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STATISTICAL MECHANICS OF THE N-POINT VORTEX
SYSTEM WITH RANDOM INTENSITIES ON R?

CASSIO NERI

ABSTRACT. The system of N-point vortices on R? is considered under the
hypothesis that vortex intensities are independent and identically distributed
random variables with respect to a law P supported on (0, 1]. It is shown that,
in the limit as N approaches oo, the 1-vortex distribution is a minimizer of the
free energy functional and is associated to (some) solutions of the following
non-linear Poisson Equation:

—Au(z) =C7! re_ﬂru(z)_”’T‘z‘zP(dr), vz € R?,
(0,1]

where C :/ / efﬂru(y)fvrlypdyp(dr).
(0,1] JR2

1. INTRODUCTION

In a previous work [27] we have studied the system of N point vortices on a
bounded domain of R? with random-vortice intensities identically distributed with
respect to a law P. We generalized some results of Cagliotti et al. [3] in which all
the vortices have intensity equal to 1, and thus, P is a Dirac measure concentrated
on 1.

Here we will study the same problem on the whole plane. We shall have some
technical difficulties which did not arise on the case of bounded domain [27], since
R? has infinite Lebesgue measure. However, the presence of factors like e rlal?
inside integrals are sufficient to fix most of these problems. Often, the proofs will
be analogous to those in [27] just replacing dz by e~lel’dz. Related to this, we
should suppose also that vortex intensities (which correspond to r in e""“"z)
positive and the law P “decreases” fast enough near 0.

The phase space of this Hamiltonian system is, essentially, R?. But despite its
infinity Lebesgue measure dz, the exponential term acts in such a way that the
phase space has e~ dz finite measure. Therefore, similar to the bounded case,
we shall find for this system, negative temperature states as noticed by Onsager
[28]. These states have been studied by several authors [1, 2, 3, 4, 10, 13, 14, 18,

are
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21, 22, 23, 24, 25, 27, 28] since they arises naturally on some physical systems. We
emphasize the work of Lundgren and Pointin [22] which also considered the system
on the plane. In their work all the vortices have the same intensities. We weaked
this assumption by modeling intensities as random variables. But, as explained
before, we consider only positive intensities.

Our strategy is the following: we introduce the Gibbs measure p’v (where N
is the number of vortices) and its marginal density of the first k coordinates pf.
Taking the limit as N — oo, we observe the same factorization property (the so
called “propagation of chaos”) found in the bounded case. Hence, ,ufj behaves like
product measures /L®k (or in better terms, as an average of product measures) of
k copies of the 1-vortex distribution p. Since the Gibbs measure is, naturally, a
solution of a variational problem, we can characterize the 1-vortex distributions as
a solution of a limit variational problem. The Newtonian potentials associated to
this 1-vortex distributions are solutions of

—Au(z) =071t refﬁm(z)*'yr‘zlzP(dT), vz € R?,
(0,1]

C:/ / e—ﬁru(y)—’yr\y\zdyp(dﬂ_
(0,1] JR2

(the Mean Field Equation, MFE, for short). The propagation of chaos is related to
the uniqueness of solution for MFE. Even in the easiest case of positive temperature
states the functional minimized by the 1-vortex distribution is not convex and hence
we do not have general results of uniqueness.

(1.1)

Notation. We introduce some notation which will be used in the sequel. Set
Q=R?and Q = Qx (0,1]. X = (#1,...,4Zn) denotes an arbitrary point in QV,
where Z; = (z;,7;) (z; € Qand r; € (0,1]). All r;’s are random variables identically
distributed with respect to a Borelian probability measure P on (0,1]. On Q we
consider the product measure Lebesguex P. By a.e. we mean almost everywhere
with respect to Lebesgue, P, or Lebesguex P measures without precising which one
we are considering.

For X €e OV and 1 < k < n weset X = (1,...2N) and define X, = (Z1,...,%k)
and XN=F = (Z341,...,%x) (Xp and XV ~F are analogous defined.)

For the purpose of integration we set d#; = da;P(dr;), dX = d#; ---dZy, and
dX =dz;---dzy. In an obvious way we define dX’k7 dX'N_k7 d X}, and dXN-k,

The Hamiltonian of the N-point vortex system is given by

N
- 1
HY(X) = 3 ZTiTjV(iEi,fﬂj),
i#]
where V is the Green function of the Poisson equation in RZ, that is,

1
V(z1,z2) = ~9x log |z1 — 22]. (1.2)

For this system we have other integrals beyond H” named the center of vorticity
M7V and the moment of inertia defined by

N
MN(X) = Z?‘Z‘l‘i
i=1
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which is supposed to be null, and IV (X) = 32N | 7|22,
Given § € R and v > 0 we define the canonical Gibbs measure, with inverse
temperature 3/N, by

d 1 B Ny N (v
N _ — S HY (X)—~I"(X)
X = — ¢ N s
HE(X) Z(N,B,7)

where Z is the partition function given by

Z(N,B,7) = / e BHY (D) IV (R) g ¥
7 3 QN
For simplicity, we denote H = H 2and I =1

For p € LY(QY) symmetric, that is, for which

p(.i‘l,...,ji,...73'~Jj,...,.fN):p(fl,...,f]’7...,f,’,...,.Z‘N),

we define the family of correlation functions of p, (pk)1<k<n, by

pr(Xp) = / p(X),dXNF VX, € OF,

ON-—k

When ||p|lzr = 1, p is a probability density for the distribution of N vortices in
Q. Thus, pi is the marginal probability density for the distribution of k vortices
(chosen among the N ones) in Q.

Fort>0andx1€Qweset

Bt(.’tl) = {Zi’g S Q : |ﬂ§2 — (£1| < t} = Bt(lL'l) X (0, 1]

Finally C, with or without indices, denotes several positive constants, and 14
denotes the characteristic function of a set A.

We note the presence of factors like e=7/(#:) inside integrals (for example, in the
definition of the partition function). The decay of these factors at infinity makes the
problem very similar to the bounded case. Of course, it works only if v/ > 0. For
that reason we suppose that vortex intensities and -y are strictly positive. Moreover,
we shall suppose that the “decay” of P near 0 is fast enough. More precisely, we

assume
™

. 1
/ @z, = 7 / = P(dry) < . (1.3)
0.1

Q Y ™

In the sequel we set

|§z|7:/~e*“<fl>daz1.
Q

2. BOUNDS FOR THE PARTITION FUNCTION

We start with a proposition giving the range of 3 and ~ for which the partition
function is well defined (and thus, also the Gibbs measure.)

Proposition 2.1. Let 8 > —8m and v > 0. There exists some constant C' =
C(B,7) such that

Z(N,B,7) < CV.
Moreover, C is bounded in B for 3 on compact subsets of (—8m,0). In particular,
the Gibbs measure " is well defined for f > —8m and v > 0.
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Proof. We take a and b such that —87 < a < 3 <b. If § > 0, then we have

N
Z(N,B,7) = /N {H |2; — xj‘/37»¢Tj/47rN}e—"{IN(X)dX
Q o

/ H |{E |_’_1)br1/47rN(| ‘+1)br1/47rN] —y N (X)dX
175J

/ H |xi| + 1) bri(N=1)/2nN —vI(Z:) 4 X

<| / (jon] + 1) /2me= 310310 gz, ]
Q

Since the map &1 3 Q — (|z1] + 1)"1/27e~21(1) is bounded from above by some
constant C' = C'(b,+), the conclusion follows from (1.3).
Now, if —87 < 3 < 0, then we have

(N 3, ’Y / He——l(:m H|1'z ey |,8r ;T /AT N ——I(wJ)dX

j=1
J#i
N N N
<H{ / efw(fi)Hm_x.|ﬁm]~/4wefw<5cj>d)z]
= | N ' J
1=1 Jj=1
j#i

N-1

= / 6771(i1)|: / |£L’1 — $2|’8T1T2/4776771(5:2)d.%2:| d.%l
Q Q

Hence it is enough to show that there exists some constant C' = C(a,~) which is
an upper bound for the integral inside the brackets. We have,

oy = 872
[ |.’L‘1 _ x2|57172/4ﬂe—71(12)d§j2 < / |.%'1 _ 1’2|a/47rdx2 _ ™
B1(Z1) By (z1) 8T+ a

and
/ (o — o Frie /AT =1(E2) 47, < / @) 4z, < [,
O\B1 (1) Q\Bi (1)
O

Remark 2.2. From Proposition 2.1 with N = 2 and § = %2 it follows that
the function e*# =77 is in LY(9?). Hence, He ' ¢ LP(9?), for all p € [1,00),
which follows from the fact that there exists some constant C = C(p) such that
[t|P < C(e! +e7t).
Lemma 2.3. Let § > —87m and v > 0. There exists some constant C = C(3,7)
such that

CN < Z(N,B,7).
Moreover, C is bounded in B for 8 on bounded sets of (—8m, 00).

Proof. Let a > |(|. By Jensen’s inequality we have

Z(N.B.7) = 19 exp ( - Z H(@, e 0ax)

2N|Q\N
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> CNeXp<— M/ |H(X2)|e*“"’<5<2>d)22)
2002 Ja
> CNexp(~C(N - 1)) > CV
with C' = C(a, 7). O

For the rest of this article, 8 and ~ will be fixed in (—87, 00) and (0, 00), respec-
tively.

3. EXISTENCE OF WEAK CLUSTER POINTS OF GIBBS MEASURES
The elements of the Gibbs sequence (u’¥)y~1 are functions defined on different
domains. They are points in different functional spaces. This leads to a problem
when looking for limits of this sequence. To overcome this problem we proceed as
in [27] by introducing the family of correlation functions (py)1<k<n of a function

p e LY(QN), defined by

QN—k

P = [ p(R)axY

Now, for each k € N, (ul) N> is a sequence on LI(Q’“) and thus we can look for
its cluster points. Before finding LP estimates for these sequences we find pointwise
ones. First we have the following lemma.

Lemma 3.1. There exists some constant C = C(8,7) such that
Bk

Wﬁ
Moreover, C is bounded in 8 for B on bounded subsets of (—8m,00).

Z(k, ) < ON=FZ(N,B,7) VN > k.

Proof. Let N > k and fix a > . It is easy too see that

kE+1 c : - -
Z(hat, o) = [ eSS S (g, @
Q
where
f(f(k) - / e*% PO TiTk+1V(fL’ivrk+1)771(ik+1)d§gk+1.
Q
It follows from Jensen’s inequality that
N . 3 k )
f( X&) > |9, exp (m /Qrﬂ"kﬂ log |x; — mk+1|e_71(’”’“+1)d£k+1). (3.2)
T i=1
Consider 8 > 0. From (3.2) it follows that

k
- ﬁ /
X)) >Cexp | —=—— E log |z; — x dx
f( k) B P (27T|Q‘WN i—1 Y Bi(zi) gl k+1| k+1)

aCk
> _ ) > — =
> Cexp ( N ) > Cexp(—aC) =C,

and thus, from (3.1), we conclude that

Z(l@%xy) < CZ(k+ 1,w,v),

with C' = C(a,7). The result follows by induction on k.
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Now, we suppose —87 < 3 < 0. From
rirgs1log |z — oppa| < rirppa|zs — 2rga |2 < 20m |22 4 rega o ?)

we conclude that
/" riregr log |z — wppa e i)z, < 21(3;)|Q), + 60(7),
Q

where
(1) =2 [ @nn)e 1Dy = 2y,
Q

From (3.2) and (1.3) it follows that

(50 2 e (50— i[m )10l + 2wy )
Y =1

> Cy exp (%Ik()?k)) exp (5]@)

8 - 8
> Cy lexp ( — NIk(XkD exp ( — Tﬂ)
Note that the constant C' depends neither on 8 nor on ~, and thus, (3.1) yields
Ok 8 Bk +1)
Z(ka ’ >< Z<k 1777 )7
Nt y) SeZ{k+ N7
where @(y) = Cve®™/7 is continuous from (0, 00) in (0,00). By repeating N — k
times this argument and replacing v by
8(N—-k-1) 8
- .. — 3.3
~ e TR Y (3.3)
we obtain
Bk 8(N — k) 8(N —k—1)
Z( ) ) ) < ( ) ttt Z N’ 3 .
kvt =y <@+ N e(v)Z(N, 3,7)
All numbers in (3.3) are in [y,y + 8]. Since ¢ is continuous, it is bounded from
above on this interval by some constant C' = C(v). Therefore,
Bk Bk 8(N — k) N—k
— < — ) < .
N,7+8) Z( ~ It w )_C Z(N,B,7)
The sequence (8k/N)n>r is in a compact subset of (—87, 00). Hence, Proposition
2.1 and Lemma 2.3 give the existence of constants C; = C(«,v) and Cy = Ca(a, )
such that

Z(k,

ck<z(k, %,ws) < 7(k, %v) <.
Hence,

Z(k, %,7) < [gﬂ Z(k, %,ws) < ON=kZ(N,8,7).

O
Proposition 3.2. There exists some constant C = C(f3,7) such that for N large

enough,
pp (Xi) < Che A OREZACON
Proof. Let k> 2, Ng,N €N, and r,p,p’ € R such that
e > 1 with Br € (=8, 00);
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e No=min{N € N: N > 2k and N/(N —2k) <r} and N > Ny;
e p=N/(N —2k) and p' = N/2k;

We have
BNy B ks BNk oN-ky P .
~H (X)**NH (Xk)*NH (X )*N Z H(z;, ;).
1<i<k
k<j<N
Thus,
- 1 8 gk k
N _ — N H" (Xi)—7I"(Xk)
Xi) = e N
e ) = 7N, 5.)
x/ o BHNTRXN TRy INTRRN R B SN HEE) g g Nk
QN-—k

From Hélder’s inequality, it follow that the last integral is bounded from above by
[/ ef%”HN_IC(XN_k)*VIN_k(XN_k)dXka} e F(Xe)

QN—F

OQN-—k

Now, we look for bounds on f(Xj). It is easy to see that

B k N , ~ . 1/17/
X = |: i — . Bp ""irj/27rN 7%I($J)dXN7k:|
o= [T TI el :

Fim1 j=kt1
k /
_ (N—k)/kp
<TI[ [t ol ime i@z, .
, Q
=1

Recall that (N — k)/kp’ < 2. By an argument similar to the proof of Proposition
2.1 we can show that there exists a constant C' = C(3,) such that

k
=1

Since the function #; € Q — (|z;| + 1)P7/27e=31(F) is bounded from above by a
constant C' = C(3,) we have

k
f(Xk)e—%Ik(Xk) < HC(|Iz| + 1)57"1/%6—%1(@) < Ck.
i=1

It remains to show that there exists some constant C' = C(3, ) such that

1 { / 97BT?Hka(Xka)i,ﬂka(Xka)dXNik} 1/p

Z(N, ﬁ,’y) QN—k
Z(N -k, 25 5) v
) N ) < Ok

Z(N, 3,7) -
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By Lemma 3.1 (notice that Sp € (—8m,|3|r)) there exists a constant C' = C(3,7)
such that
Bp(N—Fk) L/p
Z(N =k ) 28 W 2N B
Z(N, B,7) - Z(N,B,y)  —  Z(N,B,v)

Applying Holder’s inequality, we have
Z(N. Bp, )P < Z(N, 5r.y)"" Z(N, §,7)'°,
where 6 € (0,1) is such that
1 66 1-6 2kr

Sl T e g
por T N(r—1)

Therefore,
Z(N, Bp,7) """

Z(N,B,7)
Since Br > —8m, from Proposition 2.1 and Lemma 2.3, it follows that there exist

constants C, = C1(f,7) and Cy = Ca(5,~y) such that
Z(N, Br,7)?m < X" <% and Z(N,B,7)"¢ <Nl < CF.

< Z(N,Br,y)""Z(N,B3)™".

O

Corollary 3.3. Let p € [1,00). Thus uly € LP(Q%) for all k € N and for all N
large enough. Moreover, there exists a constant C = C(f3,,p) such that

luN|Lr <C*, VkeN, for N large enough.

Hence, if p > 1, then there exists py € LP(Q*) and a subsequence (ugj )jen such
that ugj — [ weakly in LP(QF).

For the proof of the above corollary, see [27, Corollary 4, p. 386.].

Remark 3.4. A priori the index choice (N;),en depends on p and k. But we can
always, by a diagonalization process, suppose that

This holds even for p = 1 by Proposition 3.6 (by taking f € Lm(flk).) In the
sequel, we shall say that . = (ux)ren is a weak cluster point of (u")y~1 in that
sense and we shall denote the index sequence always by (N;);en.

Lemma 3.5. There exists some constant C' such that

dX <cNeN, Vr>0, VN €N,
BY

where BN = {X € QN : IN(X) < r}. In particular, 1 € L'(BY).
Proof. Let v > 0. We proceed by induction on N. We have

\/T/T1
/ di :/ [/ dml}P(dﬁ) - 27r/ [/ s ds]P(drl)
B (0,1] {lz1|2<r/r1} (0,1] 0

= 7rr/ iP(dm) =Cr.
(0

a7
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Let N > 2 and suppose the result is true for N — 1. Then,
/ dX = / / dXNdi, < [ OV — I(7,))N i
BN BLJBY G B}

< oN-tpN-t dz, = NN,
B}

(]

Proposition 3.6. Let f : OF — R be a measurable function such that lf] < Ce%lk,
for some constant C > 0. Then, fu,iv € LY (%) for N large enough. Moreover, if

ugj — g weakly in L*(QF), then fuy, € LY(QF) and

) f(ff/c)u;[jj(f(k)df(kﬂ[ F(X0) e (X ) d X

Proof. Let r > 1 be such that Br > —8r and let ¢ € L>°(Q) with 0 < ¢ < 1. From
the bound on f and Proposition 3.2, there exists a constant C = C(8,~, k) such
that

k_ 71k
_41.

_B
ol flupy < Cge” 1

In particular, by taking ¢ = 1, we have fud € L'(QF) for N large enough. By
Holder’s inequality we have

% .~ 11/ R N 11
/~ ¢|f|uivka < C{ /~ (;Se*%l"d k} [/ o FH 31" g k} r
Ok o X X

Qk

B grk A \'" g o 1T
C’Z(k,N,4 {mqse 3 dxk} .

Since (Brk/Nj)n,>k is in a compact subset of (=8, c0), Proposition 2.1 yields a
constant C' = C(k, 8,7) such that

~ 5 - 11/
|oliati<cl [ oeiran]”, (3.4)
Qk Ok
We have shown that there is a constant C' = C(8,~, k) such that
[ OlflpdX, < C, Vo e L®(QF) such that 0 < ¢ < 1. (3.5)
Ok

For r > 0 we set g, =1 — f,., where f, is given by

. k <~
£(%e) = {1, it I"(Xy) <,

0, otherwise.

From Lemma 3.5 it follows that f.f € L%(Q¥). Thus, by the weakly convergence
of uh’ to p in L2(QF), we have

/~ frfun’dX;, — / frfuedXe when j — oo, Yr>0. (3.6)
QF QF
In the same way,

/~kfr\f|u,ivjd)~(k —>/~kfr|f|ukd)2k when j — oo, Vr > 0.
ar a



10 C. NERI EJDE-2005/92

By taking ¢ = f, in (3.5) we conclude that the above sequence is bounded from
above by a constant C = C(8,~, k). By taking limits we find

[ FlfldRe <C V>0,
Qk

But f,|flux /" |fle when 7 — oo thus, Monotone Convergence Theorem yields
|flue € LY(QF). Hence (f, fur)r>0 C LY (%) is bounded from above, in absolute
value, by |f|u € L'(Q2*). From Dominated Convergence Theorem it follows that

/fzk frfupd X, — /Qk furdXy, when r — oo. (3.7)

It is not difficult to see that (gre’%lk)rw C LY(Q¥) is convergent a.e. to 0 and is
bounded from above, in absolute value, by et ¢ LY (). Again, by Dominated

Convergence Theorem, this sequence converges to 0 in Ll(flk). Hence, by taking
¢ = gr in (3.4), we show that

/ gr|f\ﬂljj"d)2k — 0 when r — oo, uniformly on j. (3.8)
Qk

By writing f = f.f + ¢g-f we have

[ aiat- [ guaa

QF QF

S’/~ frkadeXk—[ frfﬂkka‘
Ok Ok

+ ‘ [ frfﬂkka */~ fﬂkdj(k‘ + ’ /~ grfukdef(k .
Qk QF QOFk
Finally, the result follows from (3.6), (3.7) and (3.8). 0

4. VARIATIONAL PROBLEMS
For N € N we set
D(FNY = {pe LYON) : plogp € LYQN), IV p e LY(QN)}.
For p € D(FY) we define the following functionals

V() = [ p(X)logp(X)dX  (entropy),
QN
¥p) = [ Y EpRAK (enere).
JN(p) = / IN(X)p(X)dX (moment of inertia),
QN

FN(p) = SN (p) + BEN (p) +~+JN(p)  (free energy).

We shall see that D(FY) is convex. The functional F¥ is convex, since SV is
convex and EV and JV are linear.

Lemma 4.1. Let N >2 and p € D(FN). Then HNp e L'(QN).
Proof. We have
1

N
- \ N(x — \ . P .
Np(X)H (X) N p(X) ; rir;log |z, — x;
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N
1 ~ 1 - -
< E Az |2+ 7w ?) < = N(X).
= ZWNP(X) #j(ﬂ‘xz‘ +rjlws]7) < 7rP(X)I (X)

Hence, H" p is bounded from below by some function in L'(QV). Apply the fol-
lowing inequality

1
sr<rlogr+ —e*, Vr>0,VseR, (4.1)
e
with r = peIN and s = %HN and, then multiply by e~ 1" to find
1 1 4
—pHY < plogp+ pI™N + ZenHY-IY
N e
Since all the terms on the right hand side are in L'(QN) we have HVp € L' (QN).
O

Remark 4.2. Let N > 2 and p € D(FV). If p is symmetric, then we have simpler
expressions for the energy and moment of inertia, which are

N -1 . o R
EN(p) = T/Q/QH(3?17$2)P2(331$2)C1931(1$2,

) =N [ 1@,

Proposition 4.3. Let 1 <k < N and let p € D(FN) be symmetric and such that
lollzr = 1. We have
S*(pr) + SN (pn—1) < S(p).

Proof. See [27, Proposition 6 on page 387]. Note that in that proof, we have not
used the boundedness of 2. Thus, the proof works also in the present case. O

Lemma 4.4. There exists measurable functions f, g : Q2 — R such that H = g+ f
with |f| < ei’" and g € LP(Q2) for all p € [1,00).
Proof. We set
A={Xo € Q0% : H(#,5) >0} ={Xo € Q% : |2; — 10| < 1}.
We write H = g + f, where
g= %1A|H|Ze’%12 and f=14H —g+140H.

We shall show that f and g satisfy the stated properties.
By Remark 2.2, we have g € LP(Q2?) for all p € [1,00). From Young’s inequality,
it follows that

14H = 114]:16_%126%12 < %
272

and thus, 14H — g < %e4 . Finally, for X, € 02 we have

lA\H|2e_%I2 + %e%ﬁ

~ ~ ~ 1 1
|1AG <X2)H(X2)| =140 (X2)g7“17”2 log |901 - 562| < %7‘17“2@1 - $2|2

IN

(ri]z1|* + rolaa?)

3=

1
;7“17“2(|»”51|2 + \$2|2) <

=~ 112(%y) < cot %),
™

for some constant C' = C(7). O
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Remark 4.5. If N is large enough, then pv € D(FY). Indeed,

1 log pt = —%HNMN — NN — N log Z(N, B,7).
Hence, it suffices to show that HNpuN, INuN e LY(QN). By symmetries of HV
and pV, it is enough to show that Hud € L'(Q?) and Iud € L'(Q). Using the
decomposition of H (Lemma 4.4) we write Hud = gud 4+ fud, where g € L?(Q?)
and |f] < Cei!”. Hence, gud € LY (Q?) since pd € L*(9?) (Corollary 3.3.) By
Proposition 3.6 we have fud € L'(Q?) and Iu € L'(Q) since I < Cei! for some
constant C' = C(y).

Lemma 4.6. Let p : Qv - R be a positive measurable function such that INp €
LYQN). Then [plogp]~ € LY(QN) and there exists a constant C = C(N) such
that

/QN p(D)logp(X)] aX < C+TV(p).

Proof. We write

| [pnogp()] " ax
Q

= - /{ e PO (RAX [ R g p()a
p<e~ e <p<

Since —tlogt < C/t for all t > 0 and for some constant C' > 0, we have

_/ p(X)logp(X)dX <C [ e 3" XdxX = C.
{p<e-1V} av

We have also

_/{ N <1}p()~() log p(X)dX 5/ IN(X)p(X)dX = JN(p)

QN

which completes the proof. (Il

It follows immediately from Lemma 4.6 that
D(FY) = {p e INOY) : [plogp]* € LI(@Y), IVp e LI@Y)).
Hence D(F) is convex since the map t € [0,00) — [tlogt]" is convex and JV is

linear.

Lemma 4.7. For C' > 0, the set

Mc = {pe D(F™) /Q p(X)log p(X)] *X < € and J¥(p) < C)

1s weakly compact on Ll(QN).

Proof. We shall show that M is closed in the strong topology of Ll(QN). Since
My is convex, it will follow that M¢ is weakly closed on Ll(QN ).

Let (pn)nen be a strongly convergent sequence on Mg to p € LY(QN). We
can take a subsequence (pn;)jen such that p,, — p almost everywhere on Qn.
The sequences ([pn, 10g pn,]™)jen and (I™ py,, Jnen are bounded on L! (QN), almost
everywhere convergent to [plog p]T and IV p, respectively, and composed by positive
functions. From Fatou’s Lemma we conclude that p € M.
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We show now that every sequence on Mc¢ has a weakly convergent subsequence
on LY (QN). Let (pn)nen C Mc. Given € > 0, take r > 0 and M > 1 such that

1 N 1 ~ + ~
- < —_ X)1 X X < .
AT s vl [pa(X)logpu(X)| dX <e, VneN

We set
B={XecQV: I"(X)<r} and C,={XecQV:p,(X)> M}

Let (Ej)jen be a decreasing sequence of measurable subsets of OV with empty
intersection. For n, j € N we have

.1 S 1
/ pn(X)dX < / IN(X)po(X)dX < —=JN(p,) <€
E;\B B;\B

and

. 1 - .
/ pn(X)dX < / pn(X) log pp (X)dX
E;NC,, log M

<

- 1t -
W(X)1og pa(X)] dX <e.
Tog 3 QN[,O( ) log pn (X) <e
The set F1 N B has finite measure by Lemma 3.5. Therefore, the sequence of
measures of E; N B goes to 0 as j — oco. It follows that

/ pn(f()df(g/ Max <M [ dX <«
EJQ(B\CTL) EjﬂB EjﬂB

for all n € N and j large enough. Since E; = [E; \ BJU[E; N C,]U[E; N (B\ Cy)]
we have
/ pn(X)dX < 3¢ Vn €N, Vj large enough.
Ej
We conclude the proof by applying the Dunford-Petis Theorem (see [9, theorem
IV.8.9]). O

Theorem 4.8. For N € N large enough, u" is the unique solution of
min {F¥(p) : p € D(F™), [lpllps =1}

Proof. (This proof is similar to Theorem 8 of [27] with minor changes.)

We split the proof into two steps: in the first one we shall show that the problem
has a solution /i, and in the second step we shall prove that i = p’¥. Let N be
such that p¥ € D(FY).

Step 1: Let p € D(FN) and t > 1 such that 8t > —8n. From inequality (4.1),
applied to r = +p and s = —(B8t/N)HY — (yt/2)I", it follows that

B N YN 1 p 1 _segN_atgN
gy, <71(7) S RHN-FIY
N P 2 p= tp ©8 t + ee
Therefore,
1 1 1 ¢ 4t
plogp—l—ﬁHNp-i-'yINpZ 1—- plogp—i—fplogt—fe_%HN_TlN+1INp.
N t t e 2
(4.2)
In particular, for ¢t = 1 one has
1
plogp+%HNp+71Np+ge*%H“%f” > %INpZ 0. (4.3)
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Let us show that FN is a Ls.c. in the strong topology of L'(QV). Hence, by
convexity, FV is also Ls.c. in the weakly topology of L'(QY). Let (pp)nen C
D(F¥) be a convergent sequence to p € LI(QN) in the strong topology. We can
take a subsequence (py,);en such that

Pn; — P a.e. on oy

FN(pp,) — liminf F™(p,) (which is supposed to be finite.)

The sequence (h;);en, given by

h;y = Pr; Ingnj =+ %Hanj + ’YINPnj + ée,%HN,%]N,
satisfies
o h; € LY(QV), VjeN;
hillr = FN(pn,) + 22 (N,3,3) <C, VjeN;
By >0 (by (43)), ¥ € N:

h; — plogp+ S HNp+~INp + %e*%HN’%IN a.e. on QV.

From Fatou’s Lemma, it follows that

FY(p) < liminf FN(pnj) = liminf FY (p,,).

Now, suppose that (pn)nen i a minimizing sequence for the problem. Taking
t > 11in (4.2) and integrating on QV we obtain

1 1 v 1 vt
<> N > (1-2)\gN 1 74N 1 RAaY
CzF (pn)_(l t)S (pn) + 7 logt + 2 J % (pn) eZ(N,ﬁt, 2)
Hence,

SN(p,) <C, VneN,
and from (4.3) it follows that
JN(pn) <C, VYneN.
From the last two estimates and from Lemma 4.6, we conclude that there exists C
such that
/N[pn(X) log pn(X)]TdX < C, VneN.
Q

Hence, we have shown that there exists C' > 0 such that (p,)nen is in a set M¢
as in Lemma 4.7 and thus it has a subsequence weakly convergent to i € D(F™).
It is clear that ||fi||r: = 1. Hence, by the lower semi-continuity of FV in the weak
topology of L'(QN), fi is a solution for the problem.

Step 2: We are going to show that i = u. For § > 0 we set

- = e ~ 0

As={X eV : u(X) >} and Us={pecC(W): |l < 5}.
Consider the following functionals
Js:Us — R and Gs:Us — R

¢ = FN(i+1a,0) ¢ = Jan Lase.
Take ¢ € Us and p = i + 15,p. First, we can easily see that 0 < p < 24.
Thus INp € LY(QN) and [plogp]” € L' (V). From Lemma 4.6 we deduce that

[plogp]” € L*(QN). Hence, p € D(FN) and thus Js is a real valued functional
defined on Usy.
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Since fi is a minimizer of F¥ under the constraint ||p|| ;1 = 1 we know that
J5(0) = min J .
5(0) = min Js(p)
By the Lagrange Multiplier Theorem, there exists A; such that J5(0) = AsG%(0),
that is, for all ¢ € C.(QV) we have

/~ [logﬂ"’—l]l/\a(p""ﬁ _ HN1A5@+7/~
QN N QN

- INp0 = )\6/N Las .

Q
Therefore,

log i+ 1+ %HN +~IN = )s a.e. on As.

It follows that i = Cge’%HN*“N almost everywhere on Aj.
If 61 < 92, then A5, C As,. Since g = Cng*%HN’“’IN on As, and i =
C’(;le_%HN_'”N on As, we have Cs, = Cs5, = C (independent on 4). We set
A={XeO:a>0}=]As
6>0
BHN IV

Hence, ji = 0 on A% and ji = Ce™ on A, where

C— U eﬁH”(}?)W(hdx}l.
A simple calculus shows that !
FN(fi) = —log ( / e_%HN_“N)
A
FN(uN) = —log( / e_%HN_’”N).

9)
Since FN(fi) < FN () we have |[A%| = 0, and thus f = pV. O

Remark 4.9. We emphasize that in the last proof we have shown that F' Nis a
L.s.c. functional on the weak topology of L'(QV).

We consider now the limit problem. We define the set D(F™*) of all p, =
(pr)ken € o, D(F¥) which verify, for all k € N,
(i) [loxllLr =15
(i) pg is symmetric;
(it)) pr(Xk) = [q Prt1(Xpy1)dTry1;
(iv) there exits C' = C(p) such that ||px||r~ < CF.
Remark 4.10. If 4, is a weak cluster point of (4" )n~1, then pu, € D(F*). Indeed,
the first three properties are easily verified. The fourth property follows from
Proposition 3.2. To verify that u, € D(F¥) we note, again by Proposition 3.6,
that I*;, € L'(QF). Hence, from Lemma 4.6 it follows that [u, log pu]~ € LY(QF).
Finally, from (iv) we obtain [ log px]™ < [ux log C*]+ = k[log O] ps € L1(Q2F).

For p, € D(F*) we define the following functionals
1 5 5D 1
$*(pe) = Jim ¢ [ pu(B)log pn(Xu)d s = lim 18 (p1).
k—oo k Ok k—oo k

. 1 . e s
E (p*)=5/ﬁ/QH(xl,xz)pz(xhxz)dxldxz,
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J*(p*)Z/QI(i"l)Pl(fl)dflv

F*(pe) = S™(ps) + BE*(ps) + 7" (ps)-
For p, € D(F*) is not difficult to see that E*(p.) € R (apply Lemma 4.1 with
N = 2) and J*(p.) € R (since p; € D(F')). From property (iii), by induction, it
follows that

() = / P (X)AXNF,

AN —k
By Proposition 4.3, (S*(pr))ren is sub-additive. Thus the limit which defines S*
exists but it can be infinity. However, by property (iv), he have the following
bounds

k
Therefore, S*(p.) € R and F* are real valued.

1 - ~ - 1 ~ ~
- /~k Pk(Xk)IOng(Xk)ka S %/k pN(Xk) IOngka = logC’
Q Q

Proposition 4.11. Let p. € D(F*) and p. be a weak cluster point of (u™¥)n=1.
We have

(i) xEY(pn) — E*(ps) as N — oo;
(i) yJN(on) = J*(ps) YN € N;
(iii) SN (pn) — S*(ps) as N — oo;
(iv) ¥ FN(pn) — F*(ps) as N — oo;
(v) & ENi(u") — E* (1) as j — oo
(vi) N (1) — T (1) as j — oo
(vii) S*(ux) < liminf; o0 S (ugj),
(vili) 7= F™i(u™N) — F*(p.) as j — o0;
(ix) 7SN () — S (1) as j — o0;
(x) L8%(uy,) < liminfj oo L% (pp7) < limsup,_ o L% (up") < S* (1)

Proof. (i), (i7) and (i4¢) have trivial proofs. (iv). It follows from (4), (i¢) and (7).
Now we prove (v). By the symmetry of u™i (see Remark 4.2) it is sufficient to show
that

//H(.’fl,i'g)uévj(fl,.’fQ)di'ld.%Q—>//H(i’l,(ig)ﬂg(i’h‘%Q)d.’fld(fg,
QJQ QJQ

as j — oo. But this is a consequence of Proposition 3.6, Lemma 4.4 and the weak
convergence ,uévj — pg in L2(02).

(vi). This point is a consequence of the symmetry of Vi (see Remark 4.2) and
Proposition 3.6 (with k =1 and f=1.)

(vit). By hypothesis, u,lcvj — py, weakly in Ll(Qk). Here, we suppose 3 = 0. Thus,
from the weak lower semicontinuity of F* in L'(Q¥) (Remark 4.9) it follows that

) 7 ) < o inf (S4”) 9"

Hence, it is enough to show that Jk(uivj) — J¥(up) as j — oco. We note (see
Remark 4.2) that

1 ; . PPN 1 . ;
A / (@) (@1)dd) = IV ().
Q J
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The result follows now from (i7) and (v3).
(vigi). Fix k € N. For each j € N, large enough, we find integers m; and n; such
that N; = m;k 4+ n; and 0 < n; < k. By Proposition 4.3 we have
m; N 1 T ) 1 ) .
25 (") + v5 (un?) < 55N (™).

N; - N;

But (vii) implies that each one of the following k sequences
N; N;
(') e (S5™)
is bounded from below, and thus, there exists C = C(k) such that S™i (ua?) >
—C, Vj € N. It follows that
mj

ok N _Q

)
jeN jEN

IN
[t
n
Z
=
=2

— 4.4
¥ (14
By adding %ENJ‘ (N7) + L JNi (7)) to (4.4) and considering that p/¥ minimizes
J J
FN (see Theorem 4.8) we obtain
my b

Gk Ni ENi ( Ni TNy, Niy

IN
-2~

FNi (o)

IN

—FNi(up,).
N, (1n;)
By taking the limit j — oo, from (iv), (v), (vi), (vii) and the fact that m;/N; — 1/k
we conclude
1 1
=S8 () + BE* () + 7" () < liminf ——F™ (™)

j—oo Nj
1
< limsup — FN (uN9) < F*(p.).

Jj—o0 J
Finally, we take k — oo and we use (44i) to complete the proof of (viii).
(iz). Follows form (v), (vi) and (viii).
(z). The first inequality is just (vii). The second one is trivial. The last one follows
from (iz) by taking limits in (4.4). O

Theorem 4.12. Let . be a weak cluster point of (™) ns1. Then . is a solution
of
min{F*(p.) : p« € D(F™*)}.
Proof. Take p, € D(F*) and j € N. By Theorem 4.8, we have that ;s minimizes
FNi and thus
FNi (i) < FNi(p, ).
The result follows from Proposition 4.11 (iv) and (viii). O

Definition 4.13. By P(Q) we denote the space of Borelian probabilities on  en-
dowed with the weak topology. We denote Q(£2) the set of all Borelian probabilities
v on P(€2) such that for v-almost all p in the support of v we have

e p€ L®(Q)N D(F) (where D(F) = D(F));

e There exists C' = C(v) such that ||p||p~ < C.
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Remark 4.14. In the previous definition, we can take the set N(Q) = {p €
L®(Q) : Ip e Ll(fl)} instead of L>(Q) N D(F). Indeed, it is clear that L>°(€) N

D(F) C N(€2). On the other hand, if p € N(Q) N P(), then p € L*(9) and
[plog plT < plog(l +||p|lr=) € L*(2). From Lemma 4.6 we deduce that plogp €
LY(Q). Hence p € D(F).

Theorem 4.15. The application which maps v € Q(Q) to p, € D(F*) given by

pk(Xk)=/(Q)p(531)~~p(5rk)1/(dp) Vk €N,
P
or, equivalently, by

[ F(X)or(Xp)d Xy = / ) / FXpE) - plE)dKew(dp),  (45)
Qk P

Qk
for all f such that fpi € Ll(Qk), s onto.
Proof. Let p, € D(F™). By Hewitt-Savage’s Theorem (see [17], Theorem 7.4) there
exists a (unique) Borelian probability v on P(2) such that
| fGpEoati= [ [ e pldivde) (10
Q* P() SO

for all f such that fp, € L'(QF). By taking f(Xz) = g(#1)---9(Zx) (g € L*(2))
and recalling that ||pg||L~ < C* we deduce

L@ [ s@paa)] vias) < Mgl vg e @)
P Q
Hence,

| / 9(@)p(d)| < Clglle v —ae peP@).

This means that the support of v is included in the ball of L>°(Q2) with center 0
and radius C. Thus, the relation (4.6) becomes (4.5). To conclude, we should show
that v € Q(1).

Since Ip, € L*(Q), by taking f = I in (4.5), Fubini’s Theorem gives

Ipe LYQ) v—ae peP(Q),

that is, v is supported in {p € L®(Q) : Ip € L'(Q)}. Therefore, v € Q(Q) (see
Remark 4.14). 0

Let p. € D(F*) and v € Q(Q) for which (4.5) holds. We apply this relation with
f=H (Hps € L*(92?) by Lemma 4.1) and also with f = I to obtain

() = [ @E@w). here Bp) =3 [ [ 8@ a)@)0)0a0
and
()= [(@I00). where J(o) = [ Hanptanan.

In [29] it is shown that

S0 = [ @S(ow(an). where S(p)= [ p(ar)logplar)ain
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Hence, by setting F' = S + SE + vJ we find
(o) = [ @F()viap). (47)

All the functionals E, J, S and F' are defined on D(F).

For the rest of this article, & stands for an element of Q(£2) associated (as stated
in Theorem 4.15) to a weak cluster point . = (ux)ren of (™)n>1. That is, p.
and ¢ are related by

(Ke) = [ (@) ulie@n), vheR (4.8)

Using (4.7) one can rewrite the claim of Theorem 4.12 to find that £ is a solution
of

win{ [ @F(p)dv(e)v e Q@)}.
P
Thus we obtain easily the following theorem.

Theorem 4.16. The functional F' is &-almost everywhere constant on the support
of & and equal to its minimum value. In other words, £-almost all i € supp€ is a
solution of

min {F(p) Lpe PO NL®(Q) N D(F)} .

Any solution of this problem will be called minimizer of F'.

5. THE MEAN FIELD EQUATION

For each cluster point . of (uN)ys1 we have a measure ¢ € Q() such that
(4.8) holds. Theorem 4.16, essentially, says that the minimality of p., is carried to
¢ in the sense that in the support of £ we should have only minimizers of F'. Thus
to each weak cluster point of (u)x~1 corresponds an “average” (with respect to
€) of minimizers of F. In this section we look for such minimizers and we shall see
that they are solutions of a certain partial differential equation.

We recall that N(Q) = {p e L) : Ip e Ll(fl)}. The potential of p €
LY(Q) N N(Q), given by
N 1 N
v(zy) = [ roV (1, x2)p(Z2)dEe = —2—[ rolog|zy — x2|p(Z2)d s,
Q T™JQ

is in L2 (). Indeed, for |z1| < R we have

o)) < 2= [ g aafan +C [ ra(B2 + [aal?) o) e
T |za|<1 Q

Hence, v is a solution (in the distribution sense) of
—Av(z1) :/ rop(Z2)P(drs).
(0,1]

If p is a minimizer of F', then the corresponding Euler-Lagrange equation gives us
a way to write p in terms of its potential v. We can insert this relation into the last
equation and, by a boot-strap argument, show the regularity of v (and consequently

of p.)



20 C. NERI EJDE-2005/92

Proposition 5.1. Let p be a minimizer of F' and wu its potential. Then we have

u(i“l) _ [/ efﬁrgu(xz)f'yl(i’z)de} _1efgr1u(zl)7wl(5c1).

Proof. First, recall that p € P(Q) N L®(Q) N D(F) ¢ L' () N N(Q). We proceed
as in the first step in the proof of Theorem 4.8 to show that

5 CeAriv(@)=7I(@1)  on A,
p@) = 0 on AC,

- _ —1
where A = {Z; € Q: p(%1) >0} and C = [fﬁ e~ Arau(z2)=71(@2)qz,| . We should

show that |AC| = 0. Suppose, by contradiction, that |[AC| > 0. Then there exists a
bounded measurable set A C AL such that |A| = a > 0. For § > 0 we set

_,U'+51A
 1+4+da’

It is easy to see that p € P(Q) N L>(Q) N D(F), ||p||r» = 1 and, by simple but
tedious computations, we find a constant C', not depending on J, such that

F(p) < F(p)+ CH(1+ 6 +1ogd).

Hence, for § small enough we have F(p) < F(u), which contradicts the minimality
of u. 0

In view of this theorem we can perform the boot-strap argument to show one of
our main results:

Theorem 5.2. For £-almost all p € suppé, its potential u is in C°°(R?) and
verifies the following equation (called Mean Field Equation, or MFE for short):

- -1 -
—Au(z) = [ / e*ﬁwu(w%ﬂ(mz)d@] / rre”Priun@) =@ p(dry).  (5.1)
0 (0,1]
Proposition 5.3. If, for 8 > =8 and v > 0, the MFE has a unique solution u,
then (u )Nk converges in LP(QF) to u®* for all k € N and for all p € [1,00),
where p is the distribution associated to u.

Proof. Let k € N and p € [1,00). From Theorem 5.2, we have that for £-almost all
u € supp ¢ the associated potential is a solution of MFE, ant thus, by uniqueness,
equals to u. By Proposition 5.1 p is the distribution associated to u. Thus, £ is a
Dirac measure concentrated on . It follows that i, (Xy) = pu(Z1) - - - u(&x). Hence,

1 1 ~ ~ = ~ - N
ES’“(M) =5 /~k (X)) log pug (X )d Xy = / w(Z1) log u(@1)dT = S(p).
L Q
‘We know also that

5 () = | (@S()a8(0) = S0

From Proposition 4.11, item (z), we have Sk(,ufcvj) — S¥(ug). Since S is strictly
convex we conclude that ,u,ivj — g strongly in LP (Qk) We have shown that every

weakly cluster point of (1 )nsy is a strongly one and unique. O
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6. AN ALTERNATIVE TO THE STUDY OF MFE

One may think that it is straightforward to proceed as we did in [27] by intro-
ducting a functional G on H!(R?) and for which the Euler-Lagrange equation is
the MFE. Thus changing our point of view to a variational problem on potentials.
But there are many technical difficulties which arises. For example:

(i) We need an inequality of Poincaré type over R2. In fact, this is not a
problem because we work with the measure e_'m'”l'Zda:l.
(ii) We need also an R? version of Trudinger-Moser inequality. It may exist by
the same reason as in (i).
(iii) The potential associated to u € D(F) is not always on H!(R?)! Indeed,
even, for example, if p is compactly supported we have that |Vu(z1)| de-
creases at infinity as fast as |r1]|~! which is not in L?(R?).

Another inconvenience to study the MFE: in general, the hypothesis of Propo-
sition 5.3 does not hold! Take, for example, P = é;. The MFE becomes

-1
_Auzr) = {/ e—Bul) =172l 4z ] 7 e Bula)—vler
RQ

It is clear that, if u is a solution, then u+C' is also a solution. However the conclusion
of Proposition 5.3 holds by modifying the argument. The fundamental idea of the
proof of Proposition 5.3 was to follow the statistical approach backwards: each
weakly cluster point of (u)x>1 gives a solution of MFE. Hence, if this equation
has a unique solution, then we have the uniqueness of minimizers of F. We conclude
that (1~)ns1 has a unique weak cluster point and the convergence is strong. Now
we do not have the uniqueness of MFE’s solution anymore, but we can start our
argument from the uniqueness of minimizers of F'.

The previous remarks show us that it might be more convenient to forget the po-
tentials and MFE and study the problem by means of distributions and minimizers
of F. Theorem 4.16 gave us the existence now we have a uniqueness result.

Proposition 6.1. If P =6, and 8 > 0, then F has a unique minimizer.

Proof. Considering this measure P, we can identify Q = R? x (0,1] to R? x {1} and
thus to R2. Let p be a minimizer of F. We shall show that

/ x1p(xq1)dzy = 0.
]R2

First note that the integral above is convergent since p € L*(R?) and |x1|?u(z;) €
LY(R?). Suppose, by contradiction, that the integral above equals to xo # 0.
Consider the function fi(z1) = p(z1 + xo).

It is easy to see that fi € P(Q)NL>®(Q)ND(F), S(i) = S(u) and E(f1) = E(u).
By a change of variables we have

J(p) = / |21 2 (21 + mo)dwy = / |1 — xo |2z )day
R2 R2

:/ |1 (1) —2560'/ ryp(xy)day + |$0|2/ p(x1)da
R2 R2 R2
= J(p) = 2|wol* + |zol* = J (1) — |0l < J ().
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Hence, F(p) < F(u), which contradicts the minimality of F(u). To complete the
proof, it suffices to show that F' is strictly convex on

{p e P(Q) N L=(0) N D(F) : /

x1p(x1)dzy = O}.
RQ

Since S is strictly convex, J is linear, 8 > 0 and E is quadratic, it is enough to
show that F(p) is positive if p € L'(R?) N L>(R?), |z2|*p(z2) € L*(R?),

/ plxz)dzy =0 and / x2p(x2)dze = 0. (6.1)
R? R?

Take a such p and let v € L° (R?) be its potential. We shall show that v € L?(R?).
For z; € R?, we denote A = A(z1) = {22 € R? : |xa| < |21|/2} and write
v =—5(v1 +vy), with

Ul(l‘l) = / 1og|x1 —1‘2|P(932)d332 and 112(96‘1) = /C log |1 —962|P(l‘2)d932-
A A

Hence, it suffices to show that v1,v2 € L?(R?). From Taylor’s expansion of log ||
we have

. 1
log |z 4+ y| = x-y+(’)(\y|2) if 2] =1, |yl < 3

uniformly on z since log|z| is C? on the compact {0.5 < |z| < 1}. Hence, take
x =x1/|x1| and y = —x9/|x1| to obtain

log |z1 — x2| = log |x1| — |511|2 -xo + |x1|26’)(|x2|2) if x5 € A.
Thus, from (6.1) it follows that
vy (21)
= 10g|:’101|/ p(x2)dws — % / zap(z2)dzs + L/ O(|a2[*)p(x2)dxs
A |21 A 2| Ja

x 1
= —log|x1|/ p(w2)dry + 712 / Top(2)drs + 7/ O(|z2[*) p(w2)das.
AC |171| AC |172| A

Since |z2|?p(z2) € L(p), for |z1| > 1, we have

1 1
o) < loglaal [ lotelars + o [ z2||p<z2>dm2+0<)
AC |$1| AC

|z1]?

4log |x1| / 9 2 / o 1
< —=- d —_— d O ——
N |z2|*|p(z2)|dz2 + N 22| p(22)|dz2 + 212

:O(logsc;I).
|1

Therefore v; € L*(R?).
To show that vy € L*(R?), we write v = wy + ws, where wy = valp,(4,) and
Wy = vl By (z1)- Holder’s Inequality yields

<[ [
AgﬁBl(Il) GﬁBl(:L’l)

Slplla=] [ [rogteal @) 4 [ 2 panyians) ' < O
>~ Lo 2 2 2 2 = .
B1(0) ac |z1]? |21 [4/3

3 i 2
log o1 — ol Ip(a)daa] [ [ Jpaaldea)’
A
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Therefore, w, € L*(R?). We take C' > 0 such that logr < Cr'/* for all 7 > 1. It
follows that

|wa(z1)] < C w1 — 22| |pl@2)|ds
ACNB, (21)C

c
<C/ | 2|1/4| 2|7/4‘p(5§2)|d$2 = | |7/4

Therefore, wy € L?(R?). From Plancherel’s Theorem, we obtain
[ oatuan = [ otenptends,
R2 R2

= / V(z1, z2)p(21)p(x2)dadze = 2E(p),
R2 RZ

where v and p are the Fourier transforms of v and p, resp. But, —Awv = p and thus
In[*o(n) = 4(n), hence

1 .
— 5 [ InPlaePan > o.
R2
O

The uniqueness of minimizer, as often, has followed from strict convexity of
F. The previous proof can be adapted to a Dirac measure supported on any point.
Unfortunately, without the strict convexity we don’t know whether uniqueness holds
or not. As a bad news, we have that the convexity is a particularity of the case of
a Dirac measure.

Proposition 6.2. If P is not a Dirac measure and 3 > 0, then the functional F
18 not convex on

M = {p ePQ)NL®(Q)ND(F) : /

x1p(x1)dzy = 0}.
RZ

Proof. Since P is not a Dirac measure, we can take 0 < ag < by < a < b such that
P([ag,bo]) > 0 and P([a,b]) > 0. Taking a and b close enough, we may suppose
bob < a?®. Let N be an even number such that

2 (N —1)
N
We set By = B1(0). Take ¢ > 2 (to be chosen later) and consider a regular polygon
of N sides and radius ¢ centered at origin. We denote by B; the unity ball centered
at its i-th vertex. Let A = Uz 1 Bi (1 is large enough to have a disjoint umon) We
define also By = By X [ag, bo], B; = B; x [a,b] (i=1,...,N) and A = UZ  Bi.
Finally, we define pg = apl 5 Bo and p1 = a1y, where ao, a1 > 0 are such that

ao/ df?l = / po(i’l)d.’fl =1

By Q

Na1/ d.%l :al/dflz/pl(.’fil)di’lzl.
B; A Q

i

bob < a

and
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By the symmetries of By and A with respect to origin, it is easy too see that
po, p1 € M. Simple computations give

5 (50+ ) = 550m) + 3(o1) ~ log2
and (1 . .
J 2(Po+p1)> = §J(Po)+§J(P1)~

Since F is quadratic, we have

E (;(Po + P1)> = %E(Po) + %E(Pﬁ - iE(Po - p1)-

Hence,

2 4

We shall show that E(pg — p1) — —o0 as t — oo. Therefore, for ¢ large enough, we
shall have

F (;(Po + P1)> = %F(po) + 1F(Pl) —log2 — éE(Po - p1).

F(;m+wﬂ>>;F@®+;F@ﬂ

The result follows.
Since By, B; ..., By are disjoints and pg and p; are constants and supported on
these balls, we have

a? o
E(po — p1) = _ﬁ/g /B rirelog |z — x2|dZ1d T
0 0]
a2 Y
1 .
- rirg log |z — xo|dZ1dEs
. .Z/g A

a0a1
/ / rirglog |z — 22|dZ1dTs
Bo

Z/ / rirelog |z — x2|dZ1dZs.

i#£]
Clearly, the first term on the RHS does not depend on ¢. The second neither, since
by a translation on z variables, the integrand does not change and the domain

becomes, for example, (By x [a,b])?. For t large enough the last two terms behave
like

N
Qoo
O(t) = 407T1 Z/B /E; rira logtdz,dTs — —Z/ / rire log(0t)dz, dZs,
i=1"7Bo/Bi

i#]

where 0 is a constant (the ratio side/radius for the regular polygon of N sides).
But, log(0t) = log8 + logt and, by the same translation on x variables as before,
we conclude that the factor multiplying log @ does not depend on t. Therefore, we
may suppose # = 1. Then

N N
logt
(I)(t) = g |:Ck0a1 E / / 7"17”2d£’i'1d.’%2 — Ck% E / / Tlrgd.’fld{%Q
An =1 Bo J B; i#£] Bi Bj
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N N
10gt - ~ 2 92 ~ ~
< —— |aga1 bby / / dz1dzs — aja dz1dzs
47 [ 1 FZI Bo J B, 1 ; B, JB, ]
logt (N -1)
= 2" by — 27}
4 [ 0~ N
We conclude that ®(t) — —oo0 as t — oo. O
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