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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF POSITIVE
LEAST ENERGY SOLUTIONS FOR COUPLED NONLINEAR
CHOQUARD EQUATIONS

SONG YOU, PEIHAO ZHAO, QINGXUAN WANG

ABSTRACT. In this article, we study the coupled nonlinear Schrédinger equa-
tions with Choquard type nonlinearities
1 1
—Au+viu=p1(— xu)u+ B(—— *x0vH)u  in RV,
|| ||
1
2 2 . N
—— %0 v+ B(—— xu”)v in R,
FE Jv+ B( FE )

w,v>0 inRY, u,UGHl(RN),

—Av 4 vv = o

where vy, v2, 1, p2 are positive constants, § > 0 is a coupling constant, N > 3,
a € (0,N) N (0,4), and “#” is the convolution operator. We show that the
nonlocal elliptic system has a positive least energy solution for positive small
[ and positive large 8 via variational methods. For the case in which v1 = va,
w1 # p2, N =3,4,5 and a« = N — 2, we prove the uniqueness of positive least
energy solutions. Moreover, the asymptotic behaviors of the positive least
energy solutions as 8 — 01 are studied.

1. INTRODUCTION

We consider the time-dependent coupled nonlinear Schrodinger equations with
Choquard type nonlinearities in the following form (see [12] 30]):

0 .
—ig P = AD + g (V(z) % |®112)®1 + B(V (2) % |Po>)®;  in RY,

0 .
—ig; 2 = As + pa(V () x |®5[%) @ + B(V (z) * |@1]*)D2  in RY, (1.1)
<I)j:<I>j(a:,t)€(C, j:1,2,
®i(x,t) =0, RN t>0,j=12,

where ¢ is the imaginary unit, and “x” is the convolution operator. System
appears in many physical problem, especially in nonlinear optics. Physically, the
solution ®; denotes the j-th component of the beam in Kerr-like photorefractive
media (see [22, 23]). The positive constant p; indicate the self-focusing in the j-th
components of the beam. V() is the response function which possesses information
on the mutual interaction. The coupling constant 3 is the interaction between the
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two components of the beam. The problem also arises in the basic quantum
chemistry model of small number of electrons interacting with static nucleii which
can be approximated by Hartree or Hartree-Fock minimization problems (see [13]
141 [17]).

To obtain solitary wave solutions of system (L.1)), we set ®1(x,t) = e"*u(x) and
Oy (z,t) = e™2tv(x). Then system turns into the elliptic system

—Au+viu = py (V(z) xu?)u+ BV (z) xv?)u = €RY,

—Av + 1ov = pp(V(x) x v¥)v + B(V(z) xu?)v x € RV, (12)

If the response function is a Dirac-delta function, i.e. V(z) = (), then (1.2)) turns
to be the following semilinear elliptic system with local nonlinearities:

—Au+ru= ,u1u3 + ﬁuvz T e RN, (1.3)
—Av 4 vov = pgv® + fou?  x e RV, .

Here, p1, 12 > 0 and 8 # 0 is a coupling constant. The existence and multiplicity of
solutions to have been the subject of extensive mathematical studies in recent
years, see [3| [l [5l [6l [7), [8), [T9], 20} 26], 27, 28] [29] [34] and references therein.

In this paper we consider system with a response function of Riesz potential,
ie. V(x)=|z|~%, then is reduced to the nonlocal elliptic system

1
su)u+ f(——= xvHu xRV,

||

—Au+1ru = ,u1(| B

(1.4)
sut)v xRN,

—Av + vov = po( v+ B(——

1
— %
[
Here, o € (0, N) N (0,4),v1,v2 > 0,1, 2 > 0 and B # 0 is a coupling constant.

Before proceeding to state our resutls, we introduce the following classical Hardy-
Littlewood-Sobolev inequality (see [16]).

||

Lemma 1.1. Let p,r > 1 and 0 < o < N with %—i— L 4+1=2 feLP(R") and
h € L™(RN). There exists a sharp constant C(N,a,p) such that

[ [ M ray) < oyl (15)
RN JRN |$— |
where | - |, is the LY(RN)-norm with q € [1, ).

Assume that f,g € L}, (RY) and o € (O,N)7 as [I6] we define

/ )d dy.
RN JRN |~T—y|a

The following lemma is important for considering (|1.4)), and its proof is given in
[16, Theorem 9.8].

Lemma 1.2. If D(|f|,|f]) < oo, then

D(f,f) =0
and there is equality if and only if f = 0. Moreover, if D(|g|, |g|) < oo, then

ID(f,9)]* < D(f, f)D(g.9)- (1.6)
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Suppose that u,v € H'(RY) and o € (0, N)N(0,4), then by Lemmawe have
D(u?,u?) < Clu?fan = Clul*un . (1.7)
2N —a 2N —a

It is well known that the solutions of (1.4]) correspond to the critical points of
the C! functional E : H — R given by

1

E(u,v) = = /RN(|VU\2 + viu? + | Vol 4 v0?)

2

1/ 1 2 1 2y, 2
- = w1 (—— - u?)u® + 25( a*u)v + o a*v)v,
4 Jpn " 2l | | ||

where H := H*(RY) x H*(RY). From ) and (1.7)), it is easy to check that E
is well defined in H. This allows to consider posz’tz’ve least energy solution, which is
defined as solution (u,v) of (1.4]) with positive components and achieving the level

inf{E(u,v) : E'(u,v) =0, (u,v) € H, u> 0 and v > 0}.

We call a solution (u,v) semi-trivial if u =0 or v = 0. A solution (u,v) nontrivial
if both « £ 0 and v # 0. A nontrivial solution (u,v) positive if both v > 0 and
v > 0.

Note that system (|1.4) admits a trivial solution (0,0) and a pair of semi-trivial
solutions (wi,0) or (0,ws), where w; is the positive least energy solution of (see
24)

—Au+du=p(— xu)u ue H(RY), (1.9)

|z |
with (A, u) = (v1, p1) for wy, and (A, u) = (ve, pe) for wo respectively. The existence
of solutions to has received great interest recently, see [T} 2] O] [0} 1T} 15} 18
211, 24] 25| B3] and references therein. Next, we will pay close attention to the
existence of nontrivial solutions to .

Recently, Wang and Shi [30] studied the existence and various qualitative prop-
erties of positive least energy solutions to system with N =3, =1. In [3]
the authors acquired the existence and multiplicity of nontrivial solutions of
with perturbations. In [32] the authors studied the existence and nonexistence of
L?(R™)-normalized solutions of with trapping potentials.

To the best of our knowledge, there are no papers considering system with
a € (0,N)N(0,4). In present paper, we will focus on providing conditions on the
coupling constant § that insures the existence of positive least energy solutions.

Moreover, we will investigate the asymptotic behaviors of those solutions.
We define

./\/’z{u;éOw;‘éO,/ \Vu|2—|—ulu2:/ ul(‘ﬁa*u)u —l—ﬂ(‘ |a*u2)v2
RN

1 1
/ |Vo|? 4 vpv? = / po(——= * vH)v? + B(—— * u2)v2}.
RN RN |]® ||
Then any nontrivial solution of ([1.4)) belongs to N. Let
1
A:= inf FE(u,v)= inf f/ |Vl + viu? + Vol + vpv?. (1.10)
(u,v)EN (u,v)eN 4 RN

Now, we list our main results. First, we consider the case 1 = 5 = v. Let ¢ be
any a positive least energy solution of (1.9)) with A = v and g = 1. Then we have
the following two Theorems.
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Theorem 1.3. Assume that N > 3,a € (0,N)N(0,4) and vy = vy =v > 0.
I If 0 < 8 < min{uy,pe} or f > max{ui,ps}, then A is attained by
(Vkp, V1), where k,1 > 0 satisfy
pik + Bl =1,
Bk + pol = 1.
Therefore, (\/%go, \ﬁcp) is a positive least energy solution of .

(I1) If B € [min{pu, po}, max{p1, u2}t] and py # po, then (1.4)) does not have a
nontrivial nonnegative solution.

(1.11)

Theorem 1.4. Assume that v1 = vo = v > 0, and let 0 < f < min{u1, u2} or
B > max{u1, p2}. Let (u,v) be any a least energy nontrivial solution of (1.4), then
(u,v) = (Vko, Vip), where (k1) satisfies , In particular, when N = 3,4,5
and o = N — 2, (Vkp, V1) is a unique positive least energy solution of up to
a translation.

For the general case in which 14y # 15, we have the following theorem.

Theorem 1.5. Assume that N > 3 and o € (0, N) N (0,4).
(1) There exists $1 > 0 such that for any B € (0, 51), (1.4) has a positive least

energy solution (u,v), which is radially symmetric.

(2) There exists fo > 0 such that for any B € (B2, +0), has a positive
least energy solution (u,v), which is radially symmetric.

(3) Assume that 0 < vy <wvg and ps < py. If po < f < uq, then does not
have a nontrivial nonnegative solution.

In fact, we can give an accurate definition of 3; in Lemma and B35 in Lemma
but do not give it here to avoid introducing heavy notation at this stage.

Remark 1.6. System (1.4) is critical when o = 4 in the sense of the Hardy-
Littlewood-Sobolev inequality, which leads to the lack of compactness. This will be
an interesting issue to be pursued in the future.

Finally, we study the asymptotic behavior of the positive least energy solutions
in the case 8 — 07. Then we have the following result.

Theorem 1.7. Assume that N > 3 and « € (0, N)N(0,4). Let B, € (0,51),n € N,
satisfy Bn, — 0 as n — +o0o. Suppose that (un,vy,) is the positive least energy
solutions of (1.4) with 8 = B, and (un,vy,) is radially symmetric, which exists
by Theorem |1.5. Then passing to a subsequence, (un,v,) — (U,V) strongly in
HY(RY) x HYRYN) as n — +oo, where U is a positive least energy solution of
1
—Au+viu= ul(w xu)u, ue H'(RY),
x
and U is a positive least energy solution of
1
—Av+ v = ug(m xv?)v, ve H (RN).
x

The paper is organized as follows. Theorem and Theorem are proved
in Section 2 and Section 3, respectively. In Section 4, we use the Nehari manifold
approach and a mountain pass argument to prove Theorem [I.5] In Section 5, we
study the limit behavior of the positive least energy solutions as 3 — 0T.
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We give some notatlon here. Throughout this paper, we denote the norm of L4 by
lulg = (fgn |u|?dz) 7, the norm of H(RN) by ||u/|2 = Jan ([Vul?+vu?), the norm of
H by |[(u,v)||3; = [Jull2, + [|v]|,, Hr :={(u,v) € H : u,v are radially symmetrlc},
and positive constants (p0s51b1y different in different places) by C,Cy, Cs.

2. PROOF OF THEOREM
By [24] we know that

/ (|Vu|2+1/u2)22\/§(/ (L *u2)u2)1/2, vue H'®RY),  (2.1)
RN RN |T|*
where
Bimg [ el ru=1 [ (et (2.2)
4 RN 4 RN |$|a

and ¢ is a positive least energy solution of (1.9) with A = v and p = 1.

Conclusion of the proof of Theorem[I.3 Firstly, we prove (I) of Theorem[1.3] Since
0 < B < min{py, pa} or B > max{py, po}, it follows that the equation 1D has

a solution (k,l) satisfying k > 0, l > 0. It is easy to see that (Vky,Vip) is a
nontrivial solution of . By (1.10) and . we have
A< E(\/Ega, Vi) = (k+1)B. (2.3)

Let (un,v,) C N be a minimizing sequence for A, that is, E(u,,v,) — A. For
simplicity of presentation, we set

1 1/2 1 1/2
an:(/ ( *ui)ui) , 6n:(/ (—*Ui)vi) .
RN |§C|a RN |x‘oc
Then, by (1.6) and (2.1) we have
2v/Ba, < / \Vun|2 +vu?
RN

< /.LlOln + Banﬁnv
2\/§ﬁn§/ Vo, |? + vo2
RN

= [l = Bl + v (25)
< p2y + Ban b
Note that
E(up,vn) = %/RN |Vun|? + vu2 + |V, |2 + v,
Combining this with and we have
2VB(ay + By) < 4E(un,vn) = 44+ 0(1) < 4(k + 1) B + o(1),
pom, + BBn > 2V B,
1128 + Ba > 2V B.
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We deduce from ([1.11)) that the above three inequalities are equivalent to

(o — 2kV/B) + (B, — 21VB) < o(1),
UI(an - 2k\/§) + 5<ﬁn - 2l\/§) > 0;
B(an — 2kV'B) + p2(Bn — 20V/B) > 0.

Therefore, a,, — 2kv/B and f3,, — 21v/B as n — oo. Then
4A = lim 4E(up,vy,) > lim 2vVB(oy, + ) = 4(k +1)B.
n—oo

n—oo

Combining this with (2.3]) we have
A= (k+1)B=EWNkp,Vip). (2.6)

So (\/E(p, \ﬂg@) is a positive least energy solution of .

Now we prove (IT) of Theorem Suppose that (u,v) is a nontrivial solution
of and satisfies u > 0,v > 0 in RY. By the strong maximum principle each of
the functions u, v is strictly positive in RY. Repeating the proof of [7, Proposition
4.1], we know that the solutions of which are in H1(RY) are also in C?(R")
and tend to zero as |x| — oco.

Next, we multiply the first equation in by v, the second equation in
by u, and integrate the resulting equations over RY. Then we obtain

/RN(VuVU + ruww) = /RN uv[ul(ﬁ * u?) + ﬁ(ﬁ *v?)],
/RN(VUVU + uv) = /]RN uv[uz(ﬁ * v?) —|—ﬂ(@ *u?)].

Thus,

[ vl =)+ o = B) )+ (5 ) ()] =

RN || B

which is in a contradiction with the positivity of v and v as long as the three
constants (o —v1), (U1 — B8), (8 — pe) are of the same sign or zero, and one of them
is not zero. This implies that system does not have a nontrivial solution with
nonnegative components if vy = v, py # po and min{puy, po} < B < max{puy, pa}.
The proof is complete. O

3. PrROOF OF THEOREM [I.4]

Conclusion of the proof of Theorem[I]} Firstly, we consider the case in which 0 <
B < min{p1, uz}. The following proof is inspired by [5]. Fix pu1 > 0,42 > 0 and
0 < B < min{py, puo}. Let (uq,v1) be any a nontrivial least energy solution of ,
then uy,v; > 0 in RY by the strong maximum principle. Recalling (vVkg, V1) in
Theorem first we claim that

L*u2u2: 2 L* 2,2
o b = [ (et (31)

|| [

Observe that there exists ¢ > 0 such that 0 < 8 < min{y, ua} for any p € (u1 —
0,1 4+ 6). Then by Theorem A is attained when p; is replaced by u. Recall
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the definition of E, N, A, they all depend on u and we use notation E,, N, A(u)
in this proof. Recall (1.11]) and (2.6, we have

W+ — 28
Ay = B H2 = 2P
(1) =
so A'(py) := %A(u”m exists. We define

B,

fos) =tu | (e sy s [ Bl
RN |93|

1
s = [ o eatni e [ Bt — [ (VuP ol
RN
It is easy to obtain that f(1,1,u1) = g(l 1,p1) =0, and

or gf(ll 1) = ﬁD(Ulﬂh)

c o) / (Vs ? + vasd),
RN

(1 1 Ml) :MlD(’U€7’U/%)7

0
£(17 1),“1) = MQD('U%,'U%)-

1,1, m) = B, 03),

of ar(
7(1717/1/1) 5(1 1 /1'1)
then we see from (1.6]) that
det(G) = MU”'QD(U%U'%)D(U%JH) /BQDQ(UDUI)
> (ppz — B*)D(uf, ui) D(v, v7) > 0.

Therefore, by the implicit function theorem, functions ¢(u) and s(u) are well defined
and class C on (u3 — 01,1 + 1) for some §; < 8. Moreover, t(u1) = s(u1) =
1, and so we may assume that t(u),s(u) > 0 for all u € (uy — 01,01 + 61) by
choosing a small d;. Since f(t(u),s(w), 1) = g(t(w), s(p), ) = 0, then we have

(\/mul, \/mvl) € N,. By a direct computation we see that
P ) = _uzD(v%,v%)D(u%,u%)7 Su) = BD(uf, o)) D(u}, uf)
det(G) det(G)

Note that () = 1+ () (1 — ur) + o((1 — u1)) and s() = 1+ /(1) (1 — ) +
o((i — p1)). Hence

) < Bu(V/Aus, v/5Ton) = Alur) + 1B — ) + ol — ),

(3.2)

where
B:= t’(ul)/ (IVU1|2+W§)+8’(M)/ (IVoi|* + vo?) = =D(uf, u}).
RN

It follows that Lﬁ‘“) > g +o(1), as u 7 1. So A'(py) > B/4. Similarly,
we have A’(u1) < B/4. Therefore, A'(u1) = B/4 = —%fRN(ﬁ * u)u?. By
Theorem (\/Ego, \ﬂ(p) is also a positive least energy solution of (1.4). Hence,

Al(p) = -5 fRN(ﬁ * 02)p?, and so (3.1)) holds.
Similarly, by computing A’(u2) and A’(8), respectively, we see that

1 2y, .2 2/ 1 2y .2 / 1 / 1 2\ 2
—_— =1 =kl .
/]RN(‘IP‘ *vl)vl RN(|I|O‘ *Q )90 ’ ]RN(|.T|a *ul) N(|$|a *Q )(P
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Therefore,

1 2 2_1/ 1 2 2_]‘5/ 1 2, 2
/RN(|x|a*U1)U1—k RN(|x\0‘*u1)u1_l RN(|x|a"‘vl)v1-

We define (4,7) := (==u1, 2v;). Combining these with (I.11)) and (uy,v:) € N,
we obtain

1 1
/ (\VU\2+uﬂ2):/ (—— *w?)u?, / (|Vm2+u52):/ (—— *72)72.
RN RN T[] RN RN [T

(3.3)
Then, by we have
1

1
7/ (|Val|* 4+ va?) > B, —/ (|Vo]* +v5?) > B.
4 RN 4 RN

Therefore,

1
A= (k+1)B= 1/ (|Vur|? + vud + |Voy |2 + vo?)
RN

1 1

fk;/ (|va|2+m?)+fz/ (Vo2 + v7?)
4 RN 4 RN

(k+1)B.

Y

This implies that
1 1

—/ (|IVal* + va?) = B, 7/ (Vo] + 1v9?) = B.
4 RN 4 RN
Combining this with (3.3), it is easy to see that w and T are both positive least
energy solutions of (1.9) with A = v and p = 1. Since (uq,v;) satisfies (1.4), then
we know that

1

||

that is, ﬁ * (u? —v?) = 0. It follows from lemma that w = v. Denote ¢ = 7,
then (u1,v1) = (Vko, Vip), where ¢ is a positive least energy solution of with
A=vand p=1.

Next, we consider the case 8 > max{u, u2}. The following proof is inspired by
[34]. First, we claim that if (us,vs) is a least energy nontrivial solution of (L.4),
then we obtain vo(z) = aus(x), where a = /(B8 — u1)/(8 — p2) is a constant.

In fact, if this claim holds, it is easy to see that us is a positive least energy
solution of the equation

* ) + Bl(L *0°)U = (L * T2,

—AT 4 vu = prk( FE FE

2
— 1
—Au+vu= w( * u?)u, (3.4)

B—pa x|
and so uy = Vkyp, where ¢ is a positive least energy solution of (1.9) with A = v
and p = 1.
It suffices to prove this claim. Set a(z) = a~tva(z), then (ug,Us) satisfies

1 |
—Aug + vug = ul(w * u3)ug + ﬂaz(w *Usug, x€RY,

~ ~ 1 5. 1 .
—Aty + Vg = uzaz(w %15y + 5(@ *uz)lp, xRN, (3.5)

U, Uy >0, wu,v € Hl(RN).
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By the proof of Theorem (II), we know that ug, s € C?(RY) and tend to zero
as |r| — oco. Let Qp = {z € R¥|uy(x) — Ua(x) > 0}. Then Q, is a piecewise
C' smooth domain. Multiplying the first equation in by 42 and the second
equation in by us, then integrating by parts on {24 and subtracting together,
we obtain the following integral identity

~ 6U2 6’(72 / ~ 1 2 ~2
Up— — Us——) + — Bugtia(—— * (u5 —u5)) = 0, 3.6
L, @G gt [ B+ 03 - 5) (36)
where n denotes the unit outward normal to 0.
On the one hand, since ug(x) —Uz(x) > 0 in Qy and uz(z) — uz(z) = 0 on 904,
then we know that

0 ou. O(uz —
/ (@202, 00 :/ w22 =) 3.7)
o0 on on o0 on
On the other hand, since u; — 5 < 0 and ﬁ * (u3 —u3) > 0in Q4 , then we
have
1 .
[ = Busta( s« (3 - ) <0 39
Q4 ||

Therefore, from (3.6)-(3.8) we have Q4 = (. Similarly, we may prove that the
set Q- = {z € RV¥ua(z) — uz(z) < 0} is also an empty set. It follows that
uz(x) = Uz(z) in RY. Therefore, vo(x) = aus(x), where a = /(8 — 1)/ (B — p2).

Finally, based on the above arguments, we can obtain the uniqueness of pos-
itive least energy solutions of system when 0 < 8 < min{uq, pe} or g >
max{p1, po} due to the uniqueness of positive solutions to for N = 3,4,5,
a =N —2 (see [33]). We completed the proof. O

4. PROOF OF THEOREM [L.5]

Multiply the equation for w in (1.4} by v, the equation for v by w, and integrate
over RY, which yields

L wln =)+ G = )z #0)+ (8 = ) o+ 1P)] =

||

Hence, (3) of Theorem 1.5/ holds.
Firstly, we show the proof of (1) in Theorem Similarly to (2.1)), we get that

1 1/2

/(|Vu\2+uiu2)22 mBi(/ (ﬁ*u%u?) . Vue H'RY), (4.1)
RN RN [Z]

where

1 1 1
B; = 7/ (\Vwi|2 + VZ'LU?) — 7/ pi(—— *w?)w?, (4.2)
2 ]RN 4 ]RN

Ed

and w; is a positive least energy solution of ((1.9) with A =v; and p = p;, ¢ = 1,2.

‘We define
. B B
B3 = mm{\/,ul,ugB;, \/,ulpLgBj}. (4.3)

Then we have the following estimate.

Lemma 4.1. For any 8 € (0, 33), it holds
A< By + Bs. (44)
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Proof. Note that (v/fiw1,v/taws) € N for some t1,ty > 0 is equivalent to t1,t > 0
satisfying

1
/‘mv—wwmﬁ:/ Ve ? + 1w?
RN RN

||
:tl/ ﬂl(i *w2)w2+t2/ 5(L * w)w?
T I

1
/ pa(ig *w3)ws Z/ [Vews|? + vow)
RN || RN

1 1
:tg/ /1,2(70[ *w%)wg—&—tl ﬁ(i
RN || RN

That is,
DB w3 D, ?) — BD(R, )]

pp2D(wi, wi)D(w3, w3) — B2D?(wi, w3)’
_ mDw?, wi)[pe D(w3, w3) — BD(w?, w3)]

* 7 e D(w?,wf)D(w], wi) — B2D?(w}, W)’

Meanwhile, we deduce from (1.6)) and 0 < 8 < 83 < /12 that

B
BD(wi, ) < \[impa gy DV (i W) DV (@], wf)

= H’lD(w%, w%)

tq

Similarly, we have
BD(w?,wj) < upD(w3,w3), pupeD(w?, wi)D(ws, wi) — B2D*(wi,w3) > 0.
So t1,ty > 0 and (v/#iwi, vtaws) € N. Then
A < E(Vtiwy, Viaws)

t t
= (\Vw1|2+u1wf)+—2/ (|Vwa|? + vow3)
4 RN 4 RN
4 BN N1(|$|a *wl)wl + 4 BN /‘L2(|x‘(, >|<(")2)(")2
tq
<Z RNlu’l(| |a*w%)w%+ﬁ(| ‘a*wl)wg
to
T /RN NZ(W * wh)wi + B(W * W Jw)
1 2 2 1 2 2
= [ Vel )+ 5 [ (Vanl? 4 vd)
RN RN
= By + Bs.

The following lemma plays a crucial role in the proof of our main results.
Lemma 4.2. Let o € (0,N)N(0,4). If (uj,v;) C H, be a sequence converging
weakly to some (u,v) € H, as j — oo, then

1 2 2 1 2
—— s ul)vs — —— xu)v
AJMQ i )

2 asj — oo, (4.5)
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/ (L *u?)u? — (L xut)u? asj — oo (4.6)
v |z|* N . .

Proof. Note that

L 9o _/ 1 24,2 / 1 2,2 2 / 1 22\, 2
/RN(J:P‘ *uj)vj = ]RN(|33|C‘ *u”) v+ RN(|$|a*uj)(Uj v7)+ RN(|ar|a*(uj u))ve,
and

2 2 . _2N N . 2 2 . _2N N .

uj — u” in L28=a (R™) as j — o0, v; — v~ in L2"-a (R™) as j — oo.
Combining these with (1.7]), we know that (4.5) and (4.6]) hold. O

The following proposition shows the role of A.

Proposition 4.3. If A is attained by a couple (u,v) € N, then this couple is a
solution of (1.4]), provided 0 < 8 < \/p1jiz.

Based upon (|1.6)), the proof of the above proposition is similar to that of [28]
Proposition 1.1], and so we omit it. Before proceeding, we recall some facts about
spherical rearrangement (see [16]).

Proposition 4.4. Assume N > 3 and a € (0, N) N (0,4). Suppose that uy,us €

HY(RY) and let ul,u} be the symmetric-decreasing rearrangement of uy,us. Then

ol < ol | (o D03 > [ (o et

||

Let k1 be the smaller root of the equation

B B
B* - \/M1M2(\/ §1 + 24/ FQ)B-HHM =0,
2 1

and ko be the smaller root of the equation

B B
2 22 21 _
B \/Ml,uQ(\/ B, + 24/ BQ>/3+H1AL2 0.

Vi p2 BB
B+ By

Set
By = min { B,
where 3 is defined in (4.3)).

The proof of (1) in Theorem[1.5 Assume that 3 € (0,53;). The ideas of the fol-
lowing proof mainly come from [28]. Take a minimizing sequence {(u,,v,)} C N
for A, then {(un,v,)} is bounded in H. By Proposition the sequence of rear-

rangements {(w), v )} is bounded in H. Up to a subsequence, we may assume that
(uk,v:) — (u*,v*) weakly in H and strongly in L7 (RM) x L7 (RM). The

proof is divided into three steps.

Step 1. We show that u* # 0,v* #Z 0. Define
an = DY2((uf)?, (up)?),  bn = DV2((v7), (v3)?).

n n

By (1.6), (4.1) and Proposition [4.4] we have
2/Bia, < [ (VU4
RN

< / |V, |? + vl
RN

, K1, /{2}, (4.7)
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1 1
= [ il # e + By el
1

1 *\2 *\2 *\2 *\2
< /LN;M<LMQ*<un>><un> (s (02))(w3)
S /J/]_ai +6anbna

and

24/ p2Bab, < / Vvl |2 + va(vh)?
RN

s/ Vol + a2
RN

1 2y,,2 1 2
= /’62( o *Un)vn+ﬁ( o *Un)un
/]RN || ||

: / (i * ()P (5)? + 5(@ * (v3)) ()

Note that
1

Blun o) = § [ 1Vual? a0 + [V + vac.
R

We deduce from lemma [4.4] that
fi1an + By > 24/p1 By,
Ban + paby > 21/p2Ba, (4.8)
V1 Bray, + v/ Baby, < 2(By + By) 4 o(1).
We would like to infer from that there exists Cy > C7 > 0 such that
Cy < ap, b, < Cs.
For this it is sufficient to show that each two of the lines
L ={z=(z,y) eR*: Vi Bix + /2By = 2(By + Bs)},
lo={z €R”: mz + By = 2/ B1 },
Is={z € R?: Bz + pay = 2y/p2Ba },

meet, and their crossing points have strictly positive coordinates (these lines are
determined by the parameters in ([£.8)). Indeed, for large n the point (an,by,) is
arbitrarily close to the triangle (or segment, or point) between these crossing points.
Let (xg,yo) be the crossing points of Iy and I3, by direct computation we have

o = 2uav/p1B1 — 208/ o B Yo = 2u1v/ e By — 28/ 1 By
pipe — B2 ’ pipe — B2

Since 8 < (1 < /uijp2, we see that we have to verify the following inequalities

By < Bi1+ By < Va2 Ba

21 , 4.9
M1 Vi1 By B (4.9)
B B, + B Vi B

: b + D2 < H151 (4.10)

E V,UQBQ B ’
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\/ ulleo + 'LLQBQyO S 2(31 + Bg) (411)
Inequalities (4.9) and (4.10)) can be recast as 8 < 7%?32, which is true by the

definition of $;. Elementary computations show that (4.11) also holds. Finally,
from lemma[£.2) and (L.8) we infer that there exists C; > 0 such that

1 1/2 2./ B B
s ([ (pmrwwy) s Y DR )
RV |Z] Viip2B1 — BV B p
1 1/2 2 B 2 B
oz ([ (Grr @) s R <R (1)
AE] Vipe Bs — BV By B
where C depends on 1, po, 8, B1, Ba. Therefore u* # 0 and v* # 0.

Step 2. We show that there exist t; > 0 and t5 > 0 such that (v/{1u*, /t2v*) € N.
By Lemma [£.2] and Proposition [£.4] we know that

2, < Y inf Ju o, < Timn inf [fun |,

1 1
= liminf/ 1 (= * w2 uZ + B *ul)v2
Ry |7 “

n—o0 ||

<timint [ (o ()0 + Bl

— i *\2 *\2 i * *\2 *\2
= [ il = @R+ B = @)
that is,
|2, < /RN Ml(ﬁ  (u*)?)(u*)? + B(ﬁ * (u*)2) ()2 (4.14)
Similarly, we have

12, < [ B+ D0 (o = PR (@15)
E(u*,v* <hrn1nfE(u vr) < liminf E(uy,,v,) = A. (4.16)

nrrn n—oo
Let 1,2 be the solutions of the linear system

(L migm @)+ ([ 8o @) = k.

||

1 * * 1 * * *
([ A= @Yo+ ([ ulom < @)@ ) =101,
RN |Z] RN ||
We claim that the solution of the above equations satisfies ¢t > 0,t5 > 0 if 8 €
(0, 81). In fact, by a direct computation we see that

I, Sew (e = () (0)2 = 0%, fan Bl * (u)?)
P e D((w)?, (w)?) D((07)2, (v%)?) — B2D2((u)?, (v*)?
IR, faw (e @) (w)? = llu*llu, fon Bl * (u)?)
ST e D((w)?, (u)2)D((v)2, (v¥)?) — B2D?((u)?, (v*)>
Next, we prove that ¢t; > 0. We need to show that

* (12 1 " 7}* 2 v U* 2
I, [ (e = 0O > I, [ B P @)
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By (L.6), (1), @.12), (A.13) and (E.15), inequality (£.17) is implied by
pallw* |7, DV ()2, (0%)%) > Bllo*|17, D2 ((u")?, (u*)?)

o DV (")) > M%lv*lli
/B ﬂ * * * *
1> g (LoD () + D) (7))
e s B <g2m+ 2/ Bs )
0B \u2 B VinpaBa — VB,

Note that the last inequality above can be recast as

BB
\/ ﬁﬁQ — (v B1 4+ 2y/p1B2) B + piv/ 2 Bi1Ba > 0. (4.18)

Therefore, by the definition of 81, we know the inequality (4.17) is true, and so
t1 > 0. Similarly, we can prove that t3 > 0. Moreover, we have (v/tu*, /T2v*) € N.

Step 3. We show that (Ju*|,|v*|) is a positive solution of (1.4]) and E(|u*|,|v*|) =
A. Note that (v/tyu*,/t2v*) € N. Then

t1 to
A< BB, Vi) = 2, + 2l 2,

b 1 N2y () %2 L 2 (")
<5 [ (g = @) + B+ ) )
+ % [ B WD (s (00

1 * (|2 1 *12
= I, + gl I,
1. . 2 2
< qlmint(lunll?, + loal?,) = 4,

which implies that (4.14) and (4.15)) are equalities. Thus, (u*,v*) € . Combining
this with (4.16)), one has that A = E(u*,v*). Therefore, (Ju*|,[v*|) € N and
A = E(Ju*|,|v*|). By Proposition and the maximum principle, we see that
(Ju*[,|v*]) is a positive least energy solution of (L.4). O

It remains to prove (2) of Theorem Assume that 8 > 0. Without loss of
generality, we may assume that 11 < 5. We define

.= inf E(h(t 4.1
A inf max (h(t)), (4.19)

where I' = {h € C([0,1], H) : h(0) = (0,0), E(h(1)) < 0}. By (L.8), we know that
for any (u,v) € H, and (u,v) # (0,0),
max E(tu, tv) = E(ty U, tyyv)

1
- thw/ (|Vul* + v1u® 4 [Vo|? + 1p0?),
RN

(4.20)

where ¢, , > 0 satisfies
) Jan (IVul? + 10?4 [Vo]? + 1v50?)

0T T (e 2)0 1 2B( e % 12)0? + o #0202
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Note that (ty,,u,t,,v) € N, where

N = {(u, v) € H\{(0,0)}, F(u,v) := / (|Vul|? + v1u? + Vo> + v9v?)
Y (4.21)

1
5 xut o’ + MQ(W x0?)o”® = 0}7

1 2 2
—/RNm(W*u)u 1 25(

||
it is standard to see that

A= inf max E(tu, tv)
H3(u,0)(0,0) 1>0

inf  E(u,v)
(u,0)eN” (4.22)
2
. (12, + 012,
H\{(0,0)} 4 [x /ﬂ(ﬁ *u2)u2 + 2B(|m1|a * u2)v? + ug(ﬁ * v2)p2

Note that N C A, one has that A < A. Denote

2_|_ Vvo—vi1\2 _ + _
Bo = maX{Ul( - )2 (b HZ)» 3u22 ul, 0}. (4.23)

Then we have the following lemma.

Lemma 4.5. Assume that N >3 and a € (0, N)N(0,4). Then for any 8 > Bo it
holds A < min{By, By}.

Proof. Tt follows from (4.22)) and (4.23)) that
2
A< (lwill?, + llwrl?,)
Y AP B S S gy g i

< p1(2 + vy —17)?
w1+ p2 + 28

Similarly, we see that

(4.24)

B < Bs.

2
n (el + s,
T4 fon Ml(ﬁ * w3 )wi + 26(|x1\o< * w3 w3 + /‘2(@ * w3 w3 (4.25)
412
< =
Tt pe+ 20

By (4.24]) and (4.25)), we know that A < min{By, Ba2}. O

Proof of (2) in Theorem . Assume that 8 > (. Since the functional E has a
mountain pass structure, then by the mountain pass theorem (see [35]) there exists
{(tn,vy)} such that

By < Bs.

lim E(un,v,) =A, lim E'(uy,v,)=0.

n—roo n—roo

It is standard to see that {(un,v,)} is bounded in H. By Proposition the
sequence of rearrangements {(u},v*)} is bounded in H. Up to a subsequence, we

may assume that (u’,v:) — (u*,v*) weakly in H and strongly in Lovs (RN) x

n»-n
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L"s (R™M). Similarly to the proof of (1) in Theorem m, we know that

(™, o) 1%
1 *\ 2 *\ 2 1 *\2 *\2 1 *\2 *)2
< g+ W))W+ 28( g * (W) (07)7 4 pa( g+ (0)7) (v7)7,
Ry 2| || ||
E(u*,v*) < liminf E(u,,,v)) < liminf E(u,,v,) = A.

(4.26)

Step 1. We show that (u*,v*) # (0,0). We define

1 *\ 2 *\2 1/2 / 1 *\2 *\2 1/2
Cn = — * (u,)")(u, , dp = — * (v,)°) (v, .
([ (G = @) ([ * @90)?)
It follows from (4.1f) and (4.26) that

2+/ Bic, + 2/ Bad,, < ulci + 208c,d, + ugdi.
By lemma [.2] we have
1 1
[ @@ ? s [ (o =0,
Ed RN [Z]
which implies (u*,v*) # (0, 0).
Step 2. We show that (|u*|, |v*|) is a positive solution of (1.4) and E(|u*|,|v*]) =

A. If inequality (4.26) is an equality, then (u*,v*) € N’ and A is attained by
(u*,v*). If not, that is,
I(u*, ") < /RN M(W * (u)?) (u)? + 28(—5 * (u*)*) (v")?

]
+mﬁ%ﬂﬁﬁWﬂ

take s € (0,1) such that (u1,v1) = s(u*,v*) € N'. Therefore,

1 1 1
A< 2w, o)l < I, o) < 3 liminf | (uy, v) 17

n’ -n
< lim inf ||(’Uan7v’ﬂ>||?{ = A,
n—o0

which is a contradiction. Thus (u*,v*) € N’ and E(u*,v*) = A. Therefore,
E(|u*],]v*]) = A and (Ju*|, |v*|) € N”. So there exists a Lagrange multiplier L € R
such that

E'(Ju"], [v*]) = LG'(Ju"], [v7]) = 0,

where

1
+ QB(W * u?)v? 4 /@(m—

Since E'(|u*|, [v*[)(Ju”], [v*]) = G([u*], [v*|) = 0 and
G'(luw*], o) (|u™], [v*])

1 *\2 *\2 1 *\2 *\2 1 %12 N2
= — /]RNNI(W*(U )7)(u”) +2B(7a*(u )9)(v*) —I—MQ(W*(U )4 (v*)* # 0,

||
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then we get that L = 0 and E'(|Ju*|,|v*|]) = 0, that is (Ju*|, |v*]) is a solution
of (T4). It follows from lemma that |u*| # 0 and |[v*| £ 0. This means
(lu*], ]v*]) € N C N’, and so E(|u*|,|v*]) = A = A. Then using the strong
maximum principle, we see that |u*|,|v*| > 0 in RY. Therefore, (Ju*|,|v*]) is a
positive least energy solution of . The proof is complete. O

5. PROOF OoF THEOREM [L.7]

Recall the definitions of E, N, A, they all depend on 3, and we use notation
Eg,Ng, Ag in this section.

Lemma 5.1. Assume that N > 3 and o € (0,N) N (0,4). Let 8 € (0,51) and
(ug,vg) be the positive least energy solution of (L.4) which exists by Theorem .
Then it holds

1 2y BBy —203(B, + B
/ (7 *uﬁ)u% > ( ppi2B1 By — 28(By + 2)) 7 (5.1)
|| 1V p2Ba — By By
1 2 /1,1[1,231 2 — 25(31 + BQ)
(o *8)3 > (2 ). (5.2)
N E] pB1 = By paBs
Proof. Note that (ug,vg) € N with E(u5,vg) < 4(By + Bz). We denote
B 1 oy 2\ 1/2 B 1 oy )\ 1/2
Dl_ (/RN(lx|a*u5)uB> ? D2_ (/RN(‘CU|Q*/UB)/U/8) .
Similarly to the proof of (1) in Theorem we obtain
p1 D1 + BDy > 2/ p By, (5.3)
BD1 + p2De > 27/ 2 Ba, (5.4)

V1 B1Dy + /peBaDy < 2(By + Bs). (5.5)
Therefore, we deduce from —@ that
/ (w22 > <2mu23132 28(By + B2>>2
o " PP = pivpeBa — B/ 11 By '
1 2 2\/#1[1,2B1B2 — 2,@(31 + Bg)
pa/ 1By — By 112 By

O

Conclusion of the proof of Theorem[I.7 Let 0 < 8, < B1,n € N, satisfy 8, — 0
as n — +oo. Suppose that (u,,v,) is the positive least energy solutions of
with 8 = B,, and (un,v,) is radially symmetric. By Lemma we know that
{(tn,vy)} is uniformly bounded in H. Passing to a subsequence, we may assume
that

Up = U, v, =0 weakly in H'(RY),
Up — U, Un — 0 almost everywhere in RY.

Combining these with lemma [£.2] and lemma[5.1] we obtain

/(L*u 2> / 220 > 2 32
RN |-'15|a RN |x|oz
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Hence, 4 # 0,7 # 0 and @(x),0(x) > 0 a.e. * € RY. We multiply the equation for
u in (1.4) by @ and integrate over RY | which implies

~ ~ 1 . 1 N
Vu,Vu + ru,t = / 'UI(W * U2 )Upt + B (— * 02 )up U (5.6)
RN

BN [
We claim that
/ (||~ % u? )unt — / (|z|~* * u%)a?, asn — oo. (5.7)
RN RN
Note that

u? — u? strongly in L% RY), as n — oo.
By the Hardy-Littlewood-Sobolev inequality, the Riesz potential defines a linear
2N
continuous map from Lz8-= (RY) to L’ (RN). Then we obtain
||~ * u? — |z|7*a? strongly in L%(RN), as n — oo.
Combining this with the fact that
U, — U  strongly in LVs (RY), as n — oo,
we have
(Jz| =% % u?)up — (Jz| "« %)a  strongly in LoV¥e (RN), as n — oc.

Therefore, (5.7) holds. It follows from (4.1), (5.6) and (5.7)) that
_ . I o _ - v\ 2
/(|w2+m2) g/ (w823 < (4B)) 1(/ (VP +ni?), (58)
Q |z| RN

RN
and so
/ (|Va)|* 4+ 11a?) > 4B;. (5.9)
RN
Similarly we have
/ (|VD|? 4 v20?%) > 4Bs. (5.10)
RN
Combining these with lemma [£.1] we know that
By + By
ST
- nh—>néo Aﬁn
1
= — lim |V |? + v 4 [Vo, |2 + vov?
477,*)00 RN
1 ~12 2 1 ~2 ~2
=- VUl +ma” + - IVU]© + vov
4 RN 4 RN
1 R R R . (5.11)
+ - lim IV (un, — )| + 1|ty — 8| + |V (v —0)]* + va|v, — |
n—oo RN
1 ~ ~
ZBI+BQ+Z li_>m IV (un — 0)|? + 1|, — 1l
n oo RN
1
+ - lim IV (vn, — 0)]* + valv, — 0
n—oo RN
> By + Bs.
This means that
lim IV (U, — )| + v1 |ty — 4 + V(v —0)]? + va|v, — 0> =0,

n—oo RN
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and so

(tn,vp) — (W,0)  strongly in H*(RY) x H'(RY) as n — +oo.

Moreover, fRN(|Vﬁ|2 + 110?) = 4By, and so we see from (5.8)) that

. ~ L
/ (IVa]® + 1u?) = / p(—— * 0?)a? = 4B;.
RN RN

||

Therefore, u is a positive least energy solution of

1
—Au+1ru= MI(W sut)u, we H'(RY).

Similarly, we know that v is a positive least energy solution of

1
—Av+ v = HQ(W v ), ve H(RN).

The proof is complete O
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