Electronic Journal of Differential Equations, Vol. 2005(2005), No. 105, pp. 1-11.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

FIXED POINT THEOREM AND ITS APPLICATION TO
PERTURBED INTEGRAL EQUATIONS IN MODULAR
FUNCTION SPACES

AHMED HAJJI, ELAIDI HANEBALY

ABSTRACT. In this paper, we present a modular version of Krasnoselskii’s
fixed point theorem. Then this result is applied to the existence of solutions
to perturbed integral equations in modular function spaces.

1. INTRODUCTION

Using the same argument as in [I], we present a modular version of Krasnosel-
skii’s fixed point theorem, result that is well known in Banach spaces. The mod-
ular p considered here is convex, satisfies the Fatou property, and satisfies the
As-condition. We are interested in the existence of a fixed point for the application
S : B — B; where B is a convex, closed, and bounded subset of X,; S = T'+U with
T : B — B that satisfies a contraction type hypothesis (see [I]); and U : B — B is
p-completely continuous.

Since p satisfies the As-condition, U being p-completely continuous is equivalent
to the condition U, ||-||,-completely continuous, where |- ||, is the Luxemburg norm.
On the other hand if T' is p-contraction, then T" is not necessarily || - || ,-contraction
(see counterexample in [5, page 945, Ex. 2.15]).

We apply our main theorem to the study of solutions to the perturbed integral
equation

u(t) = exp (—t) fo + /0 exp (s — t)(T + h)u(s)ds (1.1)

in the modular space C¥ = C([0,b], L¥), where L? is the Musielak-Orlicz space,
fo is a fixed element in L¥. Some hypotheses on the operators T and h are stated
below. Also, we present an example of this class of equations.
For more details about modular spaces, we refer the reader to the books edited
by Musielak [9] and by Kozlowski [6]. Now recall some definitions.
Let X be an arbitrary vector space over K (K =R or K = C).
(a) A functional p : X — [0,400] is called modular if
(i) p(z) =0 implies z = 0.
(ii) p(—z) = p(z) for all x in X in the case of X being real. p(e‘’x) = p(x) for
any real ¢ in the case of X being complex.

2000 Mathematics Subject Classification. 46A80, 47H10, 45G10.
Key words and phrases. Modular space; fixed point; integral equation.
(©2005 Texas State University - San Marcos.
Submitted October 14, 2004. Published October 3, 2005.
1



2 A. HAJJI, E. HANEBALY EJDE-2005/105

(iii) p(azx + By) < p(x) + p(y) for a, 3 >0 and o + 3 = 1.
If in place of (iii) there holds

(iii") plax + By) < ap(x) + Bp(y) for o, f 2 0 and o + 3 = 1,
then the modular p is called convex.
(b) If p is a modular in X, then the set X, = {x € X : p(Az) — 0as A — 0} is
called a modular space.
(c) (i) If p is a modular in X, then |z|, = inf{u > 0,p(£) <
(ii) If p is a convex modular, then ||z|, = Inf{u > 0, p(
Luxemburg norm.

} is a F-norm.
) < 1} is called the

u
z
u

Let X, be a modular space. (a) A sequence (2, )nen in X, is said to be
(i) p-convergent to z, denoted by x, 2 z, if p(z, —x) — 0 as n — +oo.
(i) p-Cauchy if p(x,, — z) — 0 as n,m — +o0.
(b) X, is p-complete if any p-Cauchy sequence is p-convergent.
(c) A subset B of X, is said to be p-closed if for any sequence (z,)nen C B, such
that 2, 2 2, then z € B. Here B” denotes the closure of B in the sense of p.
We say that the subset A of X, is p-bounded if:
sup, e P(r —y) < +oo, and let the p-diameter of A, denoted by §,(A), to be

6p(A) = sup p(z —y).
z,yeA

Recall also that p has the Fatou property if p(x—y) < liminf p(x,, —y, ), whenever
mn&xandyniy.
We say that p satisfies the As-condition if:

p(2x,) — 0asn — +oo whenever p(x,) — 0 asn — 400, for any sequence (2, )nen
in X,.

2. MAIN RESULT

Theorem 2.1. Let p be a conver modular that satisfies the As-condition, X, be a
p-complete modular space and B be a conver, p-closed, p-bounded subset of X,. As-
sume that U and T are two applications from B into B such that U is p-completely
continuous and there exist real numbers k > 0, and ¢ > max(1, k) that satisfy
p(c(Tx —Ty)) < kp(x —y) for any x,y in B. And T(B) +U(B) C B. Then the
operator S =T 4+ U has a fixed point.

Remark 2.2. Since an operator p-Lipschitz is not necessarily ||.||,-Lipschitz (see
counterexample in [5, page 945, Ex. 2.15]), then the result above gives a modular
version of Krasnoselskii’s fixed point theorem.

We need the following lemma for proving Theorem [2:1]

Lemma 2.3. Let p be a conver modular and X, be a modular space. If a subset B
of X, is p-bounded then B is ||.||,-bounded.

Proof. Suppose that B is not ||| ,-bounded. So there exist sequences (zy)nen and
(Yn)nen in B such that |z, — ynll, — +oo as n — +oo. Hence for any A > 1
there exists N € N, such that if n > N, then ||z, — ynll, > A ie. [[Z=F2], > 1
whenever n > N. This implies p(*5¥*) > |[#=5¥ ||, > 1 (see [9, p.8]). Hence,
1 < p(E232) < Lp(z, — yn) whenever n > N. So A < p(x,, — y») for any n > N.
This shows that B is not p-bounded. Hence, the lemma is established. (]
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Proof of Theorem [2]. Firstly, we show that the operator I—T is a bijection from B
into U(B) (where [ is the identity function). Let z in B, and consider the following
sequence defined by y,+1 = Ty, + Uz, with yy a fixed element in B. Then the
sequence (yn)nen is Cauchy. Indeed,

p(yn+m - yn) = p(Tym+n71 - Tynfl)

1
= p(E(C(Tyn+m—l = Tyn-1)))
k
S Ep(ym-&-n—l - yn—l)a

by induction, we have

pumin = ) < (2)0um — o)

and by hypothesis, B is p-bounded, then we have p(y,m — yo) < 0,(B) < oo for any
m € N, which implies

PYman —Yn) < (%)’Lép(B),

and by hypothesis ¢ > max(1,k) we have (%)" — 0 as n — +oco. Therefore,
P(Ymtn — Yn) — 0 as n,m — +oo. Which implies that the sequence (y,)nen is p-
Cauchy. Since X, is p-complete, B is closed and 7" is continuous then the sequence
(Yn)nen is convergent to an element y € B and y = Ty + Uz. Indeed,

y—Ty—Ul(x) Y—Yn+yn—Ty—U(x)
p( )= n( )
2 2
Y= Ynt+Tyn—1—Ty
= p( 5 )
<oy = Yn) + p(Tyn—1 — Ty),

which implies that y — Ty = U(x).

Then it follows that for any = € B, there exists y € B such that (I — T)y = Uxz.
Therefore, we get that (I — T)(B) C U(B) (Indeed, if we suppose that there exists
y € B such that y — Ty ¢ U(B) i.e., for any z € B, we have y — Ty # U(x) which
is absurd), and I — T is a surjective operator from B into U(B).

Let y1,y2 in B such that (I-T)y; = (I—T)y2, then y1 —yo = Ty1 —Ty2; therefore,
p(y1 — y2) < Ep(y1 — y2), and since ¢ > max(1, k) it follows that p(y; — y2) = 0
and y; = y2. Which shows that I — T is injective operator. Therefore, I — T is a
bijection operator from B into U(B).

Secondly, we show that (I — T)~! is continuous. Let (x,)nen C U(B) be a
convergent sequence to x € U(B), and consider the sequence defined by z, =
(I = T) " (zy), then (2,)nen is p-Cauchy. Indeed,

Znd+m T An = Zm4n — TZm+n + sz+n - Tzn + TZn — Zn
= Tm4n + sz—i-n —Tzy — Ty
= Tmtn — Tn + TZern - TZ’I’L;

therefore, if we take a such that é + % =1, then

1 1
P(Zmtn — 2n) = (E(C(sz-i-n —Tzy)) + Ea(%n-i-n —Tn))
k 1
<z - - — ).
> Cp(zm+n Zn) + a/)(a(xww-n Ty))
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Then,

P(2min — 2n) < (a(Zmin — 2n))-

c—ka
And since p(Zp4n —xn) — 0 as m,n — —+o0, then by the As-condition p(a(zyrrn —
xn)) — 0 as m,n — 4oo. Therefore, p(zmin — 2n) — 0 as m,n — +oo, and by
hypothesis X, is p-complete, then the sequence (zy,)nen is convergent to an element
z € B. On the other hand, z,, = 2z, — T(z,,) is convergent to x = z — T'(z). Indeed,

p(zn — T(zn)2— z+T(2)

) < plon — 2) + p(T(20) — T(2)).
Since p(z, — z) — 0 as n — +oo and T is continuous, p(%) — 0 as
n — 400, and by Ag-condition we have p(z, —T(z,) — (2 —T(z)) — 0 as n — +o0.
Therefore, (I —T)~*(z,,) converges to (I — T)~!(x), which implies that (I —7)~!
is continuous.

Finally, we consider the function f defined by

fl@)=(I-1T)""U(x).

Since U is p-completely continuous and (I — T)~! is p-continuous, it follows by
the As-condition that U is || - ||,- completely continuous and (I — T)~! is ||.||,-
continuous. Which implies that f is ||.|| ,-completely continuous from B into B. By
the As-condition, B is ||.||,-closed. Then, using Lemma and Schauder’s fixed
point theorem, f has a fixed point. Let xo be such that f(zg) = x, then we have
2o = f(xo) = (I — T)~*U(x0) which implies that 2o = (T'+ U)(xq). Therefore, S
has a fixed point , which completes the proof. (I

The next section presents an application of Theorem [2.1] We study the existence
of solutions in the modular space C¥ = C([0,b], L¥). For details about the spaces
C?% and L?, we refer the reader to [I] and to books edited by Musielak [9] and
Kozlowski [6].

3. PERTURBED INTEGRAL EQUATIONS

In this section, we study the existence of solutions to perturbed integral equations
on the Musielak-Orlicz space L?. For this, we begin by setting the functional
framework of this integral equation.

Functional framework. Let L¥ be the Musielak-Orlicz space. Then both the
modular p and its associated F-norm satisfy the Fatou property. Hence forth, we
assume that p is convex and satisfies the As-condition (the F-norm becomes the
Luxemburg norm [4]). Therefore, we have

lzrn — 2|, = 0 <= p(z, —2) — 0

as n — +oo on L¥. This implies that the topologies generated by ||.||, and p are
equivalent. Note that, under such conditions on p, (L¥(12), ||.||,) is a Banach space,
where 2 = [0,0] .

We denote by C¥ = C([0,b], L?) the space of all p-continuous functions from [0, b]
to L?, endowed with the modular p, defined by pq(u) = sup;co 4 exp (—at)p(u(t)),
where a > 0. On the space C¥ one can consider the three topologies associated
with the modular p, (see [9] and [2]), the Luxemburg norm ||.||,,, and the norm
||oo defined by [uleo = supepo g [[w(t)|],-
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We note that the three topologies above are equivalent in the following sense
pa(tn —2) = 0 & ||z — 2, = 0« |z, —z|co — 0 as n — +o0. Indeed, let
(zn)nen be a sequence in C¥ such that |z, — x| — 0 as n — 400 and with € C¥,
hence for all 0 < € < 1 there exists N € N such that for any n > N we have

sup ||z, (t) —z(t)||, <e< 1.
te0,b]
On the other hand, ||z, (¢t) —z(t)||, < e < 1forallt € [0,b] implies p(z, (t) —x(t)) <
e <1 forall t €[0,b]. Then
sup _exp (—at)p(an(t) — x(t)) < €
t€(0,b)
for all n > N. This implies py(z, —z) — 0 as n — +o0o. By the As-condition we
have ||z, — z||,, — 0 as n — +o0.

Conversely, by letting u > 0 be such that sup,c(g ;) exp (fat)p(w) <1,
we have

t) —x(t t) —x(t
7abp(xn() x())gefatp(xn() ‘T())Sl
U u

for all ¢ € [0,b]. This implies

€

et Znt) = 2(0) n(t) — a(t)

< sup exp(—at)p(———>) < 1.
) < s e (anp( ")
Therefore,
A:={u>0; sup exp(—at)p(w) <1}
te[0,b] U
zn(t) — x(t)

C B:=e {u>0;p( ) <1}

Hence, inf(A4) > inf(B), which implies
lzn = 2llp, = e llzn(t) — z(t)]l,
for all t € [0,b]. Hence,

e®lan — 2o, > sup [za(t) = z(®)]l, = 20 — #|oo-
te[0,b]

Therefore, |z, — 2| — 0 as n — 400 is equivalent to ||z, — z||,, — 0 as n — +o0.
To study the integral equation . we set the following hypotheses:
(H1) Let B be a convex, p-closed, p-bounded subset of L¥, and 0 € B.
(H2) Let T : B — B be an application for which there exists a real number k > 0
such that p(Tx — Ty) < kp(x — y) for all x,y € B. Also let h: B — B be
an application p-completely continuous such that T'(B) + h(B) C B.
(H3) Let fo be a fixed element of B.

Theorem 3.1. Under these hypotheses and for any b > 0, the integral equation
(1.1) has a solution u € C¥ = C([0,b], L¥).

When we restrict our attention to the Banach space (L%, ]||.||,), Equation (1.1
can be written as

W)+ (I — (T + h))u(t) = 0.
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When h = 0, Equation (1.1) becomes

u(t) =exp (—t)fo + /0 exp (s — t)Tu(s)ds.

The equation above has been studied in [I] and [3]. The proof of Theorem is
based on Lemma 2.3 and the next lemma.

Lemma 3.2. If a family M C C¥ is equicontinuous in the sense of ||.||,, then M
is equicontinuous in the sense of p.

Proof. Recall that if ||z, < 1, then p(z) < ||z||, (see [9, p.2]). Let 0 < € < 1, there
exists 0 > 0 such that if |t — | < J then || f(t) — f(¥)||, < e <1 forall f € M.
Hence, p(f(t) — f(t)) < ||f(t) — f(t)||, < € for any f € M whenever |t —t| < 6.
This implies that M is p-equicontinuous and the proof is complete. O

Proof of Theorem[31. Let a > 0 and p, be a modular in D = C([0,b], B) defined
by pa(u) = sup,epg ) exp (—at)p(u(t)) for u € D (see [1]).

By [I, Prop. 2.1 (3)], D is convex, p,-closed and since B is p-bounded, then D
is pg-bounded .
Claim: D is invariant under the operator S given by

Su(t) = exp (—t)fo + /0 exp (s — t)(T + h)u(s)ds.

First, we prove that Su is continuous from [0, b] into (L%, ||.||,). Let t,, to € [0,0]
such that ¢, — tp as n — 4o0. Since T and h are p-continuous, then (T + h)u is
p-continuous at tg. Indeed,

p((T + h)u(tn) — (T + h)u(to))

1 1
< Sp(ATultn) ~ Tulto)) + 5p(2(hu(ty) — hulto).
By the Ag-condition, we have p((T+h)u(t,)—(T+h)u(ty)) — 0 asn — +oo. Again
by Ag-condition, (T'+ h)u is ||.|| ,-continuous at ty. Hence Swu is ||.|| ,-continuous at
to.

Next, we prove that Su(t) € B, for any t € [0,b]. It is well known that in Banach
space (L%, [-1l,),

/0 exp (s — t)(T + h)u(s)ds
€ (/t exp (s — t)ds)collo {(T + h)u(s), 0<s<t},
0

where collle denotes the closure of the convex hull in the sense of ||.||,. Since
(T + h)(B) C B, fot exp (s — t)(T + h)u(s)ds € (1 — exp(—t))cal-l-(B). But B
is convex and p-closed. Thus col'lr(B) = Bl - B = B. Therefore, Su(t) €
exp(—t)B + (1 — exp(—t))B C B for all t € [0,b]. Hence, D is invariant by S.
Now consider the operators: Tiu(t) = exp(—t)fo + fot exp (s — t)Tu(s)ds and

hiu(t) = f(f exp (s — t)hu(s)ds. Observe that S = Ty + hy. Next, we show that T}
and h; satisfy the hypotheses of Theorem
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(1) We note that, by the same argument in the proof of fixed point theorem (see
[1]), we show that D is invariant under h; and 77 and there exists ¢ > max(1, ko)
such that

pa(c(Thiu — Thv)) < kopa(u —v), Yu,v € D,

where 1 < ¢ < e%;, ko = CH% and a > k. The same techniques used in the proof
of S(D) C D are used to establish T (D) + hy(D) C D: By taking the hypothesis
T(B) + h(B) C B, which gives Thu(t) + hiv(t) € exp(—t)B + (1 — exp(—t))B C B
for any t € [0,b] and w,v € D.
(2) Claim: hy is pg-completely continuous. Let M C D, then hq (M) is equicontin-
uous in the sense of ||.||,. Indeed, let u € M, we have

h1u(t) — hlu(f)

= /0 exp (s — t)hu(s)ds — /0 exp (s — t)hu(s)ds

t ot
= e_t/ e*hu(s)ds — e_t/ e’hu(s)ds
0 0

t _ ot -t _
= e*t/ e*hu(s)ds — e’t/ e*hu(s)ds + eft/ e’hu(s)ds — eit/ e*hu(s)ds
0 0 0 0

¢ ot
=(et—e™ / e’hu(s)ds + e_t/ e’hu(s)ds.
0 t

- t
Inu(®) = @l <[ = e bels)., () + 8., (B)] [ esas
t

< le™t — e7Hbe’syy, (B) + 6., (B)le! — €|

On the other hand, the functions ¢ — e~ and t — ¢! are uniformly continuous on

the compact [0,b]. Hence for ¢ > 0, there exists 71 > 0 such that if [t — 7] < m
then e=! —e™ | < W, and there exists 72 > 0 such that if |t — ¢| < 2 then
“lp

t_ t €
ef —efl < 20).11,(B)” -
Hence, there exists n = min(n,72) such that if |t —¢| < n then ||hju(t) —

hiu(t)||, < € for any u € M. Therefore, hi(M) is equicontinuous in the sense of
[[l, and by Lemma [3.2] hy(M) is p-equicontinuous. Otherwise,

hiu(t) = /0 exp (5 — t)hu(s)ds € (1 — exp(—t))col o {hu(s), 0 < s <t}

c (1 - exp(~1))e! I (h(B)).

Hence hy (M (t)) C (1—exp(—t))cal-le(r(B)) for all t € [0,b]. But h(B) is p-compact
and by Ay-condition 2 (B) is ||.||, compact, which implies that col-l» (h(B)) is com-
pact. Therefore, hi (M (t)) is ||.||, compact for all ¢ € [0, ], and by Ascoli’s theorem
hi(M )Hm is compact. Hence, by the equivalence of three topologies considered
in functional framework, hi (M) is pg-compact. Using the standard techniques [I0}
proof of the Theorem 3 page 103], we show that hq is |.||, -continuous then h; is p,-

continuous. Hence, h; is pg-completely continuous. It then follows from Theorem
that S has a fixed point which is a solution of the equation ([1.1)). O
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3.1. Example of equation (l.1)). In this example, we study the existence of a
solution of the integral equation

t b
u(t) = exp (~t)fo + / exp (5 — 1) / exp(—E)gals, €, u(€))de)ds
0 0 (3.1)

t b
n /0 exp(s — 1) /0 exp(—E)ga (5. €, u(€))de)ds/

under the hypotheses stated below. Let X, be a finite dimensional vector subspace
of L¥, and p be a convex modular on L?, satisfying the As-condition. Let B be
a convex, p-closed, p-bounded subset of X, and 0 € B. Let b > 0 very small,
g1, g2 be functions from [0, ] x [0,b] X B into B, ~ : [0,b] x [0,b] X [0,b] — RT and
£ :10,b] x [0,b] — R* be measurable functions such that:
(HY) (i) gi(t,.,x) : s — g;(t,s,x) where i € {1,2} are measurable functions on
[0,b] for each x € B and for almost all ¢ € [0, b].
(ii) gi(t,s,.) : © — gi(t,s,z), where ¢ € {1,2}, are p-continuous on B for
almost all ¢, s € [0, b].
(H2’) For any i € {1,2}, p(g:(t,s,2) — gi(7,s,2)) < (¢, 7,s) for all (t,s,x) and
(r,8,z) in [0,b] x [0,b] x B and lim;,, fob ~(t,7,8)ds = 0 uniformly for
T € [0,0b].
(H3") p(g2(t, s,z) — g2(t, s,y)) < p(x —y) for all (¢,s,2) and (¢,s,y) in [0,b] X
[0,0] x B.
These hypotheses have been used by Martin [§].
Now, assume that fy is a fixed element of B, and that h, T are the Uryshon
operators on C([0,b], B) defined by:

b
thall (1) = / exp(—8)gn (£, 5, u(s))ds,

b
(Tu)(t) = / exp(—8)ga(t, 5, u(s))ds,
for t € [0,b] and u € (C([0,b], B), pa) with (a > 0).

Proposition 3.3. (1) Under the hypotheses (H1’)-(HS3’), the operator T is pg-
Lipschitz from C([0,b], B) into C([0,b], B).

(2) Under the hypotheses (H1’)—-(H2’), the operator h is p,-completely continuous
from C([0,b], B) into C([0,b], B).

Proof. (1) We show that C([0,b], B) is invariant by T. (i) Note that (X, ||.||,) is
a Banach space with finite dimension. By hypothesis (H1’)(i), ga(t,.,u(.)) : s —
ga(t, s,u(s)) is measurable, and since B is p-bounded, ga(¢, ., u(.)) : s — ga(t, s, u(s))
is an integrable function from [0,b] into (X,,|.||,). Then for u € C([0,b], B), we
have

b

[Tu](t) € / exp(—s)dscoll e {ga(t, s, u(s)), s € [0,b]}
0

C (1 — exp(—b))cal o (B).

But B is convex and p-closed thus colle(B) = B'"l* « B’ = B. Since 0 € B and
0 < 1—exp(—b) <1, we have [Tu|(t) € B for all t € [0,b].
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(ii) Let uw € C([0,b], B) then Tu is continuous from [0,b] into (B, p). Indeed, let
(tn)nen be a sequence and r in [0, b] such that ¢, — r as n — 400 and we have

b
[Tul(tn) — [Tul(r) =/0 xp(—=5)(g2(tn, s, u(s)) = g2(r, 5, u(s)))ds.

Let K = {so,51,.-.,8m} be a subdivision of [0,b]. Then ZZZ_Ol(sHl —si)e %ix(s;)
is ||.||,-convergent. Thus p-converges to fob exp(—s)z(s)ds in X, when |K| =
sup{|siy1 — sil,i=0,...,m —1} — 0 as m — +oo. Since

b
/0 exp(—=5) (g (t, 5, u(5)) — ga(7, 5, u(5)))ds

= lim Z (Si-i-l - SZ) exp(isi)(gQ(tv Si, U(Sl)) - 92(7_3 Siy U(Sz))),
i=0
and ZZ_Ol(sHl — s;)exp(—s;) < fob exp(—s)ds = 1 — exp(—b) < 1, then by the
Fatou property we have:

p([Tu](tn) — [Tu](r))

< liminf Z (si41 — si) exp(—si)p(ga(tn, i, u(s:)) — g2(r, si,u(s;)))
i=0
m—1

< lim inf Z (sit1 — i) exp(—si)Y(tn, 7, 5i)
i=0

b
é/ eXp(—S)’Y(tn,’f’,S)dS
0

b
< / Y(tn,r, s)ds
0

Hence by hypothesis (H2’) Tu is p-continuous at 7.
(2) We show that T is p,-Lipschitz. Let u,v in C([0,b], B), we have.

p([Tul(t) — [T0](t))

< liminf ) (sie1 — i) (exp(—s:))p(g2(t, si, u(si)) = g2(t, 50, 0(54)))
=0

< lim inf i (8i+1 — 8i) exp(—s;)p(u(s;) — v(s;))
i=0

< lim inf z_: (six1 — 85) exp(as;)pq(u — v).
=0

Therefore,

b
exp(—at)p([Tu)(t) — [T](£)) < exp(—at)( / exp(as)ds) pa(u o)

e — 1

< palu—v).
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Hence,
ba

pa([Tu] - [Tv]) < “—pa(u— ).

(3) Using the same argument of (1), we show that C([0,b], B) is invariant by h.
(4) Now, we claim that h(C(]0,b], B)) is equicontinuous in the sense of p, and
pa-compact. We have:

b
() (£) — [ (7) = / exp(—5) (g1 (£, 5, u(s)) — g1 (7, 5, u(s)))ds.
0
We easily obtain
b
p(ihal(t) — [hl(r) < / A(t, 7, )ds,
0

by using again the same argument in (1). And since, lim;_,, fob ~y(t,7,8)ds = 0
uniformly for 7 € [0,b], then A(C([0,b],B)) is p-equicontinuous. On the other
hand, since B is p-bounded then, h(C([0, b], B)) is pa-bounded subset of C(]0, b], B).
Indeed, let u,v in C([0,b], B), we have

b
[hu](t) — [ho](t) = /O exp(—=s)(91(t, s, u(s)) — 91(t, 5, 0(s)))ds.
Again from (1), we obtain

p([hl(t) — [ho](®)
<liminf " (sis1 — s1) exp(—s:)plgn (t, i ulsi)) — g1(t, 56, v(51)))
1=0

m—1

< liminf Z (si+1 — s:) exp(—si)0,(B)
i=0

b
<([ expl(=)ds) 5,(8).

Hence,
pa([hu] — [h]) < (1 —e?)3,(B) <

Therefore, h(C([0,b], B)) is a p,-bounded subset of C([0, 4], B) and by Lemma/2.3] it
is [|.|| ,,-bounded subset of C([0,b], B). On the other hand, since (X, ||.||,) is a Ba-
nach space with finite dimensional , then for each ¢ € [0, b] we have h(C([0,b], B))(t)
is ||.|| ,-compact. Thus, by Ascoli’s theorem we have h(C([0, ], B)) is |.|| o, -compact,
then h(C([0,0], B)) is p,-compact. Hence for any M C C([0,b], B), we have h(M)
is pg,-compact. Using the standard techniques [10, Theorem 3 page 103], we that h
is ||.|| 5, -continuous then h is p,-continuous. So h is pg-completely continuous. [
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