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IMPULSIVE DIFFERENTIAL INCLUSIONS WITH CONSTRAINS

TZANKO DONCHEV

ABSTRACT. In the paper, we study weak invariance of differential inclusions
with non-fixed time impulses under compactness type assumptions. When the
right-hand side is one sided Lipschitz an extension of the well known relaxation
theorem is proved. In this case also necessary and sufficient condition for strong
invariance of upper semi continuous systems are obtained. Some properties
of the solution set of impulsive system (without constrains) in appropriate
topology are investigated.

1. PRELIMINARIES

This paper is concerned with the impulsive differential inclusion
&(t) € F(t,z(t)), xz(0)=uxz9€ D, ae. telI=][0,1], t#n(x), (1.1)
Axli—r o) = Si(x), i=1,...,p, z(t) € D, (1.2)

Here D is a closed subset of a Banach space F and F' : I x D — E is multifunction
with nonempty compact values. Every absolutely continuous on (7;, 7;11) function
fori =0,1,...,p,p+1 (170 = 0 and 7,41 = 1) with (possible) jumps Axz|;—, ;) =
Si(x(r;(x) — 0)) called impulses, i.e. z(7;(z) +0) = z(7i(z) — 0) + S;(x(m(x) — 0),
is said to be a solution of f.

Further we assume that x + S;(z) € D for every x € D.

Differential inclusions without impulses have been studied extensively; see [2] [3]
9, 121 [14], 16, 20, 29] and references therein. We refer to [B, 18| 22] 23] 28] for the
theory of impulsive differential equations. The existence of solutions of impulsive
differential inclusions in infinite dimensional spaces is very comprehensively studied
in [7], see also [0, 8, B0]. In these works the authors use mainly fixed point argu-
ments. Method of averaging and some other qualitative properties of impulsive
differential inclusions are studied in [25] 26}, 27]. We refer to [II, [, 11] for impulsive
differential inclusions with constrains in finite dimensional space.

Our first purpose is to present sufficient (and necessary) conditions for the exis-
tence of solutions in arbitrary (not necessarily separable) Banach space when the
right-hand side is almost USC. We also prove sufficient conditions when the right-
hand side is USC at some points and LSC in others. This is done in the second
section. Notice that our compactness conditions are weaker that those in [7} [0, [§].
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In the present paper, we are not able to use fixed points approach. We follow the
method used in [14] [09] with some modifications.

Our second purpose is to describe the structure of solution set (in appropriate
metric). We extend the well-known relaxation theorem. We use a modification of
the very short proof of this theorem presented in [I5] for systems without impulses.
Namely we prove that the solution set of

#(t) € extF(t,z(t)), =(0)=wm¢ ae tel=10,1], t# 7(x), (1.3)
Azli—r, (o) = Si(x(m3(x) = 0)), i=1,...,p, x(t) € D, (1.4)

is dense in the solution set of (L.1))—(1.2). We do not know any related results in
this case (impulsive system with non-fixed time of impulses).
For problems without constrains in finite dimension, i.e. D = R", we show that

the solution set of (1.1)—(1.2) is R;.

Notation and terminology. The multifunction G : £ — FE with nonempty
closed bounded values is said to be upper semi-continuous (USC) at xg, when for
every ¢ > 0 there exists § > 0 with G(z¢) + eB D G(z¢ + dB). Here B is the open
unit ball. The multifunction G(-) is said to be lower semi-continuous (LSC) at zg
when for every f € G(z0) and every sequence {x;}5°, converging to zg there exist
fi € G(z;) such that f; — fo. When G(-) is USC (LSC) at every x € D it is called
USC (LSC). The multifunction F(-,-) is said to be almost USC when for every
e > 0 there exists a compact set I. C I with Lebesgue measure meas(l.) > 1 —¢
such that F(-,-) is USC on I. x D. The almost LSC maps are defined analogously.

Given M > 0 we define the cone '™ = {(t,z) € R* x E : ||z||p < Mt}. If
Q) C R x E is nonempty and f : Q — E we say that f is '™ -continuous at the point
(to, o) when, given € > 0 one can find 6 > 0 such that (¢t,z) € Q, to <t <o+ 46
and (t,7) — (to,z0) € '™ imply |f(¢t,2) — f(to,70)| < e. The functionf is said to
be T'™-continuous if it is I'™-continuous at each point of .

For A, B C E recall that dist(a; B) = infyep |a—b|; ex(A, B) = sup,¢ 4 dist(a, B)
and Dy (A, B) = max{ex(A, B),ex(B, A)} is the Hausdorff distance. Let D C R"
be a closed set.

We denote by ext A the set of all extreme points of A.

Tp(z) := {v: liminfyo w =0} is the Bouligand contingent cone of D
at z.

The following definition is taken from [13] (see also [17]).

Let D C R™ be (locally) closed. A proximal normal to D at a point € D is a
vector £ € R™ such that there exists a > 0 with (¢,2' — z) < a|z’ — z|?, Vo' € D.
The set of all such vectors is a cone denoted by NE(x) and it is called proximal
normal cone to D at z. If no such a vector exists we set N5 (z) = 0.

Denote RT = [0,00). A Caratheodory function w : I x Rt — RT is said to be
Kamke function if it is integrally bounded on the bounded sets, w(¢,0) = 0 and the
only solution of the differential equation §(¢) = w(t, s(t)), s(0) =0 is s(¢t) = 0.

In the next section we study the existence of solutions under compactness type
conditions. Notice that our assumptions are more general that those in [14] [9]. It
is also impossible to use fixed point arguments (because the constrain sets are non-
convex). To our knowledge there are no existence results in the existing literature
when the right-hand side changes its kind of semicontinuity as Theorem [2-§ below.

In the last section we consider differential inclusion 7 in R™. We prove
that the solution set is Rs in appropriate metric.
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The proof of the relaxation theorem is a modification of the author’s proof ([I5]).
It will be very difficult (if possible at all) to prove such a theorem using the approach
of Pianigiani and Tolstonogov ([24], 29]). We also extend a very recent strong
invariance result of [I7].

2. EXISTENCE OF SOLUTIONS

In this section we study the existence of solutions for the Cauchy problem (|1.1))—
(1.2). First we need a result for a problem without impulses. We consider

&(t) € F(t,z(t)), z(0)=xz0€ D, tel.

In this case we need the following hypotheses:

(H1) There exists a Kamke function w(-, -) such that x(F(t, A)) < w(t, x(A)) for
every bounded A C D and a.e. t € I. Here

X(A) =inf{r > 0 : A can be covered by finitely many balls of radius < r}

is the Hausdorff measure of non-compactness.
(H2) There exists a null set N' C I such that F(t,z) N Tp(z) # 0 for every
te I\ N and every z € D.

The following theorem has been proved under condition stronger than (H1); see for
example [9] [14]. We present a complete proof because this theorem will be essential
in this paper.

Theorem 2.1. Let F(-,-) be almost USC with nonempty convex compact values
satisfying (H1). Assume there exist an L1(I,RT) function X(+) such that |F(t,z)| <
AE)(1+|z]) (linear growth). The system admits a solution defined on the whole
interval I for every xg € D if and only if (H2) holds.

Proof. As it is shown in [I4], one can reduce the growth condition to the case
|F(t,z)| < C for some constant C' > 0 without destroying the other hypotheses.

For € > 0 we will prove that there exists € —solution z(-) on [0, 1], i.e.

(1) dist(z(t), D) < € for every t € I,
(2) z(t) € F(t,x(t) + BN D) on a set I. with measure greater than 1 — e
(3) z(t) € F(t,x(t)) + 2CB otherwise.

Fix € > 0. There exists a set I. C I wit Lebesgue measure meas(l.) > 1 — ¢ such
that F(-,-) is USC on I. X E and F(t,x) N Tp(x) # () for every x € D and every
t € I.. One can suppose also without loss of generality that w(:,-) is (uniformly)
continuous on I x [0,2M].

Since xg € D, there exists a maximal number 0 < 7 < 1 such that there exists a
e —solution z(-) on [0,7) and z(7) := limyy, x(7) € D (x(7) exists, because z(-) is
C—Lipschitz). We are done if 7 = 1. Let 7 < 1. Two cases are possible:

Case a: 7 € I.. Since F(r,z(7)) N Tp(xz(7)) # 0, one has that there exist
f € F(r,z(r)) N Tp(xz(7)) and sequences h, | 0 and y, — 0 such that x(7) +
hn(f —yn) € D. Let § > 0 be such that be such that w(t,s) — w(7,§)| < € and
F(r,z(1)) D F(t,y) when [t — 7| <4, |[s = §| < Cd and |z(7) —y| < C¢ (¢, 7 € I.).
If h, <6, then we let 2(¢t) = z(7) + (t — 7)(f — yn). Thus z(7 + hy,) € D and it is
easy to see that x(-) satisfies (1), (2) (3) on [0, 7 + hy].

Case b: 7 ¢ I.. Since I\ I. is open, one has that it is an union of countable
many pairwise disjoint open intervals. That means that there exists T > 7 such
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that (7,7) C I\I. and T € I.. We let z(t) = z(7) on [r,T]. Evidently z(-) satisfies
(1), (2) and (3) on [0,T].

Applying Zorn’ lemma one obtains that x(-) is extendable on [0, 1].

Let ei41 = 5 (e0 = ¢) and let {2°(-)}2; be a sequence of &~ solutions.
Their derivatives @, (-) are strongly measurable and hence almost separable val-
ued. Therefore there exist a separable space Xy C E and a null set A such that
which 2, (t) € Xo for every n and every t € I\ A. We can assume without loss
of generality that z,(¢) are in Xo. Define B(t) = x( U2, {#,(t)}). From [14]
Proposition 9.3], we know that

{/t+h k>1}) dt</t+hx({ka(t): k>1})dt

Taking into account the definition of x,,(-) one has that B(-) is absolutely continuous
and for every € > 0 there exists a compact set I, with meas(I.) > 1 — ¢ such that
B(t) < w(t,B(t)) + ¢ on I. and B(t) < w(t, B(t)) + 2C on I \ I.. Since ¢ > 0 is
arbitrary one has that B(t) < w(t, B(t)) for a.a. t € I. However, B(0) = 0 and
hence B(t) = 0.

Due to Arzela’s theorem the sequence {z,(-)}52, is C(I, E') precompact. Hence
passing to subsequences v, (t) — z(¢) uniformly on I. The proof that z(-) is a

solution of (|1.1)—(1.2)) is standard. O

We will use the following assumptions in this article:
(A1) 7(-) are Lipschitz function with a constant N, and 7;(z) > 7;(z + S;(x)).
(A2) 7(x) < Tit1(z) for every x € D.
(A3) There exists a constant C' such that |F(t,z)| < C for every « € D and a.e.
teland NC < 1.
These assumptions prevent the beating phenomena (see the following lemma, which
proof follows [26] 27]).

Lemma 2.2. Under (A1)-(A3), every solution of (1.1))~(1.2) (if it exists) inter-
sects every surface t = T;(x) at most once.

Proof. Suppose the contrary, i.e. there exists a solution z(t) which pass through
the surface ¢t = 7;(x) at the time ¢’ = 7;(2’) + 0 and on the time ¢” the same surface
(t”’x”)’ t?? — Ti(x”).
Due to (A2) () is continuous on the interval (#',¢”). and #(t) € F(¢, z(t)).
Denote h; = ft, t)dt. By (A2) and (A3), we have
=t :Ti(x ) — 7i(2")
=7;(x + S;(z") + h;) — (2" + Si(2))) + (2" + Si(2")) — 7i(2')

t”

<N [ fE()]dt + 7i(a’ + Si(2")) — (")

t/
<NCW =)+ 7(2’ + Si(x)) — 7i(2")
i.e.
1-NCOYt" —t) <7(2' + Si(2) —m(2') <0
which is a contradiction. O

Theorem 2.3. Let F' be almost USC with convex (and compact) values. If (A1)-
(A3), (H1)-(H2) hold, then the system (LI)—-(1.2) has a solution.
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Remark 2.4. Obviously the conclusion of Lemma [2.2] holds for the system & €
G(t,x) when |F(t,z)| < C is replaced by G(t,z) := F(t,z) N CB # (). Moreover,
the conclusion of Theorem holds when (H2), (A1) are replaced by There exists
a constant C' > 0 such that NC < 1 and F(t,z) NCBNTp(x) # O for every x € D
and a.a. t € 1.

Proof of Theorem[2.3. Note first that due to (A3) if G.(t,z) =co F(([t —e&,t+¢]N
I\ A,z +eBND) then |Ge(t,z)| < C, where A is a null set and B is the unit ball
in E.

Let 0 be a point of impulse. Then we consider 7 with an initial condi-
tion xg + 51(0) € D. Consequently one can suppose without loss of generality that
0 is not impulsive point. Due to Theorem the problem admits a nonempty
C(I,E) compact solution set. Therefore there exists s := max{7 > 0 : every solu-
tion of (2] is continuous on (0,s)}. If s = 1 then the proof is complete. Otherwise
s < 1is an impulsive point for some solution z(+), i.e. s = 71 (z(s)). Since z(s) € D,
one has that z’ := z(s) + S1(z(s — 0)) € D. We study the problem (L.I)-(T.2) on
[s,1] with an initial condition z(s) = a’. Applying Theorem and Lemma
one can derive the existence of solution z(-) on [s = 71 (2),T = 72(z)), where T > s.
Since z(-) is C-Lipschitz, one has that lim;;p z(t) exists. If T < 1, then we study
([1.1)—(L.2) on [T, 1]. One can extend the solution z(-) on the whole interval I using
the same method.

Due to (A1) and (A2), there exists an interval [0, s] (with s > 0) such that every
2%(-) is continuous on [0, s]. O

Remark 2.5. It is possible to prove local existence of solutions, when (A3) is
replaced by the linear growth assumption as in Theorem However, in this case
it is possible the solution to exists only on some neighborhood of 0 (not on the
whole T).

Corollary 2.6. Under the conditions of Theorem [2.3 there exists a constant A >

0 such that for every solution y(-) of (L1)—(1.2) 7i+1(y(t)) — m(y(t)) > A, i =
1,2,....p—1.

Proof. Suppose the contrary, i.e. there exist a sequence {y*(-)}2, such that

miin (Ti+1(yk(t)) - Ti(yk(t))) —0 ask — oo. (2.1)

Denote by Tz»k the i-th impulse of y*(-). Passing to subsequences if necessary, we
may assume that limy_.., 7F = 7;. Since y*() are C Lipschitz on every [7F, 7F, |]
there exists a subsequence converging to a solution y(-) of f with impulsive
points 7; fori =1,2,...,p. Due do either 7;(x(7;) 4+ Si(z(7;))) = Ti41 for some

i-contradiction with (A1), or 7; = 7;11-contradiction with (A2). O

Now we study the mixed semicontinuous case, namely we assume that F(-,-) is
almost USC with convex compact values in some points and it is almost LSC with
compact values in others.

Note that the most papers consider the case when F(-, ) is either almost USC or
it is almost LSC. The tedious proofs of the existence result in mixed semicontinuous
case were simplified in separable Banach spaces in the very recent papers [16] and
[19]. Here we extend the results presented in these papers to the case of differential
inclusions with impulses.
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Assume that F is a separable Banach space. Let A C I x D and let A € L ® B,
where L is the class of Lebesgue measurable subsets of I and B — the class of Borel
subsets of E. We require also that for every ¢ with (¢,2) € A the projections
{z € D: (t,z) € A} be relatively open (in D).
(A4) F(-,-) is almost LSC on A. F(-,x) is measurable for every x € D, F(t,-) is
USC with convex values on (I x D)\ A. Moreover, there exists a constant
C such that |F(t,z)| < C for every x € D and a.e. t € I, and NC < 1.

(A5) There exists a null set N' C I such that F(t,z) C Tp(z) for every (t,z) € A
when ¢ ¢ N.

The following lemma is used in the proof of Theorem [2:§ below.

Lemma 2.7 ([I0, Theorem 2]). Let X, Z be two Banach spaces, let @ C I x X be
nonempty and let M > 0. Then any closed valued LSC multifunction from Q into
Z admits a T'M -continuous selection.

Theorem 2.8. Under assumptions (A1)-(A5) and (H1)-(H2), the system (1.1])—
(1.2) has a solution.

Proof. Since F(-,-) is almost LSC, one has that there exists a sequence {J,}5,
of pairwise disjoint compacts J,, C I such that F(-,-) is LSC on (J,, x D) N A for
every n. Furthermore, its union is of full measure (without loss of generality we ca
assume that it is equal to I \ N). Let Q,, = (J,, x D) N A. Then define

F(t,x) (t,z) € (Ju x D)\ Q,
G(t,z) =< Gp(t,z) (t,x) €y, n=1,2,...
0 teN

Here Gy, (t,2) = Ne000 fr(Ae), Ae = ([t —e,t+¢] x (z +eU)) NQy,, where f,(-,)
are T¢*! continuous selections of F(-,-) on €2,. It is easy to see that due to (H1)
G(-,-) is almost USC.

There exists a measurable selection of Tp(z) N G(-,z). From [I4, proposition
5.1] we know that there exists an almost USC Gq(t,z) C G(t,z) with convex
and compact values satisfying the conditions of Theorem such that for every
measurable u(-),v(-) with v(t) € G(¢, (u(t)) it follows that v(t) € Go(t, (u(t)). Let
D" = {z;}2, be a dense subset of D. Fix ¢ > 0. Let f;(t) € G(t,z;) N Tp(z;)
be measurable. Therefore there exists a compact I, C I with meas(l.) > 1 —¢
such that f;(-) are continuous on I. for every i. Due to (H1) for every ¢t € I,
every sequence {f;(t)}$2, has a density point say f;. Let z; — x, therefore f; €
Go(t, x), because Gy(t,-) is USC. Thus Gy(,-) admits nonempty values and hence
Go(t,z) NTp(z) # 0. Therefore Gy satisfies all the conditions of Theorem [2.3

Hence the system 7 with F' replaced by Gy has a solution. O

3. PROPERTIES OF THE SOLUTION SET OF IMPULSIVE DIFFERENTIAL INCLUSION

Let Jmy 1 be the set of all functions z(-) which are L-Lipschitz on [t;(x) +
0,t;+1(z)] and have no more than k jump points ¢;(z) < ta2(x) < --- < tx(x). Note
that in general ¢; depend on z, i.e. the impulses are not fixed times.

Proposition 3.1. The space Jmy, 1, equipped with the usual L*(I, E) norm becomes
a complete metric space.
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Proof. One must only show that every Cauchy sequence {z*(-)}3°, converges to a
Jmy, 1, function, because Imy, ;, C L. By Egorov’ theorem if a sequence {y*(-)}2°,
of L-Lipschitz functions converges in L' norm to y(-) then the latter is also L-
Lipschitz. Let {z"(-)}32; be a Cauchy sequence in Jmy . Denote by ¢ (as
j =1,2,...,k) the times of (possible) jumps of z"(-). Passing to subsequences
if necessary one can assume that lim,, ot} =¢; for j =1,2,...,k. Let 0 <t; <
to <o <t < 1. Given € > 0 we consider I, = U?Zl(tj — & tj+1). Tt is easy
to see that L' limit of this (sub)sequence on I\ I. is L-Lipschitz function. Since it
is valid for every € > 0 one can conclude that the limit function x(-) is L-Lipschitz
on every (t;,t;4+1). The L' limit is unique and hence z(-) € Jmy . O

We will also need the following assumption.

(A6) The functions S; : D — D are Lipschitz continuous with constant p such
that Cu < 1.

Let E be a Banach space with single valued duality map J : E — E*. Recall
that the map F': I x D — E is said to be One Sided Lipschitz (OSL) when there
exists a constant L such that hp(t,z, J(x —y)) — hr(t,y, J(x —y)) < L|z — y|? for
every z,y € D, where hp : I X E x E* — R is the lower Hamiltonian defined as
hp(t,x,p) = inf{(p,v) : v € F(t,x)}. We refer to [I5, [16] and the references therein
for theory of OSL differential inclusions.

We will use the following lemma which is a particular case of [25, Lemma 2.

Lemma 3.2. Let aj,a2,b >0 and fori=1,2,...,p let
67 < a6, 67 <ass,+b
then 6; < bzz;%)(alag)j + 6o(araz)?, where 55 > 0.

The following result is the well known relaxation theorem. However, to our
knowledge this theorem has not been studied in case of impulsive differential inclu-
sions. We follow the proof from [I5] (given there for system without impulses).

Theorem 3.3. Let F(-,-) be almost continuous with nonempty convex compact
values. Further we assume that it is OSL and |F(t,x)| < C. Ifext F(t,z) C Tp(x)
for every x € D and a.a. t € I then under (A1)-(A6), (H1), the solution set of

(1.3)—(1.4) is dense in the solution set of (L.1))—(1.2)).

Proof. Let z(-) be a solution of (1.1)—(1.2). Denote R(t,z) = extF(t,z(t)). Since
F(-,-) is almost continuous, one has that R(-,-) is almost LSC [29] Lemma 2.3.7]).
Define:

G:(t,y) = {v € R(t,xz(t)) : (J(z(t) —y),z(t) —v) < L|z(t) —y|* + 52/2}.

From [20, prop. 2.62 p. 55 vol. I] we know that G.(-,-) is almost LSC with
nonempty compact values. One can prove as in the proof of Theorem [2.8] that the
system

y(t) € Ge(t,y(t), y(0) =zg a.e. t €l =[0,1], t #7i(y),
Ay|2§:7'1(y) = S’L(y(Tz(y) - 0))7 i=1,...,p, .’I,'(t) €D
has a solution. Indeed, let g.(t,z) € G.(t, ) be almost I'“*! continuous, i.e. g.(-,-)

is T9*! continuous on I x D (k = 1,2,...), where U2 | I}, has full measure and
I, are nonempty pairwise disjoint compact sets.

(3.1)
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We let g (t, z) := Ns>0C0¢ge ((t — d,t + 0) N I,z + OB) for t € I,. Define

g(t,a:) — {gk(t,x) t e Iy, k— 1,2,...
0 otherwise.
It is easy to see that g(t,x) C F(t,z) is almost USC and it satisfies all the assump-
tions of Theorem [2.3] Hence 7 with F' replaced by g admits a solution.
Let y(-) be a solution of (3.I)). On every common interval of continuity of 2(-) and
y() ome has (J(x(t) — y(), #() — §()) < Lla(t) — y(t)? + £2/2. That is

d
2170 = Y@ < 2Ljx(t) — y(1)]* + .

Consequently, on every such interval [7,v] one has |z(t) — y(t)|? < e2L(t=7)62 +
g2 f: e?Lt=9) ds. where § = |x(7) — y(7)|. Hence

(1) —y()| < "6 + f(t)e, (3.2)

where f(t) = max{1l,e=7)}. Let a; = %, let as = max{e” 1} and let

b= et L) where

We are ready to apply Lemma Let 6§ = |xo — yo| (when y(0) = yo # z0 in
(3-1)). We will show that for fixed 6 > 0 there exists £(6) > 0 such that: For every
0 < e < €(9) there exists a solution y(-) of such that |z(t) — y(t)] < ¢ for
te I\U_ [r;,7;"], where 7, = max{r¥, 7/} and 7, = min{r¥,7/}. Moreover,

i 0 g g

P
th -7/ <.
i=1

Here 77 and 77 are the jump points of z(-) and y(-). First we assume that 77 < 7, ,
and 77 < 77, and afterward we will see that for sufficiently small ¢ it is the case.

The rest of the proof is very similar to the proof of Theorem 2 of [25] and will
be given, for reader convenience. Due to one has |z(t) — y(t)] < a16f + b on
[0, 77 ]. Hence 67 = |z(1] 0) — (7 0)] < a1dg + b, because obviously f(t) < b and
ag > e“(=7) for any interval [r, v]. Evidently denoting §;" = |2(7;" +0) —y(7;} 4+-0)
one has that 6;" ; < a8, +b.

If ¥ < 7§ then |z(7;" —0)—y(r; —0)| < & +|z(r;" = 0)—a(r,)| < 6; +C (1,7 —
7, ). Consequently, 7, —7; = |7i(x(r;" =0) —7i(y(7; 0)| < pla(r;" —0)—y(r;7 —0)| <
1 (6; +C(r;" —7;7)) and hence

(3.3)
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Therefore, |z(;" — 0) —y(r; —0)| < §; + Cliééu'

6 <07 +la(n) —a(rm =)+ [y(r") —y(r - 0)]

K2

For 5;‘ we have

/ () — () dt
<467 +2C(tF — 77 )+ Nlz(r;m —0) —y(r; —0)]

_  2Cus;
< - ?
<d; + —Cp

= a1§i_.

<6 +S(x(r" = 0) = S(y(r" - 0)[ +

_ po;
+ N6 +Cq —Cu)

Due the symmetry one can conclude that §;” < a4 8, also when 7 < 7/. This is true
for i =1,2,...,p. It follows from Lemma 3.2 that J; < bz;;é(alag)j +dp(araz)’.

We have only to see that 7* < 77 ; and 7/ < 7%, to complete the proof. For
sufficiently small ¢ it follows that

.
z _ y . 1+1 1
I7i < 0<rzn<11r)171 4

thanks to (3.3]). Note that x(-) is fixed and hence 77 are known. It is evidently also
that for every d > 0 there exists €(J) such that for every 0 < € < ¢(J) there exists
a solution y(+) of (3.1) with Y7 |77 — 77| < 4. O

Further, in this section we assume that £ = R". We will study (1.1)—(1.2)) with
the help of the assumption

(H3) There exists a null set N' C I with hp(t,z,¢) <0, for all ( € Nj(z), for
allz € S, forallt e I\ N.

Remark 3.4. The condition (H3) is weaker than (H2) when E is a Hilbert space,
however it is not applicable in more general spaces.

We assume further that F(-,-) is almost USC with nonempty convex compact
values. The following theorem is proved for autonomous F(-) in [I2] [13] and ex-
tended to non-autonomous case in [I7].

Theorem 3.5. Under assumptions (A1)-(A3), the system (LI)~([L2) has a solu-
tion if and only if (H3) holds.

Proof. Assume that t(xg) is not impulsive point. Therefore, there exists a neigh-
borhood zo+eB where ¢(x) is not a jump point for every « € xzo+eB. Consequently
from Theorem 1 of [I7] we know that there exists ¢’ > ¢ such that the system (1.1)—
has a solution on [t,t']. One can continue as in the proof of Theorem If
To is an impulsive point then we consider the system 7 with z( replaced
by x(0) + S1(x0) (the solution after impulse).

The proof of only if part is omitted, because it is the same as the proof in case
without impulses (cf. [17]). O

When F(-,-) is defined on the whole space the invariance problem becomes sim-
pler. We will call the solutions z(-) which belong to D wviable.

The system 7 is called weakly invariant when there exists a viable
solution z(-). The system (L.I)-(1.2) is said to be (strongly) invariant when all the
solutions are viable.
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We will say that the multivalued map G(t, z) C F(¢, ) is a submultifunction (of
F) when G(+,-) is almost USC with nonempty convex compact values.
The following lemma is an extension of [17, Proposition 3 ].

Lemma 3.6 (Invariance principle). Suppose that (A1)-(A83) hold. If F(t,-) is OSL,
then the system (1.1)—(1.2)) is invariant if and only if the system

x(t) € G(t,z(t)), xz(0)=x9€ D, ae tel=][0,1],t+#7(x), (3.4)
A$|t:n(w) =S;(x), i=1,...,p, z(t) € D,

is weakly invariant for every submultifunction G.

Proof. Let (1.1)—(1.2) be strongly invariant. Since the system (3.4)—(3.5) has a
solution (thanks to Theorem [3.5] one has that it is strongly (and hence weakly)

invariant. Let (| . i be weakly invariant for every submultifunction G. Let
x(+) be a solution of (L.1] 1 1)—(L.2). We define the multifunction

G(t,y) ={ve F(ty): (z(t) —y,a(t) —v) < Lz(t) -y}
Since F'(t,-) is OSL, one has that G(-,-) is nonempty valued. Let u,v € G(t,y)
then (z(t) —y,2(t) — M+ (1 — A)v) < (A + (1 = A)v) L|z(t) — y|?, i.e. G is convex
valued. Let F' be USC on A x R™, let (¢,y) € A x R™ and let &(-) is continuous on
A If At —>tyl—>yanth1,yl) v; — v, then

T G () = i, #(0) = 01) = (a(t) — (1) — ).

Moreover, lim; o L|z(t;) —v:|*> = L|z(t) —y|>. Thus G(-,) is almost USC (because
G(t,x) C F(t,x)).

Therefore, G is a submultifunction of F. Let y(-) be viable solution of (3.4)—(3.5).
If [p,v] is an interval without impulses of z(-) and y(-), then (x(t) — y(¢), (t) —
§(t)) < Llz(t) —y(t)]>. Thus gz(t) —y(6)] < 2L|x(t) —y(t)|*. If 2(u) = y(u), then
x(t) = y(t) on [u,v] thanks to Gronwall inequality.

However, z(0) = y(0) = . Consequently z(¢) = y(t) on the whole interval I and
hence z(t) € D for every ¢ € I. The last implies that (I.I)—(1.2) is invariant. O

The following theorem is an immediate corollary of Theorem and Lemma
It extends [I7, Proposition 3] to impulsive systems.

Theorem 3.7. Let the conditions of Lemma 3.6 hold. Then system (L.I)-(1.2)) is
invariant if and only if for every submultifunction G there exists a null set Ng such
that ha(t,z,¢) <0, for all { € N5 (z), for allz € S, for allt € I\ Ng.

Recall that A is said to be absolute (metric) retract [14, p. 83] if, given a
metric space €2, closed B C 2 and continuous f : B — A, there exists a continuous
extension f : Q0 — Aof f. Aissaid to be Rs if A = Ny>1 Ay, for decreasing sequence
of compact absolute retracts Ay.

The set B is said to be contractible if there is g € B and continuous h :
[0,1] x B — B such that h(0,z) = z and h(1,z) = 2o on B. It is well known that
A is R; if and only if A = N,,>1B,, with decreasing sequence of closed contractible
sets (cf. [21]).

Theorem 3.8. Let D = R"™ and let F(-,-) be almost USC with nonempty con-
vex compact values. Under assumption (A1)-(A8) and (AG) the solution set of
differential inclusion (1.1)—(1.2]) is nonempty Rs in IJm, .
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Proof. Due to Lemma [2.2]the solution set of (L.1)~(1.2)) is in Jm,, 1, (it is nonempty
thanks to Theorem [2.3]). Now we will use the locally Lipschitz approximation of
USC multifunctions.

Let I\ Z = U32,1; be a sequence of pairwise disjoint compacts such that F
is USC on I; x E and meas(Z) = 0. Define F,(t,x) = > .5 ¥a(t,2)Cy on
I; x E with C\ := ¢@F(t,z + 2r,B), where r,, = 37". It is easy to see that
F(t,z) C Foya(t,z) C Fu(t,x) C coF(t,x + 2r,B). We can take a strongly mea-
surable selection gy of F(-,zy) and define f(t,z) = >, ¢a(x)gr(t). Therefore,
f(-,x) is strongly measurable and f(t,-) is locally Lipschitz (cf. [I4, Lemma 2.2]).
Consequently, the system

(t) = f(t,x(t)), ae. on I, x(t) =y t # 1:(z), (3.6)
Azli—r, (o) = Si(x(m3(x) = 0)), i=1,...,p, (3.7)

admits a unique solution, which depends continuously on (¢,y) (cf. [5] 28]). Thus
the solution set of f with F' replaced by F,, has a nonempty contractible
solution set Sol, (cf. [14, p. 82] ). Furthermore it is easy to see that the solution
set Sol of (L.I)—(L.2) satisfies Sol = N3, Sol,,. Consequently Sol is Ry set. O
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