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H-CONVERGENCE FOR EQUATIONS DEPENDING ON
MONOTONE OPERATORS IN CARNOT GROUPS

ALBERTO MAIONE

ABSTRACT. This article presents some results related to the convergence of
solutions and momenta of Dirichlet problems for sequences of monotone oper-
ators in the sub-Riemannian framework of Carnot groups.

1. INTRODUCTION

The term H -convergence was coined by Francois Murat and Luc Tartar in the
70’s and it is addressed to differential operators. Tartar[31][32] reported applications
of the H-convergence to many different frameworks covering, among other things,
the case involving monotone operators (see Definition of the form

Alu) = —div(A(z, Vu)),

where A is a Carathéodory function satisfying uniformly ellipticity and continuous
conditions, in the setting of Hilbert spaces. See [32] Chapter 11] for details and [29]
Chapter 2.3] for a general discussion about this topic.

In recent years, this theory found numerous applications in literature, such as
homogenization. We refer the interested reader to [3}, 4} B} [6] [7, O] 111, [12], 13 15} [16]
20, 28, [30] for details. In particular, De Arcangelis and Serra Cassano [I4] extended
into the setting of Banach spaces the original Murat and Tartar H-compactness the-
orem, working with weights. A linear counterpart of this study, in Carnot groups,
was faced up by Baldi, Franchi, Tchou and Tesi [1I, 2 [21]. This environment has
become of particular interest for analysis and PDEs over the previous decades, see
c.g. [10 17, 18, 25, 27].

The class of linear operators considered in [T}, 2, 21] is made of matriz-valued
measurable functions, that is, operators of the form

A(u) = — divg(A(z)Vgu), (1.1)

where A is a (m X m)-matrix-valued measurable function and Vg and divg are,
respectively, the intrinsic gradient and the intrinsic divergence (see Definition
for details). We remind that a definition of intrinsic curl, curlg, can be found in [2
Section 5]. The key tool in [II 2] 21] was an extension to Carnot groups of Murat
and Tartar’ Div-curl lemma [32, Lemma 7.2], namely [2, Theorem 5.1].
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Motivated by the previous results, in this paper we look for extensions to Carnot
groups, in the general setting of Banach spaces, of the original result of Murat and
Tartar [32, Theorem 11.2] and we provide a H-compactness theorem for (nonlinear)
monotone operators, working with operators of the form

A(u) = —divg(A(x, Vgu)) (1.2)
for a given A € M(a, 8;). The class M(a, 5;Q) is defined as follows.

Definition 1.1. Let Q@ C G be open, 2 < p < 0o and a < 8 be positive constants.
We define M(a, 8; Q) the class of Carathéodory functions A :  x R™ — R™ such
that

(i) A(z,0) = 0;

(i) (A(2,6) = Alw,m), € —m) z o€ =l

(ifl) |A(z, &) — Az, m)| < B[L+ &P+ nP] 7 1€ —n
for every £,n € R™ and a.e. x € Q).

The main result of this article is the following theorem.

Theorem 1.2. Let Q C G be open, connected and bounded, 2 < p < 00, a < f3

positive constants and let (A™), C M(«, 3;Q). Then, up to subsequences, there
exists AT € M(a, 8;9) such that

(A™),, H-converges to A°T.

We would like to stress that, for p = 2, Theorem [I.2] generalizes several previous
results. For instance, if the Carnot groups G is the Euclidean space R™, then The-
orem immediately gives [32] Theorem 11.2]. Moreover, in the sub-Riemannian
framework of Carnot groups, if we restrict to operators , then Theorem |[1.2
generalizes both [2I] Theorem 4.4], if G is the first Heisenberg group, [I, Theorem
6.4], if G is a general Heisenberg group and [2, Theorem 5.4], in any Carnot group.

The structure of this article is the following one: in Section |2} we give the defi-
nitions of Carnot groups and the functional setting required throughout the paper.
In Section [3] we study the main properties of the class of monotone operators we
are interested in and, in Section[4] after defining a proper notion of H-convergence

(see Definition , we prove Theorem

2. PRELIMINARIES

2.1. Carnot groups. Let us recall just few definitions concerning Carnot groups.
We refer the interested reader to [§].

Definition 2.1. A Carnot group G of step k is a connected, simply connected
and nilpotent Lie group, whose Lie algebra g admits a step k stratification, that is,
there exist V1,..., V4 linear subspaces of g, usually called layers, such that
() g=Vi®-- @V
(ii) [V1,Vi] = Viqq for any i < k, where [V1, V;] is the sub-algebra of g generated
by the commutation [X, Y], with X € V1,Y € V;;
(iii) Vi # {0} and V; = {0} for any ¢ > k, where 0 is the identity element of g.

Typical examples of Carnot groups are the Euclidean space, the only Abelian
Carnot group of step 1 and the Heisenberg group, a Carnot group of step 2.
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It is clear from Definition 2.1} that the first layer V; plays the role of generator
of the algebra g, by commutation. For this reason, we refer to V; as the horizontal
layer, while the other layers V;, 1 < i < k, are called vertical layers.

We can define two different dimensions on G: the topological dimension, which
is its dimension as Lie group, i.e.,

i
dim(G) = dim(g) = Z mi,

where m; := dim(V;) for any 4, and the homogeneous dimension, defined by

k
Q = ZZ m;.
i=1

Let us notice that, when G is not R"™, the homogeneous dimension of G is always
bigger than the topological one. In the sequel, we denote m := my, for simplicity.

2.2. Functional setting. Through the paper, (X, ..., X,,) denotes a basis of the
horizontal layer V1, || the Lebesgue measure of any set Q C G and, if £, € R™, we
denote by |¢]| and (£, 7n) the Euclidean norm and the scalar product, respectively.
The subbundle of the tangent bundle TG, which is spanned by the vector fields
X1,..., Xy, is called the horizontal bundle and is denoted by HG. Each section
® of HG is called horizontal sections and is identified with canonical coordinates
with respect to the moving frame, by a function ® = (®4,...,9,,) : G — R™.

Definition 2.2. Let u € Ll _(G), let X;u exist in sense of distributions, and

loc
assume X;®; € LL _(G) for i =1,...,m. We define the intrinsic gradient of u and

the intrinsic divergence of ®, respectively, as

m

Veu:= Y (Xu)X; = (Xiu,..., Xpu), divg(®) =Y X;;.
j=1 i=1

Definition 2.3. For 1 < p < 0o we define

WP(Q) :=t{u € LP(Q) : Xju € LP(Q) for j = 1,...,m},
endowed with its natural norm, Wé:g(Q) the closure of C2°(Q)NWE7P () in WP (Q)
and W&l’p/(Q) the dual space of Wég(ﬂ) Notice that, if € is bounded, then

P = VeulPd
[l p oy = [ [Vul do

defines an equivalent norm on Wé’g (Q) (see [24], Section 2] and, for more details,
[23,26]). Finally, we denote LP(£2, HG) the set of measurable sections & € LP(2)™.

Proposition 2.4 ([19, Corollary 4.14]). If1 < p < oo, then Wép(ﬂ) is independent
of the choice of the basis (X1,...,Xm).

2.3. Monotone operators. Let us recall the definition of monotone operators.
See, for instance, [22] for more details.

Definition 2.5 ([22] Definitions 1.1-1.3, Chapter III]). Let V be a reflexive Banach
space, V* its dual space and let A : V — V* be a mapping. We say that
e A is monotone, if

(A(u) — A(w),u — v)y=xy >0 for all u,v € V;
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o A is strictly-monotone, if it is monotone and
(A(u) = A(v),u —v)y+xy =0 implies u = v;
e A is coercive, if there exists an element v € V such that

<~A(u> - A(’”)? U — U>V*><V

— 00 as ||ully = o0;
|u—vllv

o A is continuous on finite dimensional subspaces of V if, for any finite di-
mensional subspace M of V', the restriction of A to M is weakly continuous,
namely, if A: M — V* is weakly continuous.

Operator (|1.2) is strictly-monotone, in sense of Definition The following
result will be crucial later on.

Theorem 2.6 ([22] Corollary 1.8, Chapter III]). Let X be a Banach space, let K
be a closed, nonempty and convexr subset of X and let A : K — X™* be monotone,
coercive and continuous on finite dimensional subspaces of K. Then, there exists
u € K such that

(A(1),0 = 1) x>0
foranyv e K.

3. EXISTENCE RESULTS FOR EQUATIONS DRIVEN BY MONOTONE OPERATORS
Let Q C G be open, connected and bounded, 2 < p < 0o, V = Wé:g(ﬂ) and
V* = W@l’p,(ﬂ). Moreover, let A: V — V* be as in (1.2).
Proposition 3.1. Let A € M(«a, ;). Then, for every f € V* there exists a
unique (weak) solution u € V' of
—divg(A(,Vgu)) = f inQ, (3.1)
i.e.

/(A(x,VGu),V@Lp>dCE = / fedr Vo e CX(Q). (3.2)
Q Q

Remark 3.2. By standard approximation arguments, (3.2)) holds for every ¢ € V.
Proof of Proposition[3.1 Let f € V* and let B:V — V* be defined by

wmxww”ﬂz/

((A(x, Vgu), Vgv) — fv) dx Yu,v e V.
Q
Let us show that B is strictly-monotone, coercive and continuous on any finite
dimensional subspace of V. To obtain the weak continuity on finite dimensional
Banach spaces, it is enough to prove that B is strongly continuous in the whole
space V.

Fix u,v € V. Then, by Definition (ii)
(B(u) — B(v),u = v)v=xv > aflu—vlfy, =0,

(B(u) = B(v),u —v)v+xv
[u—vllv

—1
> affu— ol L.

Let (uy)n be strongly convergent to w in V. By Holder’s inequality, we have

(B(un) = B(u), un — upvxv < [|A(, Veus) — A( VGU)HLF’(Q,HG)HUH —ullv.
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Notice that (A(-, Vgun))n strongly converges to A(-, Vgu) in LP' (Q, HG) since, by
Definition (iii) and Holder’s inequality

[A(, Veun) — A(, VGU)HZ’(Q,HG)

< B”/ / 1+ |Veu,|? + |V¢;,u|p]% [Veun, — VGu|p/ dx
Q

<5 ( /Q 1+ [VeunlP + |Voul?] d:c)% ( /Q Veun — V«supdx)ﬁ’,

= B (19 + lfwnll?, + lull§] 7" flun — wullf.
Moreover, by Theorem [2.6] there exists u € V' such that
(B(u),v —uyy«xy >0 YveV (3.3)
and, choosing v; := u + ¢ and vy := u — ¢, we obtain
(B(u), p)vxy =0 VoeV.
Then, u satisfies (3.2]).

Finally, if u,v € V are weak solutions of (3.1]) then, by Remark (choosing
¢ =u—v € V) and by Definition (i)

0= / (A(z, Vgu) — A(z, Vgv), Veu — Vevdr > aflu —o|lf, >0,
Q

that is, the solution of (3.1]) is unique. O

As a direct consequence of Proposition A is continuous and invertible in V.
We conclude this section providing useful estimates.

Proposition 3.3. Let A € M(a,3;9), let A be as in (1.2) and let A~! be its
inverse operator. Then

(a) (Au) = A(v),u=v)vexyv > allu—vlly;
(b) A= () = AT DT < R)7IIf — gl
(©) [lAw) = A@)llv- < BIQS + ully, + [lv
for any u,v € V and for any f,g € V*.
Proof. Fix u,v € V and f,g € V* such that
A(u)=f and A(v)=g¢g inQ.
Notice that (a) directly follows from Definition (ii). Moreover, recalling that
(Au) = A(v),u = v)v-xv < [|Au) = Av)|
and applying (a), with u = A7!(f) and v = A~!(g), we obtain
a A7) = AT < IIf = gllv- A7) = AT 9) v,
which implies (b).
Finally, by Definition (iii),

IA(; Veu) = A, Veu)ll oo, mey < BIQ+ ully + 10171 7 lu—vllv,

/
p .
Vs

p—2
vl llu—vllv

V*

u—vly VYu,velV,

V*

i.e.,

(A(u) = A(v), u = v)v=xv < [JA(, Veu) = A(, Veo) |l o, me) llv — vllv

p—

p=2
< BllQl + lully + [lIF) 7w =y
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Then, (c¢) follows by the definition of || - |

4. H-CONVERGENCE AND DIV-CURL LEMMA

The following statement of H-convergence is a natural adaptation of the original
definition of Murat and Tartar in our context.

Definition 4.1. Let A” € M(a, 3;Q) and let A°T € M(a/, 3’;Q), for some a < 3
and o/ < B’ positive constants. Fix f € WG_LP (Q) and let Uy, uso € Wé:g((l) be,
respectively, weak solutions of

—divg(A"(,Vgu)) = f inQ
—divg (A (-, Vgu)) = f in Q.
We say that (A"),, H-converges to A°% if, as n — oo,
Up — Uso Weakly in Wé:g () (convergence of solutions)
and
A™(-, Vguy) = A (-, Vgue) weakly in LP (Q, HG) (convergence of momenta).
Before proving Theorem we need two preliminary results.
Lemma 4.2. Let A” € M(e, 5;Q) and define A,, : Wé:’o’(Q) — W(Gfl’p/(ﬂ) as
Ap(u) := —divg (A" (-, Vgu)) in Q.
Then, there exist a continuous and invertible operator As : Wézg(Q) — W([;l’pl (Q)
and a subsequence (Apm)m of (Ap)n, such that
AL = AL (f)  weakly in Wé:g(Q)
for every f € Wcjl’p/ Q).

Proof. For the sake of simplicity, let us denote V = Wé:g(ﬂ) and V* = W@l’p,(ﬂ).
We divide the proof of the lemma into three steps.

Step 1. Let X be a fixed countable and dense subset of V*. We show that, for
any fixed f € X, the sequence of solutions of

Ap(u)=f inQ (4.1)

weakly converges, up to subsequences, in V. Moreover, we provide an upper-bound
for its limit, in terms of f.

Fix f € X. Then, by Proposition there exists u,, € V, weak solution of
([@3), that is, u, = A;*(f) for any n € N. Moreover, by Proposition (b)

NI =
Jually < ()P IAIGT
ie., (un)n is bounded in V, reflexive Banach space and, therefore, there exist
Uoo(f) € V and (um)m, diagonal subsequence of (uy )y, such that
Um — Uoo(f) weakly in V.
Notice that, by the lower semicontinuity of the norm and by Proposition a),

(frtoo)vexy = Hm (A, (Um), tm)vexy > o Iiminf ||u, [}, > afusl},
m—o0 m—0o0
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and, since
(fstoo)vexv < | fllv

uoo||V7

it follows that

_1_
p—1
Vv o

Jusolly < (2) 7T £)
Uso ||V = o

Step 2. Define S: X — V as
S(f) = liﬁm AL(f) for any f € X.

Let us show that S can be extended to the whole space V*. Since X is countable
and dense in V*, it is sufficient to show that S is continuous in (X, || - [|v+).
Fix f,g € X. Then, by Proposition [3.3(b),

- _ 1,1 L
AL = A9y < (E) If—gllyst ¥YmeN

and, passing to the limit, by the lower semicontinuity of the norm, we obtain

1, -1 L
1S(£) = S(g)llv < lminf AN (f) = Az (g)llv < (Z) 77 = gll="

For the sake of completeness, the extension of S to V*\ X is defined as
S(f) = lim_ S(f,)

for any f € V* and (f,), C X such that f,, — f in V*.

Step 3. Let us finally prove that, as a consequence of Theorem S is invertible
in V*. To this aim, we show that S is monotone and coercive in V*. Fix f,g € V*.
Then, by Proposition [3.3(a),

(S(F) = S(). f ~ Qb = Tm (A(F) = Apt(a). f — g)vcr-

7r}g>noo<"4m<um) - AWZ(UW)’ Um — Um>V*><V

Y

am%i_ﬁnoo [ttm — Uml[3, 2 0.
Moreover,

”Am(um) - Am(vm) H;\D/*

-2
< B + llumlly + NlomlI51 lum = vmll5,

< 20901+ ) + o 87 (A () = A (0m),tm = vy
< Z 01+ C) I + () 101804510 - A7) f — g
Passing to the limit,
I~ ol
< 20+ ) I + ) 917 (S(F) = 5(9). f — ghvacr-

We obtain the conclusion, defining A, := S~ :V — V*. a
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Lemma 4.3. Let A, be as in the Lemma . Then, for any f € W([;Lp/(Q),

there exists a continuous operator M : W(;l’p (Q) — L (Q, HG) such that, up to
subsequences

A" Ve AT () = M(f)  weakly in LP (Q, HG).
Proof. Let X be a countable and dense subspace of LP' (Q,HG) and let f € X.
Then, by Definition |1.1[iii) and Hélder’s inequality
[ 1@ Te A () de < 67 [ (14 196 A (DI Vel ()P da
Q Q

< 871190 + A4 AT 1A (I
i.e.
A", Ve A (Do mrey < BIQL+ A (DIETT 1A () v

and, by Proposition [3:3]

1A™(, VGA:Ll(f))”L:D'(Q,HG) < UQ| + ( ) ||f‘ V*] ez ||f||‘1;7i*1

Therefore, (A™(-, Vg A7 1(f)))n is bounded in L? (2, HG) and, by the countability
of X, there exists a diagonal subsequence of (A" (-, Vg.A,, 1 (f)))n weakly convergent
to M = M(f) in L (Q, HG).

We define M : X — LP' (2, HG) as

M(f) = lim A™( VA, (f) for any f € X.

B

apP-1

If f,g € X, then, by Proposition [3.3]
[ A™ (-, VGAZf(f)) - Am(' Ve A, (9 e o,10)
ﬂ ]_ / ’ p=2 ﬁ
AN CSU A e T

< —[1o/+ ( I
ap

Therefore, by the lower semicontinuity of the norm, M can be extended to the
whole space V*, and the thesis follows. ([

We recall now the statement of Div-curl lemma, in the framework of Carnot
groups, given by Baldi, Franchi, Tchou and Tesi [2].

Theorem 4.4 ([2, Theorem 5.1)). Let Q C G be an open set and let p,q > 1 be
a Hélder’s conjugate pair. Moreover, following the notations of [2], if o € I3, let
a(o) > 1 and b > 1 be such that

@p and b> (g

alc) > ———— .
(@) Q+(c—1p Q+q
Finally, let E™, E € L}, (2, HG) and D", D € L{ (2, HG) be such that

(i) E™ — E weakly in L}, (Q, HG);
(ii) D™ — D weakly in L (2, HG);

(iii) the components of (curlgE™),, of weight o are bounded in Lfo(g)(Q HG);
(iv) (divg D™),, is bounded in LIOC(Q HG).
(

Then (D™, E™) — (D, E) in D'(Q),

(D™ (z), E™(2))yp(z) dx — / Yo(z)dz  for any ¢ € D(Q).
Q
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Proof of Theorem[I.3. We denote A, and M the operators defined in Lemma [:2]
and Lemma [£.3] and define

C =M oA : Weh(Q) — L7 (Q, HG).
Let us show the existence of A°f € M(a, B;Q) such that
Clu) = Az, Ve A (f)
for any f € Wél’pl (Q) and for any u € Wé:g(ﬂ) such that
Ao(u)=f ae xz€. (4.2)

Fix f € Wél’p/ (Q) and w open set such that w C Q. For any v € Wé:g(ﬂ), weak
solution of , we define the Carathéodory function A°T : QO x R™ — R™ as
A (2, €)= Clw) if Vgu(z)=¢ ae zinw.
Let us show that
Az, €)= A (2,&5) ae. zin w; Nws (4.3)

for any & = & € R™ and for any wq,ws open sets such that wy,ws C .
We fix @1, p2 € CL(Q) such that ¢;|,, = 1 fori = 1,2, and let (v ), C Wé’g(ﬂ)

and (vg p)n C Wéig () be, respectively, weakly convergent, up to subsequences, to

V1,00 (%) = p1(2) (€1, 7(2))
2,00 (2) = p2(2) (&2, 7(2)),
where 7(z) := (21,...,2y) for every x = (21,...,2,) € Q. Moreover, define
DI := A™(-,Vguin) € L (Q, HG)
EP = Vgui, € LP(Q, HG)

(4.4)

and fix fi, fa € WG_LP,(Q) such that
f1 = — diV((;(C(’Ul,oo)), f2 = — diVG(O(’ngo)) in Q.
By (4.4)), it holds that

Veui,eo =81 Inwy
. (4.5)

Vv, =& inwy.
Notice that curlg(E?) = 0, for any n € N and ¢ = 1,2. Moreover, there exist
(D) s (E™)p, diagonal subsequences of (D), and (E?), and D; € L¥' (Q, HG)
and E; € LP(Q, HG), i = 1,2, such that

D" — D; weakly in L (Q, HG)

E" — E; weakly in LP(Q), HG).
Therefore, by (4.5)), by Lemma Lemma and by Theorem (where a is
each value grater than 1, which satisfies the hypotheses of the theorem, and b = p’),

it follows that

/ (A™(x, Vgua,m) — A™ (2, Vevim), Veve,m — Veurm)e(z) dx
Q (4.6)

= / (A (2,69) — AT (2,61, — E2)pla) da
Q

for any ¢ € D(w; Nwa).
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Fix ¢ > 0 and notice that, by Definition ii), it holds that

/ (A™(z, Vgva,m) — A™(x,Veuim), Veva,m — Vevim)e(x) dz
Q

(4.7)
> a/ IVeva,m — Vevr,m|P ¢(x) de
Q
Then, by (4.5, (4.6) and (4.7) and Fatou’s lemma,
/Q<Aeﬂ(x,§2) — A (2,61),& — &)p(z)dx
> lim inf a/ IVeva,m — Vgurm|[Po(x)de
m—0o0
Q (4.8)
> a/ |Vgva,00 — Veui,eoPo(x) do
Q
= Oé/ &2 — & [Pp(z) dz
Q
Moreover, since by Definition iii)
/ IVevz,m — Vevim[Pp(z) de
1 4.9
Bp/ [1+Vevaml + [Vevyml’]* (49)
X |A"™(x, Vgua,m) — A™ (x, Vevi,m)|Pe(z)dx,
then, by (4.5)), (4.6]), (4.7) and (4.9)), and Fatou’s lemma,
[ 4 0. 62) - A (@, 60), 62— €1) () da
Q (4.10)

> % /Q[l + &P + G PP P AT (2, &) — A (2, &) [Pop(x) da .

Varying ¢ in D(w; Nwy), and give
(A (2,6) — A (2,6),& - &) > ol — &7,
(A (2, &) — A (2,61),86 — &)

o — € €
> @[1 +[6af? + € [PIPPAT (2, &) — A (2, &1) [P
a.e. r € wy Nws.

If & = &, we obtain (£.3), and if &; # &, then A°T satisfies Definition (ii).
1.1)

Moreover, by Definition (1.1))(iii), by (4.5) and Fatou’s lemma,

/ & — 617 p(a)de
Q

> lim inf/ [Veve,m — Veurm|Pe(x) de

m—roo

> liminf — Gr / 14 |Vgvem|? + |Vgur, m|p]

m—r o0

IAm(l’,Vsz,m) A", Vevrm)[” ¢(x) do

B [1 +&f” + PP AT (2, &) — AT (2, €0) P p(2)dx
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and, varying ¢ in D(w; Nwy), A°T satisfies Definition iii).

Let u,, € Wég(Q) be the (unique) weak solution of (1)), relative to f = 0. Since
A"™(-,0) = 0 a.e. in © by Definition [L1fi), then u,, = 0 a.e. in Q and, by Lemma
and Lemma [4.3] up to subsequences

0= A"z, Vgun) — AT (2,0) weakly in L” (Q, HG).
Then, A% satisfies also Definition (i) and, therefore
AT e M(a, 3;9).
To conclude the proof of the theorem, we show that
Cluse) = A (2, Veus) ae x€Q. (4.11)

Let us € Wé:g(Q) be the (unique) weak solution of (4.2), let (um)m be weakly
convergent to e in Wé’g(ﬁ) and define DJ* = A™(z, Vgup,) and ET" = Vguy,.
Then, by Theorem

/ (A™(z, Voum) — A™(z, Vevi,m), Vetm — Veui,m)e(x) de
Q

o [ (Clu) - Az 60), Voo~ G)pla) do
for any ¢ € D(w;) and, following the same techniques of the first part of the proof,
(Cluce) = A (2,&1), Vitios — &1) > a|Vgtios — &7,
(C(uoo) — A (2, 61), Voo — £1)

« — e
2 L+ [Veusl + 617710 (us) — A% (@, &)1
that is,
p—2
|C(use) = A (@,61)] < BIL+ [Veusl” + [61P] 7 [Vous — &i| ae. z €wr.
Finally, varying ¢ € D(wy) and & € R™, we obtain (4.11)). O
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