Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 75, pp. 1-22.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

LOCAL W'?P-REGULARITY ESTIMATES FOR WEAK
SOLUTIONS OF PARABOLIC EQUATIONS WITH SINGULAR
DIVERGENCE-FREE DRIFTS

TUOC PHAN

Communicated by Dung Le

ABSTRACT. We study weighted Sobolev regularity of weak solutions of non-
homogeneous parabolic equations with singular divergence-free drifts. Assum-
ing that the drifts satisfy some mild regularity conditions, we establish local
weighted LP-estimates for the gradients of weak solutions. Our results improve
the classical one to the borderline case by replacing the L°°-assumption on so-
lutions by solutions in the John-Nirenberg BMO space. The results are also
generalized to parabolic equations in divergence form with small oscillation
elliptic symmetric coefficients and therefore improve many known results.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We study local weighted LP-estimates for the gradients of weak solutions of
parabolic equations with low regularity of the divergence-free drifts. A typical
example is the parabolic equation

ug—Au—>b-Vu=0, R"x(0,00), (1.1)

where the drift b : R™ x (0,00) — R™ is of divergence-free, i.e. div(b(-,t)) = 0
in the sense of distribution for a.e. ¢t. Due to its relevance in many applications
such as in fluid dynamics, and biology, the equation has been investigated by
many mathematicians (for example [15] 16} 28] 34]). Local boundedness, Harnack’s
inequality, and Holder’s regularity are established in [I5] 24], 28|, 32] B4] with possible
singular drifts. Many other classical results with regular drifts can be found in
[14, 17, [18], [19]. Holder’s regularity for the fractional Laplace type equations of the
form are extensively studied recently (see [T, [13] 29]).

Unlike the mentioned work, this note investigates the Sobolev regularity of weak
solutions of in weighted spaces. Our goal is to establish local weighted es-
timates of Calderén-Zygmund type for weak solutions of with some mild
requirements on the regularity of the drifts b. We study the following parabolic
equation that is more general than :

uy — divia(x,t)Vu] — b- Vu = div(F), (1.2)

2010 Mathematics Subject Classification. 35K10, 35K67, 35B45.

Key words and phrases. Weighted Sobolev estimates; divergence-free drifts;
Muckenhoupt weights; Hardy-Littlewood maximal functions.

(©2017 Texas State University.

Submitted December 31, 2016. Published March 20, 2017.

1



2 T. PHAN EJDE-2017/75

where a = (a¥)};_; is a given symmetric n X n matrix of bounded measurable

functions, and F, b are given vector fields with div(b) = 0 in distribution sense. The
exact required regularity conditions of a, b, F’ will be specified.

To state our results, we introduce some notation. For each r > 0, and zy =
(7o,t0) € R™ x R, we denote Q(zo) the parabolic cylinder in R™*!

@r(2)) = Br(zo) x I't(to),
where
To(to) = (to — 7%, to +72), Bp(x0) = {z € R™ : ||l — 0| < 7}.
When 2z = (0,0), we also write
Qr=Q-(0,0), for 0<r<oco.

As we are interested in the local regularity, we reduce our study to the equation

uy — divia(x,t)Vu] — b- Vu =div(F), in Qo (1.3)
for given a : Qg :— R™ ™ b, F : Q2 — R™, and
div(b(-,t)) =0, in the sense of distribution in Bj for a.e. t € I's. (1.4)
For the coefficient matrix a, we assume that
a= (aki)?i:l : Q2 — R™™ is symmetric, measurable,
and there exists A such that A™*|¢|* < (a(z, )¢, €) < A|€J? (1.5)

for a.e. (z,t) € Q2 and all £ € R™.

We also require that the matrix a have a small oscillation. Therefore, we need the
following definition.

Definition 1.1. Let a: Q2 — R™ "™ be a measurable matrix valued function. We
define
1

lalsmo(Q,) = Sup  sup o la(x,t) — ap, ) ()| dz dt,
O o<t e 1Q0W:5)] o) 0

where ay (t) = f; a(x,t) dz is the average of a in the set U C B.

For the regularity of the vector field b, we need the following function space,
which was introduced in [20] 25].

Definition 1.2. For xy € R” and r» > 0, a locally square integrable function
[ defined in a neighborhood of B, (o) is said to be in V12?(B,(x¢)) if there is
k € [0,00) such that

/ |f (@) Pep(x)da < k/ Vo(x)dz, Ve C5°(By(x)).  (1.6)
Bi.(x0) Br(z0)
We denote

£ 113125, (zg)) = inf{k € [0,00) such that (L.6) holds}.

In this article, the numbers s, s’ € (1,00), «, and X are fixed and satisfy

1 1
—+-=1, —(n+2)<XA<s, a=As-1). (1.7

s s
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We also denote LP(Q,w) the weighted Lebesgue space with weight w:

IP(Q,w) = {f Qo R |fll e = (/Q \f (2, ) Pz, ) dx dt>1/p 3 OO}’

for 1 < p < oo. At this moment, we refer the readers to Section[2|for the definition of
weak solutions of (1.3)), the definition of Muckenhoupt A, weights, and the definition
of fractional Hardy-Littlewood maximal functions M,. Our main result is the
following theorem on local weighted W1 P-regularity estimates for weak solutions

of .

Theorem 1.3. Let A, My be positive numbers, p € (2,00), and w € Apja. Let
5,8, )\, be as in . Then, there exists 6 = §(A, Mo, s, A, [w]a,,,,p,n) > 0
sufficiently small such that the following holds: Suppose that a satisfies , F e
L?*(Q2), and b € L>°(T'y, V2(By)) such that holds, and

[al Bmo@,) <9, [[bllLee(ry,v12(B2)) < Mo.
Then for every weak solution u of (1.3)), the following estimate holds

S S /2
/ [Vulw(z)dz < ClIFIL 0, 0+ 1 [Mas () [ 0, 0 .
1 .
+ @IVl (g,

as long as its right hand side is finite. Here, [uls x.q, is the parabolic semi-
Campanato’s norm of u on @1,

Y 1/s'
[uls' x.@ = sup [p_xf lu(x, t) — an(z)P dx dt] ,
0<p<l,zeQ1 Qp(2)

and C > 0 is a constant depending only on A, My, s, \,p,n and [w]a

p/2°

We now point out a few remarks regarding Theorem [I.3] Firstly, observe that
the standard Calderén-Zygmund theory can be applied directly to ([1.3)) to obtain

IVullzr@.) < Clllullze@uIbllzra + -],

as long as u € L*®(Q2). Theorem improves this Calderén-Zygmund estimate
theory for the equation to the borderline case, replacing the assumption u €
L>*(Q2) by u € BMO(Q1). Indeed, if we take A = 0 (and then o = 0), then the
estimate reduces to

[Vull e (@1.w) < Clllullsmo@o bl Le(@aw) + - -]- (1.9)

Secondly, the weighted W !P-regularity estimates are useful in some applications.
For example, in [2, 3], the weighted W' P-regularity estimates are key ingredients
for proving the existence and uniqueness of very weak solutions of some classes of
elliptic equations. Moreover, with some specific choice of w, the weighted estimate
is known to produce the regularity estimates for Vu in Morrey spaces, see for
example [Il [, [T0, 2T]. Lastly, when o > 0, because M, < I, the Riesz potential
of order «, we observe that the fractional Hardy-Littlewood maximal function of
order v of b, i.e. M, (|b|*)?/*, is more regular than b. This fact enables the estimate
to be useful in some applications. To see this, we just simply consider the
stationary case (i.e. u is time independent), n > 3 and s = 2. Assume, for example,
that b € L™ (Bg) C V}?(By), where L™ is the weak L"-space, and assume also
that F' is regular enough. Then, it is proved in [28] [34] that w is Holder. Therefore,
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[u]a,, B, < 0o with some A > 0. From this, and (1.7]), we see that o > 0, and we
then can find some small constant €3 > 0 such that

[Ma, B, (1Dl e (B2) < ClIbl[Lno(B,) < 00, forall p<n+eo.

Therefore, gives the estimate of ||Vul|1»(p,) with some p € [2,n + &¢). This
estimate with p > n is useful in [I2] to prove the regularity, and uniqueness of very
weak W19-solution of the stationary equation of , with 1 < ¢ < 2. Details of
this discussion and its application can be also found in [26].

We use perturbation approach introduced in [6] to prove Theorem E Our ap-
proach is also influenced by [Bl, 0T}, 2], 23] 27, B3]. To implement the approach,
we introduce the function B(z,t) = ([uls x,q,|b(z,t)])” in (5.1), which is invariant
under the standard dilation, and translation. This function also captures the can-
cellation due to the divergence-free of the vector field b, which is the main reason
so that the estimate holds in the borderline case. The results on the dou-
bling property and reverse Holder’s inequality for the Muckenhoupt weights due
to Coifman, and Fefferman in [8] are also used frequently to derive the weighted
estimates.

We conclude the section by introducing the organization of the paper. Section
[2] gives definitions, notations, and some preliminaries results needed in the paper.
Some simple energy estimates for weak solutions of is given in Section|3] The
main step in the perturbation technique, the approximation estimates, is carried
out in Section [4] Section is about the proof of Theorem

2. DEFINITIONS OF WEAK SOLUTIONS, AND PRELIMINARIES ON WEIGHTED
INEQUALITIES

2.1. Definitions of weak solutions. For each zyp = (z9,t9) € R" xR, and for any
parabolic cylinder Qr(z0), we denote 9,Q r(20) the parabolic boundary of Qr(zo),
i.e.

apQR(Zo) = (BR(Z‘()) X {to — R2}) U (aBR(,To) X [to - RQ,to + RZ])
The following standard definitions of weak solutions are also recalled.
Definition 2.1. Let Q, be a parabolic cube. For every f € L*(Q,), F,b € L*(Q,)",
we say that u is a weak solution of

w —divijaVu] —b-Vu=div(F)+ f, in Q,,

if ue L3(T,, H'(B,)), u; € L*(T'y, H*(B,)), and

/ (ut, @) g—1(B,),HL (B,)) A —l—/ [(aVU,V@ —b- Vugo} dz dt

T r

:/ [fo — (F, V)] de dt,

T

for all p € {9 € C>*(Q,) : ¢ =0 0n 9,Q,}.

The following definition of weak solution is also needed.

Definition 2.2. Let Q, be a parabolic cube. For every f € L?(Q,), F,b € L?(Q,)",
and for g € L?(T',,, H*(B,)), we say that u is a weak solution of

ug — divjaVu] —b- Vu =div(F) + f, in Q,,
u=4g, on 8}7QT7
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if u is a weak solution of

w — diviaVu] —b- Vu=div(F) + f, in Q,,
in the sense of Deﬁnition and u—g € {¢ € L*(T,, H'(B,) : ¢ = 0 on 9,Q.}.
2.2. Munckenhoupt weights and Hardy-Littlewood maximal functions.

For each 1 < ¢ < 0o, a non-negative, locally integrable function y : R**! — [0, c0)
is said to be in the class of parabolic A, of Muckenhoupt weights if

q—1
(]a, ==  sup (f w(x, t) de dt) (][ p(z, t)ﬁ dx dt) < 00,
r>0,z€Rn+1 Qr(2) Qr(2)

if ¢ > 1, and
Wai= swp (f  platydedt)ln i, <00 ifg=1
r>0,z€Rn+1 Qr(2)
It is well known that the class of A,-weights satisfies the reverse Holder’s inequality
and the doubling properties, see for example [8,[9,[30]. In particular, a measure with
an Ap-weight density is, in some sense, comparable with the Lebesgue measure.
Lemma 2.3 ([§]). For 1 < g < oo, the following two statements hold
(i) If p € Ay, then for every parabolic cube @ C R™™! and every measurable
set B CQ, Q) < [ula, ({F)11(E);
(i) If p € Ay, then there is C = C([p]a,,n) and B = B([u]a,,n) > 0 such
that u(E) < C(EENB(Q), for every parabolic cube Q C R™ and every

Q]
measurable set E C Q.

Let us also recall the definition of the parabolic fractional Hardy-Littlewood
maximal operators which will be needed later.

Definition 2.4. Let a € R, the parabolic Hardy-Littlewood fractional maximal
function of order « of a locally integrable function f on R™*! is defined by

(Maf)lant) =supptf (9] dyds.
p>0 Qp(w,t
If f is defined in a region U C R™ x R, then we denote

Moc7Uf = MQ(XUf)'

Moreover, when o = 0, we write
Mf=Mof, Muf=Moulf.

The following boundedness of the Hardy-Littlewood maximal operator is due to
Muckenhout [22]. For the proof of this lemma can be found in [9 [30].

Lemma 2.5. Assume that p € Ay for some 1 < g < oco. Then, the following
statements hold:
(i) Strong (q,q): There exists a constant C = C([u]a,,n,q) such that
HM||Lq(Rn+1”u‘)_,Lq(]Rn#»l”u‘) <C.

(ii) Weak (1,1): There exists a constant C = C(n) such that for any A > 0, we
have

[{(z,t) e R" : M(f) > A} < %/ |f(z,t)| dx dt.

Rn+l
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2.3. Some useful measure theory lemmas. We collect some results needed in
the paper. Our first lemma is the standard result in in measure theory.

Lemma 2.6. Assume that g > 0 is a measurable function in a bounded subset
UCRY™!. Let 0 >0 and w > 1 be given constants. If p is a weight in L}, (R"T1),
then for any 1 < p < o0

geLP(Up) & S = prj,u({x cU:g(x)>0w’}) < 0.
j=1
Moreover, there exists a constant C > 0 such that
c's < ”g”iP(U,p) < C(N(U) + S),
where C' depends only on 0, w and p.

The following lemma is commonly used, and it is a consequence of the Vitali’s
covering lemma, its proof can be found in [21, Lemma 3.8].

Lemma 2.7. Let i be an A, weight for some g € (1,00) be a fized number. Assume
that E C K C Q1 are measurable sets for which there exists €,po € (0,1/4) such
that

(i) w(E) < ep(Qu(2)) for all z € Qy, and
(i) J(:;T all z € Q1 and p € (0, po], if W(ENQy(2)) = en(Qp(2)), then Qp(z) N
1 C K.

Then with 1 = 6(20)(”"’2)‘1[”]124(1, the following estimate holds
w(E) < e p(K).
3. CACCIOPPOLI’S TYPE ESTIMATES

Suppose that a satisfies (1.5)), and b € L>(T'y, V1'2(By))"NL*(Q2)" with div(b) =
0. In this section, let u be a weak solution of

ug — divla(x, t)Vu] — b(z,t) - Vu = div(F), in Qa.
Also, let v be the weak solution of
vy —div[ag, ,(H)Vv] =0,  Qr/a,
v=u, 0pQr.
The meanings for weak solutions of these equations are given in Definition [2.1] and

Definition [2.2] respectively. We will derive some fundamental estimates for u and
V.

Lemma 3.1. Let w = u—w, then there exists a constant C depending on only A, n
such that

sup / wQ(x,t)dx—F/ |Vw|? dz dt
B4

tel7)y Q7/4
< C[(\|b||im(rz,vl,2(32)) + 1) / Vul? de dt +/ |F|? dz dt].
Q74 Q7/4
Proof. Note that w is a weak solution of

wy —diviap,,, (t)Vw + (a —ag,,,(t))Vu] = b Vu = div(F), in Q7/4,
w=0, ondyQr/.
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Multiplying this equation by w, and using the integration by parts in x, we see that

1

1d w?(z, t)da + / (@B, ,(t)Vw, Vw)dz

2dt B,y B4

=— / ((a —ap,,,(t)Vu, Vw)dz + / [b- Vulwdz — F - Vwdz.
Bz/4 B4 Bz/4

Then, by integrating this equality in time and using the ellipticity condition ([1.5)),

we obtain
1
fsup/ w2d:17+A71/ |Vwl|? da dt
2 T7/4aJ By Q7/4

< / |((af637/4(t))Vu,Vw)|dxdt+/ |b- Vuw| dx dt (3.1)
Q74 Q74
+/ [\F : vuﬂ dz dt.
Q7/4

We now estimate term by term the right-hand side of (3.1). From Hélder’s inequal-
ity, and the Young’s inequality, and the fact that w = 0 on 9,Q7/4, the second term
in the right hand side of (3.1)) can be estimated as

/ |bl|w||Vu| dx dt
7/4

< {/Qm |b|2w2dxdt}1/2{/Q |Vu\2dxdt}1/2

7/4
) 1/2 ) 1/2
< ||bHLm(F2,V1,2(BQ)){/ IVl dxdt} {/ 1Vl dxdt}
Q74 Q74
A—l

< — |Vw|2dxdt+C(A)||b||%oo(rz’v1,2(32))/ |Vul|? dz dt.
6 Q7/a Qr/4

On the other hand, by the boundedness of a in (1.5)), and the Holder’s inequality,
we conclude that

(3.2)

7/

Afl
/ [((a—ap,,,)Vu, Vw)| dz dt < C(A)/ |Vu|? do dt + —— |Vwl|? dz dt,
Q7/4 Q7/4 6 Q7/4
and
2 AT 2
|F' - Vw|dx dt < C(A) |F|* de dt + — |Vw|® dz dt.
Q7/a Q7/4 6 Q74

Collecting all of the estimates, from (3.1)) we obtain

1
fsup/ wz(x,t)dx—&—A_l/ |Vw|? dz dt
2 L'7/4 Bz/4 Q74

A—l
< 5 |Vw‘2d$dt+C([HbH%w(FmVl’z(Bz)) +1} /
Q74 @7/

+ / |F|2d1;).
Q74

|Vu|? dz dt
4
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Therefore,

sup / wz(m,t)da?+/ \Vw|? dz dt
Bz7,4

t€l7/4 Q74

gO(A)<{||b||%&(r27v1,2(32))—|—1}/Q |Vu|2dxdt+/Q |F|2da:dt).
4 7/4

7/

The proof is complete. U
The following version of local energy estimate for w = u — v is also needed.

Lemma 3.2. There exists a constant C = Cy depending only on A, n such that for

w = u—v, and for every smooth, non-negative cut-off function ¢ € C§°(Q,) with
0<r<7/4, it holds

Sup/ w2<p2d:v+/ |Vw|?? dz dt
ter,. JB, Qr

S C(){ |:||b||%°°(F2,V1’2(Bz)) + 1} /Q 'LU2 |:(p2 + |atQ0|2 _|_ |v(‘0|2] d{]} dt + /é ‘FP@Q dx dt
' L /2
VU@l 2 (@) 1D s w000 192l 2210 /Q wf*e? do dt |

+1IVolel2 o) /Q a— s, (O o).

T

Proof. We write Q@ = @,, B= B,, and I' =T',.. Note that w is a weak solution of
wy —divlaVw + (a — agp, ,)Vv] =b-Vw —b- Vo =div(F), in Q7.

By using wp? as a test function of the equation of w, we obtain

1

1d w?(z, )% (x, t)dx +/ (aVw, Vw)p*dx

= —/ (aVw, V(¢*))wdz — / ((a —ag,,(t))Vv, ©*Vw + 2wpV)dr
B

B (3.3)
+ /B [b- Vulwe?dz + /B b Volwp®da

- [ V@) + [ wtopds.

Note again that the second term in the left hand side of (3.3)) can be estimated

using (1.5)) as

/ (aVw, Vw)p? dedt > A1 / |Vw|?¢? d dt.
Q Q
Also, from the integration by parts in x, and div(b) = 0, we also have

/B[b - Vwlwep?de = %/B[b V(w?)p?de = — /B[b - Volow?dz.
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Hence, (3.3) implies

1

Ld w2(x,t)ap2(x7t)dx+A_1/ |Vw|?p?da

2dt

g/ [(aVw, V(p? w|dx+/| —ap,,,(t)) Vv, ¢’ Vw + 2wpVe)|dz
B

—I-/ |[b-V(p]w2g0|dx+/ b Vo]wp?|dx
B B

+ [ IR V)] + 20l do
B
By integrating this inequality in time, and using the L*-bound of a from (1.5)), we

infer that

1
fsup/ (x,t)cpz(:c,t)derA*l/ |Vw|?? dz dt
B QR

2 ter
§2/ [Vw||Vol||low| dz dt
Q
+/Q la —ap,,,[[Vv] [902|Vw| + 2Iw\</>||V<p|} d dt (3.4)
+/ IbHWIwzsodde/ 16| Vo||w|p? d dt
Q Q
+ [ [1m v+ 20l drar

We now pay particular attention to the terms in the right hand side of (3.4) in-
volving b, as other terms can be estimated exactly as in Lemma By using the
Hoélder’s inequality and Young’s inequality, we see that

/wQLp\bHVLdedt
Q
1/2 1/2
< /|b|2u)2<p2 /w2|V<p|2dxdt
{fpeeety L, j
1/2 1/2
< bllzmrnys vis /Q V(wg)P dedt) " { /Q WVl do dt
e/Q|Vw|2g02dmdt+C(e)||b%m(p7/4 V1,2(37/4))/Qw2|Vg02d$dt7
for any arbitrary € > 0. Similarly, we obtain
/|b||Vva\<p2dxdt
Q
< ||Vv<p||Lcc(Q){/ |b|2<p2dxdt /|w| dxdt
Q

9 9 1/2
< Vgl Lo @ Ibll Lo (ry 4 v12(8,,) IV Ol 22(Qs0) /Q|w| @ da?dt}

The other terms can be estimated similarly. Then, collecting all the estimates and
choose € sufficiently small, we obtain the desired result. (I
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4. APPROXIMATION ESTIMATES

We apply the “freezing coefficient” technique to establish the regularity estimates
for weak solutions of (|1.3). To do this, we approximate the weak solution u of the
equation

ug — divjaVu] — b - Vu = div(F) in Qo, (4.1)
by the weak solution v of the equation
Vg — diV[ELB7/4 (t)vv] = Oa in Q7/47
v=u, ondpQr,
Again, the meanings for weak solutions of equations (4.1)-(4.2) are given in Defi-
nition and Definition [2.2] respectively. We essentially follow the method in our

recent work [IT], 23], which in turn is influenced by [Bl 6l 27, [33]. We first begin with
the standard result on the regularity of weak solution of the constant coefficient

equation (4.2).

Lemma 4.1. There exists a constant C depending only on the ellipticity constant
A and n such that if v is a weak solution of

(4.2)

vy —diviag,,,(t)Vo] =0 in Qq/4,
then
) 1/2
190l (qy) < c(][ [Vo(e,t)|? do dt)

Q74

Our next lemma confirms that we can approximate in L?(Q~ /4) the solution u
of (4.1) by the solution v of (4.2) if the coefficients and the data are sufficiently
close to each others.

Lemma 4.2. Let My, A > 0 and s > 1, be fixed. Then, for every e > 0, there exists
6 > 0 depending on only €, A, n, My, s such that the following statement holds: For
every a,b, F' such that if (L.5)) holds, ||b||ze(r,v1.2(B,)) < Mo, , and

{]27/4 la — &37/4(75)‘251% dt}1/2 + {722 |F|2 dmdt}l/z
+ {]{22 b|5dgcdt}1/s{]€22 il o dt}l/s’ iy

with & = u — Gg,, then every weak solution u of (4.1)) with
][ |Vul? dedt <1,
2
the weak solution v of (4.2)) satisfies

][ lu —v|?dxdt <e, ][ |Vo|? de dt < C(A, My, n).
Q74 Q7/4

Proof. Note that once the existence of v is proved, it follows from Lemma [3.1] and
the assumption (4.3)) that

/ |Vw|? dzdt < C[My+1], where w =u—w.
Q74
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From this, and using (4.3)), we infer that

][ |Vo|? da dt gf |Vw|? dz dt +][ |Vul|? dx dt < C(A, Mg, n).
Q7/4 Q7/4 Q7/a

Therefore, we only need to prove the existence of §. We use the contradiction argu-
ment as this method works well for nonlinear equations, and non-smooth domains.
Assume that there exist My, A > 0,s,5’, )\, and ¢y > 0 be as in the assumption such
that for every k € N, there are Fj, ag, bg, such that

1/2 1/2
{][ lax — a5, , (£)[* da dt} + {][ |F|? dz dt}
Q7/a

’ (4.4)

’

1/s , 1/s 1
+ {][ |bk|§ dxdt} {]2 |’LAL/€‘S dl‘dt} < % for iy, = up — Uk,Q,
2

2

and a weak solution uj of
Opug — div]arVug] — by - Vug, = div(Fg), Qa, (4.5)
satisfying
][ |Vug|* drdt <1, (4.6)
2

but for the weak solution vy of
Ovr, — diviag,p,, ()Vor] =0, in Q7/4, (4.7)
Vg = U, on 9pQ7/4, .

we have

][ |ug — fuk|2 dx dt > €. (4.8)
Q74

Since ax, 5, ,,(t) is a bounded sequence in L>°(I'7/4, R"*™), we can also assume that
there is a(t) in L>°(I'z /4, R"*™)) such that ax,p,,, — @ weakly-*in L>(T'7,4; R™"*™).
This means that for each vector ¢ € R", and for all function ¢ € L'(T; /4), we have

/F @0e.Oo(t)dt = tim | {ag g, (6. E)S(t)dr. (4.9)
7/4

k—o0 T7/4

Also, for each k € N, let wy = up — v, we see that wy, is a weak solution of
Orwy, — div[ak737/4Vwk + (ak — C_lk,B7/4)vuk] — by, - Vuy,
= diV[Fk], Q7/4, (410)
wy =0, 0pQ7/4-

From (4.4), and (4.6]), we can apply Lemma to yield

sup/ |wy |2 da Jr/ |Vwy,|? dedt < C, VkeN. (4.11)
T7/4aJ By Q7/a

This estimate, together with (4.4), (4.6)), and the PDE in (4.10]), we conclude that
{wi} is a bounded sequence in £(Q7,4), where

5(Q7/4) ={g¢€ Lz(F7/4, HI(B7/4)) 10t € L2(F7/4a H71(37/4),9 =0 on 5pQ7/4}~
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By the Aubin-Lions theorem that the imbedding £(Q7/4) — C(f7/4, L? (B7/4)) is
continuous and &(Q7/4) — L? (Q7/4)) is compact, see for example [31]. Then, by
passing through a subsequence, we can assume that there is w € £(Q7/4) such that

wy — w  strongly in L2(Q7/4), Vw, = Vw weakly in L2(Q7/4),
Oywi, — Oyw  weakly-* in L*(T'z/4; H™ ' (Br/4)), (4.12)

wg —w  a.e. in Q4.
From (4.8) and (4.12)), it follows that
]/ w? dx dt > €. (4.13)
Q7/a

Moreover, from the boundary condition wy = 0 on 9,Q7/4, and (4.12)), we also
conclude that, in the trace sense,

w = 0, 8pQ7/4. (414)
We claim that w is a weak solution of
wy — div[a(t)Vw] =0, Qr/4,
w=0, 0,Q7
From this, and by the uniqueness of the weak solution of this equation, we infer
that w = 0 and this contradicts to (4.13). Thus, it remains to prove that w is a
weak solution of (4.15)). To prove this, we pass the limit as k — oo of (4.10). By

(4.14), we only need to find the limits as k — oo for each term in the weak form
of the equation (4.10). Let us fix a test function ¢ € C*°(Q7/4) with ¢ = 0 on

0pQ7/4. Then, it is easy to see from (4.4)), and (4.6) that

lim Fr-Vedxdt=0, lim ((ak — ax,B,,,(t))Vur, Vi) dz dt = 0.

k—oo Q74 k—oo Q74

Further more, from (4.12]), we also find that

(4.15)

klim <6twk,@)H—1(37/4),H5(37/4)dt:/ <atw>¢>H—1(B7/4),H1(B7/4)dt'
T Uy, T7/4

For the term involving by, since div(bg) = 0, we can use the integration by parts in
T to write

/ [bk . VU}Q]QO drdt = — / [b . Vg&} Updedt, Up=ur — Uk,Q,-
Q74 Q7/4
Then, by Holder’s inequality and (4.6]), see that

1/s , 1/s’
‘/ [bk.Vuk]apdmdt’ < ||V<p||Lm(Q7/4){/ |bk‘3d;cdt} {/ i d:vdt}
Q74 Q2 2

Q74
< kl//2 ||V<p||Lec(Q7/4) — 0, ask— oo.

Finally, since ay,p,,, and a are independent on z, by integrating by parts in z, we
have

/Q (k. () Vg, Vo) = (@(t) Vo, Vip) | dr
7/4
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n

= - Z / [wkaZ{B”Al (t)axixfp — wa" (t)axi:cj QO} dx dt
Q74

ij=1
= Z / {&2{37/4 ()02, [wk — w} + W0y, {&2{37/4 (t) —a" (t)} } dx dt
ij=1" Q7/a
Hence, it follows from (4.9) and (4.12)) that
klim [<ak737/4 (t)Vwy, o) — (a(t)Vw, Vgo}] dx dt =0.
—°JQr/4

Collecting the resutls, we obtain
/ (Wi P) H-1(B, ,4),HE (Br )0 + / (a(t)Vw, V) dzdt =0,
T7/4 Q74

for all p € C’°°(@7/4) 1 ¢ =0on d,Q7/4. Thus, w is a weak solution of (4.15). The
proof is then complete. O

Lemma 4.3. Let My, s >0, and A > 0 be fized. Then, for every e > 0, there exists
6 > 0 depending on n, My, A, s, and € such that the following statement holds true:
For every a,b, F such that if (1.5) holds, ||b||rec(r, v1.2(By)) < Mo, and

{]27/4 la — aB7/4(t)‘2dx dt}1/2 + {7{22 Jak dl‘dt}l/z
+ {][2 b|sdxdt}1/s{]{22 il da dt}l/s' s

then, for every weak solution u of (4.1) with JCQ2 |Vu|? dx dt < 1, the weak solution
v of (4.2) satisfies

|Vu — Vol? dedt < e.
Q3/2
Moreover, there is C = C(A, My, n) such that

||V/U||LOO(Q%) < C(?’L,A,M()). (416)

Proof. Let 11 > 0 to be determined. By Lemma[4.2] there exists §; > 0 such that if
||b||Loo(I‘27vl,2(B2)) < My, and

1/2 1/2
{][ la— ap,, () dudt } +{][ (P dvdt |
Q7/4 Q

2

N {][ b|sdmdt}”s{]{22 4 dxdt}l/SI <4y,

][ lu —v|*dxdt < p, ][ |Vo|? dz dt < C(A, My). (4.17)
Q7/a 7/4

then

where u is a weak solution of (4.1)), and v is a weak solution of (4.2)) and

][ |Vu|? de dt < 1.

2

From (4.17) and Lemma [4.1} we con conclude that
||VU||Loo(Q%) < C(n, A, M()).
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Note that without loss of generality, we can assume that §; < p. Therefore, applying
Lemma [3.2] we obtain

][ |Vu — Vo|? dedt < C(A, My, n)u'/?.
Q3/2

Therefore, if we choose u such that p'/? = €/C(A, My, n), the proof is complete. [

We in fact need a localized version of Lemma For each r > 0 and 2y =
(zo,t0) € @1, we approximate a weak solution of the equation

up — divjaVu] — b - Vu = div(F), in Q2-(20), (4.18)
by the weak solution of
vy — diV[ELB%M(IO)(t)VU] =0, in Q7 /4(20),
v=u, on dpQr 4(20).

We then have the following lemma, which is the main result of the section.

(4.19)

Lemma 4.4. Let A > 0,5 > 1, and My > 0 be fixred. Then, for any ¢ > 0, there
exists § > 0 depending only on €, A, My, s and n such that the following statement
holds true: For every zop € Q1,0 < r <1, and for every a,b, F' such that (L.5)) holds
for a, and

1/2 1/2
{f  a-amPdedd” +{f  (pPacd)
Q7rya(z0) Q2r(20)

/ (4.20)
N 1/s 1/s
H{f gl prasad <o
Q2 (20) Q2+ (20)
then for every weak solution u of (4.1)) with
7[ \Vu|? dzdt < 1, (4.21)
Q2r(20)

the weak solution v of (4.19) satisfies
f |Vu — Vou|>dedt <e, and VOl Lo (Qs,2(z0)) < C(A, Mo, n). (4.22)
Qsr/2(z0)

Proof. Given any € > 0, let § = §(e, A, My, s,n) > 0 be defined as in Lemma
We now show that Lemma [£.4] holds with this . Let u,v satisfy the conditions in
of Lemma Without loss of generality, we can assume that zg = (0,0). Let us
define

o' (x,t) = M, V' (z,t) = M, a(z,t) = a(rz,72t).
Also, let us denote
F'(x,t) = F(roz,r*t), V(x,t) = rb(rz,r2t).
Then v’ is a weak solution of
uy — div[a’'Vu'] = b - Vu' = div(F') in Q2
and v’ is a weak solution of
vy = div[a'p, , (VY] in Q4

!/ I
v'=u" on 9yQ7/4.
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We now check that the conditions in Lemma hold with o/, b',u’, F' and v'. A
simple calculation shows

10| oo (g, v12(Ba)) = 10Nl oo (10 v12(B,y) < Mo,

][ “a’—a]ggﬁdmdt:][ la —ap,, ,,|* dzdt,
Q74 Q7r/a

][|F’|2da:dt:][ |F|? dx dt.
Also,

f |Vu/|? dx dt :][ |Vu|? de dt < 1,

{][ ! %23’}1/8/{][ |b’|5dxdt}1/s
)
- {]{Qw lu — tg,, s/}l/S/{]{gzr b|° dz: dt}l/S

Therefore, if (4.20) and (4.21)) hold, then all conditions in Lemma are met.

Hence, we have

][ Vi (2,t) = Vo' (2, 1) Pdedt <e, and  ||[v']|p=(q,,,) < C(A,n).
Q3/2
Integrating by substitution, we obtain
7[ V(e 1) - Vole, )P dedt <e, and [|[Vo]l=(qs.a) < C(A,n).
Q3T/2

The proof is complete. O

5. WEIGHTED DENSITY ESTIMATES AND WEIGHTED W1P-REGULARITY
ESTIMATES

5.1. Weighted density estimates. We will derive the estimate of ||Vul|z»(q, w)
for solution u of (4.1) by estimating the distribution functions of the maximal
function of [Vu|?. Our first lemma gives a density estimate for the distribution of
Mg, (IVu|?), where the maximal operator My, is defined in Definition From
now let us fixe s,s" € (1,00),a > 0 and A satisfying . If v is a weak solution

of (4.1)), we define

B(z,t) = ([ulv aq. b(z, D))", (5.1)
where [u]s @, is the parabolic semi-Campanato’s norm of u on @1,
Y _ o 1/s’
Wera = s o) Julet) - g, dede]
0<p<1,2€Q1 Qu(2)

Lemma 5.1. Let A > 0, My > 0 be fized, and w € Ay for some 1 < g < oo.
Let s, A\, be as in (1.7). Then, there exists a constant N > 1 depending only on
A, My, s, X and n such that for every e > 0, we find 6 = 0(c, Mo, A, s, A, [w]a,,n) >0
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such that the following statement holds: Suppose that (1.5) holds for the matriz a,
div(b) = 0, and |F|, |b|] € L*(Q2).

sup  sup f la(x,t) — ap, () (t)° dodt <,
0<p=1 (y,5)€Q1 Y Qp(y,5)

[16]] oo (rs w12 (Bs)) < Mo,

and for a weak solution u of (4.1) and for every z = (y,7) € Q1, and 0 < r < 1/2
if the set

Qr(2) N Q1N {Q2 : M, (IVul*) <1} N{Q2 : Mq,(IF*) + Ma,q.(B)*/* < 6},
is non-empty, then
w({Q1 : Mo, (|[Vul?) > N}n Qr(z)) < 6w(|Qr(z)).

Proof. Let n > 0 depending only on €, A, My, s, [w]a, and A to be determined. Then,
let § = d6(n, A, My, s,n) be the number defined in Lemma We prove our lemma
with this choice of §. By the condition on the non-empty intersection, there exists
a point zo = (zg,%0) € Qr(2) N Q1 such that

Ma.(IVul?)(z0) <1, Mq,(IF*)(20) + Ma,@u(B)(20)** < 6. (5.3)
Notice that with r € (0,1/2), Q2,-(2) C Q2. Since Qa2 (2) C Q3,(z0) NQ2, it follows
from that

r 1 n+2
][ |Vu|? de dt < [Qsr(z0) |Vu|? de dt < <§>
QQT(Z) |Q2T (y’ S)‘ |Q3T (ZO)‘ Qgr(ZU)ﬁQz 2

(5.2)

Similarly,

’ 2/3, 2/s
{][ lu — iy, ()] dxdt} {][ |b|8dxdt}
Q27*(Z) QZ’V‘(Z)

B _ o 2/s o s 2/s
:{(27’) A][ lu— fig,, (»)| dxdt} {(21") ]1 1b| d:z:dt}
Q2r(2) Q2r(2)

|Q3T(ZO)| o
< [u)? 2r)t S bl de d
= [ ] ,>\7Q1{( ) |Q2’I‘(Z)‘ Q37.(Zo)mQ2 | | }

< (32 { e f

Q3r(20)NQ2
< (3/2)"" Mo (B)

where we have used ([1.7)) in our second step in the above estimate. Also we have

r 1 n+2
]/ P2 do dt < 1@er(20)] \F12 de dt < (§) s
Qs (2) Q2 (2)] 1Q3r(20)] J s, (20)n Qs 3

From assumption (5.2), and since Q7,/4(2) C Q2, we have

2/s
|B|5dasdt}

][ |a(x,t) = ap,, ) ) dodt <6,
Q7,,/4(z)

101l oo (Da, () V12 (Bar () < 10l oo 0y v12(B2)) < Mo.
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These estimates allow us to use Lemma [£.4] with a suitable scaling to obtain
f |Vu — Vo|? dzdt < kn, V][ Lo(Qsy a(2)) < Co i= KC(A, Mo, n). (5.4)
Q3r/2(z)

where
K = max {(3/2)n+27 (3/2)2(n+2704)/s},

and v is the unique weak solution of

UV = V . [&B7r/4(y) (t)Vv] in Q7,,-/4(Z),
v=u on 9pQr4(2)
We claim that (5.3), and (5.4) yield
{Qr(z) : MQM/2(Z)(|VU — Vo)) < C’o} - {Qr(z) : MQ2(|VU|2) < N} (5.5)
with N = max {4Cj, 5""2}. Indeed, let (x,t) be a point in the set on the left hand
side of (5.5)), and consider Q,(z,t). If p < r/2, then Q,(z,t) C Q%r(z) C Q2 and
hence
1

|Qp(xv t)| Qp(z,t)NQ2
2

< 7[/ Vu — Vv|2dxdt+/ Vo|? da dt
|Qp(xat)| Qp(x,t)ﬂQz Qp(x,t)ﬂQz

S 2MQ3T/2(Z)(|VU — VU|2)(1‘,t) + 2||VU||%W(Q3£(Z)) S 400(A, Mo,n).
2

\Vu|? dz dt

On the other hand if p > r/2, then Q,(x,t) C Q5,(20). This and the first inequality
in (5.3) imply

1 5n+2

|Vul|? dz dt < \Vu|? da dt < 5" 2.

1Qp(z, )] Jg,(@.H)n0- |Q5p(20,t0)| /s, (20)n Q0

Therefore, Mg, (|Vu|?)(x,t) < N and the claim (5.5) is proved. Note that (5.5) is
equivalent to

E:={Qv(2) : Mq@,(IVul’) > N} € {Qr(2) : Mg, ,(-)(|Vu— Vo|*) > Co}.

From this it follows the weak type 1 — 1 estimate of the Hardy-Littlewood maximal
function, and from (5.4)) that

|E| < [{Qr(2) : Mg, u5)(|Vu—Vol*) > Co}|
< Om)|Qsr/2(2)]
- Co Qs /2(2)

where C’ > 0 depends only on A, My, s, «, and n. Then, from Lemma there is
B = B([w]a,,n) > 0 such that

|Vu — Vol? dzdt < C'n|Q.(2)],

|E|
|Qr(2)]
where C, > 0 is a constant depending only on A, My, s, a, [w] 4, and n. By choosing
n= (6/0*)1/5, we obtain the desired result. O

o) < O(lla, ) (o) w(Qu(2)) < Can’(Qu(2).
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Lemma 5.2. Let A > 0,My > 0 be fized and w € A, with some 1 < g < co. Let
s, \,a be as in . There exists a constant N > 1 depending only on A, My, s, \
and n such that for any € > 0, we can find 6 = d(e, A, Mo, s, A, [w]a,,n) > 0 such
that if holds for the matriz a, div(b) = 0, and |F|,|b] € L?(Q2).

sup  sup 7[ la(z,t) — &Bp(y)(t)|2 drdt <6, ||bllpe(r,,v12(B,)) < Mo,

0<p<1 (y,5)€Q1 Y Q,p(y,s)
and a weak solution u of (4.1)) satisfying

w({Q1: Mg, (|Vul’) > N}| < ew(Q1(2)), Vze€ Q.

Then

w({Q1: Ma,(IVul?) > N}) < &1 {w({Q: : Ma,(IVul’) > 1})

+w({Q1: Mau(IF2) + Ma,qu(BY* > 8}) },

where e1 is defined in Lemma[2.7]

Proof. In view of Lemma [5.1} we can apply Lemma[2.7] for
B ={Q1: Mq,(IVul*) > N},
K ={Q1: Mq,(IVul*) > 1} U{Q1 : Mo, (IF*) + Ma g, (B)** > 6}
to obtain the desired estimate. O
Lemma 5.3. Let A > 0,My > 0 be fized and w € A, with some 1 < g < oo. Let
s, \,a be as in . There exists a constant N > 1 depending only on A, My, s, \

and n such that for any € > 0, we can find 6 = d(e, A, Mo, s, A, [w]a,,n) > 0 such
that if (1.5) holds for the matriz a, div(b) = 0, and |F|,|b] € L?(Q2).

sup  sup 7[ la(z,t) — &Bp(y)(t)|2 drdt <6, ||bllge(r,,v12(B,)) < Mo,
0<p<1 (y,8)€Q1 Y Q) (y,5)
and a weak solution u of (4.1)) satisfying
w({Q1: Mg, (|Vu’) > N}| < ew(Q1(2)), Vz€ Q.
Then for every k =1,2,...,
w({Q1: Mg, (|Vul*) > N*})
< efw({Qr: Mo, (IVul?) > 1})
k: . .
+) eiw({Q1: M, (IF*) + Ma,,(B)** > 6N*'}),
i=1
where ¢1 is defined in Lemma[2.7]
Proof. Let N,§ be defined as in Lemma and we prove (5.6) holds with these
N,6 by using induction on k. If k = 1, then (5.6) holds because of Lemma
Assume now that (5.6)) holds with some m € N, and we prove that it holds with for
k =m+ 1. For given u, b satisfying the assumptions of the lemma, we define
u’ :u/\/ﬁ, F/ = F/\/N7 B, = [u’]s/7>\7Q1|b|s.
Observe that u' is a weak solution of

o’ — divia(z, t)Vu'] — b(x, t)Vu' = div[F], in Qa.
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Moreover, for every z € (01, it is easy to see that
w(Q1 : Mg, (IV/[2) > N) = w(Q1 : Mg, ([Vul2) > N?)
< w(Q1: Mq,([Vul?) > N) <e[@u(2)].
Therefore, we can apply the induction hypothesis for u’, F’, B’ to obtain
w({Q1: Mq,([Vu'[?) > N™})
< etw({Q1 s Mo, (IVu']?) > 13)

+ > eiw({Q1: Mo, ([F']?) + Ma,q,(B)Y* > sN*71}).

i=1
By changing back to u, F, B and using the Lemma 5.2] again, we see that (5.6 holds
with &k = m + 1. The proof is complete. ([l

5.2. Proof of Theorem The proof is quite standard once Lemma is
established; we give it here for completeness. Let N = N(A, My, s, \,n) > 1 be as
in Lemma and let ¢ = p/2, and £, = (20)"q[w]?4q5. Choose ¢ sufficiently small
depending only on A, My, s, A, p,n and [w]4, such that

NPei < 1/2

With this choice of ¢, let § be as in Lemma depending on A, My, s, A\, p,n and
[w]a,. We first prove Theorem with the additional assumption that

w({Q1: Mg, ([Vul’) > N}) < ew(Q1(2)), Vze€ Q. (5.7)
Assume that holds, and let us denote

S = Zquw({Ql t Mg, (|[Vul?) > N}).

k=1
By Lemma, we see that

o0

k
§ <Y NH Y (@ May(FP) + Mo, (B > N1}
1

i=1

=
Il

+ NMetw({Qi: M, (IVul) > 1}).

k=1
Then, applying the Fubini’s theorem, and Lemma [2.6] we obtain

5 £ YV [ SN (@1 Mo, (PP + Mag, (B > 6V}
2 2

Z NFehow({Q1 : Mo, (|Vul?) > 1})

< C (1M P 00y 0 + 1Ma@a B)* [y oy + w(@1)) D (Ne1)!
k=1
Then, by our choice of €, and Lemma [2.5] we obtain

S < ClIFIG 0 gy ) + IMa@a (B, gy + Q1))
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By Lemma [2.6] it follows that
IVull2, 0, ) < C(S +w(@Q1))
s11p/2
< ClIIFI (g + [Maa (B[00 0, o) + (@)

Hence, we have proved (5.8) under the additional assumption (5.7)). To remove
(5.7), let us define
U/ZU/K’ F‘/:}T‘/:‘ﬂ7 B/: ([uI]SI,A,Q1|b|)s,

(5.8)

for some constant x > 0 to be determined. Observe that u’ is a weak solution of
o/ — div[aVu'] — b - Vu' = div(F), in Q.
Let us define
E = {Q1: Mg, (V") > N} C Qa.
Then, from Lemma [2.3]it follows that for every z € Q1,
oE) _olE) w(@) _ elE) (1l )
w(Q1(2))  w(@2)w(Q1(z)) = " w(Q2) \Q1(2)|
Then, using Lemma [2.3 again, we can find § = §([w]a,,n) > 0 such that
w(E) R
< C(lw]a,,q;n .
@i < e (i)
On the other hand, by the weak type (1,1) estimate, Lemma we see that

ZC([W]AQW,Q):J((QEZ))-

C C
|B] = [{Q1 : Mo, (IVul?) > Nw?}| < (n)/Q vl drdt = DL 1gul|2,

Nk?2 K2

Hence, combining the last two estimates, we can see

w(B) IVl 2(gn) \ 2
——— < ( Y4, - ’ :
W(Ql(z)) = C ([W](] q ’I’L)( K ) Vz € Ql
Then, by taking
k= ||Vl L2(g,) (Cu /o) @) (5.9)

we obtain
w(E) =w({Q1: Mg, (|[VU'|?) > N}) <ew(Q1(2)), Vz€ Q.
This means that holds for u/. Hence, it follows from that
1V [ 20(@1 ) < CUIF | 1(@a) + IMaa (BY*I1h 2, ) +9(Q1)Y7].

This and imply

IVullLe (@)

< ClIF ] Lr(@a) + IMaa (BY* 1152 0, ) + ©(@1) P Vull2(0)]

= CIF 1o (@a ) + [u]sr 2@ M (1) 172 g oy + (@) PVl 12 .
The proof is complete.
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