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INVERSE NODAL PROBLEM FOR A p-LAPLACIAN
STURM-LIOUVILLE EQUATION WITH POLYNOMIALLY
BOUNDARY CONDITION
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ABSTRACT. In this article, we extend solution of inverse nodal problem for
one-dimensional p-Laplacian equation to the case when the boundary condition
is polynomially eigenparameter. To find the spectral data as eigenvalues and
nodal parameters, a Priifer substitution is used. Then, we give a reconstruction
formula of the potential function by using nodal lengths. This method is similar
to used in [24], and our results are more general.

1. INTRODUCTION

Consider p-Laplacian Sturm-Liouville eigenvalue problem

~ W) === gm@)y", 0<z<1, (1.1)
with the boundary conditions
y(0)=0, '(0)=1,
y'(1L,A) + f(Ny(1,A) =0,
where p > 1,
FO) =aVA+aa(VA)? 4+ an(VN™, @ €R, a4y #0, meZT,  (1.3)

\is a spectral parameter and y®~1) = |y|(?=2)y. Throughout this study, we suppose
that ¢, () is a real-valued C[0, 1]-function defined on the interval 0 < < 1 for each
m € ZT and y(x, \) denotes the solution of the problem —. When p = 2,
Equation becomes the well-known Sturm-Liouville equation. The idea of in-
verse eigenvalue problems with an eigenparameter together with the boundary con-
ditions is of great interest to many problems of mathematical physics and mechan-
ics. These type problems have many physical applications. For instance, Sturm-
Liouville equation including spectral parameter with the boundary conditions arises
in heat and one-dimensional wave equation by seperation of variables. There are
many literatures on these type of problems (see [2} Bl 6] [7} 8, @] 18] 19, 22 25]).
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Inverse spectral problem involves recovering differential equation from its spec-
tral parameters like eigenvalues, norming constants and nodal points (zeros of eigen-
functions). These type of problems have been divided into two parts; inverse eigen-
value problem and inverse nodal problem. They play an important role and also
have many applications in applied mathematics. Inverse nodal problem was firstly
studied by McLaughlin in 1988. She showed that the knowledge of a dense subset
of nodal points is sufficient to determine the potential function of Sturm-Liouville
problem up to a constant [I6]. Also, some numerical results about this problem were
given in [I0]. Nowadays, many authors have given some interesting results about
inverse nodal problems for different type of operators (see [4l 12} 13 [15] 17, 211 26]).

In this study, we devote our effort with the inverse nodal problem for p-Laplacian
Sturm-Liouville equation with boundary condition polynomially dependent on spec-
tral parameter. Essentially, we give asymptotics of eigenparameters and recon-
struction formula for potential function. Note that inverse eigenvalue problems for
different p-Laplacian operators have been studied by several authors (see [1I, B, 111
141 20, 21]).

The zero set X, = {7, ;L:_ll of the eigenfunction y,, ., () corresponding to A,
is called the set of nodal points. And, (7, =27, ,, —7,, is referred as the nodal
length of y,, »,,. The eigenfunction y,, () has exactly n — 1 nodal points in (0, 1),

) _ ( (n) )

say 0=z, < :L"lng1 <<y, < Tm =

Let us now recall some important results. Firstly, we need to introduce the

generalized sine function S;, which is the solution of the initial value problem
(S P=-DY —(p_1 S(p—l)’
S,(0) =0, S,(0) =1.

Sp and S, are periodic functions which satisfy the identity
[Sp (@) + |8, ()P = 1,

for any z € R. These functions are p-analogues of classical sine and cosine functions.
It is well known that

. /1 2 o2
mT = T dt == N )
0 (1—tr)» psin(})

is the first zero of .S, in positive axis [5].

Lemma 1.1 ([5]). (a) For S, # 0,

Sp
(S}) = - ZIP2s,
p

(t)
(SpS,P=0Y =[S = (p = 1)SE =1 = p|S,[P = (1= p) + pIS, P

Using S, (x) and S, (), the generalized tangent function 7}, (z) can be defined as
follows [5]

Sp(z) L.

Tp(x) = S, @) for z # (k + 5)7‘(

The remaining part of this study is organized as follows; In section 2, we give

some asymptotic formulas for eigenvalues and nodal parameters for p-Laplacian
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Sturm-Liouville eigenvalue problem ((1.1])-(1.2)) with boundary condition polynomi-
ally dependent on spectral parameter by using modified Priifer substitution. In
section 3, we give a reconstruction for the potential function of the problem (|1.1])-

2.

2. ASYMPTOTIC BEHAVIOR OF SOME EIGENPARAMETERS

In this section, we present some results on (1.1])-(1.2]). One of them is the Priifer’s
transformation which is one of the most powerful method for solving inverse prob-
lem. Recall that the Priifer’s transformation for a nonzero solution y of (1.1f) takes

the form
y(z) = R(x)S,(\/P0(x, \)),

y'(z) = AYPR(2) S, (A/P0(x, N)),
y'(@) _ Al/pw
y(z) Sp(A/PO(x, N))’

where R(z) is amplitude and 6(z) is the Prifer variable [23]. Standard manipula-
tions [21] yield

(2.1)

or

(2.2)

0 (x,\) =1— qu(I)Sg(/\l/”G(x, ). (2.3)

Lemma 2.1 ([2I]). Define 6(x, \,) as in (2.1) and ¢, (x) = Sg(x\}/pﬂ(x, An)) —
Then, for any g € L*(0,1),

1
E

1
/ dn(x)g(x)dz = 0.
0

Theorem 2.2. The eigenvalues A, ., of the p-Laplacian Sturm-Liouville eigenvalue

problem given in problem (1.1)-(1.2)) have the form

1 1 ! 1
)\;/P:m}_ S - /q x)dx + O , form=1 (24
! ar(ni)fz  p(n)P=t Jo 1) (np—z) 24
1 1 !
)‘711/1) = ni — P + ~ / qQ(x)dx
? ay(n#) "% + ag(n)p=t  p(F)PT Jy (2.5)
FO( ). form=2
AP — g — — ! =z
’ al(nfr)T ++am(n7}) 2

1 1 1 (2.6)

+ W/o G (z)dx + O(W), for m > 3,

as n — oQ.

Proof. Let 8(0,\) = 0 for (1.1)-(1.2]). Integrating both sides of (2.3|) with respect

to z from 0 to 1, we obtain

1
O(1,\) =1— %/0 @ () SE(AP0(2, \))da.

By Lemma [2.1]

/ qm(x){Sg(Al/pG(x, ) — 1}dnc =o(1), asn — oo.
0 p
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Hence, we obtain

I 1
9(1,)\):1—5 ; gm(x)dz + O(5).

(2.7)
Let A, be an eigenvalue of the problem (1.1))-(1.2)). For m = 1, by .7 we have
MRS, 01, 20,0)) + ary/An 1 R(1
or

( ;{f@(l, )‘n,l)) = 07

M ST M)

= T,(A\/P0(1, A1)
SpATO(L, An 1)) |
As n is sufficiently large, it follows that

1

1/ /\;_%
00 =1, (-

1 1
)\E 2 2_1
n,l oA n,1 P
; cT) = ni— T oAl (2.8)
By considering (2.7)) and (2.8]) together, we obtain
1 1
)\i{f =n7 —

1
1
— + - / q1(x)dx + O(—).
ar(ni)=>  p(nm)P=t J, (np )
For m = 2, by (1.2 ., using the same process as in m = 1, we can easily obtain
MRS, (LA 2)

V2 + (/A0 2)2) (1S, (A/50(1, A 2)) = 0,
or
A Sy(ALE0(1, M 2))
_ .2 ;= TR0 M), (29)
a1y/An2 + az(y/An2) SLA20(1, An 2))
Therefore,
1 1
)\il/;j:mr— / z)dz + O 5 1).
a1 (n#) "= + as(nf )P~ npP=
Finally, by (1.2), we have
A2 R(L)S)AYRO(1, Apm)) + (a11/An
+ am (v Anm) ™ R(1)S, (Ai/m ))
or
A;m Sy (AAO(L, Anm))
ary/Anm + - am(y )™ SR, ) (2.10)

= T,(AYP0(1, \m)),
for m > 3, by considering (2.7 and (2.10) together, we deduce that

AP =i — !

a1 (n,ﬁ)prz 4+ am(nfr) mp—2
1

1
p(nﬁ)l’—l/o m(z)dz + O( 1

n2p 1)

+
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Theorem 2.3. The nodal points for problem (1.1)-(1.2) satisfy the following as-
ymptotic estimates:

. . . 1 " .
J J J 1oq(t) J
m= - t)dt Pt -
Ea iz, T T /0 al?) +/o (nﬁ)l’sp +O(np)’ (2.11)

no gn%ap  pnptlar

form =1,
] 1
n J Jj j /
Tiog = — — p+2 . p -+ q2<t)dt
P a4 agnetiar | Pt o (2.12)
;2 qQ(t) D ] B
+\/0 (nﬁ_)pspdt+0(w), for’mf2’
1
J j j
R m (t)dt
P TR 4 an B A pnp+17rp/0 qm (1) o)
. Gm () ) j
+/O ()P Shdt + O( s ), form >3,
as n — oo.
Proof. Integrating (2.3]) from 0 to 7, and letting (" . A) = {/P . we have
» J7 i g (1)
m = ~T 2 SPdt. 914
.’L’],m )\’}l{% + /0 )\nvm A ( )
For m =1, from (2.4)), we deduce that
1 1 1 1 1 )
_— = — + - 2)dz + O(—), 515
)\il{f nm ay (nﬁ)pTH p(n']r)erl /0 ql( ) (np> ( )

and therefore, we obtain formula 2.11)) by using (2.14) and

For m = 2, from formula (2.5 the asymptotic estimate of elgenvalues 1/ A 2 is
considered as

1
11 ! 4 Al)pﬂ/ @)+ O(—ir), (216)

)\l/p Nt qy(n#)55 + ag(nf)ptl  p(nd

and, we conclude formula ([2.12] by using and -

For m > 3, from the formula 7 it can easﬂy be shown that

-1 ! + ! /lq (z)dx
AYE T 0y (nA) 5 4 am (ni) P p(nm)Pt g T (2.17)
1
+O( 2p+1)

and, we obtain formula (2.13) by using and (| - O

Theorem 2.4. Asymptotic estimate of the nodal lengths for the problem (1.1})-(1.2)

satisfies
1 1 1 !
no _ _ _
ljyl - n pt2 g + pnp+17’.‘rp A ql(t)dt

=
3
§=1>

(2.18)

j+1,1 » 1
/x" 1(t)Spdt+O(ﬁ), form =1,

J,1
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- T e | 0
73,2 n alnp;rz g + 2nP+1ﬁ—P pnp+17?p 0 q2
(2.19)
1 Ty 1
W/ ()Spdt+0( 2p+1) form:27
at;‘Q
1 1 1
l”m = — _ . i / Nt
Js a,ln”;rZ #5 et amn”T*ﬁ_T'T’ panerp o Qm( )
L [T 1 (2.20)
— P
T Ay / g (8)Spdi + O(—525),  form = 3.

Proof. For alarge n € N, integrating ([2.3] . ) on |
of nodal lengths, we have

T n n 1 ?-H’m D
T =T~ T — qm(t)Spdt
o

x% ., T ] and using the definition

AP PAnm
’ . (2.21)
1 +1m g 1 J
- /\n m S qm(t)( P - 5) tv
or n
# 1 +1m 1
n _ P
13, = N + - /r;.‘m qm (t)SPdt + O(/\n,m).
O

For m =1, m = 2 and m > 3, we can easily obtain (2.18]), (2.19)) and (2.20) by
using the formulas (2.15)), (2.16), (2.17)) and (2.21)), respectively.

3. RECONSTRUCTION OF THE POTENTIAL FUNCTION

In this section, we give an explicit formula for the potential function by using the
nodal lengths. The method used in the proof of the theorem is similar to classical
problems; p-Laplacian Sturm-Liouville eigenvalue problem and p-Laplacian energy-
dependent Sturm-Liouville eigenvalue problem (see [IT], T4 (20} 21]).

Theorem 3.1. Let g, (x) be a real-valued C[0, 1]-function on the interval 0 < x <

1. Then
)\1/20 [

Gm(z) = lim p)\mm<m — 1), (3.1)
n—oo T
for j = ju(x) = max{j: 2%, <z} and mcZ*.
Proof. We need to consider Theorem for the proof. From (2.21)), we have

1/p+1 1/p zy 1/p x
p)\mm no )\n,m J+1.,m PARLE T+1m . 1
BN = At 22 [ e P [ g (g S

J.m
Then, we can use similar procedure as those in [14] for j = jn(z) = max{j : 27, <

x} to show
1/p

j+1,m
TW/’ Gon (D)t — @ (2),
xn

s

Tom
and )

0

/ T ga(n(sE - %)dt -0,

J,m
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pointwise almost everywhere. Hence, we obtain

li A 7)\,1/5),113’7% 1
Gm(@) = lim pho (22 1)),

O
Theorem 3 2. Let {l(") j=12. —1}22, be a set of the nodal lengths of

problem (|1.1] ., where ¢, s a real Ualued C0, 1]-function. Let us define

1
Foi(z) = p(nﬁ')p(nlﬂ) —-1) - a%(mi’)p/2 +/ q1(t)dt, form =1. (3.2)
0

A /2 1
() gy p(n@)P _
F, 2(z) = p(n7) (nlj’2 1) ox t ap (AT + ; @2(t)dt, form=2. (3.3)
bl i p(ni)/? '
Fom(z :pmrpnl(»)—l — — + qm (t)dt,
( ) ( ) ( J,m ) a1+~"+am(nﬁ) 5 0 () (3.4)

form > 3.

Then {F, m(x)} converges to q,, pointwise almost everywhere in L*(0,1), for all
cases.

Proof. We prove this theorem only for m = 1. Other cases can be shown similarly.
For m = 1, by the asymptotic formulas of eigenvalues (2.4) and nodal lengths

, we obtain
Al/{)ln P 1
PAni (771 = AL 1) =pAn1 (nlgll) — 1) — —(nﬁ)p/gﬂl;ﬁ) —l—nlj(-ﬁ) /0 q1(t)dt+o(1).

aym

Considering nl( ) =14 o0(1), as n — oo, we have

Py i) = 1) = L = @) - [ oyt
0

ai
pointwise almost everywhere in L(0,1). (]

Conclusion. In this study, we give some asymptotic estimates for eigenvalues,
nodal parameters and potential function of the p-Laplacian Sturm-Liouville eigen-
value problem (L.1))-(1.2)). We show that the obtained results are the generalizations
of the classical problem.
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