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DECAY RATES FOR SOLUTIONS TO THERMOELASTIC
BRESSE SYSTEMS OF TYPES I AND III
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ABSTRACT. In this article, we study the energy decay for the thermoelastic
Bresse system in the whole line with two dissipative mechanisms, given by heat
conduction (Types I and IIT). We prove that the decay rate of the solutions are
very slow. More precisely, we show that the solutions decay with the rate of
(1+t)~1/8 in the L?-norm, whenever the initial data belongs to L' (R)NH*(R)
for a suitable s. The wave speeds of propagation have influence on the decay
rate with respect to the regularity of the initial data. This phenomenon is
known as regularity-loss. The main tool used to prove our results is the energy
method in the Fourier space.

1. INTRODUCTION

In this article, we consider two Cauchy problems related to the Bresse model
with two dissipative mechanisms corresponding to the heat conduction coupled to
the system. The first of them is the Bresse system with thermoelasticity of Type I:

P11 — k(e — ¥ — lw)y — kol(wy —lp) + 1701 =0 in R x (0, 00),
P2t — bbzy — k(e — ¥ — lw) + v02, =0 in R x (0, 00),
prwer — ko(wz — 1)y — kl(pz — 1 — lw) + 901, =0 in R x (0, 00), (1.1)
01t — k10150 + mi(ws —lp) =0 in R x (0, 00),
02t — kabory + Moty =0 in R x (0, 00),
with the initial data

(@, o1, ¥, e, w, wy, 01, 02) (2, 0) = (@0, 1, %0, Y1, wo, w1, B10, 020) ().
The second one, is the Bresse system with thermoelasticity of Type III:
p1ow — k(pe — 0 —lw)y — kol(wy — lp) +1v01; =0 in R x (0, 00),
Pt — by — k(0 — P — lw) + Y02, =0 in R x (0, 00),
prwre — ko(we —19)e — kl(pz = —lw) + 701, =0 inRx (0,00),  (1.2)
O1tt — k10100 — 2101206 + mi(we —lp)y =0 in R x (0, 00),
O2tt — k2boze — a202z0t +mathey =0 in R x (0, 00),
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with the initial data
(907 Pt 1/}’ wta W, Wt, 917 927 olta 02t)(x’ O) = (9007 P1, 1/}0’ 77[}15 wo, W1, 01()’ 9207 0117 921)(17)7

where a1, as, p1,p2,7,b, k, ko, k1, ko, 1 m1 and my are positive constants.

Terms ko(w, — lp), k(¢ — ¥ — lw) and by, denote the axial force, the shear
force and the bending moment, where w, ¢ and 1 are the longitudinal, vertical
and shear angle displacements, respectively. Furthermore, p1 = pA, ps = pl,
ko = EA, k = K¥GA, b = EI and | = R™!, where p denotes the density, F is
the elastic modulus, G is the shear modulus, &’ is the shear factor, A is the cross-
sectional area, I is the second moment of area of the cross-section and R is the
radius of curvature of the beam. Here, we assume that all the above coefficients
are positive constants. In what concerns of the Thermoelastic of type III, we refer
the work of Green and Naghdi [9] [IT]. They re-examined the classical model of
thermoelasticity and introduced the so-called model of thermoelasticity of type III,
which the constitutive assumption on the heat flux vector is different from Fourier’s
law. They developed a model of thermoelasticity that includes temperature gradient
and thermal displacement gradient among the constitutive variables and proposed
a heat conduction law as

q(z,t) = = (Kb (2,t) + K vz (2, 1)), (1.3)

where v; = 6 and v is the thermal displacement gradient, x and x* are constants.
Combining (1.3]) with the energy balance law

pB: + odivg =0, (1.4)
lead to the equation
patt - Qﬁexm - Q"{*omm = 0,

which permits propagation of thermal waves at finite speed. The common feature
of these theories, is that all of them lead to hyperbolic differential equations and
model heat flow as thermal waves traveling at finite speed. More information about
mathematical modeling can be found in [3], [T}, [T5].

The main purpose of this article is to investigate the asymptotic behavior of the
solutions to the Cauchy problems and posed on R. To the best of our
knowledge, the stability of the Bresse model does not have any physical explanation
when it is considered in the real line. Be that as it may, from mathematical point
of view, a considerable number of stability issues concerning the Bresse model in a
whole space, have received considerable attention in the last years [10} 24}, 25| 28] [3T].
This has been due to the regularity-loss phenomenon that usually appears in the
pure Cauchy problems (for instance, see [B] [6], 12| T3], [14], 32] and references therein).
Roughly speaking, the decay rate of the solution is of the reqularity-loss type, when
it is obtained only by assuming some additional order regularity on the initial date.
Thus, based on this refinement of the initial data, we investigate the relationship
between damping terms, the wave speeds of propagation and their influence on the
decay rate of the vector solutions V4 and V; (see — below) of the systems
(1.1) and , respectively. Thus, our main result reads as follows.

Theorem 1.1. Let s be a non-negative integer, suppose that V) € H*(R) N L*(R)
for j = 1,2. Then, the vector solutions V; of thermoelastic Bresse problems (1.1
and (1.2), respectively, satisfy the following decay estimates:
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P _ k —
(1) If £ =% and k = ko, then

18RV (1) ]l2 < C1(L+ )73 5|Vl + Co(1 + )4 05HV0 s, (1.5)

forj=1,2 andt > 0.
(2) If%;«é% or k # kg, then

105V (1)[|2 < CL(1+6)" 35 VOl + Co(1 4+ ) 5|05 V0 2, (1.6)
forj=1,2, andt > 0.

where k +1 < s, C1,Cy are two positive constants.

Our proof is based on some estimates for the Fourier image of the solution as well
as a suitable linear combination of series of energy estimates. The key idea is to
construct functionals to capture the dissipation of all the components of the vector
solution. These functional allows to build an appropriate Lyapunov functionals
equivalent to the energy, which gives the dissipation of all the components in the
vector VP2(&,t) and VP(€,t) (See below). Finally, we rely on the Plancherel
theorem and some asymptotic inequalities to show the desired decay estimates.

The decay rate (1+t)~/® can be obtained only under the regularity Vy € H*(R).
This regularity loss comes to analyze the Fourier image of the solution. Indeed, for

f/(ﬁ,t), we have (see ([2.32)), (2.66) and (3.3) below) that

V(E DI < Cem POV (e, 0), (1.7)
where
4
(5) 01(15_758)7 if%:%andk:ko,
S = 4
3 k
Cotremrey i G 7 5 or b # ko

As we will see, the decay estimate — depends in a critical way on the
properties of the function s(¢). Obviously, the function s(¢) behaves like £* in the
low frequency region (|¢] < 1) and like £~% near infinity whenever Z—; = % and
k = ko. Otherwise, if the wave speeds of propagation are different the function s(¢)
behaves also like &% in the low frequency region and like €6 near infinity, which
means that the dissipation in the high frequency region is very weak and produces
the regularity loss phenomenom. It has been known recently that this regularity
loss leads to some difficulties in the nonlinear problems, see [12} [14] for more details.

There are many works on the global existence and asymptotic stability of solu-
tions to the initial boundary value problem for the Bresse system with dissipation.
In this direction, we refer the IBVP associated to considered by Liu and Rao
n [16]. They proved that the exponential decay exists only when the velocities of
the wave propagation are the same. If the wave speeds are different, they showed
that the energy decays polynomially to zero with the rate t—2 and t‘i, provided
that the boundary conditions are Dirichlet-Neumann-Neumann

we(z,t) = p(x,t) = Y (x,t) = 61(x,t) = O3(x,t) =0, forxz=0,l,
and Dirichlet-Dirichlet-Dirichlet type,
w(z,t) = o(x,t) =(x,t) = 01(x,t) = 02(x,t) =0, for xz =0,l.

An improvement of the above results was made by Fatori and Mufloz Rivera in [§].
They showed that, in general, the Thermoelastic Bresse system of Type I is not
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exponentially stable, but there exists polynomial stability with rates that depend
on the wave propagation and the regularity of the initial data.

As far as we know, there exist just a few results related to the stability of the
pure Cauchy problem to the Bresse model. The decay rate of the solution of the
IVP for Bresse system in the whole line has been first studied by Said-Houari and
Soufyane in [3I]. They considered the system

it — (P2 — Y — lw)y — k2l(wy —lp) =0 in R x (0, 00),
Vet = *ow = k(ps — ¥ — lw)ntye =0 in R x (0, 00), (1.8)
Wit — kg(wm —10)e —Upe —p —lw) + 2w =0 in R x (0,00),
and investigated the relationship between the frictional damping terms, the wave
speeds of propagation and their influence on the decay rate of the solution. In
addition, they showed that the L?-norm of the solution decays with the rate (1 +

t)~1/4. Later on, the same authors in [28], proved that the vector solution V' of the
Bresse system damped by heat conduction:

it — k(e — ¥ —lw)y — k2l(we — 1) =0 in R x (0, 00),
Yoy — a*Pgy — k(e — 0 —lw) +mb, =0 in R x (0,00),

wit — kE(we —19)e — U(0e — 1 —lw) +yw; =0 in R x (0, 00), (1.9)
0 — k1020 + mibz =0 in R x (0, 00),
decays with the rate
HOEV ()2 < C(1+ )72 78| Vol|pa + C(1 +£)™ |05+ Vg e, (1.10)
for a =1, and
05V (#)]| L2 < C(1L+ )= 8||[Vo|pr + C(1+£) 7|05 Vo 2, (1.11)

fora #1, k =1,2,...,8 — . More recently, Said-Houari and Hamadouche [24]
studied the decay properties of the Bresse-Cattaneo system

o1t — (P2 — Y — lw)y — k2l(wy —lp) =0 in R x (0,00),
Vit — a*Ppp — (0o — 1 — lw) +mb, =0 in R x (0, 00),
Wit — ki (we —1p)e — (e — 1 — lw) +yw; =0 in R x (0, 00), (1.12)
0r + gz + miby =0 in R x (0,00),
T4qt +Bq+ 0, =0 inR x (0,00),

obtaining the same decay rate as the one of the solution for the Bresse-Fourier
model . This fact has been also seen in [26], where the authors investigated
the Timoshenko-Cattaneo and Timoshenko-Fourier models and showed the same
behavior for the solutions of both systems. Finally, concerning to the Termoelastic-
ity type III (in one-dimensional space), Said-Houari and Hamadouche in [25] have
been recently analyzed the system

Q1 — (o — 1 — lw)z — kgl(ws —lp) =0 in R x (0,00),
Vit — 0* Py — (0 — 1 —lw) +mby, =0 in R x (0,00),
wit — kg (We —19)e — (g — 1 —lw) +ywy =0 in R x (0, 00),
Qtt — klgzm + ﬁ'l)/)tx — k29ta:$ =0 inRx (0, OO)
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They proved that the solution decay with the rate

10XV ()22 < C(L+ )" =78 Vol + C(L + 1)~ 2|05+ Vo | 1z,
for a =1, and

108V ()12 < C(L+ )"~ 8 Vo[l + C(1 + )75 |05+ Vo | 12,

fora#1,k=1,2,...,s—1.

This paper is organized as follows: In Section 2, we analyze the ODE system
generated by the Fourier transform applies to the Cauchy problem, obtaining appro-
priate decay estimates for the Fourier image of the solution. Section 3 is dedicated
to proof our main result.

2. ENERGY METHOD IN THE FOURIER SPACE

In this section, we establish decay rates for the Fourier image of the solutions
of thermoelastic Bresse systems. To obtain the estimates of the Fourier image is
actually the hardest and technical part. These estimates will play to a crucial role
in proving the Theorems [2.11] and [2:23] below.

2.1. Thermoelastic Bresse system of type I. Taking Fourier Transform in
(1.1), we obtain the ODE system

pr@ue — ikE(i6p — b — 10) — kol (i6d — 1) +1v61 =0 in R x (0,00)  (2.1)
pathys + bE2) — k(i€p —p — 1) +iv€by =0 in R x (0, 00) (2.2)
prévu — ko€ (160 — 1) — Kl(i6p — b — 1&) +iv€01 =0 in R x (0,00)  (2.3)
017 + k16201 + mq (i€ —13); =0 in R x (0,00) (2.4)
B2t + ka€%05 + ima€idy =0 in R x (0,00) (2.5)
The energy functional associated to the above system is defined by

E(&,t) = p1|@f> + pal > + prl@nl® + ——[61]> + —L |65
m m2 (2.6)
+ BIEIDI? + Kligp — P — 102 + koligw — 132,

Lemma 2.1. Consider the energy functional E associated to the system (12.1)-(2.5)).
Then

d - k1 4 ko | A

—E(&,t) = =293 (— 01> + —=16-]?). 2.7

GEED =0 + 22 ) (27)
Proof. Multiplying 1) by &, [@2) by ¢,, @3) by &, 24) by ;2-01, and (23)
by mLQéQ, adding and taking real part, (2.7) follows. O

We show that the decay rate of the solution will depend on the wave speeds of
propagation. More precisely, we analyze two cases: First, we suppose that

P_F o nd k= ke
P2 b

Otherwise, we consider the case when the wave speeds of propagation are different

(Z—; # % or k # ko). The proof of our main results in this section (Theorems m

and below) are based on the following lemmas:
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6
Lemma 2.2. The functional
J1(€,1) = Re(ipa£hi02),
satisfies
d m2,02 2 2
—Ji(&,t
SIE D)+ T2, o

< bEP[]|62] + k\fl\%lll&p — ) — 1] + C1 (1 + €2)€%162)2,

where C is a positive constant
Proof. Multiplying (2.5)) by —ipgf@ and taking real part, we obtain
d . = A . = A . <A ~
— Re(—ip2€¢i02) + Re(ip28t)r:0-) Re(lk2p2§3¢t92) + m2p2§2|¢t|2 =

By (2.2), we have

dRe
7t — (= 1P2§¢f92) + mapa€ [ty |?
< kap2 € [el 0] + BIEP 01102 + KIENO2l1i60 — & — 1] +7€(0af?
Applying Young’s inequality, we obtain [

Lemma 2.3. The functional
Pi(i€n — 19) — L p0y)
mi

Tl(g,t) = Re ( —
satisfies
di 1(60) + ot figo 15
k -
il Tl |24]101| — Re(ike(i€g — 9 — 10) (€@ — 1)) (2.9)

+ *|§H91||if¢ — ) — 1| + Co)6; 2,
mi

where Cy is a positive constant.
i€w — 1) and taking real part, we have

Proof. Multiplying by
d A LA 1AV ~ e A
5 Re(=p12u(i€w — 12)) + Re(p1u (i€0 — 19),)
+Re (lkf(z&p b — 1) (i€ — z¢>)) + kolli€o — I]? — Re (1791(15(,«) - lcp)) 0
Inequality implies
dRe N T A P1 ~ A p1k1 2. A
- ~79)) = PL Re(gbiy) — 0
( P16 (i€w <P)) - Re(p1011) p— Re(£7p161)
o (2.10)

at
+ Re(ik&(i6p — o — 10) (i€w — 1)) + kolli&w — 1|

~Re (lyél(iﬁd) - l@)) —0.
~ 9 and taking real part, it follows that

mi

On the other hand, multiplying (2.1 by

) + — Re(gpﬂu + Re ( 591 i€p — 1 — lw))
(2.11)
0.

dRe, p1 .7

& g
kolz ... .

+ Re (m—191(z§w - lap))
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Adding (Z10) and (1),

d o .
Ty(&,t) + kolli€d — 19| <

k -
A P HlelP1gllfn] = Reike(icg — o — 10)(iE0 ~ 1))

+ 110 |ligw — 1| + m*1|§||91\|i§¢9 — ¢ — 2|

kol ~ (... R Iy A
+ 01y ligd — 16| + — |62,
mi mi

applying Young’s inequality, (2.9) follows. (]
Lemma 2.4. The functional
Ty(&,1) = Relip 60 (160 — 19) + i =€),
satisfies
d ko 2. 412
1260 + S leligw — 19|
p1k‘1 ANT A 7 AN
PLEL €361 + Re(iblE i — o — 16)75 — 1) (2.12)
+ *\5”91”%@ — 1 — 1&| + C3l¢ 161,
mi
where C'5 is a positive constant.
Proof. Multiplying (2.3) by i(i€® — I¢) and taking real part, we obtain
d . A [ em A~ 71 AN . A Lem A~ 71 AN PN ~
7 Re(ip1&wi (6w — 19)) — Re(ip1€wn (i€ — 19),) + kol€[?|igw — 1]
— Re(iklé(i€p — o — 1) (i€w — 1)) (2.13)
— Re (720, (i€ — 1)) =
using ([2.4)), it follows that
d —_ pik =
pn Re(ip1 & (i€w — 1)) —|— — Re(z§wt91t) + L Re(i&30:01)
 lePlics — 147 — ReGH 5~ — 1) ~T7) (214)
— Re(7£%0, (i€ — 19)) = 0.
On the other hand, multiplying (2.3 by 7;—5151 and taking real part
d =
— Re(% t91) - — Re(z{wtﬁlt) + Re( o€ (sz —1p)04)
" m (2.15)

- Re(““l’5 (i£p— ) —

Adding (2 and -, applying Young’s inequality, (2.12)) follows

Lemma 2.5. Consider the functional
J2(§7 t) =11 (£7 t) + T2(§7 t)

12)01) — [P I = 0

Then, there exists § > 0 such that
plkl
IE NEAIA

d R . lk
Gp 6 1) RodliEh — 191 < P € 6] +
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2kl .~ A R
+ EKHZ&O — ) —10]|01] + Ca(1 + €2)[64 7,
where Cy is a positive constant.

Proof. Lemmas ([2.3) and ([2.4)) imply that

G IE 1)+ 2+ €)ligo — 1P

Pllkl

€12 \%II%H*IEH%IIZW W — ZWIer1 l\ﬁl @l [01] + Ca(1+€2)]0: .

Note that there exists § > 0 such that 26 < 55 Thus,

1+¢2
717260 F kod (1 + €)figw — 1]
Ik
leHwWﬂ+—ﬂM%Ww P~ 16| (2.16)
k
+ E LR ] + Cal1 + €)1
O
Lemma 2.6. Consider the functional
PN p1b
Jal€:1) = Re(—pathi (i€ — b — &) — 1527 €0 )
e = % and k = ko, then
d ko
o3&t + 5 lige =y — 10|
n N . T A~ 7 AN bl
< po|te|* + pal Re(Yyy) — bl Re (il (i€w — 1@)) + -7 \5||w||91| + C5€]%102].
(2.17)
Moreover, if % + % or k # kg, then
d k... .
T3 1) + 5li€ — b - 1o
N N b P~
< palthe|® + pol Re(¥yy) + (p2 — %) Re (i€ 1) (2.18)

kobl — bl Alia N
~ S Re(ig (€D —19)) + =l l10n] + Csef?1faP

where Cs is a positive constant.

Proof. Multiplying by —m and taking real part,
& Re ( - Pz&tW) — Re(ipa&ehir) — palthe?
~Re (pgw}@) — Re(be(i€p — 1 — 10)) (2.19)
+k|i€p — ) — Io]* — Re (mgégm) —0.

First, suppose that

&

k
= — d k=kg. 2.20
0 b an 0 ( )
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By and (2.20)),

Re (b€20(ip — & — 12))

— bRe (i€dig(igp — ) — 1))

9 Re(ig i) — ps Re(i€i @) — bl Re (i€ i€0 1)) + L Re(i€iy).

Substituting this in (2.19]), we have

72 Ja(6:) + Kligp — b — 1o

= p2

< palthel? + Re(palihin) — bl Re(id (10 —19)) + °21

+21El10: & — P — 1.
Applying Young’s inequality, (2.17) follows. Now, suppose that

- l€11104]

P1 k
— #£ - . 2.21
P k # ko (2.21)

Proceeding as above, (2.1]) implies

Re (bei(ieg — i — 16)) = 22 & Re(ied3) — 2 Relicihi)

k dt
ko =, | by Y
- ?bl Re (it (i€w — 1@)) + % Re(i&b1).
Substituting in (2.19) and applying Young’s inequality, we obtain (2.18]). |

Lemma 2.7. Let 0 <& < g"plf and consider the functional

p2l2 .= —
Ja(&,t) = Re‘(ﬁ%ﬂﬁ — palan).
Then
FHED) + 02 - e

P2 kol (222)

< %w ~ pal Re(th ) + P2 Re(i€ (i€ ~ 1))

+ Cle)(161]? + |62]%),

where C(e1) is a positive constant.
Proof. Multiplying by @ and taking real part,

fRe<p2wt §) — palthe[2 +bE2|P[2 — Re(ki(i€p — o —1&)) +Re(ir€dfs) = 0. (2.23)
Then (2.3]) implies

j Re(padd) — 5 Re(2L ) + b6

= palihl? — L Re(n) — " Re(ig(igs — 1)) + T Relighy) ~ Re(ingddy).



10 F. A. GALLEGO, J. E. MUNOZ RIVERA EJDE-2017/73

pzl , we have

Multiplying by

p2kol

. 212 . -
Ge.t) + 2 52\w|2=”2—|wt|2—p2me<wtat>

”pp 2l Re(icdiy) - ”’; 2 Re(icity).

Re(i€ (i€ — 15))

Applying Young’s inequality and using the wave speeds of propagation, we obtain

2.22).

Lemma 2.8. Let0 < e < 22 nd consider K & t) = J3(&,t)+Ju(E,8). If 2L
2p1

and k = kg, then
d pal® 24 Brico b 1o
iy P2 _ -1
S0 + (D e lif + Sigo — b -1
< pasilel* + C(e1)|01 ] + Cler) (1 + €2)|02 .
Moreover, if % # % ork # ko, then
d 2 - k... - .
G K &0+ (5 el + 3licp b~ 1of?
b

< pasalil + (22 = 2ol Re(i€9 (760 = T9)) + (p2 — "7 ReiiB)

+ C(e1)|01]* + C(e1) (1 + €2)[62)2,

where s = pzl +1.

O

Sk

The above lemma follows from Lemmas[2.6)and 2.7] applying Young’s inequality.

For the next lemma, it is necessary to observe that
(i = = 10); — i€pe + o + 10 = 0
(i€ — 19)y — iy + 1y =0
Lemma 2.9. Consider the functional
H(€.1) = pr Re ( (i€ = — 1)Br ) + p1 Re((i&& — 19)70)-
If & = % and k = ko, then

5 L.
S H(E ) + pill el + Bl

ka
- 2bl

Moreover, if % +* % or k # kg, then
d . l .
ZH(E D) + pullge]? + O nf?
< SN2 + Cuh, ko)ligg —  — Lo
+ Co(k, ko) (1 + €2)|i€w — 1¢* + Co(1 + €2)[61],

where C1(k, ko) and Cg are positive constants.

3kl .~ . 3kol ., . . 5
Syl + S li6 — b — 16 + =ikl — 19 + Co(1+ €9)(61

(2.24)

(2.25)
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Proof. Multiplying (2.1)) by (€& — 1), [2.1)) by p1p¢, adding these equalities and
taking the real part, we obtain

d . A~ AN A~ . A T~ A~
T Re(p1(i€@ — 1¢)@r) — p1 Re(i€@i i) + pul|@el?
— kRe(i€(i&p — § — 10)(i€0 — 19)) (2:26)

— kol|i€w — 1p)? + Iy Re(b: (iw — 1)) = 0.
Multiplying ([2.3)) by (i€ — ) — 1&), (2.1)) by p1&y, adding, and taking the real part,

d PN n AN [~ TR ~
= Re (pa(ig — v — 10)3r) — p1 Re(i€@12r) + p1 Re(thir) + palli |

~ klli€p — b — 10[% — ko Re (z’f(i&b —1p)(iE¢ — P — zw)) (2.27)

+~Re (ifél(ifgb _J— za)) —0.
Adding (2:26) and (2.27),

d R .

aH(ﬁ, t) + prll@el® + pallon)?

< KlJi€p — b — 10| + kollicd — 1p]” + v[€]161]1i€p — ¥ — 16|

+AUBLINiED — 10| + [k — kolIE|li€w — 111i€p — b — 1] + paldhl |-

Applying Young’s inequality and using the wave propagation properties, (2.24) and
(2.25)) follow. O

To prove our main result, we need to establish a functional equivalent to the
energy (2.6)) in a polynomial sense. In particular, this kind of functional gives some
dissipative terms of the vector solution. First, let us define

Ji + 282K + 2 Jy + e3¢ H,
if%:%andk:ko,

El(gat) = ¢? ¢?
(H—T—i—g)(/\lgsjl + W(&g)\g[( + Jy + 53[1))7

if% %ork#ko.

(2.28)

where A1, Ao, €9, €3 are positive constants to be determined later.
Proposition 2.10. There exist constants M, M’ > 0 such that, if ﬁ—; = % and
k = kg, then
SL1(E,1) + MELIR + Kligg — b — 10 + paléh?
+ holi€ — 16> + pr|@rl? + palin]} (2:29)
< Cler,e,e3)(1+E + 61+ )0 + Cler, e2)(1+ € +£Y)(02.
Moreover, if % # % or k # ko, we obtain
(VR Kli€p — i — Lo + palih
(148 +¢1)7?
+ koli€w — 1p]* + p1|pe]* + prl@el* }
< Cler, 23, M1, 2) (L +E)E3(161]° + [02])

d !
%ﬁl(g, )+ M
(2.30)
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Pmﬁf. First, we suppose that Z—; = % and k = ky. By using Lemmas and E
we have

2
FUIED + oK) +bea( 2 — e G + W Z€igp — b — Lo

m ~
+p2(72 — 5162)&7 |9
< bJEP[p162] + KIE]1021li€p + & + 10| + Cler, e2)€2 1011 + Cler, e2)(1 + €)%
On the other hand, By Lemmas 2.5 and2.9] it follows that
d . . . ezl o .
TAE 6, 1) + 382 H(E 1)} + kb€ i — 16" + preale?| e + B2 n]?

Lk
pllml%W|+M1KH9Hﬁ+—ﬂQWMM¢ b — 16|

3k083l 3]€l53

+C4(1+ )0, + =€ — 1@]* + —S—¢*|i€p — ¥ — 1o]

9253kj 9 2
%luw|+a@m+sxw|

Adding and using Young’s inequality, we obtain

2 ~
G160 + bea( 2 — 220 ) + h(ZE — 2e)6%i — b — tof

k 3l o .
+ pa( = 2 — 5162 — @53)£2|¢t|2 + ko(6 — 563)€2|Z§w —lg)?

+£ 63|§| @* + 2 63|§| |G |2

4
S C(El, 62,83)(1 + 52 + 54 + 56)§2|91‘2 + 0(61762)(1 + 52 + 54)‘é2|2.

We choose our constants as follows:

12 20 €9 2bl
g1 < ,027 g9 < @, 53<min{—,—2,—(@—3152)}.
2 P1 281

Consequently, we deduce that there exists M > 0, such that
L1(&:) + ME{BE Y[ + klic — b — 10]° + palihe]?
+ koli€w — 131? + p1|@el* + pr|oi]}
< Cler,€2,63)(1+ & + &+ €9)E%101* + Cler, 82) (1 + €2 + £4) 162
At last, we assume that % # % or k # ko. Consider the functional

& ¢
m)qész]l(fat) + Aresay

By Lemmas and and by using Young’s inequality, it follows that

d pal? Aoesbe® o, g3kt
&Pl(fa) (,01 *351)m|¢| +m|lf¢*¢*lw|

P = )\253K(£,t).

A1ma ,025354 "2

- 0(54,/\2))m|¢t|
Aoesesl?|@e]? (14 &2)&icw — 1p)?

T (12482 Cler; %2) (1+&2+¢1)2

+
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+C(er, €3, A1, %) (1+ E)E (161 + 162)).
In the above estimate we used the following inequalities:

4 2
1 < 1+¢ < £

—_ —_ — < 1. 2.31
1+&+¢) =7 (1+&+¢) 77 (1+&+8) (231
On the other hand, we consider the functional
54
P2 = (J2(£at) +53H(£,t))

(1+&+¢)?
By (2.16) in Lemma Lemma Young’s inequality and (2.31]), we obtain
A+e)et

Grerep

P153154 ~ 12 Plff?)lf4 ~ 12
e vy o™+ 41+ +¢1)? o

presé

T2A(1+2+¢Y

+ Cles) (1 +€%)€210: .

Thus, adding the above estimates of P, and P», we obtain

d
fPQ + k0(5 — C(k, k‘o)83)

|2
dt

4

- 3 I A
[0e]? + C(k, koksmﬁf@ — ¢ —lof

d png )\2631)56 ~9
L)+ (? - 3ﬁl)m|¢|
A kel N
+ (G = Ol ko) e gy i€e = 0 — P
A1mg p1 paes&? o preslé? ~ 2
(g e g e e e e
ka(1 2\ ¢4
(6= Clk hoser. Aa)ea) P gl — 1P
(Logidey mesl e

2 p1 T (1+E24+¢%)
< Oler, €3, M, M) (1 + €2)E2(161]2 + 162/?)

We choose our constants as follows:

2 l
e < P277 Aoy > 40(1@,]{?0), gq < pil

3,01 2)\2 ’
2lpaC(eg, A 1)
Al > P12 (64 2), e3 < ——7——.
malpa C(k, ko, 2, A2)
Consequently, by using (2.31)), we deduce that there exists M’ > 0, such that
d IS

a M — S fpe2d)? S I P 72
+ kolig® — 1Q° + pal@e]® + prlae|*}

< Cler,e3, A, A2) (1 + E2)E2(|61]% + 162?)



14 F. A. GALLEGO, J. E. MUNOZ RIVERA EJDE-2017/73

With the Proposition [2.10]in hand and making some appropriate combinations,
we build a Lyapunov functional £, which plays a crucial role in the proof of our
main result.

Theorem 2.11. For anyt > 0 and £ € R, we obtain the following decay rates
. CE(£,0)e POt jf 2L = & gnd | = fy,
B <q : e
C'E(E,0)e™ 2Ot if 81 2 & or k£ ky,
where C, 3,C", 3" are positive constants and
_ ¢ _
WO=rerarerey 2O°
Proof. Consider the Lyapunov functional
) {ELEDHNTE -6+ + e, i &= b and k=,
L1(6.0) + N'(1+ €)E(E,1), i 2 £ K or k £ k.
(2.33)

where N and N’ are positive constants to be fixed later. First, we suppose that

Z—; = % and k = ky. By Lemma and Proposition ,

(2.32)

54
(1+&)A+&+8Y)*

L&) < ~ME{VE (D + KJigp — b — 107 + palduf + holig — 1]
+ p1l@e* + prl@el*}
— (2N — Ce1,€0,3)) (1 + €2 + €4 + €8+ €3)2(101* + 162]?),

where 7 = min{ X — mz} On the other hand, by definition of £;, there exists

M; > 0, such that

1€2L1(6,8)] < My(1+ & + &4+ O E(E,1).
It follows that
(N— M)A+ ++ 8 +8)EE
< L(E,1) (2.34)
<S(N+M)A+E++E+EEE ).

C(e1,62,e3)
2y

1+ 4+ +0+¢%) > ¢,
there exists My > 0, such that

9 (e.1) < Mg (e 1), (2.35)

Choosing N > max(M;, ) and by using

Note that (2.34) implies
54
L&) < -

SO iaraiere
By using Gronwall inequality, it follows that

L(E,t) < L(E,0)e @, (2.37)

L, 1), (2.36)

where 3 =

N+M

Now, (2.34) yields
E(¢,t) < CE(E,0)e” 1),
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_ NA+M,;
where C' = Noin 0.

At last, we assume that % =+ % or k # ko. By Lemma and Propositionm
64 21 712 oA ~ ~12 A9

—————51b k - =1

(1+§2+54)2{ &[] 4 K[i€p — b — 1w|® 4 palii]

+ koli€d — 12”4 p1|@:* + prlae|*}

— (2N’ = C(er, €3, M, 22)) (1 + €2)€2(161]* + |62]%)

On the other hand, by definition of L5 and by using Young’s inequality, there exists
M{ > 0 such that

d
_ < —M'
dtﬁ(g,t) <-M

(V' = M) +E)EE 1) < L(6,1) < (N'+ M)A+ E)EE D). (238)
Choosing N’ > max(Mj, W) and by using
2
(1+¢%) = :

(1+€+¢4)>
there exists MJ > 0, such that

d IS -
—L(&t) < —M)——2——SFE(E 1), 2.39
dt (57 ) = 2 (1 + 52 ¥ 54)2 (67 ) ( )
From (2.38)), we obtain
e <o < L&) (2.40)
e T T (@) 2 ¢ '
where ' = #ﬁw; By using Gronwall inequality, we conclude that
L(E,1) < L(E,0)e PO, (241)
The last inequality together with (2.38)) leads to the second inequality of the theo-
rem, which completes the proof. ([l

2.2. Thermoelastic Bresse system of type III. In this subsection, we establish
decay rates for the Fourier image of the solutions of Thermoelastic Bresse system
of Type III. Taking Fourier Transform in (1.2)), we obtain the ODE system

préu — iRE(i6p — P — 1) — kol(i€d — 1¢) + 1701 =0 in R x (0,00),  (2.42)
patee + 0E — k(i€ — b — 1) + 702 = 0 in R x (0, 00), (2.43)
prig — ikl (i€D — 1@) — kl(i€p — ¥ — &) + iv&0;, =0 in R x (0,00), (2.44)
D14t + k16201 + a1 €201, +ma(i€0 — 1)y = 0 in R x (0, 00), (2.45)
Oa0r + ka&205 + 2€%0y + ima&idy =0 in R x (0,00). (2.46)

The energy functional associated with the above system is
B(&0) = palfil? + ol + o+ 10 + 20+ .
+ PG 4 0PI + Kligp —  — Lo + kolig — 6P
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Lemma 2.12. Let E the energy functional associated with system (2.42)-(2.46).
Then

d - _ 2,91 5 2, Q2,5 12
GEED = 2 (EL il + 2P, (2.49)

Proof. Multiplying (2-42) by &,, [£-43) by v, [2-44) by &y, [2-45) by L 01,, (2-46)
by mizégt, adding these equalities and taking the real part, (2.48]) follows. O

To establish the main result of this subsection and based in the approach done
in the previous subsection, we establish the following lemmas:

Lemma 2.13. The functional
J1(€,) = Re(ipa&tinbar) + Re(ikypa®iy),
satisfies
da map2 o2 7 12
dtjl(fat)+ 9 7|
< kopo|&[3 ]| Bae] + BIEP] Bt + KI€][0aelig D — b — 1] (2.49)
+ C1(1 + €%)€2(02 2,

where C is a positive constant.

Proof. Multiplying (2.46) by —z‘ngﬁ and taking real part, we obtain

% Re(—ipa€infar) + Rel(ipa€ibpbar) — % Re(ik2pa€*00s)
+ Re(ikapat®02;) — Reliazpat®ybar) + maps€2[dy|> = 0.
By (2.43), it follows that
%Jl(f,t) +mapa€Pn|* < kapal€*[][02e] + vpal€[* |0 |0ai| + b€ 0]
+ k[E||Bzeli€p — ¢ — 1] + €% 0]
Applying Young’s inequality, follows. (|
Lemma 2.14. The functional

T1(€,t) = Re ( — 1§ (i€w — 1) — %@téilt)

satisfies
d kol
ZT1(6,6) + ~-lio - g
< VP62 1o, 01 - Relike(i€p — 1§ ~ 12)(E0 — 15)) (2.50)

p1k1
my

_ mﬁl Re(ighay (164 — b — 100)) + P27 Re(€2461) + Colfis 2,

where Cy is a positive constant.
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Proof. Multiplying (2.42)) by —

% Re(=p14:(i€w — 19)) + Re(p1 e (i€w — 19),)

+ Re(ikg(i€p — ’L/AJ —lo)(igw — 1)) + kol|i€w — l<,5|2
by using (2.45)), we have

(i€ — lp) and taking real part, we have

- Re(l'yélt(i&b —1p)) =0,

dR P
dte( P1<Pt(sz - l‘P)) - mildi Re(sotau) + — Re(<,0tt91t)
PR Re(€3001) — “P Re(€23,01,) + Re(ike(i€g — & — 10)(iE0 — 1))
mi mi

+ kol|i&w — 1¢]* — Re(lyfy, (i€w — 1¢)) = 0

Note that (2.42)) implies
d k ,
%Tl(g t) —|— — Re (259”( D

A R k = o =

+ kol|iw — l<P|2 - %11 Re(f P101) — it Re(£2<pt91t)
Iy - kol ~

< N0 + (1 + —2)\0uel gD — 1),
mi mi

Applying Young’s inequality, we obtain (2.50]).

O
Lemma 2.15. The functional
T3(€,t) = Re (ip €@ (i€ — 19) + i2-inb ),
mi
satisfies
d k o .
T2(61) + S [efligo — 1pf?
(8% T i A 7 AN
el 10se] + Re (iklE(iE — o — 10)(iED — 12)) (2.51)

+ — Re(i&)lt(z{@ — ) —1@)) — F1p1 Re(i€3,01) + Csl¢ 2|01 )2,
mi mi

where C'5 is a positive constant.

Proof. Multiplying by z{m and taking real part
9 Re (im&oi €0 —19)) — Re (im0.€0 1)) + kolél?lico — 19I”

~ Re (#kig(igp —  — 1)(i€0 — 1)) — Re (16201,(i€0 — 12)) = 0

by using , we have

. N TR Ay d i A i A
% Re (zplgwt(zﬁw — lap)) + &d— Re(i&w01) — ﬂ Re(szttﬁlt)
k = -
+ Lo Re(i€0uh) + I Re(i @) + holélig — 1917

~Re (zkl{(zfgp _h— zw)m) ~Re (vg 91tm> —0.
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Note that, implies that
d kl = “ R _
G M6 1) — - Re(i€huu (i€ — b —10)) — Re (ik1€(i€g — ) — 10)(i€o ~ 19))
¢1p1 Re(zf wtﬁlt)

+ ko€2itw — l(p|2 koL Re(z§3@t91)

2
<L Pt —>§2weu||isw ~ g,
my my
Applying Young’s inequality, we obtain (2.51).

Consider the functional

Lemma 2.16.
D2(6:1) = 1Ty (6:0) + To(6, 1) + P24 Re (&2, (160~ 19)).
mq

Then, there exists 6 > 0 such that

2(€,t) + kodlicw — 1g?

dt
a1pql
o P11 + 1% @l[f1e] + Ca(1+ €2)[6r, 2

(2.52)

where C3 is a posztwe constant.
Proof. By Lemma (2.14) and Lemma (2.15),
d k o .
260 + (1 + )igo — 19l
la k Q@ A
< B IEP bl el + £ uligd — gl + S EHEP Il + Ca1 4+ €2) el

Note that there exists & > 0 such that 46 < lli_gz . Thus,

(1) + 2kod (1 + €2)]iw — 1|

dfﬂz
< L Gl lu] + 221+ €2) el — 1 (253)
o el B +c4<1+§ )]6e

Applying Young’s mequahty, - ) follows. O
Lemma 2.17. Consider the functional

Is(6,1) = Re ( — poth (166 — & — 10) — 222605,

If% =% and k = ko, then
SIs(6,1) + 21i6p — 9§ — 1of?
(2.54)

< paldhel? + pal Re(dr) — bl Re (i€y(iéw — 1))

bl
+ =L Iel [ l11e] + Cs €10
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Moreover, if % + % or k # kg, then

d k .

L rae )+ Slice — b — 102

156, + Slicp — b~ 10)

< P2Wt|2 + pal Re(qﬁt&z)

b S kobl e ST A T AN (255)
+ (p2 — 22) Re(igthipy) — ~1= Re (i€d(i€o — 19))
bly .\ ~ia R
+ 2L €190l + Cole 1,
where C5 is a positive constant.
Proof. Proceeding as proof of Lemma we obtain ([2.54)) and (2.55]). |
Lemma 2.18. Let 0 < e < ’;"’pllz and consider the functional
pl2 . = =
Ja(€,t) = Re(?%‘/) — p2l@y)).
e = k and k = ko, then
dla(&,t p2l? € -
180 12l ey
~ (2.56)

212 _ S ) )
< %WHQ — pal Re(vh,@y) + bl Re (i€ (i€w — 1)) + Ce1)(|01]* + |024]%)

Moreover, If Z—; * % or k # kg, then

d png €1\.2( 72
ﬁh(fyt) + b(? - 5)6 ||

P31 A
< ?W)ﬂ - pgl Re(wtwt) (2.57)
+ pz’jol Re (i€0(i€0 — 19)) + Cle1) (1Bul* + 102:%),

where C(e1) is a positive constant.

Proof. Proceeding as proof of Lemma we obtain (2.56)) and (2.57]). |
and consider K(&,t) = J5(&,t)+J4(€, 1), ]f% =%

Lemma 2.19. Let0 < e < p;lf
and k = kg, then
d ,0212 202, Koo 7 ~ 12
‘K P2t i _d—
SR(E 1)+ 0 )i + Rligo — b~ 10
< posi|n]® + Cle1)|01e]* + Cler) (1 + £7) 0|

Moreover, if % + % or k # ko, then

d 12 vy k .
G KE 0+ — @I + plig —  — 1of
< pasalil + ko2 = DU Re(i€ (760 = T9)) + (p2 — ¢ Re(igt )

+ C(e1)|f1e|* + Cler) (1 + €2)|02: ],
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where s; = p2l + 1.

The above lemma follows from Lemmas [2.17|and applying Young’s inequal-
ity.
Lemma 2.20. Consider the functional
H(E 1) = p1 Re (60 — ¥ — &)1 ) + p1 Re((i€% — 14)%0).
If 2 =% and k = ko, then

. L.
ZH(E, ) + pallpel® + Bl

k X R
< P12 + 2 figg b — 10 + 22 ik — 1912 + Co(1 + €Nl

Moreover, if & AL % ork # ko, then

(2.58)

d
*H(&t)+p1ll%\2+ 5 | o
< ELel? + Ok, ko)li€p — b — 16 + Calk, ko) (1 + €)ligo — 1 (259)
+ Co(1+€%) |01,
where C1(k, ko), Cs are positive constants.

Proof. Proceeding as proof of Lemmau we obtain and (| - O
Lemma 2.21. The functional

A = ~ = a1 A a9 A
S(¢,t) = mll Re(&%01401) + mlz Re(£%0402) + %54(mfll|91t|2 + m722|92t|2)

+yRe(i€* 02 + €26, (i0 — 19))
satisfies
d k X k .
FSE 0+ LR + ey
t m my (2.60)
< €2 0ueliEd — 1] + VIEP 0| + 21000 + €3]y 2
mi ma
Proof. Multiplying (2.45|) by 7%5251 and taking real part, we obtain
G Re(€01401) + 5 T4 01 ? + 9 Re(€01 (160 — 19))}
2my
+ k1—§4|é1\2 (2.61)
mi
< L2101, + €% lig — 1],
my
Moreover, multiplying (2.46) by %25252 and taking real part,
d A7 o . e aF .
L Re(£202002) + —2L 641022 + y Re(i€34)02) } + ky——* |65
dt mo 2m2 mo (262)
< l£2|92t|2 + €[ 9110

Adding (2.61) and -, we obtain O
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Now, Consider the functional

Jl (57 t) + 52£2K(£7t) + €2J2(€7 t) + 53§2H(§7 t) + S(§7 t)7
if%:%andk:ko,

£2(§7t) = s
wremren (Mesl + e (€30 K + €002 + 650" H 1 5)),

e p E
if ;T; 7 or k # k.
(2.63)
where A1, Ao, €2, €3 are positive constants to be determined later.

Proposition 2.22. There exist constants M, M’ > 0 such that if Z—; = % and
k = kg, then

La(€,) + MEX{DEX(PI? + kli€p — b — 10| + palthe|® + kolic — g2
F @il o] + 210 2 4+ 2L 216, )2) (2.64)
m1 mao
< Cleryez,ea) (L4 + €+ €90 + Cler. ) (1 + €+ €902/

Moreover, if % #+ % or k # ko, we obtain

d ¢l . _ . .
_ M-—_— 2 2 A 12 2
+Roligs 16 + prlgel? + rlanl + TN + T2y (265

< Cler,e3, M1, M) (1 + E2)E2(101]* + [02)?).

Proof. We can prove ([2.64) and (2.65)) following the ideas used on the proof of
Proposition [2.10, thus we omit some details. First, we suppose that p L = % and

k = ko. By Lemmas [2.13] 2.19] 2.16] and [2.20], it follows that

4 {Lalen) - s(e, t>}+<p—f2sl>s:2bf4|w|2 (2 ekeice b — 1o

m k 3l o .
+ (5 — S162 — Tw53)p2€2|wt|2 + (60— 583)k0§2|25<«0 —1p?
I X l R
+ Eeslel?lenl? + Eeslelln?
< Cler,e2,63) (142 + €4+ 9E2101, 2 + Cler, e2) (1 4 €2 + Y0242

Adding S(¢,t) in the above inequality, applying Lemma and Young’s inequality,
we obtain

d 12

0a(6.0)+ (P20 = 3e)eab O + (% = Fealhe?lic — b — 0P
m _ﬁ 20,012 _ 2 en 7212

+(2 51€2 53)[’25 |[e|” + (6 — 2les)ko”|igw — 19
l pil k k

+ Bealel? IsOt|2+ Preslellanf? + TLel” + et P

< Cler,e,e3)(1+ & + &4+ 56)§2|91t\2 +C(e1,e2) (1 + €2 4 £4)[6)2.
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‘We choose our constants as follows:
2

P2 ma
e < — Eg < — €3 < min
3 1 2 2817 3 {

Consequently, we deduce that there exists M > 0, such that (2.64]) holds.

Second, we assume that Z—; #* % and k # kg. By Lemmas the estimate
in Lemma Lemma adding these inequalities and by using Young’s
inequality, we obtain

528(5 t } p21

1) 35} 2bl mo
e kg e

)\253b§6 ~

d 2
presle? 2 >\1m2 p1.  p2es€t
m‘wt‘ +( 9 *C(ﬁ%,)\Z)*;)WWJH
A2 83]{54 A ~ 12
+ (Z - C(k, ko))mﬁ&ﬁ — v — o

ko(1+&2)¢* | . 2 €42 p1esé? 2
Grevep WG e rapld
< Cler,e3, A1, A2) (L + EDE2(101e]* + |024]?).

+ (0 = C(k, ko, €1, A2)e3)

In the last estimate, we used also the inequalities (2.31]). Adding @S(ﬁ ,1)

in the above inequality, applying Lemma [2.2I] and Young’s inequality, it follows
that

A2€3b§6 ~

pal? 2
— 2(5 t)+ (= o —461)m|¢|
/\2 €3k§4 PPN 7 ~ 12
+ (Z — C(k, ko))mhf@ — ¢ — o
A1mng p1 paes&? o prlese? ~ 2
+ ( 5 — Cleq, 2)—;)m|¢t| m@ﬂ
ko(14&%)¢*

l _ €4>\2) 015254

+(6—O(k,ko,517>\2)63)m|£w—l<p|2 (5 ” (1+§2+§4)2|¢7t\2

e R
my (1+ &2 4 €4)2 mo (1+ &2 4 €4)2
< Cler, 3, A1, o) (14 E2)E2 (|01 + |02 ).
We choose our constants as follows:
pal? pil
= A 4C(k, k —
€1 < 4p1 ) 2 > O( ) 0)7 g4 < 2)\2
2(p1 + C(eq, A2)p2) Y
A > , < -
! map2 &3 C(k,ko,é‘g,)\g)

Consequently, by using (2.31]), we deduce that there exists M’ > 0, such that (2.65)
holds. (I

Theorem 2.23. For anyt > 0 and £ € R, we obtain the following decay rates,
. CE(E,0)e POt oL —

E(é" t) S ~ ’ P2
CB(E,0)eF52(©1, i os 2

and k = ko,

(2.66)
or k # ko,

(S ESIRSHES
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where C, 3,C', 8" are positive constants and
¢! ¢
T+ + e+ L0+ 141+ + &4

Proof. We prove (12.66]), by Proposition and using the same approach done in
the proof of Theorem Thus, we omit the details. O

s1(6) = s2(§) =

3. MAIN RESULT

In this section, we establish decay estimates of the solutions to systems (1.1]) and
(1.2). For Bresse system (|1.1)), thermoelasticity of Type I, we consider the vector
solution

Vl = (pi/Qsah p;/2¢t; p}/2wt7 (1)1/2917 (1)1/202a b1/2’l/}.”1:7
m me (3.1)
K2 (00 = — lwa) b (o = 1))
and for Bresse system (1.2]), thermoelasticity of type III,

k
Vo = (01/2%7 Pé/QTﬁt, P}/th, (l)l/zelt, (ﬂ)lﬂglm (l)l/QGQta
mi mq mo (3 2)
& .
(D) 202,620 B2 (0 = e — o), iy (s — 1))

Note that
E(&t) = Vi& 0P, E(& 1) = Va0, (3.3)
where E and E are defined in (2.6) and (2.47), respectively. We are now in a

position to prove our main result.

Proof of Theorem[I.1]. Applying the Plancherel identity and , we have
o5 Vi) = 1GE V()12 (=) = /R PR (€, 1) de,
105 Va (D)1 22 &) = 11(G€) Va(t) 122 () = /]R EPPPE(E, 1)7dE.
By Theorems and [2:23] it follows that
5V 01 < C [ l€Phe 17 0.

<cC / €Pke O (0, €)de + C / €[ O% (0, ¢)de
[€1<1 [E1>1
:Il +I27 (17]:172)

It is not difficult to see that if % = % and k = ko, then the function s;(§) satisfies

1
5 (3.4)
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Thus, we estimate I; as follows,

L < OV?|2~ / €Pkem 38" g
[£1<1

< Col|VP 7 (14 1) (020
< O+ PRVRILL, =12
On the other hand, using the second inequality in (3.4)), we obtain

_Be—4y 302
L<c /W ePRe 80 (g ae

< C sup {J¢["He 267y / €200V (€)d

l€1>1
< Go(L+0)72|OFMVIIB, j=1,2.
Combining the estimates of I; and I, we obtain (1.5)). On the other hand, if Z—; =+ %
or k # ko, the function so(€) satisfies
1
>
s2(8) 2 ¢

() > 1560 il > 1

¢hoiflg <,
(3.6)

Thus, we estimate I; as follows,

70 |12
L <OV 3. /|€I

< Cl||V;Q||%oe(1 4 1)~ 26
S Cl(l + t)7%(1+2k) ||‘/jOH%1
Moreover, by using the second inequality in (3.6)), it follows that

L<C / €[ o€ y0% (€)d
[£]>1

¢[*ke 15" dg
<1

o] _ B - 502
< C sup {[¢] 21" / [EPFFIVOT(€)de
[£1>1 R

_1
< Co(L+)7319; V7|3
Combining the estimates of I; and I, we obtain (L.6]). O
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