | f|==T . (1.11)

By (0.4)-(0.5) we have that h(z) € L,(G), where p is such that ]lg <2 _ 1 Using
Holder’s inequality with exponents p and p’, we obtain

[ b < @l ([ e i)
A(k+d) A(k+d)

From 2% < % it follows that mp’ < m#, where m# is defined by (1.5). Let s be
a real number such that mp’ < s < m*”. Using the interpolation inequality

(/ |wk|mp’)1/p < (/ |wk|m)9(/ |wk|s)(1—¢9)m/s
A(k+d) A(k) A(k)

with 0 € (0,1) which is defined by & = £ + 1=, by Holder’s inequality with
exponents mT# and m’;ﬁ—: from (1.12) we get
/ hlwg|™ < 04(/ |wk|m)9(/ [y ") =Om/m (1.13)
A(k+d) A(k) A(k)

where, ¢4 = Hh(m)HLp(G) (meas G)m(m#_s)(l—e)/srn#'

Now, using Young’s inequality with exponents 1/6 and 1/(1—6), from (1.13) we
obtain

/ Bluwg|™ < =55 |wk|m+€“19>(1—9)(/ fw|™")mE, Ve >0,
A(k+d) € A(k) A(k)
(1.14)
where ¢5 = 9Hh($)||zp(a)(meas G)m(m® =) (1=0)/6sm¥  Returning to (1.10), by
(1.7) from Lemma 1.3 and estimate (1.14) we obtain

m—1,/m\m m_ xz|”
(Z)" K[ )R e [ e <
2m02 x A(k) n) 2

C5M
S [
el/o

k| ™ + MeTm (1 — a)(/ ™) + cge %d/ h, Ve 0.
A(k) A(k) A(k) (1.15)
Now we consider two cases: ag > 0 and ag = 0.

Case 1): ap > 0. For this case by (0.5) and m > 7, we have

IN

@1+ 22T 2" .
/ ™ = / (Bt £ T2 —ermotyy P parmeyy e
A(k) A(k) (zh_1 +27)2

r
S k—(q—l—m—l)/ T m—T —|u qg+m—1 Wi m S
S e gl

diam G)™~ 7 z|T 3 .
< ( kq+m)—1 /A(k) (wg‘—’%|u|q+m Yawe|™,  Vk > k.
0 n—
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Therefore, from (1.15) we obtain

#\—m_ —1 m
L I b e e e YL
S ag Ay (@2 +22)%
e M ||”
T VORI J gy (@2 +a2)

FMETT-0)([ T (L)
A(k)

= |u|q+m_1|wk|m + c3e "d/ h+
2 A(k)

Now, we can choose € > 0 and k¢ > 0 such that

+m-1_ M =5 cokg .
kg —W, MeT ‘9)(1—0)§ 5 3
ie.,
at(m-1)6 e (1 —
gt MO e Dy
Cg agp Q, kg
Thus from (1.15;) for every k > kg it results
(/ lwi | ) mF < CS/ h < eg||h(x)| 1, () meas' ™7 A(k). (1.16)
A(k) A(k)

Case 2): ap = 0. In this case from (1.10) by (1.14) we have

k'g/ |z|" [ Vwg|™ < 09/ h(z)|wg|™ -l—clg/ h(z) <
A(k) A(k+d) A(k)

C5C9 |wg|™ + 095'(1—19) (1- 9)(/ ‘wk’m#)ml# + 010/ h, Ve >DO0.

M0 Jaw A(k) A(k)

Further, by (1.6) and the fact that m > 7, by (0.5) we obtain

/ ™ = / (™ g ™)™~ < (diam G)™" / 2™ g ™ <
A(k) A(k) A(k)

Scl(diamG)m_T/ (| [Vwg ™.
A(k)

From the last two inequalities, for all € > 0 we have
kg/ 2| [Vuy|™ < e / ||V ™+
A(k) A(k)

+ooeT (1 —9)(/

|wk|m#)#+c10/ h, (1.15)
A(k)

A(k)
Now we set cje~ 7 = %k:g. Then by virtue of (1.7) for Vk > ko we have

1 m 1
—kg(/ ’wk‘m#)m# < cgeT 0 (1 — 0)(/
A(k)

262

‘wk’m#)ml# —|-C1o/ h.

A(K)
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If we choose coe/(1=9)(1 — 6) < ﬁkg, then we get again (1.16). In this case we

choose
2011

. __ (2¥11N0
ﬂg_(kg)

Qo

ko > (4caco(1 — 0)) 7 (2¢11)

Now we return to (1.16). Let us now take | > k > ko. Due to (1.4) and
lwi| > L (|u] — k)4, we have

I~k
/ op™* > (CE)m* meas A(1) (1.17)
A(l) m
Combining (1.16) and (1.17), we obtain
m 'm# 1
meas A(l) < (777)™" (csl|h(@)1, @) 5 meas S CDAK), VI > k> ko

(1.18)
Notice that from (0.5) and (1.5) it follows that %#(1 - %) > 1.
Lemma 1.2 implies that meas A(kg + ) = 0, where ¢ depends only on the con-
stants in (1.18). This means that |u(z)| < ko + J for a.e. z € G. Theorem 1.4 is
proved.

2. HOLDER CONTINUITY OF THE WEAK SOLUTION.

In this section we prove, that the weak solution of (0.1)-(0.5) is Hélder continuous
in a neighbourhood of a conical point.

Theorem 2.1. Let u(z) be a weak solution of (0.1)-(0.5) with 7 = 0, and let d be a
positive number. Then in the domain GE, u(z) is Hélder continuous with exponent
«a depending only on the data assumptions and the domain G.

Proof. Let My be the number from Theorem 1.4. Let us introduce the cut-off
function  ((z) € C§°(Gh), pe(0,d):
1, ze€Gf?, o€(0,1)
((z) = { ;
07 X ¢ G07
0<¢(z)<l, zeGh; |V <1/(op).

Let us define the set Ay , := {z € G | u(z) > k}, for all k£ € R. Substituting
¢(z) = (" (r)max {u(x) — k,0} in the definition of weak solution, we get

" ao/ (@h_1 +23) " Fulul T (u— k) = H/ [l V| " (u — k) +
Ag.p A

k,p

V™2 |u|? (u — k)+

¢Vl b [ @),
Ag.p

+ Jo¢™(u—k)+m ¢ u — k) fias + fiuz, ™. (21)
Ak,p Ak,p Akap

Using Young’s inequality with exponents m/(m — 1) and m in the second integral
of the right-hand side,

GGyt (0 = BVl 2 ul] < (| TulQ)™ (= R)IVDIuft <

1
< (m—1De(|Vu|()™ |u|? + Eel_m(u — k)™ ul?, Ve > 0.
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Choosing ¢ = m, we obtain

]. m
3 [ v e [ (@R ) Bl - k) <
Ag.p Ag.p

<Cm) [ w=Rmve il [l e B+

k,p

+ Jo¢™(u—k)+m ¢ u — k) fia, + fiug (. (2.2)
Ak,p Ak,p Akap

Now, we choose ko > %MO, if p =0, maxgr (u(x) — ko) < ﬁ, if p > 0, and without
lost of generality kg > 1. Then for every k > ko,

1
plul VUM w — k) | < MIU\q_IIVu\mCmmgg (u(z) = k) < 7 |ul*C" [Vul™.

Ak,ﬂ 0

(2.3)
Substituting (2.3) in (2.2), we have

1 m
_/ |ul?¢™ [Vu|™ +a0/ (271 +232) " T wlul T (w — k) <
4 Ak,p A’%P

< (J(m)/A (w= Ry IVC R+ [ o k)

+m ¢ Hu — k) file, + fiug, ™. (2.4)
Ak,p Ak,p

Let us now estimate fju,, on Ay, :

fiua, < |Vullf] < e|Vu[™ + c(e)|f|7T < elu|!|Vul™ + ¢(e)|f|7T, Ve > 0.

From (2.4) and (2.5) with e = 1/8 and taking into account that (u — k) < 7, if

p>0,and (u—k) < 1Mo, if p =0, we get:
1 m
S eV e [ @) E A = k) <
k k

P Ak,p

< C(m) /A (u— K)™ V™l + C(m, Mo, ) /A (1ol + 1172 3m+

k,p

+m Cm_l(u - k)fzc;m
Ag.p

Now using Young’s inequality on the last integral,
m((u—k)C,) (fi¢™ ) < (w—Kk)™|V¢™ + (m — 1) f|»=1¢™.

It results that

1 m
_/ |ul?¢™ [Vu|™ +a0/ (271 +22) " Fwful T (w — k) <
Ak,p A’%P

8

< C(m) /A (u — k)™ [Vl + Cm, Mo, 1) /A he,

k,p
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where we have set h(z) = | fo| +|f|7-7 (see (1.11) with 7 = 0). We shall strengthen
the inequality, if we use the estimate

[ v <
A

k,p—op
< C(m) max\uyq/ (u — k)™ V™ + C(m, Mo, 1) Igaxfu‘q/ ho(26)

Ak.p Ak,p ke Ak,p

From the definition of ((z) it follows that

/A (u—Fk)™V¢™ < (op)™™ Ijglax(u(w) — ko)™ meas Ay, , =

k,p k.p
=(op)™™ r}llax(u(a:) — ko)™ meas* Ay ,meas'" % Ay ,, s>n. (2.7)
k,p
Since meas Ay, < measG{ = ng de = measQ [ r"~1dr = 2 measQ, we can

rewrite (2.7) as

1 m
/ (u—k)™|V(™ < (E meas Q)% o™ p~ ™1 %) max(u(z) — ko)™ meast T Ay,
A

k,p k,p

(2.8)
for s > n. Combining (2.6) and (2.8),

[ v <
A

k,p—op

max]u\q[’ya_mp_m(l_%)max(u(w) — k)™ meas' ~ % Akp + C(m, My, )/ hl,

Akop Akop Ak 2.9)
where v = C(m )( meas )%, s > n > m. By Holder’s inequality,
/ h < (/ h%)% meas'~ App < ||h||Li(G) meas'~ 5 App <
Ak, Ag,p ™
mnt
< meas® ¥ G||hl|L, () meas' ™% Ay ,, s= — T’ (2.10)
where p and t is defined by (0.5). From (2.10) and (2.9) it follows that
/ [ul?|Vu|™ < max [u|![yo~™p~ ™% max(u(x) — k)™ + 71| meas' = Ay,
k,p—op Ak’p Ak P 7
(2.11)

m__ 1 .
where v, = C(m, Mo, p) meas =~ » G(|| foll, @) + HfHLm__pl(G)). This proves that

u(x) belongs to the class BL (G4, [u|?, My, ~, 1, 1) (see [10, §9 chapt. II]), where
v,71 are defined by (2.9), (2.11), and also by [10, Theorem 9.1 chapt. II] u(z) is
Holder continuous with exponent o > 0, depending only on u, g, m, n and domain
G. This finishes the proof of Theorem 2.1.
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CONSTRUCTION OF THE BARRIER FUNCTION

In this section we construct the barrier function for the homogeneous Dirichlet
problem (0.1)-(0.2) with 7 = 0 in n-dimensional infinite convez circular cone Gg
with the vertex at the origin of coordinates O and its lateral area I'y.

Lu = w4 Vu|" u,, — W0 fulrtm? u|ul? 2| Vu|™, z € Go,
o I 00) = Foa el — 9", 2 € G
u(z) =0, zely (3.2)

ap >0, 0<u<l, ¢>0, 2<m<n. (3.3)

Let us transfer to the spherical coordinates with the pole at the point O.

T1 =TCcoswi, L9 = T COSwWssSinwy,

(3.4)

Tp_1 = TCOSWp_1SiNWw,_s...sinwr,

Tp, =TSinw, 1...sinw,

where 0 <r=lz] <00, 0<wp <m k<n—-2, - <w, 1 <, w € (0,7).
The lateral area I'y may be obtained as the surface of revolution of the angle
Tp_1 = Tpcot B, 0 <wy <, around the axis Oz, .

n—2
Lo={zeR"|z2_, = (z) + Z x}) cot? %} (3.5)
k=1
Thus we get
n—2
Go={zxeR" o} ;> (a + Z z}) cot? ?} (3.6)
k=1

Lemma 3.1. Let q, 1 = (sinw; ...sinw,_2)%. Then

2 Wo
tnlp, =1 g, > cos®

Proof. From (3.4) we have

3331—1 + a:fl =7r°Qn_1,
n—2
af = |x? = (2] +2}) = r*(1 — gn1)
k=1

Now by (3.5) on I'g we have

wo

w
r2qn—1cos’w = 1*(1 — g—1 + ¢p—1 sin® w) cot? 70 = r%(1 — ¢,_1 cos® w) cot? >
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whence )
cos?w  cos®? 2
dn—1 2 w - 2
in2 @o in2 @o
sin” = sin”
and since w|, = £%*, we get first assertion of lemma. Similarly by (3.6) in Go,
0
wo
72 qn_1 cos? w > r(1 — g,_1 cos® w) cot? >

whence gn—1cos?w > cos® 2 for all w € (—*,%). This means that second
assertion of lemma holds.

We shall seek the solution to Problem (3.1)-(3.2) of the form
u=7rsinw; ...smw,_9) ®(wy_1), A>0 (3.7)
with ®(w) > 0 and A, satisfying the following condition
A™M(g4+m =14 p)+ A" (2 —m) > ao. (*)
The differential operator £ becomes

. 1 . d q m—2 J Ou

where

=201, sinwy_2;

J =r""Lsin
H =1, & =7 &u=w; Hypi=r/q, i={1,n-1} (3.8)

=1, ¢ =Ginw...sinw;_1)? i={2,n—1}.
Then ®(w) satisfies the equation

m

[(A2®2 + &%) "7 | ®|7®'|+

dwn— 1

n—2
1 1
+ Agn—1 Z—([)\(q—i—m—l)—l—n—m—k—i—l]ctgka— —— )+
= sin” wy,

m—2

+Mg+m—1)+n— m]}<I>|<I>|q()\2<I>2 + )T =

= ap®|®|TT" 2 — ud|@[12 (NP2 + ') %,

where ® = ®(w,,_1) and w,_1 € (—wo/2,wp/2).
Let us show that

n—2
1 1
—(Ag+m—1)+n—m—k+1ctg *w, — —5—) =
1 9k sin” wg
ANg+m—1)—m+2]

T (Sinwp...sinwy_2)? Mg +m—1) =m+n] (3.9)

=
Il
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For this we use induction on n. In the case n = 3, (3.9) is obvious. Now we suppose
that (3.9) is true for n — 1, that is
1

— 1
Z—([A(q—km—l)—kn—m—k]ctgka— ——) =
1 9k Sin“ wy,

_ ANg+m—1)—m+2]

=

—Mg+m—-1)—m+n—1]

(sinwy ...sinwy,_3)

It is easy to calculate that

n—2 2
¢ 1
PP ~1. (3.10)

1 qk dn—1

Then we have

2 1
5 LA m— 1)+ m— k+ ot 2y — ——)
h=1 I sin” wg,
= 2
:Z—([/\(q+m—1)+n—m—k+1]ctg Wi — —5— )+
h=1 I sin” wg,
1 ) 1
+ ((Mg+m—1)+3 —mlctg “wp0 — —5——) =
In-2 sin® wy, o
2 et 2w 1 )
:Z - k+ <[)‘(q+m—1)+2—m]ctg2wn_2_f%’_
= Ik In—2 sin® wy,_2
— 1) — 2
)\(C?—km ) m + —Mg+m-—-1)—m+n—-1]=
(sinwi ...sinw,_3)?2
n—2 2
ctg “wy 1
- - —Mg+m—-1)—-m+n—1]+
<k§1 o qn_1> [A( ) ]
1 pu—
+ Mg +m—1) —m+2](1 + ctg 2w, —
. ) I+ ctg “wna) p (3.10)

= ql_l[)\(q+m—1)—m+2]—[)\(q+m—1)—m+n],

Q.ED.
Now by (3.9), Problem (3.1)-(3.2) for ®(w),w = w,_1 becomes

T4 AN +m—1) —m +2)@|B[1(N\2D2 + '°) T =

N
w
— ap® (BT 2 — B[ 2 (A2R% + &) F | we (—wo/2,w0/2), (3.11)
D (—wp/2) = ®(wp/2) = 0. (3.12)
By setting ®'/® = y we arrive at

(m = 1)y + X6+ X) 7y 4 (m = 1 a4 ) + 20 E+
A2 —m) (2 + X)) T =ap, we (—wo/2,w/2), (3.13)
y(0) =0, ; lim y(w) = —o0. (3.14)

—20_0
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We explain (3.14). In fact, from (3.11)-(3.12) it follows easily that ®(—w) = ®(w),
w € [~wo/2,wp/2], and from this y(—w) = —y(w), w € [~wo/2,wp/2]. Conse-
quently, we have y(0) = 0. Further, from (3.13) we obtain

—[(m = 1)y + N2 + )Ty =
= (m =1+ g+ p)" +2)% + 22— m)(’ +A2>”‘T” —ap =
= (P + X)) [(m—1+q+p)E? + 232 + A2 —m)] —ao > (3.15)
> (P + AT N2(m—1+4q+p) + A2 —m)] —ag >
>A™M(m—1+q+u)+A""H2-m)—ag >0
by (*) and (3.3). Thus it is proved that y'(w) < O,w € [~wo/2,wp/2]. There-
fore y(w) is decreasing function on [—wgy/2,wp/2]. From this we conclude the last
condition of (3.14).
Properties of the function ®(w). We turn our attention to the properties
of the function ®(w). First of all, notice that the solutions to (3.11)-(3.12) are

determined uniquely up to a scalar multiple provided that A satisfies (*). We will
consider the solution normed by the condition

o(0) = 1. (3.16)
We rewrite the (3.11) in the following form

—®[(m—1)9" + A2<1>2](V<1>2 <I>’2)T”T’4‘1>" = —ao®™ + (g + p)(\®* + %) ¥ +

+ (NP2 + —m+2J(A2®% + &%) + (m — 2)A%0"%)
(3.17)

Now, since m > 2, by virtue of (*) from the (3.17), it follows that

— ®[(m —1)<1>’2+A2 ]()\2<I>2 @’2)
+ (A% +

> —agd™+
82+ &%) + AA(m — 1) —m + 2)8?} >
_@m{ (q+p+m—DA"+2-—mA" " —ap} >0

(here we take into account that by (*) (¢ +ux+m — 1)A%2 + (2 —m)A > 0).
Summarizing the above we obtain the following:

P(w) >0 VYw e [~wo/2,wo/2]; P(—wp/2) = P(wp/2) = 0;
O(—w) =P(w) Yw e [~wo/2,wp/2];
2(0) 0 (3.18)

P (w) <0 Vw € [—wp/2,wp/2].
Corollary.

: Ir/12ax P Pw)=20)=1 = 0<P(w) <1 VYwe [-wo/2,wp/2]. (3.19)
—wo »Wo
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Now we solve (3.11)-(3.14). Rewriting the (3.13) in the form y' = g¢(y,) we
observe that by (3.15), g(y) # 0 for all y € R. Moreover, being rational functions
with nonzero denominators ¢g(y) and ¢'(y) are continuous functions. By the theory
of ordinary differential equations the Cauchy’s problem (3.13), (3.14) is uniquely
solvable in the strip

{(w,9)} C [—ﬂ %] X (—00, +00).

Integrating (3.11)-(3.14), we obtain

B(w) = exp /0 "6,

m—4 3-20
/_y [(m —1)22 + X?](2% + A\?) "2 D= w (3:20)
0 (m—1+4q+m(2+I)% +A2-m)(22+ A2)"T —ag '
From this we get in particular that
400 _1\a2 21(,,2 2) =t
0 (m=1+g+p)(y*>+I)% + X2 -m)(y2 +X1)"7T —ag 2

This expression gives the equation for finding a sharp estimate for the exponent A
in (3.7). For the case ag = 0 this exponent is calculated explicitly in [18]; we denote
this value by Ap.

Solutions of (3.21). We set

m—4

[(m — Dy® + N (y* + X*) 2

A(A,ao’y) = m m—2 ) (322)
(m—=1+q+u)H*>+22)7 +A2-—m)(y> +A*) "7 —ao
wWo oo
FOanwn) = =2+ [ Ao, )y, (323)
0
Then (3.21) takes the form

S(A, agp, wo) =0. (324)

According to what has been said above
8’()‘07 07 LUO) =0. (325)

Direct calculations give

2 2) 28
oA _ (y° + A7) «

m—2

M T [m—1tq+m)@+ )T A2 - m)2 + AT —ap]

x {<y2 N [2m - 14 g+ @)+ A+ (m— 2ao +

+(m—2)y?[4(m—1+q+p)(y° +2*) 2 +2X(2 —m)(y? FA2)"T 4 (m —4)ao) }
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By (*) with m > 2, the above expression is less than or equal to

2(,,2 2\ 25
- 2)\(771 - 2) Y (ym i A ) m—2 2 X
[(m—14q+ )2+ X)T +AX2-—m)(y2+ %)z — a

X {(y2 —|—>\2)m272

—2
20m — 14+ g+ WA+ (2 m)X] —ag + ao}<

20,2 )\27”——6
< —2\(m —2) yly”+ X x

[(m—1+q+p)(y2 +X2)% + A2 —m)(y? +A2) "7 — ao)”

" {<y2+v>’”’72[<m— Lt p)\ (2 m)N —ao} <

< —2\(m —2) vy N y
[(m =1+ q+p) (2 +A2)F + A2 —m)(y? + A2) "7

{(y +A2) T2 mao—ao} <0, (3.26)

for all y and A, ag satisfying (*). Similarly for all y, A\, ap, we have

oA _ [(m — 1)y® + (2 + X"+ >0. (3.27)
a0 [(m—1+q+p)(y2+22)% + A2 —m)(y2 + 212" — ag]”

Hence, we can apply the Implicit Function Theorem in a neighborhood of the
point (A, 0). Then (3.24) (and therefore and the (3.21)) determines A = A(ag,wp)

as single-valued continuous function of ag, depending contlnuously on the param-

eter wy and having continuous partial derivatives %, Foo- Applying the analytic

continuation method, we obtain the solvability of the equation (3.21) for Vay, sat-
isfying (*).

Now, we analyze the properties of A as the function A(ag,wp). First, from (3.24)
we get

OFON 0§ _, O9BON 0§

- 4L 2= — 2L 2% 0
OX0ay | Bag " OADwy | Owo
from this it follows that
N _ o) ox () (3.28)
o " TG e ()
But by virtue of (3.26), (3.27) we have
0¥ o0 9A 63 Foo 6A 0% 1
_v _ —_—d —_— = —— V(A .
6(10 0 6(10 Y= / 7 6(10 2 ( ,ao)
(3.29)
From (3.28) - (3.29) we obtain
A A
g—ao > 0; g—wo <0 Vay, satisfying (*). (3.30)

Thus we derive: the function A(ap,wy) increases with respect to ag and de-
creases with respect to wy.
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Multiplying (3.11) by ®(w) and integrating over (—%, <), we have

“o “0

2 m_ 2
(1-— u)/ 1B[7(A2B2 + &%) "> B dw = —ao/ |9 dw+
_%Q _“0

2

“wo
=14 g+ )+ A2 —m)] / LRI+ 8) >

2

iQ
2
> (N (m — 14+ q + 1) + A" 12— m) — ag) / B[ > 0
_wo
2
by virtue of (*). This justifies the condition 0 < p < 1 in (3.3).
Lemma 3.2. Let assumptions (3.3), (*) hold and in addition

q+p<l, if ap=0 (3.31)
1-—g¢g—p)(Am+2—-m) >0, if ap>0. (3.32)

Then we have v
/: |®'|™dw < c(ag, g, pt, M, A, W) (3.33)

2
Proof. Dividing (3.11) by ®|®|972, we have

L0874 ) T B 4 AN +m - 1) BN 4 )

+q®P(N202 + )T = qo|®|" — p(A2D2 + &%) %
We integrate to obtain

(q—l-i—,u)/io (A2<1>2+<1>'2)%dw+A(Am+2—m)/io P2(N2P2 4+ 8'%) "7 dw =

2 2

]

:a0/2 ®|mdw.  (3.34)
_ %0

2

At first let ap = 0. From assumptions and (*) it follows that
Am+2—m > AN1—q—pu) >0,

and we have

0] 0]

2 m -5 —
(l—q_,u)/ ()\2<I)2+<I)’2)?dw=)\()\m—|—2—m)/ @2()\2@2_’_@/2) 22dw.
2 2
Then, applying Young’s inequality with p = 5, p’ = 7, we get :

0}
(1—q—u)/ (P2 4 &%) % dw <
-
= 3
gn/ ()\2@2—i—‘I)’Q)%dw—i—cn)\%()\m—i—Q—m)%/ |®|™dw VY5 > 0.
_ %0 _

w
2



EJDE-1999/23 Dirichlet problem 17

From this, choosing n = (1 — ¢ — p) and taking into account (3.16), (3.19), we
obtain (3.33).

Now let ag > 0. If ¢ + p < 1, then (*) implies that A(Am + 2 —m) > 0 and we
can rewrite (3.34) in the following way

“o “o
(l—q—p)/ ’ (A2¢2+¢’2)%dw+a0/ i |®|™ dw =
_ %0 _ %0
2 2
“’TO
= A(Am+2—m) B2(N2P° 4 9'%) "7 duw.
o]
2
If g4+ p>1and Am+2—m <0, then we rewrite (3.34) as
(q—l—l—u)/ (A2®% 4+ @)% dw = A(m — Am —2) P2(N202 4+ 3'%) " dw+
_ %0 _ %0
2 2

0]

2
+a0/ |<I>|mdw
_“0

2

In both cases we obtain (3.33) by applying Young’s inequality as above.
Finally, if ¢ + ¢ > 1 and Am + 2 —m > 0, then from (3.34) we have

“o “o

wo
(q—l—i—u))\m/ |<I>|mdw—|—)\m_1()\m—i—2—m)/ |<I>|mdw§a0/ || dw,
=3 -3 -3

2

what contradicts (*) by ® > 0. The lemma is proved.
From (3.21) and (3.7) we get the function

w = (ry/gn_1) ®(w)
that will be a barrier of our boundary value problem (0.1) — (0.3).

Lemma 3.3. Let assumptions of lemma 3.2 hold. Then the function {(|x|)w(z)
belongs to N}, o ,(GE), where {(r) € C§°[0,d].

Proof. We must show that

|w|Q+m

(x2_ | +22)% )

n—1

Ifw] = /d(yw\—m\w\m + V™ + de < oo, (3.35)

Go

Elementary calculations from (3.10) will give
|vw|m — (,r, /—qn_l)m()\—l)()\Qq)Q + @/2)m/2' (336)

By Lemma 3.1, we have

Tl = [ {ovamDm® D00t + o) om0 ?em o)+
GO

(m+a)A—m

4 Tm(A—l)-‘rq)\qn_l 2 (I)m—i-lI(w)}dm <

“o

d 2
< c()\,m,wo){ / prAtn=l=mg, / (A2®% + &%) dw+
0 -

“o

d 20 d
_|_/ TmA+n_1_de'/ 2 <I>mdw+/ r(m+q))\+n—1—mdr/ 2 (ﬁq-&-mdw}.
0 -0 0 -0
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By virtue of m < n, (3.19), (3.33) it is clear that I[w] is finite. Thus
I[UJ] S C(m? >‘a q,n, U, ag,wWo, d)

Thus, Lemma 3.3 is proved. Q.E.D.

Example. Let m = 2 and consider the Dirichlet problem

d ap _
(") + = ulul? — "Vl =0, € G,

u(z) =0, zely,

where ag > 0,0< u<1,¢g>0.
From (3.20), (3.21) we obtain

Qo ™
= + 2 3.37
\/1+q+u ((1+Q+M)Wo) (3:37)
and
e
O(w) = (cos w_> , wE[~wo/2,wy/2]. (3.38)
0

Thus the solution to the problem above is the function

1
1+q+p
u(r,w) = r(sinws ... sinw,_s)* <cos M) ,

w0 (3.39)
(r,w) € Goy, wp—1 € [—wo/2,wo/2], 0<wy<m,
where A is defined by (3.37).
Now we calculate
' () ™ cos T —rhetn sin ™
w)y=————+4 — in —
(1+q+ p)wo wo wo
and it is easy to observe that all properties of ®(w) are fulfilled. Moreover,
wq wq _ 2(g+p)
/ C O (w)2dw = (*)2/ ) (cos E) T i T g —
—%0 (I+q+ p)wo ] wo wo
2 3
= ﬁ / (COS t)_?(fqtfi Sin2 tdt =
g+ H)"wWo Jo
2 2 .
B ﬁ / (sint) T cos® tdt =
q—T [)"wo Jo
3 1—g—p
S S 1 e

(L+q+pPwy  D(HLL)
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provided that ¢ + 4 < 1. This integral is non-convergent, if ¢ + ¢ > 1. At the
same time for Vg > 0 we have

ﬂZl 2 T ﬂQI TWw - ‘Z:IZ%FH TW
/ |®(w)]9®"" (w)dw = (—)2/ <COS —> sin? —dw =
e (14 g+ p)wo e wo wo
2 3
= ﬁ / (Sin t)_% COS2 tdt =
q T p)"Wo Jo
3 1—p
-t )
(1 2 2+3q+p ’ ’
(14 g+ p)wo r(3aete)

since p < 1.

4. MORE PRECISE DEFINITION OF THE HOLDER EXPONENT.

Now we return to the (0.1)-(0.5) with 7 = 0. For its weak solutions we make
more precise the value of a-Hoélder exponent established in the Theorem 2.1. To
this end we use the weak comparison principle ([7, §10.4], [13,§3.1]) and the barrier
function constructed in §3.

Theorem 4.1. Let u(x) be a weak solution of (0.1)-(0.5), where
7=0, 0<pu<l, 2<m<n; andq+upu<1, ifag=0. (4.1)

Suppose that there exists a nonnegative constant ki such that

fo(x) — Z agf) < ky|z|®, (4.2)
i=1 v
where
B>MNg+m—1)—m, (4.3)

A is the positive solution of (3.21) with wo € (0,7) such that (*) is fulfilled and
1—g—p)(mA+2—m) >0, ifag>0. (4.4)

Then Ve > 0 there exists a constant c. > 0, depending only on €, n, m, u, q, ag,
wo such that
lu(z)| < co|z|*°. (4.5)

Before proving the theorem, we make some transformations and additional in-
vestigations. We make the change of variables

i—1 m—1
= = - 4.
w=olol = (4.)
As result, (0.1)-(0.2) takes the form
Mov(x) = F(x), z€qG,
o0(2) = Flz) o

v(z) =0, z€0G,
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where
— d m—2 ao m—-2 _ — —1 m
Mov(z) = _dmi(NU' V) + mﬂﬂ — o[V, (4.8)
—m _ —m - 0 i\L
q0=t e, m=tn P =0 (fole) - 220 )
i=1 t
Now

W= (r\/gn 1) W),
| _ (4.10)
A=A Bw) = 3t (W)

plays the role of barrier function. Because of (3.11)-(3.14) and (3.21), it is easy to
verify that (X, ®(w)) is the solution to

%[@252 + )T 4 A - 1) —m+ qBRT +T ) =
= P[] - ‘I)()\ F13)E, we (—wo/2w/2), (4.11)
O(—wo/2) = ®(wo/2) =0, (4.12)

+oo V2 4 W22 4 N2 et 5
/0 (m—1 +ﬁ)[((yzl+ xlg?ﬂTxg;y_ —'7;1))\(@/)2 P U= 5 (413)

It is obvious that the properties of (A, ®), established in § 3 remain valid for
(A, @(w)). In particular the (*) becomes

PN =m—1+0N +2-mA" " —G > 0. (¥)

Now we consider a perturbation of the (4.11)-(4.13). Namely, Ve € (0,7 — wp) we
consider on the segment [—“2t= £0te] the problem for (., ®.) :

4 Dl 1) 20,202 + 927 =

L1p2e? 827

(0—6)(1) ‘(I) ‘m 2—ﬁ—(>\2<1>2+¢ ) LL)E(—WOTH’LUO;—E)’
(4.11,)
q><—w°2+5>=<1><°"°2+8>=0, (4.12)
/+oo [(m — 1)y + A2y + 22 "7 gy — o te
0 (m—1+m)E2+A)% + A2 —m) 2+ A" 1 e —ag 24.13.)

The (4.11.)-(4.13;) is obtained from the (4.11)-(4.13) by change in the last wo by
wo + € and @y by @y — ¢. From the monotonicity properties of A\(wg,dg) established
in §3 (see (3.30)), we obtain

0 <A <A, lim A = A, (4.14)

Now we establish lower bounds for the functions ¢,,—; and ®.(w).
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Corollary 4.2. From Lemma 3.1 it follows that
w (m—1)Ac—m
VI MDA > 5 = min {1; (cos 7()) } (4.15)

Lemma 4.3. There exists €* > 0 such that

wWo 9
o (22) > 4.1
(2>_w0—|—5 Ve € (0,e™) (4.16)

Proof. We turn to the (%) : P, (A) > 0. Since P,,()\) is a polynomial, by continuity,
there exists a §*-neighborhood of ), in which (¥) is satisfied as before, i.e. there
exists * > 0 such that P,,(\) > 0 for ¥\ such that |\ — A\| < §*. We choose the
number * > 0 in the such way; then

Pn(A—=68)>0 V5e(0,6). (4.17)
Recall that X solves the (4.13). By (4.14), now for every 6 € (0,6*) we can put
A=A—0

and solve (4.13.) together with this A, with respect to ¢; let €(d) > 0 be obtained
solution. Since (4.14) is true,

lim e(6) = +0.
0—+0

Thus we have the sequence of problems (4.11.)-(4.13.) with respect to
(Ae, Pe(w)) Ve |0 <e <min(e(6);m —wp) =*(6), Vo€ (0,6). (4.18)

We consider ®.(w) with Ve from (4.18). In the same way as (3.18) we verify that

Pl (w) <0 Ywe [—w0+8 w0+5].

2 72
But this inequality means that the function ®.(w) is convex on [—“2te @ote] e,

I

Wo+€ wo+e
P (iwr + aaws) > 1 Pe(wr) + a2Pe(w2) Ywi,we € [— 0 0 ]

2 72
0120, 02>0 g +ap=1. (4.19)

We put a; = Ej‘r’—zo, = ﬁ, wp = 5‘*'2“’0, we = 0. Then (4.12.) we obtain

wo e 9
o (— ) > d_(0) =
6(2>_WO+E E() u)o+€’

and this lemma is proved. Q.E.D.
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Corollary 4.4.

9
wo + €

<P (w) <1 Ywé€ [~wo/2,wp/2]; Ve e (0,e7). (4.20)

Proof of the Theorem 4.1. Let (Ae, ®.(w)) be the solution of (4.11,.)-(4.13.), with
e € (0,e*), where ¢* is defined by (4.18). We set

W (r,w) = (ry/gn_1)"P:(w), w € [~wo/2,wp/2].

Elementary calculations show that

we|p, > 0, (4.21)

X
3 wo
w5|Qd2 . (dcos ?) (4.22)
(by virtue of (4.14), Lemma 3.1 and (4.20)). Then for (4.8)-(4.9) we obtain

~ a2 1+ 92 el
W

Mowe (r,w) = (r\/Qn—1)(m_1)’\5_m{
S e(m— 1) —m + 2B (A2 + %) 4 gedm -

1 m
~hg- (el ) } = e(ry/gn) "ot
€

by virtue of (4.11;). From (4.14) and Lemma 3.1 we have

(m=1)A—m
VI TR > 520 — min {1; (cos %) } (4.23)

Taking into account (4.20), we get

m—
g

> - 7
mow&(’rvw) = (WO +€)m—1

plm=DAc—m (4.24)

Now we use the weak comparison principle for (4.7)-(4.9). By definition of weak
solution

— m—2 ag m—2
Qo) = [ {Ivom 2 0 pelol™

—fv Vo "¢ — F(w)¢}dw =0 Vo(z) €N, 00(G). (4.25)

Now let ¢(x) € N}, o o(G) be such that

¢(z) >0 VzedG; p(xr) =0 VreG\GL
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Then VA > 0,

Qv 0) = [

G

o) (o)~ F(0) ) o

_ /G 9@ (Am_limowa(w) - F(m))d:p

A m—1 B B B
= /Gg ¢(w){(€+wo> J_{Oam‘w’(m o m_kltl m’w‘ﬁ}dx

A m—1 1 m—1
> {( ) o™ — ky (u> }/ é(z)|z|Mm=Dre=mdz > 0,
€+ wo m—1 G (4.26)

if A > 0 is chosen sufficiently large,
A (m—1+q)(e +wo) LS ' (4.27)
g(m—1) HoE

To obtain the first inequality of (4.26) we used (4.2), (4.9), and (4.24). And for
the second inequality, we used (4.3), (4.6), (4.10), and (4.14).

Furthermore, by the theorem 2.1, U(w)' < ¢pd®; therefore by (4.22),
Qq

A X
Aw,| > -2 <d cos ﬂ) > (z)| (4.28)
Q, wo +¢€ 2 Qy
if A > 0 is chosen such that
As ClEtwo) o3 (4.29)

A
wo
3 (COS 2 )

Thus, if A > 0 is chosen according to (4.27), (4.29), then from (4.25), (4.26),
(4.28), (4.21) and (4.7) we obtain:

Q(Aw.,¢) >0, Qv,¢)=0 in G

Aw, >

oGy

aGY

It is easy to verify that rest of the conditions of the weak comparison principle are
fulfilled. By this principle we obtain

v(z) < Aw.(z), V€ G_g.
Similarly we can prove that
v(z) > —Aw.(z), Vx e G_g.
Thus, finally, we have
lv(z)| < Aw.(z) < Alz|, Vz e GE. (4.30)

Resubstituting the old variables, by (4.6), (4.10) we obtain from (4.30) the required
bound (4.5). Therefore, Theorem 4.1 is proved.
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