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EXISTENCE OF POSITIVE SOLUTIONS FOR
NONLINEAR BOUNDARY-VALUE PROBLEMS IN
UNBOUNDED DOMAINS OF R"

FATEN TOUMI, NOUREDDINE ZEDDINI

ABSTRACT. Let D be an unbounded domain in R™ (n > 2) with a nonempty
compact boundary 0D. We consider the following nonlinear elliptic problem,
in the sense of distributions,

Au= f(,u), w>0 in D,

ulpp = g,
wz) _ gy
|z|—+o0 h(z)

where a, 3, A are nonnegative constants with aw + 3 > 0 and ¢ is a nontrivial
nonnegative continuous function on 0D. The function f is nonnegative and
satisfies some appropriate conditions related to a Kato class of functions, and
h is a fixed harmonic function in D, continuous on D. Our aim is to prove the
existence of positive continuous solutions bounded below by a harmonic func-
tion. For this aim we use the Schauder fixed-point argument and a potential
theory approach.

1. INTRODUCTION

In this paper, we are concerned with the existence and asymptotic behavior
of positive solutions for the following nonlinear elliptic equation, in the sense of
distributions,

Au = f(.,,u) in D, (1.1)

where D is an unbounded domain in R” (n > 2) with a nonempty compact bound-
ary 0D and f is a nonnegative measurable function on D that may be singular
or sublinear with respect to the second variable. More precisely we will study the

problem
Au=f(,u), w>0 in D,

ulyp = ¢, (1.2)
u(z)
im —= =p0A>0,
|z|—+oc0 h(.’L‘) ﬂ -
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where o > 0, 8 > 0, ¢ is a nontrivial nonnegative continuous function on 9D, h is
the harmonic function in D given by below and f satisfies some appropriate
conditions related to a Kato class (see Definition introduced by Bachar et al
n [3] for n > 3 and Maagli and Maatoug in [I1] for n = 2.

In [2], Athreya considered with a special case of nonlinearity f(z,u) =
g(u) < max(1,u~%) for 0 < a < 1, on a simply connected bounded C2-domain €.
He showed that if hg is a fixed positive harmonic function in € and ¢ is a nontrivial
nonnegative continuous function on 052, there exists a constant ¢ > 1 such that if
@ > chg on 0f, then has a positive continuous solution u satisfying u = ¢ on
0 and u > hg in Q.

This result was extended by Bachar et al [5] on the half space R} = {z =
(x1,...,2n) ER™: 2z, > 0} (n > 2). More precisely, they proved that the problem

Au= f(.,u) inRY,
u=¢ in R},

lim @)

Tp—+00 Ty

=c>0,

has a positive solution u satisfying w(x) > cx, + po(x) in R, where pg is a fixed
positive continuous bounded harmonic function in @

In the sublinear case where f(x,u) = p(z)u®, 0 < a < 1, Lair and Wood [§]
studied the existence of positive large solutions and bounded ones for the equa-
tion . In particular they proved the existence of entire bounded nonneg-
ative solutions in R"™ provided that p is locally holder continuous and satisfies
S5 tmax, = (p(z))dt < occ.

This result was extended by Bachar and Zeddini in [4] to more general function
flz,u) = q(z)g(u). More precisely it is shown in [4] that the equation has
at least one positive continuous bounded solution in R", provided that the Green
potential of ¢ is continuous bounded in R™ and for all a > 0, there exists a constant
k > 0 such that the function # — kz — g(x) is nondecreasing on [, 00).

In this work, we will give two existence results for the problem . For this
aim, we fix a positive harmonic function hg in D, which is continuous and bounded
in D such that lim| ;|40 ho(z) = 0, whenever n > 3. We suppose that the function
f satisfies combinations of the following hypotheses:

(H1) f: D x (0,400) — [0,400) is measurable, continuous with respect to the
second variable.

(H2) There exists a nonnegative measurable function § on D x (0, +00) such that
the function ¢t — 6(x,t) is nonincreasing on (0, +00), and satisfies

f(z,t) < 0(x,t), for (x,t) € D x (0,+00).

(H3) The function ¢ defined on D by ¢ (z) = %&()r)) belongs to the class
K (D).

(H4) For each o > 0 and 8 > 0 with a4+ > 0, there exists a nonnegative function
da.3 = q € K*°(D) such that for each x € D and t > s > aho(z) + Bh(z),
we have

[, t) = flz,s) < (t = s)q(x), (1.3)
flz,t) <tq(z). (1.4)
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For the rest of this paper, we denote by Hpp the bounded continuous solution of
the Dirichlet problem

Aw=0 in D,
w|6D =% (1.5)
w(z)

im =0,

where ¢ is a nonnegative continuous function on 9D and h is the harmonic function
given by .

The outline of this paper is as follows. In the second section we recall and
improve some useful results concerning estimates on the Green function Gp of the
Laplace operator A in D and some properties of functions belonging to the Kato
class K*°(D). In section 3, we will prove a first existence result for the problem
, by using the Schauder fixed-point theorem. More precisely, we prove the
following

Theorem 1.1. Under the assumptions (H1)-(H3), there exists a constant ¢ > 1
such that if ¢ > chg on 0D, then for each A > 0, the problem (1.2)) witha=8=1
has a positive continuous solution u satisfying for each x € D,

Ah(x) + ho(x) < u(z) < Mh(z) + Hpp(x).

In the last section, we use a potential theory approach to prove a second existence
result for the problem (|1.2)). More precisely, we will prove the following result.

Theorem 1.2. Under the assumptions (H1) and (H4), if o« > 0 and 8 > 0 with
a+ 3 > 0, then there exists a constant ¢ > 1 such that if ¢ > c1hy on 0D and
A > ¢y, the problem (1.2) has a positive continuous solution u satisfying: For each
reD,

aho(z) + Bh(z) <wu(zr) < aHpp(z) + SAh(zx).

Notation and preliminaries. Throughout this paper, we will adopt the following
notation.

i. D is an unbounded domain in R™ (n > 2) such that the complement of D in
R", D° = szl D; where D; is a bounded C*!-domain and D; (" D; = 0,
for i # j.

ii. For a metric space S, we denote by B(S) the set of Borel measurable func-
tions and By(S) the set of bounded ones. C(S) will denote the set of con-
tinuous functions on S. The exponent + means that only the nonnegative
functions are considered.

iv. Cp(D) = {f € C(D) : f is bounded in D}. We note that Co(D) and C,(D)
are two Banach spaces endowed with the uniform norm

[flloc = sup [f(z)]-
zeD

v. For z € D, we denote by dp(z) the distance from x to 9D,

poli) = 22 Ap(e) = 0 (a)(p (o) + 1),



vi.

vii.

viii.

iX.

Xi.
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Let f and g be two positive functions on a set S. We denote f ~ g, if there
exists a constant ¢ > 0 such that

%g(x) < f(z) <cg(x) forallxzeS.

For f € BT(D), we denote by V f the Green potential of f defined on D by
Vi@ = [ Gotaiay

Recall that if f € LL (D) and V f € L (D), then we have in the distribu-

loc loc

tional sense (see [0, p. 52])

A(Vfy=—f inD. (1.6)
Furthermore, we recall that for f € BT(D), the potential V f is lower semi-
continuous in D and if f = fi + f with f1, fo € BT(D) and V f € C*(D),
then V f; € CT(D) for i € {1,2}.
Let (X¢,t > 0) be the Brownian motion in R™ and P* be the probability
measure on the Brownian continuous paths starting at z. For ¢ € BT(D),
we define the kernel V; by

Vafa) = B (( [ et jxpar). (17)
0

where E7® is the expectation on P? and 7p = inf{t > 0: X; ¢ D}.
If ¢ € BT(D) such that V¢ < oo, the kernel V, satisfies the resolvent
equation (see [6] @])

V=V, + VyaV) = Vy+ ViaVy). (1)
So for each u € B(D) such that V(qlu|) < oo, we have
(I = Va(g )T +V(g))u= (I +V(g))I = Vy(g.))u = u. (1.9)

We recall that a function f : [0,00) — R is called completely monotone if
(71)”f(") > 0, for each n € N. Moreover, if f is completely monotone on
[0,00) then by [I5l Theorem 12a] there exists a nonnegative measure p on
[0, 00) such that

ft) = /000 exp(—tx)du(x).

So, using this fact and the Holder inequality we deduce that if f is com-
pletely monotone from [0, 00) to (0, 00), then log f is a convex function.

. Let f € BY(D) be such that Vf < co. From ([1.7), it is easy to see that

for each « € D, the function F' : A — V), f(z) is completely monotone on
[0, 00).
Let a € R®\D and r > 0 such that B(a,7) C R"\D. Then we have

r—a —a
GD(xay):rzinGb( 7y )7 for iL’,yED,
G r r

r—a

dp(x) =rdp—a(

), forx € D,
v r

So without loss of generality, we may suppose that B(0,1) C R*\ D. More-
over, we denote by D* the open set

D* ={z* € B(0,1): x € DU {o0}},
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where z* = z/|z|? is the Kelvin inversion from D U {co} onto D* (see
[3, [IT]). Then for z,y € D,

Gp(z,y) = [« "[y[* " Gp-(a*,y").
Also we mention that the letter C' will denote a generic positive constant which

may vary from line to line.

2. PROPERTIES OF THE GREEN FUNCTION AND THE KATO CLASS

In this section, we recall and improve some results concerning the Green function
Gp(z,y) and the Kato class K*°(D), which are stated in [3] for n > 3 and in [I1]
for n = 2.

Theorem 2.1 (3G-Theorem). There exists a constant Cy > 0 depending only on
D such that for all x,y and z in D
Gp(x,2)Gp(zy) pp(2) pp(2)
SC( Gp(z,z) + Gp y,z).
T e o
Proposition 2.2. On D? (that is z,y € D), we have

==z 1| > min (1 7)‘["(@’\'[’2(3’)) n>3
Gp(e,y) ~ { Fror 0 (L B EE), 2
log(1 + 7)@‘(;32]'32@) )s n=2.

Moreover, for M > 1 and r > 0 there exists a constant C > 0 such that for each
x € D and y € D satisfying |z —y| > r and |y| < M, we have

Gp(z,y) SCW. (2.1)

Definition 2.3. A Borel measurable function ¢ in D belongs to the Kato class
K> (D) if q satisfies

. pp(y)
lim sup/ Gp(z,y)lq(y)|dy) =0,
a=0 (:EED DAB(z,a) PD(T) plew)laly)ldy)

. pp(y)
lim sup/ Gp(x,y)|q(y)|dy) = 0.
gm G [ Go e

In this paper, h denotes the function defined, on D, by

h(z) = enlz* "G+ (2", 0) = en i lyI" G (), (2.2)
y|——+o0
27 for n = 2,
where ¢, =<, 2 . Then we have the following statement.
T(2-1) for n > 3.

Proposition 2.4. The function h defined by (2.2) is harmonic in D and satisfies
lim,—.cop h(z) =0,
h
G
|| oo log ||
lim h(z)=1 forn>3.

|z|—o0

1 forn=2,

Moreover,

h(z) ~ {pD<x) forn >3, 23)

log(1+ pp(x)) forn=2.
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The proof of the above proposition can be found in [I1, Lemma 4.1] and in [I3].

Remark 2.5 ([7, p.427]). The function Hpp defined in (1.5 belongs to C(DU{cc})
and satisfies
lim |z|" ?Hpp(z) = C > 0.

|z|—+o00

In the sequel, we use the notation

lallo = sup / PoW) e la(y)ldy (2.4)
x€D JD pD(.')S)
G (,2)Gp (2 )
Qg = sup q(2)|dz. 2.5
. D/D (o) (2.5)
It is shown in [3| [11] that if ¢ € K*°(D), then
lallp < oo. (2.6)

Now, we remark that from the 3G-Theorem,
aq < 2Collq]lp,
where Cy is the constant. Next, we prove that oy ~ ||¢|/p-

Proposition 2.6. The following assertions hold
(i) For any nonnegative superharmonic function v in D and any q in K*°(D),

| Gplenewlawldy < agota). Vo eD. (27)
(ii) There exists a constant C' > 0 such that for each g € K*° (D),
Clallp < aq-

Proof. (i) Let v be a nonnegative superharmonic function in D. Then by [14]
Theorem 2.1] there exists a sequence (fi)r of nonnegative measurable functions in
D such that the sequence (vy )y defined on D by

vi(y) == /D G (y, 2) f(2)dz

increases to v. Since for each z € D, we have

/D G (2, 9)or ()]a(y)|dy < agui(z),

the result follows from the monotone convergence theorem.
(74) We will discuss two cases: Case 1 (n > 3). Using Fatou’s Lemma and (2.2))
we obtain

h(2) o Gplz,2)Gp(zy)
/D hz) Gp(w,2)|q(2)]dz < \lgjfgirnog/,j Go(@.9) lq(2)|dz < ay.

Hence, the result follows from (2.3).
Case 2 (n = 2). Let o1 be a positive eigenfunction associated to the first eigenvalue
of the Laplacian in D*. From [I0, Proposition 2.6], we have

¢1(§) ~0p=(§), V&€ D
Let v(x) = ¢1(z*) for £ € D. Then v is superharmonic in D and
v(x) ~ 0p- (") ~ pp(x).
Applying the assertion (i) to this function v we deduce the result. [
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Proposition 2.7 ([3, II]). Let q be a function in K*(D) and v be a positive
superharmonic function in D.

(a) Let xg € D. Then

- v(y) B
}%(jgg /B(WT)QD @GD(x,y)lq(y)ldy) =0, (2.8)
- v(y) B

dm e [ Go ) =0 29)

(b) The potential Vq is in Cyp(D), limy—,.cop Vq(z) = 0, and for n > 3,
hm|x‘H+OO Vq(ac) =0.
(c) The function © — ‘ff",ff)l q(x) is in LY(D).

Example 2.8. Let p > n/2 and 7, € R such that v < 2 — % < p. Then using

the Holder inequality and the same arguments as in [3, Proposition 3.4] and [11]
Proposition 3.6], it follows that for each f € LP(D), the function defined in D by
‘x‘“,wf((gg(m))v belongs to K*°(D). Moreover, by taking p = 400, we find again the

results of [3, [11].

Proposition 2.9. Let v be a nonnegative superharmonic function in D and q €
K (D). Then for each x € D such that 0 < v(x) < oo, we have

exp(—ag)u(z) < v(x) = Volqu)(z) < v(z).

Proof. Let v be a nonnegative superharmonic function in D. Then by [I4, Theorem
2.1] there exists a sequence (fi)r of nonnegative measurable functions in D such
that the sequence (vg)y given in D by

m@%:LGMLwh@@

increases to v. Let x € D such that 0 < v(x) < co. Then there exists kg € N such
that 0 < V fi(z) < oo, for k > ko.

Now, for a fixed k > ko, we consider the function x(t) = Viqfx(z). Since the
function y is completely monotone on [0, 00), then log x is convex on [0, c0). There-
fore,

x(0) < x(1)exp ( — f(

which implies
V(qV fi)(x) )

V fr(x) < Vi fi(x)exp ( AT

Hence, it follows from Proposition [2.6{i) that
exp(—ag)V fr(x) < Vo fr(x).
Consequently, from we obtain
exp(—aq)V fi(x) <V fi(x) = Vo(qV fi(2))(z) <V fi(@).
By letting £ — oo, we deduce the result. (I
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3. PROOF OF THEOREM [I.1]

Recall that hg is a fixed positive harmonic function in D, which is continuous
and bounded in D and h is the function defined by (2.2)). For a fixed nonnegative
function ¢ € K°°(D), we define

Ig={pe K*(D):[p| <q}.
To prove Theorem [I.1] we need the following result.

Lemma 3.1. Let q be a nonnegative function belonging to K°° (D). Then the family
of functions

F, = { /D Gl y)ho(y)p(y)dy : p €T}

is untformly bounded and equicontinuous in DU{oo}. Consequently, it is relatively
compact in C(D U {oo}).

Proof. Let q € K$°(D) and L the operator defined on I'; by
Lp(z) = /D Gp(z,y)ho(y)p(y) dy.
Then by , we have for each p € I'y and z € D,
|Lp(z)| < /D Gp(z,y)ho(y)a(y)dy < agho(z) < agllhollso-
Hence the family F}, := L(T;) is uniformly bounded.

Now, let us prove that L(I',) is equicontinuous on D U {oc}. Let 29 € D and
r > 0. Let € B(zg,7) N D and p € T'y. Since hg is bounded, for M > 0 we have

o) - Ln(eo)| < | 1G(a.) = Goteo nlatwdy

< 2sup / G (2 y)aly)dy
2€D J B(zg,2r)ND

1 25up / G (= y)aly)dy
zeD J(y|>M)nD

+ / G2, y) — Go(wo,y)la(y)dy,
Q

where Q = B°(x9,2r) N B(0,M) N D. On the other hand, for every y € Q and
x € B(zg,r) N D, using (2.1, we obtain

Gp(2,y) — Gplwo.y)| < C[—L2 (3272 PD. ($°2,2]pp(y)
|z — yl lzo — yl
< Cip(y) < nyDTEyi-

Now, since Gp is continuous outside the diagonal, we deduce by the dominated
convergence theorem and Proposition (c) that

/IGD(fr,y) — Gp(xo,y)|q(y)dy — 0 as |z — 20| — 0.
Q
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So, using Proposition a) for v = 1, we deduce that |Lp(x) — Lp(xzo)] — 0 as
|z — 2| — 0, uniformly for all p € I';. On the other hand, on D, we have

[Lp(2)| < llholloeVa(x), (3.1)

which tends to zero as x — dD. Hence, L(T;) is equicontinuous on D.
Next, we shall prove that L(T';) is equicontinuous at co. First, we claim that

f >
lim Lp(z) = {0 orn >3,

|z|— oo

Jp ho)p(y)h(y)dy  for n = 2.
Using (3.1) and Proposition b)7 we obtain Lp(x) — 0 as || — oo, for n > 3,
uniformly in p € I'.

Finally, we assume that n = 2 and we put I = [, ho(y)p(y)h(y)dy. Since
lim| |~ oo Gp(2,y) = h(y), then using Fatou’s lemma and Proposition b)7 we
obtain

1] S/Dho(y)(J(y)h(y)dy

< liminf /D Gz, y)ho(y)a(y)dy

|z|—+oc0
< Jhollss|[Valles < +o0.

Now, we shall prove that lim, . Lp(x) = I. Let ¢ > 0, then by (2.9), there
exists M > 1 such that for each z € D with |z| > 1+ M we have

\Lp(z) — 1] < /D Gz, y) — h(y)lho(v)a(y)dy

o / G (@) — () ho(y)a(y)dy.
B(0,M)ND

On the other hand, using (2.1)), for y € B(0, M) N D and |z| > 1+ M, we have

ép(y)
|yl
We deduce from Proposition c) and Lebesgue’s theorem that lim ;| o Lp(7) =
[, uniformly in p € I'y. Thus by Ascoli’s theorem Fj is relatively compact in
C(D U {oo}). This completes the proof. O

|Gp(w,y) — h(y)|ho(y) < CO( + h(y))-

Proof of Theorem[I.1. We shall use a fixed-point argument. Let ¢ = 1+ ay, where
oy is the constant defined by associated to the function ¢ given in (H3) and
suppose that

o(x) > cho(z), VYa € dD.

Since hg is a harmonic function in D, continuous and bounded in D, then the
function w := Hpp — chg is a solution to the problem

Aw=0 1in D,
'w|aD =@ —chyg >0,
w@) _,

im
and by the maximum principle it follows that

Hpp(x) > cho(x), Yx € D. (3.2)



10 F. TOUMI, N. ZEDDINI EJDE-2005/143

Let A > 0 and let A be the non-empty closed bounded convex set
A={veC(DU{o}): hg <v< Hpp}.
Let S be the operator defined on A by
Sule) = Hog(@) ~ [ Gole.)f(v,0(0) + Milw)dy.
D
We shall prove that the family SA is relatively compact in C(DU{oo}). Let v € A,
then by (H2) and (H3) and the fact that hg is positive in D, we have for each y € D,

o () + M) < S

ho(y)

Hence, we deduce that the function

Yo %(y)ﬂy,v(y) + A(y)) € Ty

It follows that the family
{ /D G (o 9)f (s 0(y) + Ah(y))dy v € A} C Fy.

Thus, from Lemma the family { [, Gp(.y)f(y,v(y) + Ah(y))dy : v € A} is
relatively compact in C(D U {co}). Since Hpp € C(DU{oo}), we deduce that the
family S(A) is relatively compact in C(D U {oc}).

Next, we shall prove that S maps A to itself. It’s clear that for all v € A we have
Sv(z) < Hpy(z),Yz € D. Moreover, from hypothesis (H2) and (2.7)), it follows
that

/GD(:v,y)f(yyv(y)JrAh(y))dyS/ Gp(z,9)0(y, ho(y))dy
D D

_ /D Gp (. y)¥(y)ho(y)dy
Sawho(x).

Hence, using we obtain Sv(z) > Hpp(x) — ayho(z) > ho(x), which proves
that S(A) C A.

Now, we prove the continuity of the operator S in A in the supremum norm. Let
(vk )k be a sequence in A which converges uniformly to a function v in A. Then, for
each x € D, we have

Sun(o) = S0(@)| < | Gl o)l 0n(0) + Ah(w) ~ Fu:00) + Na(w)ld
D
On the other hand, by hypothesis (H2), we have

| (v, vk (y) + A(y)) — f(y,v(y) + Ah(y))] < 2ho(y)¥(y) < 2[lholloct ().

Since by Proposition b)7 V) is bounded, we conclude by the continuity of f
with respect to the second variable and by the dominated convergence theorem that
for all x € D,

Svg(z) — Sv(z) as k — 4oo.
Consequently, as S(A) is relatively compact in C(D U {co}), we deduce that the
pointwise convergence implies the uniform convergence, namely,

||Svg, — Sv||ec — 0 as k — 4o0.
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Therefore, S is a continuous mapping of A to itself. So since SA is relatively
compact in C(D U {oo}) it follows that S is compact mapping on A.

Finally, the Schauder fixed-point theorem implies the existence of v € A such
that

o) = Hpola) — /D G (2, 9)f (4, v(y) + Mh(y))dy.

Put u(z) = v(z) + M(z), for z € D. Then u € C(D) and u satisfies

u=Hpp+ \h — /D Gp(.y)f(y,u(y))dy. (3.3)

Now, we verify that v is a solution of (1.2) with & = 8 = 1. Since ¢ € K*(D),
it follows from Proposition (c), that ¢ € L (D). Furthermore, by hypotheses

loc
(H2) and (H3) we have f(.,u) < hoy. This shows that f(.,u) € LL (D) and
V(f(,u)) € Fy. Then, from Lemma we have V(f(.,u)) € C(D U {cc}) C
L (D). Thus, by applying A on both sides of (3.3 and using (1.6)), we obtain

loc
that u satisfies the elliptic equation (in the sense of distributions)

Au= f(.,u) inD.

Since Hpp = ¢ on 0D, lim,_,,cop h(z) =0, and lim,—..cop V(f(.,u))(x) = 0, we
conclude that lim,_,,cop u(z) = ¢(2). On the other hand, since
A(x) + ho(x) < u(z) < Ah(z) + Hpp(z)
Hpo(zx)
h(x)
This completes the proof. [

. ho(x . u(x
= im0 }f((x)) = 0, we deduce limj;_ 4o ﬁ = A

and hm|w\—>+oo

Example 3.2. Let D = B°(0,1),p > %, 0 > 0 and v > 0. Let ¢ and g in C*(9D)
and put hg = Hpg. Then from [I p. 258], there exists a constant ¢y > 0 such that
for each z € D,
colz] —1)
—__L<p
et = ol
Moreover, suppose that the function f satisfies (H1) and

v(x)

=l (o — 1)1 7275

flz,t) <t™°

where v € L% (D). Then, there exists a constant ¢ > 1 such that if ¢ > c¢g on 8D,
the problem (1.2)) with o = 8 = 1 has a positive solution u in C(D) satisfying that
for each x € D,
Ah(z) 4 ho(z) < u(z) < Ah(z) + Hpe(z),
where h is the function given by (12.2)).
Indeed, (H1) and (H2) are satisfied and by takingy = 2—o—Zand = 2— 3 +v
in Example we deduce that the function

—1—0o U(Jf) 0o
€T — (ho(l‘)) |x|u—1+n(a+1)(|x‘ _ 1)17207% e K (D)7

which implies that hypothesis (H3) is satisfied.



12 F. TOUMI, N. ZEDDINI EJDE-2005/143

4. PROOF OF THEOREM

Recall that for a fixed nonnegative function ¢ € K*°(D), we have defined the
set I'y = {p € K=(D) : |p| < ¢}. Using Propositions and with similar
arguments as in [I1, Lemma 4.3], we establish the following lemma.

Lemma 4.1. Let g be a nonnegative function in K (D) and let h be the function
given by (2.2)). Then the family of functions

1
Sq(h) = {E/DG(-,y)h(y)p(y)dy p €Ty}
is uniformly bounded and equicontinuous in DU {oc}. Consequently, it is relatively
compact in Co(D).

Proof of Theorem[I.3. Let a > 0, 3 > 0 with a + 3 > 0 and let q := g, 3 be the
function in K°°(D) given by (H4). Let ¢; := e* > 1, where a4 is the constant

given by . Suppose that
o(x) > crho(x), V€ dD.
Then by the maximum principle it follows that
Hpyp(z) > e1ho(z), Va € D. (4.1)
Now, let A > ¢; and put
w(z) = BAh(z) + aHpp(z), for © € D,

v(z) := ahg + Bh(x), for z € D. (42)

Consider the nonempty convex set
Q:={ueB(D):v<u<w}
Let T be the operator defined on 2 by
Tu(z) := w(z) — Vy(qw)(x) + Vo(qu — f (., u))(@).
From hypothesis (H4) we have for each u € Q
0<f(,u) <ugq. (4.3)
Let us prove that the operator T' maps € to itself. By , it follows that
| Gvle iy < au. (44)

Since w is a harmonic function in D and V¢ < oo, by (4.3]) and Proposition we
have for each = € D,

Tu(z) > w(z) — Vy(qw)(z) > e~ %w(z) = e= % (BAh(z) + aHpe(z)).
Therefore, as A > ¢; and by we obtain
Tu(x) > Bh(z) + ahe(z) = v(z).
On the other hand, we have for each x € D,
Tu(z) < w(x) — Vo(qw)(z) + Vo(qu)(z) < w(z).
So T(Q) C Q. Now, let uy,uy € Q such that u; > ug, then by (H4)
Tui — Tus = Vo(qlur — uwa] — [f(.,w1) — f(.,u2)]) > 0.

Hence, T is a nondecreasing operator on §.

we have

~—
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Next, we consider the sequence (u,)men defined by
ug = fh+ ahy and upy41 =7Tu, formeN.

Since (2 is invariant under T', we obtain v = ug < u; < w. Therefore, from the
monotonicity of T on 2, we have

v=up Sup <o S Uy S Uy S W.
Thus, from the monotone convergence theorem and the fact that f is continuous
with respect to the second variable, the sequence (u,)men converges to a function
u satisfying

u= (I =Vy(g)w+Vy(qu— f(.,u)). (4.5)
By (2.6) and (2.7), we obtain for each x € D,

0 < V(gqu)(z) < V(qu)(z) < aqw(z) < 0.
Applying (I + V (q.)) on both sides of (4.5), it follows from (1.8) and (1.9) that
u=PBAh+aHpp —V(f(.,u)). (4.6)

Now, let us verify that w is a solution of the problem (1.2). Since ¢ € K°°(D)
then by Proposition we obtain g € LL (D). By (4.3) we have

loc
f(u) < qu < qu. (4.7)

Therefore, since w is continuous in D, we obtain that f(.,u) € L} (D). Using
Proposition and (4.7)), for each x € D, we have

V(f(u)@) < /D G (e, v)w(y)a(y)dy < agu(z).

Then V(f(.,u)) € L .(D). Thus, by applying A on both sides of (4.6]), we deduce
that u is a solution of
Au= f(,u) inD
(in the sense of distributions). Using (4.7) we obtain that
f(;u) < BARg + agHpy < BAhg + af[¢] g -

Let g := BAhq+al|¢]|coq. Since f(.,u) and (g—f(.,u)) are in BT (D) then V(f(.,u))
and V(g — f(.,u)) are two lower semi-continuous functions.

On the other hand, by Proposition 2.7(b) we have V(¢) € C(D) and by Lemma
the function +V(hq) € Co(D). So Vg is a continuous function. This implies
that V(g — f(.,u)) = Vg — V(f(.,u)) is also an upper semi-continuous function.
Consequently V(g — f(.,u)) is in C(D). Thus V(f(.,u)) =Vg—V(g— f(.,u)) €
C(D). Therefore u is in C(D).

Now using Proposition i) and the fact that lim,_.cop h(z) = 0 we de-
duce that lim, .sp V(hq)(z) = 0. In addition from Proposition 2.7(b) we have
lim,_,9p V(q)(x) = 0. So that lim,_,sp V(g)(x) = 0. This in turn implies that
lim,—op V(f(.,u)) = 0. Then by (4.6)), we obtain that u’aD = agp. On the other
hand, we have

h
Using Propositions and ), we obtain that ﬁV(f(,u))(x) tends to 0 as

|z| — +o0 and consequently lim - 4o % = B\. Hence, u is a positive continuous

solution in D of the problem (|1.2)). This completes the proof. O
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Example 4.2. Let D = B¢(0,1) and 0 < v < 1. Let p be a nonnegative function

such that the function ¢(z) = (‘Iz‘\n:ll )1=7p(x) is in K*=(D). Let ¢ € CT(9D) and

ho be a positive harmonic function in D, which belongs to Cy(D). Then, for each
a > 0and 8 > 0 with o+ 3 > 0, there exists a constant ¢; > 1 such that if ¢ > c1hg
on 0D and A > ¢, the problem

Au=p(x)u” in D,

“’aD = ayp,

lim —= =p6A>0,
|z|—+o00 h(.’L‘) ﬂ -

has a positive continuous solution on D satisfying that for each x € D,
Bh(z) + aho(x) < u(z) < BAA(z) + aHpe(x).
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