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QUASISTATIC EVOLUTION OF DAMAGE IN AN
ELASTIC-VISCOPLASTIC MATERIAL

KENNETH L. KUTTLER

ABSTRACT. The mathematical theory of quasistatic elastic viscoplastic mod-
els with damage is studied. The existence of the unique local weak solution
is established by using approximate problems and a priori estimates. Point-
wise estimates on the damage are obtained using a new comparison technique
which removes the necessity of including a subgradient term in the equation
for damage.

1. INTRODUCTION

This work deals with quasistatic evolution of the macroscopic mechanical state
of an elastic viscoplastic body and the development of microscopic material damage
which results from internal compression or tension. The damage of the material is
caused by the opening and growth of micro-cracks and micro-cavities which lead
to the decrease in the load carrying capacity of the body and, eventually, to the
possible failure of the system in which the body is situated. The model for the
stress used here is given as a solution to an initial value problem.

o' = A(Ce(n)) + G(o,e(u),¢), o(0) = oy.

Without the damage parameter (, this is the model of elastic viscoplastic material.
For a discussion of the mathematical theory of these models, see [I6]and also [17].
In this formula for the stress the damage parameter has values between 0 and 1.
The above formula for the stress differs from [7] by allowing the damage to affect
the elastic part of the stress and not just the viscoplastic part.

The novel idea of modelling material damage by the introduction of the damage
field originated in the works of Frémond [9, 10, 1] and was motivated by the
evolution of damage in concrete structures. These ideas have been extended recently
in [T, 2, B, [, 6] [7, [12] 13} 15, 19] and in the references therein. Additional results
and references can be found in the two new monographs [2I), 22]. In this approach
the damage field ( varies between one and zero at each point in the body. When
¢ = 1 the material is damage-free, when { = 0 the material is completely damaged,
and for 0 < ¢ < 1 it is partially damaged.
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The evolution of the damage field is usually described by a parabolic inclusion
with a damage source function which depends on the mechanical compression or
tension. The reason it is an inclusion and not an equation is that a subgradient is
included in the model to force the damage parameter to remain within the desired
interval. It is interesting to find conditions on the damage source function which
remove the necessity for using this subgradient term in the model.

I will show in this paper that the subgradient is not necessary when physically
reasonable conditions are made on the damage source function which are sufficient
to show the damage parameter remains in the desired interval. This makes possible
considerable improvements in the regularity of the solutions although this aspect of
the the elastic viscoplastic problem will be postponed for another paper. The goal
in this paper is to consider the weak solutions under minimal regularity and com-
patibility conditions for the data. The argument which allows pointwise estimates
on the damage is most impressive in the context of very weak solutions. It is based
on a parabolic comparison principle which is easy to prove for classical solutions
but is not obvious for the weak solutions discussed here.

The main result is Theorem [£.10] which is an existence and uniqueness theorem.
It is seen that the equation for damage is solved in the classical sense because all the
derivatives in the partial differential equation exist but the balance of momentum
equation is only solved weakly. In later papers, more regularity will be obtained.
Also, other types of mechanical situations will be considered such as problems with
contact, wear, friction and adhesion.

2. THE MODEL

The body which occupies a domain Q € RY (d = 1,2,3) with outer surface
0Q = T assumed to be sufficiently smooth, at least C*! which means the second
derivatives of the parameterizations defining 02 are Lipshitz continuous. Volume
forces of density fg act in Qp = Q x (0,7, for T' > 0.

Denote by u the displacement field, o the stress tensor, and e(u) the small or
linearized strain tensor. Let ¢ denote the damage field, which is defined in Q7 and
measures the fractional decrease in the strength of the material, to be described
shortly. Integrating the differential equation, for the stress, o is the solution of the
integral equation

o(t) = ¢(t)Az(u(t)) — GoAe(uo) — a0 + /0 G(o,e(u), ()ds (2.1)

where ug is an initial displacement and o is an initial stress.
Assume A = {A;;1(x)} satisfies the usual symmetries

A (x) = Apiij (%), Aijra (x) = Ajiga (x).
Also it is always assumed
A(x)T1 > mA|T|§d, forall 7 €S,

Here and in the rest of the paper, x will denote a material point.

As a result of the tensile or compressive stresses in the body, micro-cracks and
micro-cavities open and grow and this, in turn, causes the load bearing capacity of
the material to decrease. This reduction in the strength of an isotropic material is
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modelled by introducing the damage field ¢ = {(x,t) as the ratio

E.
C = C(Xv t) = %

between the effective modulus of elasticity E.r; and that of the damage-free mate-
rial E. It follows from this definition that the damage field should only have values
between 0 and 1.

Following the derivation in Frémond and Nedjar [9, [10] (see [11] for full details,
and also [21]), the evolution of the microscopic cracks and cavities responsible for
the damage is described by the differential inclusion

(' —KAC € ¢e(u),¢) — 011911(C). (2.2)

However, in this paper, I will show that the subgradient term is not necessary
provided physically reasonable assumptions are made on the source term, ¢(e(u), ).
This assumption is essentially that whenever ¢ > 1,¢(g(u),() < 0. This makes
perfect sense because there should be no way the source term for damage to produce
damage greater than 1. Thus in this paper the damage is governed by the equation

(' = K AC = ¢(e(u), ()

rather than the inclusion (2.2). Here, the prime denotes the time derivative, A
is the Laplace operator, x > 0 is the damage diffusion constant, ¢ is the damage
source function. There have been many different formulas proposed for ¢ but in
this paper I will only assume the following Lipshitz continuity of ¢.

|p(e1, 1) — ez, G2)| < K(ler — e2] + ¢ — Cal) (2.3)

This may seem restrictive but one can give good physical reasons for making this
assumption [I8]. In addition, it is shown in this reference that in the elastic case
the above assumption can be completely eliminated in the presence of suitable
compatibility conditions on the initial data and other assumptions which allow the
use of elliptic regularity theorems. Probably similar considerations will eventually
apply to this elastic viscoplastic problem but at present this is not known.

The classical form of the problem is: Find a displacement field u : Q7 — R%, a
stress field o : Qpr — Sy, and a damage field ¢ : Qr — R, such that

—dive = fB in QT,

o(t) = ((t)As(u(t)) — CoAe(ug) — g + /0 G(o,e(u),¢)ds in Qr,

¢ — RAC = ¢(e(u),¢) in Qr,
0¢/On = 0on 9Q x (0,T),
u=0o0onTp x(0,T), on="£fy on 'y x (0,7),
¢(0) =¢Go
First consider a truncated problem which depends on the truncation operator 7,
which is a nondecreasing C? function satisfying
b if(>1+e¢,
m(Q)=49¢ G <<, (2.4)
a if ¢ < (/2.
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where b > 1, 1 > (. > 0, and 0 < a. Note that as long as ¢ € [, 1] it makes
no difference whether one writes ¢ or 1.(¢). The purpose for using 7, is to allow
the study of global solutions. Then, starting with initial condition (y such that
(x < (o < 11 will establish pointwise estimates which show that ¢ remains in an
interval on which 7.(¢) = ¢. Replacing ¢ with 7.(¢), yields the classical form of
the truncated problem.

Problem P. Find a displacement field u : Qp — R, a stress field o : Qp — Sq,
and a damage field ¢ : Qr — R, such that

—dive = fp in Qp, (2.5)

a(t) = n.(O)(t)Az(u(t)) — 1. (¢o) Ae(uo) — 00 + /0 G(o,e(0),1.(¢))ds in Qr,

(2.6)

¢ = KAC = §(e(u), 0. (0)) in Qr, C(0) = Go, (2.7)
0¢/0n =0 on 092 x (0,7, (2.8)
u=0onTp x (0,T), on=1fy on Ty x (0,7). (2.9)

Here, ¢ satisfies (2.3). I will also assume a Lipschitz condition on the function G
which might depend on x although this dependence is not shown explicitly.

|G(01,€1,C1) — G(o2,85, )| < K(|on — 02, + |e1 —e2ls, + |G — ) (2.10)

G(0,0,0) € L*(2;Sq4) = Q (2.11)

where Sy is the space of symmetric d X d matrices with the usual notion of inner

product. Also I'p and I'y are disjoint subsets of 02 whose union equals 02 and
I'p has positive surface measure.

3. ABSTRACT FORMULATION, EXISTENCE AND UNIQUENESS

I will make use of the following two theorems found in Lions [20] and Simon [23],
respectively.

Theorem 3.1. Let p > 1, ¢ > 1, X; C Xy C X3 with compact inclusion map
X1 — X5 and continuous inclusion map Xo — X3, and let

Sp={ueLP(0,T;Xy): u € LY0,T;X3), |ullzerorx.) + [0 La0,7:x5) < R}
Then Sg is precompact in LP(0,T; X5).
Theorem 3.2. Let X1, Xs and X3 be as above and let
Ser ={u: [u®)|x, + [0 |zerx5) < R, t€[0,T]},
for some q > 1. Then Sgr is precompact in C(0,T; X3).
Let H = (L?(2))?, H, = (H*(Q))?, and

V={veH :v=0 on I'p}.

It follows from Korn’s inequality that an equivalent norm on V is
[ully = le(u)lq

and I will use this as the norm on V. Also, E = H*(Q).
Denote by V,E,’H, and Y the spaces

L*(0,T;V), L*(0,T;E), L*(0,T;H), L*(0,T;L*(%)),
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respectively. Since V is dense in H one can identify H with its dual H' and write
VCH=H CV.

Also let Y = L?(Q2) and in a similar way
ECY=Y CF.

I will use the standard notation for the dual spaces and duality pairings. Recall
that o satisfies the identity

o(t) = n.(¢)(t) Az(u(t)) — 1.(¢o)Ae(uo) — oo +/O G(o,e(u),n.(C))ds.
For fixed ¢ € Y and 7 € L?(0,T;Q), define V¢, : L?(0,7;Q) — L*(0,T; Q) by
Wer(0)(t) = nu(Q)(8)AT — 1:(Co) Ae(uo) — o0 +/0 G(o,7,m:(¢))ds

Lemma 3.3. The operator ¥¢ has a unique fized point in L?(0,T;Q).

Proof. Let 0;,i = 1,2 be two elements of L2(0,T;Q). Then since G is Lipschitz
continuous, ([2.10) holds, and

(Wer(01)(t) = Wer(o2) ()l = |/0 (Glo1,7,1:(C)) = G(o2,7,1:(C)))ds|

t
<K [ lo1(s) ~ oalslads.
0
Therefore, letting A > 0,
T
/0 MW (01) () — Wer (02) (8) Bt < /

Using Jensen’s inequality,

T T t
/ e M Wer(01) () — Wer(o2) (1) |3t §/ KQtef/\t/ |o1(s) — oo (s)|*dsdt
0 0 0
T T
= KQ/ / te~Mdt|oy (s) — oo(s)|?ds
0 s

1+7x [T,
§K2T/ e Mo1(s) — oa(s)|?ds.
0

2 — g —As 2d
Ifl5 = o € \f|Q S

is an equivalent norm on L2(0,T; Q) is || - ||x» and that the above inequality shows
that for A large enough, W, is a contraction mapping on L?(0,T; Q) with respect
to || - [|x. Therefore, it has a unique fixed point in L?(0,7;@Q). This proves the
lemma. (]

T

e M tals — o9(s 5)2
<K/o' (5) — 0a(s)]ods)?dt

Note that

Denote this fixed point by
S(¢,7)=o. (3.1)

S(6 7)) =n(O) (1) AT — 14 (Co) Az (uo)
3.2
—Uo+/ G(S 7(s)), 7,m:(¢(5)))ds )

Thus
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The next lemma shows the dependence of S({,7) on 7 and (.

Lemma 3.4. The following inequalities hold for C and § independent of T; in
L2(0,T;Q) and (.

1S(¢, 1) = S(C )2 (0,60) < CllT — 72llL2(0,6:0) (3.3)
5(C.0)lg < C,
(S, 7)), 7(1)q > dlr(B) - C — C / 7(5) 2, ds, (3.5)

(S(C(8), m(t)) = S(C(t), 2(1), 11 () — 72(t)) @

t 3.6
> 8lr(t) — m(B)3 — C / I71(s) — ()3, (36)

1S(Cu(t), (1)) = S(Ca(), ()5 < c(/Q (1 (1) — (G (D) 27 (1) 2, d)
¢ (3.7
2O [ (@)~ m(GlsRas).

Proof. Let
oi(s) = 1:(¢)(s) A — 1. (o) Az (ug),

oo+ / Glonrim(O)dr = S(C(s).i(s)).
0

Then since 7, is bounded, an inequality of the following form in which C is inde-
pendent of 7; holds.

|01(s) — 02(s)lq < C(|7a(s) — 7a(s)| + /Os(lal(r) —0a2(r)lQ + |1 (r) — ma(r)lQ)dr)
Now Gronwall’s inequality implies that after adjusting C,
lo1(s) = o2(s)lq < C(Im(s) — ma(s)] + /08 [11(r) = 72(r) |qdr).
This implies (3.3). Next we consider (3.4). From the definition of S(¢,7),
S(¢(t),0) = —nx(¢o)Ae(ug) — 00 + /Ot G(5(¢,0),0,n.(C))ds

Now from (2.11]) and the boundedness of 7.,
1S(¢(1),0)lq

t
< |70 (Co) Ac(uo) + 00)]@ + / IG(S(C.0),0.1.(0))]ods
t t
< (01:(G0) As(uo) + o)l + [ K(1S(6.0)lo + 2ids + [ 1G(0.00)ads
0 0
and so by Gronwall’s inequality and ,

1S(¢(t),0)]q < (|(n«(Co)Ae(uo) + 00)lq + 2 +/0 1G(0,0,0)|gds)e"T = C

Consider (3.5). From the identity solved by S({,7),
(S, 7(1):7()q = malelT(t)|G — [(1(Co)Ae(o) + 00)l@|T (1)@
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- / IG(S(C, )71 (O adsIr(B)
So,
(S(C(H). 7(1). 7 (D)o = 33 ()} — C — [r(t)]a / G e (O)lods.

Now from (2.11)), (2.10)), (3.3]), and (3.4)) and adjusting constants as needed,
(5(C@), (1), 7(1))e

> 200l ~ 0~ Klr(0lo [ (56 6la +Irs)lo + 2)ds
—Aw¢|Q/WGooomﬂs

> olr(t)3 — C — o/ 7 (s)3ds — C /|S $))[3ds

> §lr(t)]3 - C c/ﬁT bm—c/ﬁT b@—/ﬁs 0)[3,ds

Z&ﬂmQ—C—CA|TSb®.

Next consider (3.6)). From the assumptions on G and the definition of S, along with

(3.3),
(S(C(), () — S(C(t), m2(t)), 71 () — m2(t))g
> mal|ri(t) — 2 (1)[3 — |m(t) — 2(t)]o

x / K(1S(C(s),m(5) — S(C(5), ()@ + [ (5) — 72(5)])
> 8ln(t) - m(B)f} — C / (Ina(s) — 72(s) ).

It only remains to prove (3.7)).

S(G(8),7(8) = S(Ca(t), 7(1))
= (n(C(8)) = n(Ca(1))) AT ()

+ /O (G(S(C1s ), 7,14 (C1)) = G(S(C2, 7), 75 14 (C2)) ) ds.

Therefore,
1S(Gi (1), 7(1) — S(Galt), 7 <>>\Q
<o / . (Gt 2(0) 2|7 (1) 2, dx)

+c//\s (C1.7) = S )R, + 1n-(C(s)) — 7 (Cals))|?) dr ds)

Now by Gronwall’s inequality and adjusting the constants,

S(Ci(1), (1) = S(Ga(t), 7)) < C(/Q (G2 (1) = n (G2 (1) P |7 ()3, dev)
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' —_ S 2 X ds
([ [ (G —n(als) ey

This proves the lemma. O

Before continuing with the abstract formulation, here is a summary of the as-
sumptions on the functions involved in the model and the data.

A(x)T-T > mA\T|§d, for all 7 € Sg. (3.8)
The mapping x —.A(x) is measurable and bounded. (3.9)
A(x) is symmetric. (3.10)

Here, m 4 is a positive constant.
The damage source function ¢ : ) x Sy x R — R is Lipschitz and satisfies:

|[¢(x, 81,74 (C1)) = D(X, €9, 14(C2))| < L (| €1 — 2| + |12 (C1) = 7 (G2))
for all e1,e0 € Sy, (1, € R, ae. x€ Q. (
The function x —¢( x,¢, ¢) is measurable. (
The mapping x — ¢(x,0,0) belongs to L*(Q). (3.13
o(x,e,m4+(€)) is bounded (

Here, Ly > 0 is the Lipschitz constant. I will suppress the dependence of these
functions on x. Also it will eventually be assumed that for 0 < (. < 1,

$(e0) <0 if (=1, ¢(,¢) =0 (3.15)

The first of these assumptions states the source term for damage is nonpositive
whenever ( = 1. This makes perfect physical sense because it says the damage
cannot be made to exceed 1. The omission of the second condition will not be
fully explored in this paper. Based on an analogy with the elastic case, it is likely
that if one leaves it out, the result will be local rather than global solutions to the
problem.

As for the initial data and forcing function, the assumptions made in this paper
are listed here. The body force and surface traction are assumed to satisfy

fp € C([0,T]; H), fy € C([0,T]; L*(T'n)?), (3.16)
and f € V' is defined by
(£@), vt))vv = T (1), v(t) m + (En (1), v(E)) L2 (1 )a- (3.17)
Thus
feC(o,T); V) (3.18)
The initial conditions satisfy
GEeEE, (x)e (], 1>¢>0 (3.19)
However, {y € E will be used initially. Now, L : E — E’ is defined by
(L, &) = / V(-VEde. (3.20)
Q

Letting w € V and 7 € £, multiply ( by w and integrate by parts. Using the
boundary conditions for u this yields a variational formulation for (2.5 which is of
the form

/Uz‘jE(W)ijde/fB-deJr/ fn - wda (3.21)
Q Q T'n
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where o = S(¢,e(u)).
Now multiply (2.7) by 7 and integrate by parts. With the boundary condition
for ¢, this yields the variational formulation,

¢+ KLC = ¢(e(u),n:(C), €(0) =¢o (3:22)
Now define for ( € Y, A: Y xV — V' by
T
Acww = [ [ sicetw)ewyded: (3.23)
The abstract version of Problem P is to find ¢ € £,{’ € £ and u € V such that
¢+ KLC = ¢(e(u),n:()), €(0) = Co, (3.24)
A(¢u)=fin V. (3.25)

I will denote this problem as Py. It turns out that Py is too difficult to study
directly so I will consider a simpler problem and then obtain the solution to Py
as a fixed point. Fix ¢; € Y. Then Py, denotes the following problem. Find
(e &, €& and u €V such that

¢+ KLC = ¢(e(u),n:(C)), ¢(0) =¢o € E, (3.26)
A(¢,u)=fin V. (3.27)
For X\ a positive constant, define new dependent variables, {, and uy by
G = ¢(t), waHeM = u(t).

Lemma 3.5. For (; € Y there ewists a unique solution to Problem Py, which

satisfies ¢, (' € V.

Proof. There exists a unique solution, u to [3:27)if and only if there exists a unique
solution to

O AL M) = e A0F in V. (3.28)

This is equivalent to

/ ' / e MS(¢, eMe(uy))ije(w)ijdr dt = / T(e”\(')f,vv)dt (3.29)
0 Q

0

for all w € V. Now recall the definition of S in terms of a fixed point of an operator
found in (3.2)). Using this definition, (3.29)) occurs if and only if

T
/0 /Q Big(n, (C1) (1) Az (y) — e 1. (Co) Az (g) — e Mo

t

+/ e_AtG(S(Ch6A55(u,\)),e’\55(ux)7ﬁ*((l))ds)HE(W)ijdxds
0 “
T

:/ <€7)\(.)faw>dt

0
To simplify the notation denote the left side of the above equation by

T
/ <N,\(t,u,\),w>dt
0
Then Ny : V — V' given by

(N,\u7w>5/0 (Ny(t,u), w)dt
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is obviously hemicontinuous and bounded. I will now show that if X is large enough,
then N, is also monotone and satisfies an inequality of the form

(Nxu; — Nyug, ug — ug) > dllug — w3}

where d > 0 and does not depend on the u;. Let uy, us be two elements of V. Then
from Lemma [3.4]

<_]\]rA1,117_]\]rA1127 1*112
> Comallus — ol - K/ -“/ G ()
— (G e ()| + [ (e(ur) — ()] )dsle(ur (6)) — e(u(t))dt

EC*mAllm—uQII%—C/ / (i (s
0

— g(uz(s))|dsle(uy(t)) — e(uz(t))|dt
Using Holder’s inequality and Jensen’s inequality, the last term is dominated by

1/2

o [ et o) - <tuatonPar)

X (/OTe_Q’\t(/Ote/\s|5(u1(S>)—5(112 ))\ds) ) 1/2

<of [ Ewmo) - wopa)”

X
—
h

|
N
>
~
—
9}
|
>| =
—
—
c\
2
[}
>
_°
™
—
o
flry
—
5y
N~—
N—
|
o
—
(=
o
—
V)
N—
SN—
QU
5y
~
IS
~
~

- OT us (1)) — e(uaa (1)) Pat)

X (/OT le(ui(s)) —e(uz(S))l2/s e’m*s)dtds)1
< S tetwa) —ctwntinpan) ([ oo - st as)
=S o)~ ora)

Then letting § = m 4¢./2, it follows that for A large enough, the desired inequality
holds.



EJDE-2005/147 QUASISTATIC EVOLUTION OF DAMAGE 11

It follows that there exists a unique solution, u to (3.27). Now using this u in
the equation of , one notes that the right side of the equation is Lipschitz in
¢ and so it follows by standard results there exists a unique ¢ solving which
satisfies ¢, ¢’ € Y. The way this can be done is to consider this equation with the ¢
in the right side replaced with Z , a fixed element of ). Then since the operator on
the left comes as a subgradient of a convex lower semicontinuous functional, there
exists a solution having the desired regularity. [5] Then one shows a high enough
power of the map taking Eto ¢ is a contraction. The unique fixed point is the
desired solution. This proves the lemma. (Il

Now I will continue the consideration of problem Py which is listed here again.
Problem Py . Find a displacement field u : [0,7] — V and a damage field ¢ such
that

A(C,u)=f in), (3.30)
where
T
Acw.w = [ S(cew),jelw)e i
(" +KLC=d(e(u), na(C)),  €(0) = Co. (3.31)
To simplify notation, let
=112, -1 =1 e
For ¢ € Y, let u¢ € V denote the unique solution of the problem
A(¢ue)=f inV. (3.32)
The following is a fundamental convergence result.
Lemma 3.6. If(, — ( in Y as n — oo, then u;,, — uc in V.
Proof. Recall 7 listed here for convenience,
S(¢e(u))(t) = 1. () (1) Ae(u) — n.(¢o)Ae(uo)
t
— ot [ GSCs)elu) (o)) ()
Then let
t
m(¢,e(u))(t) = —n.(¢o)Ae(ug) — oo +/O G(S(C(s),e(u)(s)),e(u), n(¢(s)))ds.
For short, let u¢, = u, and u¢ = u. Then
(¢, e(w))(t) = m (G, e(un)) ()],
t
=| [ (8us) )6 clw.m:(Culs))

2

~ GUS(C(s) () (). 2] me(C()) ds]

< [ (19(6us) 205 = SCs) e
o) (5) — e)(5)[3 + 14 (Ga(5) — (SR ) s
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<C/ 7 (G (5)) — >>\Yds+c/ () (5) — e(u)(s)[3ds
+c/ 1S(Ca(s), £(wn)(5)) — S(Ca(5),e(w)(5)) B

/ 172 (Ca(5)) — 7 (C(s))2ds + C / e(wy)(s) — e(u)(s) Bds
e / 1S(Cas), () (s)) — S(C(s). e (w)(5)) [ods.
0
Now using ((3.7)) of Lemmam 3.4 this is dominated by

¢ / 12 (Ga()) = ma(C()) s + € / 2(0,)(5) — () (5) yds
+C//|m (s)) = (G PIeCu(s)) B dds

e / / 7.(Ga(r)) = m-(C(r) B drds

which, after adjusting the constants, implies

(¢, e(w)(t) = m(Cu, e(w)) ()]G

<c / 17(Ca(s)) — ()2 s + C / le(u)(s) — £(u)(5)]3ds
e / 1:(60(5) = 1 (C(5)) PleCu(s) o ds.
Consequently,
m(C =) () — (G, () (B
<C /|77 (Ca(s)) — M (C( |Yd5 /‘5 w,)(s) — |st)1/2

2O [ ) = na O Pletats), o ds) /2-
(3.33)

Then from A((,,u,) =f and A(¢,u) = £ it follows
0= / (7 (Gu) Ac(1n) — 7 () A=(u), £(,) — e(u))gds
+ / (1 2(0)) — (€, (W), e(un) — £(u))g

and so from the above estimate in (3.33)),

/0 (1 (Co) () — 7.(C) Ac(), (uy) — £(u))gds
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< [ (G etaa)) = m(€.culoletun) ~ sw)lgds

< | e | i@ = ntcongar) ™ s o [t - e
([ e = (coDP B dodr) et (o) = e(a(s)lods.

Considering the left side of this inequality and manipulating the right side some
more, one obtains an inequality of the following form.

t
/ Comallu, — 2 ds
0

1/2

< [ [ 6 = nlclsD Pt dods
+ C/o /O |77*(Cn(7")) - 77*(<(7"))|§f + ||un(r) _ u(T)H%/des
+ 0/0 /O/Q (G (1)) = 0 (C() Ple(u(r) 2, dadrds

t

o

+C A/ ||un—u||%,ds.
2 0

Therefore, after adjusting constants and using Gronwall’s inequality,

/0 la, — ulds < C / / 7 (Ca(r)) — 7 (C(r)) 2o dis

+C/O /Q|77*(§n(8))*77*(C(5))|2|€(u(5))‘§ddxds'

If the conclusion of the lemma is not true, then there exists ¢ > 0 and (, —
¢ in Y but |ju, — u|ly > e. Taking a subsequence, one can assume that the
convergence of (, to ( is pointwise a.e. But now an application of the dominated
convergence theorem in yields a contradiction because the right side of the
above inequality converges to 0. This proves the lemma. O

Now define the operator ® : ) — ) as follows. Let ¢ € ), then ®(¢) is the
solution of

Q)+ KLP(C) = ¢(e(uc), n(2(¢))), 2(¢)(0) = Co. (3.34)
Lemma 3.7. The operator ® is continuous.

Proof. This is clear from the preceding lemma and routine Gronwall inequality
arguments exploiting the Lipschitz continuity of ¢. (]

Lemma 3.8. ®()) lies in a compact and convex subset of Y.

Proof. Let ¢ € Y. Then, it follows from (3.34)) and the boundedness assumption
on ¢ that

1 2 Lo ' 2
12O Oz20) = 51C0lz2(0 +f<:/0 12 ()1 () ds

t t
<Cn [ 1RO s + [ 19O s
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and so by Gronwall’s inequality there is a positive constant C, independent of (,
such that

B (1) 22y + 12O, < C.

It follows now from (3.34) that || ®(¢)’||ler < C, for a positive constant C' which is
independent of (. Therefore, there exists another constant C' such that

12(O)E + l2(¢) Iz < C,
for all ¢ € Y, and the conclusion follows now from Theorem [3.1] 0

The following lemma will be used to prove the uniqueness part in the next
theorem.

Lemma 3.9. Lety,y' €Y, y(0) =0, and assume that y € L*(0,T; H*(2)) and it
satisfies Oy/On =0 on ON. Then

¢
/ (¥, —Ay)r2(a)ds > 0.
0

Proof. Let L : D(L) C Y — Y be defined by (3.20)), where D(L) ={z € Y : Lz €
Y}. Note that L was defined above as L : £ — £’. Then L is a maximal monotone
operator and Ly = —Ay for y € D(L). Also, since C§°(Q) is dense in L?(1), it
follows that D(L) is dense in ). Let

ye = (I +eL)™ 1y,

for a small positive e. Thus, y. = (I +eL)~ 'y’ € D(L) and so it is routine to verify
that

¢
/ (WL, (—Ay:)) L2 (yds > 0.
0

Also, since D(L) is dense in Y, it follows from standard results on maximal mono-
tone operators [B] that, as e — 0,

~Aye = Ly. = L(I +eL) 'y = (I +eL) 'Ly — Ly = —Ay,
(I+el)™ Yy =y, -4y  weakly in Y.

Therefore,
t

t
0 < lim (L, —Aye) r2()ds =/ (¥, —Ay) r2(a)ds.
e=%Jo 0
This proves the lemma. [

Finally, here is the existence and uniqueness theorem for Problem Py .

Theorem 3.10. Let {; € E and f € L>(0,T;V’). Then there exists a unique
solution to the system (3.30) and (3.31) which satisfies

'€y, LeeL*(0,T;L%(Q), ¢eL’(0,T;H(Q), ueL>(0,T;V).
Proof. The existence of a solution to (3.30) and (3.31)) which satisfies ¢, ¢’ € Y and

u € V follows from the Schauder fixed-point theorem. Consider the equation for u.
From Lemma applied to uXj_p 41 n,

t+h t+h
[ mmwwz/ (S(¢. e(w), e(w)ds

—h t—h
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t+h t+h s
> 5/ le(u(s))|gds f/ c/ le(u(r))|?dr ds — 2hC
t—h t—h 0

and so since f € L°°(0,T; V'), this implies

5 [th t+h
5/ le(u(s))|ds < 2hC+/ C/ le(u(r))*drds.
t

—h
Now divide by 2h and apply the fundamental theorem of calculus to obtain that
for a.e. t,

t
() <0+ [ fetuls)Pas
Then an application of Gronwall’s inequality yields
|5(u(t))|2Q < C ae. (3.35)

which shows that u € L*>(0,T;V).

The regularity of ¢ follows from ¢’ € Y which implies ¢ + L{ € Y and then
standard regularity results imply that ¢ € L?(0,T; H*()). See [14].

It remains to verify the uniqueness of the solution. Suppose then that ((;, u;),
for i = 1,2, are two solutions with the specified regularity. Then,

1 t t
3160~ G+ [ VG- GIEPEs < [ (o= wall +1G - G )ds

Hence Gronwall’s inequality yields

Gi() = Y +/0 V(G = G)(s)]Pds < C/O [us(s) —ua(s)[pds  (3.36)

Also, from the equation for u

t
[ (S e)) - (G, clw) - e(us))gds =0, (3:37)
0
Now recall Lemma [3.4] Two of the formulas established there were

1S(Gi (1), 7(1) = S(C2(t), T ()
< O [ 1m0 =GP0 ) + O [ (6D = nGlo i)

(S(C(8), m(8)) = S(C(t), m2(t), 1 (t) — m2(t))

t
> §lri(t) — ma(t) — c/ I72(s) — 7a(s) [Bds.
0
The first of these inequalities implies

(S(G (1), 7(8)) — S(G(0). 7(1). )l
< / 1 (G0) = m GO de) el

o [ o) - nenia)

< telo(16:0) - GOl~mirlo + ([ 166 - o)t as) )
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Using these estimates in (3.37),
0= [ (6 (), (5) = S(615): eals)): o 6)  <Cuas)os
(506 e(0a)) = 5(Gasetue). o (6) - (s
- [ (5|e<u1><>—s<u2>< =€ [ letan)e) = etua)r) e s
= [ lewn(o) - <o (166) ~ Gl l~(oy )Gl

/ IC1(r |Ydr) /Q)ds.

Now letting r € (3/2,2), so that H"(£2) imbeds compactly into L>°(f2), and using
(3.35) this implies after adjusting constants, an inequality of the form

t
/ Juy — ug|ds
0

t s t
<c / / s (7)o ()3 drds + C / s (s) — wa(s) v la () — Ga(3) ] rm(eny s

1/2
+c/ s (s) — s (s ||V/|<1 G ) s

From ,

t
/ uy — 2 ds
0

t S t
<c / / s () o ()| |2 drds + C / s (s) — ws(8)[lv 11 () — Ca(5) s (e
0 0 0
t s r ) 1/2
+C/ |lui(s —u2(5)||v / / |lui(p) — ua(p)|| dpdr) ds
<c// e (1) —un(r) 2. drds + - /Hu1 —ws(s)|Bds

1 t t s T
1 ||u1<s>—u2<s>|\2vds+c///||u1<p>—u2<p>u2dpdrds
0 0o Jo Jo

Now an application of Gronwall’s inequality yields

/ s — ug|2ds < C / 1G1(5) = Ca(5) 3y - (3.38)

It follows from ([3.36)) that

G(t) = GO +/O V(G = G)(s)Pds < C/O 161(5) = Ca ()l (s - (3.39)
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The equations for ¢; and (o imply that

/t((C{ —(3), Al — €2)) 2 )ds + /f/ot |A(G = C2)[F2(qds
/N D.714(61)) — 6(e(12). 7. (), A~ ) s lds
scﬁwmeW+mfmwmmf@mmm&
It follows from Lemma [3.9] that the first term is nonnegative, thus from (3.38),
;;/Ot IA(G = G)f3ds < C/Ot (Ilhay — w3 + [¢1 — G2l ) ds
< C[/Ot 161 = Coll ) + I¢1 = CGal3 ] ds

Then using regularity results, adjusting constants and using the compactness of the
imbedding of H?(Q2) into H" (1),

t t
AH@—M@@wscMJ@—m%®+m—@mw
t t
2 ]‘ 2
<C |C1—C2|yd8+§ ¢ = Gz ds-
0 0

Therefore, an inequality of the following form holds

t t
/ 161 — Gl 2 (ayds < C/ G2 — Cal§ds.
0 0
From (3.39) and the above inequality,

t
|a@—@w@+/n@—@@m

<C/ [¢1(s) — Cal )||H7(9)d5+/ G — Calyds

<c / 1C1(s) — Cals) 2
and by Gronwall’s inequality, (; = (3. From this it follows immediately from
Lemma [3.5] that u; = us and this proves uniqueness. O

4. REMOVING 7,

This section considers how to remove 7, and involves only the assumptions
Co(x) € [¢i, 1] (4.1)
?(e,¢) =20, ¢(e,1) <0. (4.2)

It is based on some fundamental comparison theorems which apply to semilinear
parabolic equations which are interesting for their own sake.

Definition 4.1. Let 2 be an open set. Then 2 has the interior ball condition at
x € 0N if there exists z € Q and r > 0 such that B(z,r) C 2 and x € 0B(z, ).

With these definitions, the following is a special case of a famous lemma by Hopf,
[8].
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Lemma 4.2. Let Q be a bounded open set and suppose xg € 02 and Q has the
interior ball condition at xo with the ball being B(z,7). Suppose for u € C?(2) N
o(?)

Au>0 in Q. (4.3)
Then if u(xo) = max{u(x) : x € Q} and u(x) < u(xo) for x € Q, it follows
0
%(XO) >0 (4.4)

where n is the exterior unit normal to the ball at the point xg.

Lemma 4.3. If Q has C*' boundary then every point of OQ has the interior ball
condition. In addition, there exist at each point of O arbitrarily small balls tangent
to ON) such that the exterior unit normal to the ball at that point coincides with the
exterior unit normal to 2.

From now on, assume the boundary of Q is C%'. Suppose the following holds
for a measurable function f.

f:0,T)xQ2xR—R,
|f(t X7C) —f(t,X,§)| < K|C_£‘7
flt,x,0) < —=2e<0if >b,
f(-,+,0) € L*(0, T; L*()), (
Also let Qr = (0,7) x Q,Br = (-T,2T) x (2 4+ B(0,1)). In order to take a
convolution, f is extended to f as follows

ft,x,¢) if (t,x) €[0,7] x Q

—~ o~
q;q;q;q;
OO\]@U‘Y
 — D

f(t,x,()z —2¢ if (t,x) € By \ Qr
0 if (t,x) ¢ Br
If¢e),
bt = {g(t,x) i (t,) € [0,7] < ©
otherwise.
Now define
Jatx Q)= [ flt= 8% =y, 0= Ovulsy, ds dy

where v, is a mollifier having support in B(0,1) C R%"2. Thus f, € C*°(R4*2).

Lemma 4.4. Let f, be defined above. Then if n is large enough and (t,x) €
(0,7) x

Jult:x,Q) <~ ifC>b. (4.9)
For{ €Y and § > 0 given and (1 € Y arbitrary, it follows that for all n sufficiently
large, depending only on § and (,

( / [Fn(s,%,C1) = f(5,%,¢)Pda ds)m <6+ V2K( / [ = Cl3ds) 2. (4.10)
0 JQ 0

Proof. Since the integral is from 0 to ¢, change (i (s) to equal ((s) for s > t. Then

(/ot /Q | fn(5,%,C1(s5,%)) — f(s,%,((s,x))[*da ds) 12
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= (/OT/Q | fn(s,%,C1(s,x)) —f(S,X,C(S,X))\2d;vds)l/2

_ (/OT/Q‘/RH? (f(s—mx—y,G(s,%x) — &)

2 1/2
— (., C(5,%)))n(r. v, €)dsdyde| duds)
By Minkowski’s inequality, the above expression is bounded by

T
/B(o,;,)wn(r’y’g)(/o /gl‘f(S—T,X—y7<1(S,X) _6)
1/2
— f(5,%x,¢(s,%))|?dx ds) dr dy dé¢
(4.11)
< /B(Oyi)'(/}n('r,}ﬁg)- (/]Rd+1 ‘f(S—T‘,X—y7<1(S,X) _f)

R . 1/2
— f(s,%,C(s,%))Pdw ds) dr dy de

Now consider the inner integral for (r,y,&) € B(0,1).

(/Rd+1 fls=rx—y,{(s,x) =€) _JE(S,x,CA(S,X))‘zdacds)l/2

LY
(o
(L. 3. &0s = rox )~ Floox o) [aras)

V([ 00 St

+\/§K(/

[r, TH+r]xQ+y

4—K(/Rd+1 |<(S,x) —QA‘(S _T’X_Y)|2dl‘d5)1/2

. . 2 1/2
f(s=rx—y,G(s,x) =€) —f(s—r,x—y,C(s,x))’ dxds)

R . . 2 1/2
f(s—r x—y,((s,x)) —f(s—nx—y,C(s—r,x—y))’ d(L’dS)
f(s—r,x—

|€|2dx ds)

F ; 2 /
* <./Rd+1 [f(s =mx =y, ((s =rx —y)) = fs,%,((s X))|2dxds)1 ’

Using continuity of translation, in L?(R%*!) and the above convention that ¢;
on [t,T1], this is dominated by

=¢
5+\5K(/ 1 (s, %) —5(s,x)|2d:vds>l/2
[r, TH+r]xQ+y

<5+\/§K</Ot/Q|C1(s,x)—C(s7x)|2dxds)1/2

provided n is large enough. Therefore, from (4.11),

(/ot/g [fn(5,%,C1) = f(5,%, )] da d5>1/2
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<5+\/§K(/Ot/ﬂ|@(s,x)—((s,x)|2d:cds>1/2

This proves ({.10). It remains to verify for (t,x) € Qp. Recall Br =
(=T,2T) x (2 + B(0,1)) and so
(t,x) —Br=(t—-2T,t+7T) x (x —Q+ B(0,1))
O(-T,7T) x (x—Q+ B(0,1))
Then letting ¢ > b,

fn(t,XaC)E f(t_rvx_yvg_g)wn(rvyvg)drdydg

Rd+2

N ~/]Rd+2 (fA(t—’I“,X—y7< _g) - f(t—T,X—Y»O)wn(h%f)drdydf

+

/]Rd+2 f(t -nrnXx-Yy, Own(ny,f)dr dy dé‘

<K €[Yon(r,y, §)dr dy d§
B(0,1)

f(t -nX-Yy, C)¢n(7’7 Yy, f)dT dy df

+

/B(owi)m(<t7x)—BT)xR

K
<=4 (—25)/ Yn(r,y, §)dr dy dg
n B(0,3)N((t,x)—Br) xR

Letting n be such that 1/n < min(%, 1), it follows

B(0.5)0 (%) — Br) x R 2
B(0, %) N(=T,T) x (x — Q + B(0,1)) x R D B(0, %)

and so for such n, the above conditions imply

fa(t,x,¢) < g + (—2¢).

Now choosing n still larger, we obtain this is larger than —e. It suffices to choose

- ( 1 K)
n > max(—————, —).
min(Z,1)" €

This proves the lemma. [

The next lemma is fairly routine and gives conditions under which weak solutions
are actually classical solutions which are smooth enough to apply the reasoning of
Lemma

Lemma 4.5. Let o € C°(Q2) and let ¢ be the weak solution to
C/+K’L<:fn('7'7<)a C(O) :CO'
where f, is described above. Then ¢ is C' int and C? in x.

Proof. 1 will give a brief argument for the sake of completeness. Using standard
theory of maximal monotone operators, it is routine to obtain that this solution
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satisfies ¢’ € Y and L{ € ). Then by elliptic regularity theorems applied pointwise,
it follows ¢ € L?(0,T; H*()) and %= = 0 on 9Q. Thus

¢ = KAC= ful0), €(0)=Co (4.12)

Multiplying both sides by ¢ and integrating from 0 to ¢ yields after using the Lips-
chitz continuity of f in the last variable an estimate for |((¢)|y which is independent
of t. Multiplying both sides by —A( and integrating from 0 to ¢ then gives an es-
timate for ||((¢)||r + fOT |AC(t)]|2dt. Multiplying both sides by ¢’ and integrating
gives an estimate for ||¢’||y + ||((¢)||g- One can also obtain the solution to (4.12)
as a limit as € — 0 of solutions of systems of the form

(1 +eL)¢ + KLC = ful+C), (L +eL)¢(0) = (1+ L)Con-

obtaining similar estimates to those just mentioned for this regularized system.
These solutions have L{’" € Y and so —A¢’ € Y. Multiplying by —A(¢’ and inte-
grating yields eventually an estimate of the form

t
/0 1 13ds + |AC(H) ]y < C

for C independent of e,which is preserved when passing to the limit as ¢ — 0. Thus
using elliptic regularity theorems applied for a.e. ¢, the solutions to satisfy
¢ € L*(0,T; H*(Q)),(" € £. Now from and the assumption 09 is C%! it
follows ¢ € L?(0,T; H3(%)).

Next differentiating the equation with respect to t yields

—KJLCOn + fn(ov ) COTL()) €L

because (p € C°(2) and so L{y € Y. This will be the new initial condition for
£ = ¢’ and we note that because of the regularity of {y this initial condition is in F
as just claimed. Thus there exists a unique solution, &, to

g + KLE = fn,l('v ) C) + fn,S('v Bl C)év
5(0) = kLG + fn(ov * CO())

which has the same regularity as ¢. Thus ¢’ € L*(0,T; H*(Q)) N L2(0,T; H3(Q))
and ¢ € €. By Theorem [3.2] this implies ¢’ € C(0,T; H"(2)) where r > 3/2. Since
the dimension is no larger than 3, this shows t — ((¢,x) is C'. Now and
the fact just shown that ¢/ € L*(0,T; H%(2)) and elliptic regularity shows that
¢ € L>(0,T; H*(2)). Therefore, by Theorem this shows ¢ € C([0,T]; H1(f2))
where ¢ > 7/2. It follows the partial derivatives of ¢ up to order 2 are in H"(Q2)
where r > 3/2. Since the dimension is no larger than 3, this implies all these
partial derivatives are continuous. To summarize, (¢,x) is C! in ¢ and C? in x.
This proves the lemma. O

One could continue in this manner and using the Sobolev embedding theorems
obtain the solution to (4.12)) is in C*°([0,7] x Q) provided the boundary was C*
but it is not necessary. The purpose for this was only to obtain solutions which are
sufficiently smooth to carry out the estimate of the following lemma which is based
on the Hopf lemma.

Lemma 4.6. Let [ satisfy (4.5))-(4.8) and suppose
C/ + HLC = f(a K C)a ((0) = CO ey (413)
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where (o(x) < b and L is the operator defined above mapping E to E' as
(LC,€) = / V¢ Veds (4.14)
Q

Then ((t)(x) <b a.e. x.

Proof. Let (o, € C°(Q) such that |Con — (oly — 0 and (pn(x) < b. Also let f, be
defined as above so f,, is C*°. Let (, be the solution to

C’:l +K£LG = fa(sCn)y  Ca(0) = Con- (4.15)

By Lemma (pis Ctin t and C? in x.
First we show (,, < b. Suppose the maximum value of ¢,, on [0, 7] x 2 is achieved
at (to,xo). If o = 0 nothing else needs to be done because it is assumed (o < b.
Suppose then that ¢ty > 0. If (,(to,x0) < b, we are done again since this implies
what was to be shown. Suppose then that ¢, (tg,x0) > b. First suppose xo € Q.
Then by the second derivative test, it must follow A¢,(t9, %) < 0. Therefore, from

@13,

Cn(to, x0) = KA (to, X0) + fu(to, X0, Ca(to, X0)) < —€ <0
which is a contradiction to the maximum occurring at (¢p,Xo). The only remaining
case to consider is xg € 9. Here we will use Lemma [£4] Consider the interior
balls tangent to 6(2 at xg. If any of these balls has A(, > 0 on that ball, then
by Lemma (to,xo) > 0 which does not occur because in fact ; C >(to,x0) =
0. Therefore, 1n every such ball, there are points, x; where ACn(to,xl) < 0. It
follows by continuity of f, there is one of these balls small enough that for x; in
it, fn(to,X1,¢n(to,x1)) < —5. Therefore, passing to a limit, it follows

C;L(to,X()): hm Q- (t(),xl)

X1—X0

= Jim (HAC”(tO’Xl) + fn(t07xlvgn(t07xl))) < _g <0

X1 —X(
which is another contradiction. This proves (,, < b. In fact, this shows ¢, < b at
points (t,x) where ¢ > 0.

Now consider the case where f is not regularized. Using and Lemma
and letting § > 0 be given, the following is valid for all n large enough.

1 1
§|C(t) - Cn(t)lg/ - §|C0 - COnE/
t
< / (Ful5:% Ga) — (5,5 )y G — O)
0
t
< / (5%, Gu) — £(5,% Oy |G — |ds
0
t
< ([ 10560 = 165 0B as) ([ 16 =)
t
<(5+K(/0 \Cn—(ﬁ/ds)lﬂ /O|gn—g|2ds)

t
<6+ (2 ) [ 16, - (B
0
and so by Gronwall’s inequality,

max{|Cu(t) — C()ly : £ € [0,T]} < (ICo — Conl? + 262)e2 K +DT
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Thus there exists an increasing sequence, {ny} such that

max{|Cn, (8) = C(B)ly = ¢ € 0, TT} < (¢ — Comi 3 + %)eQ(Kz*”T-

Taking a further subsequence, if necessary,

mac{ [, () = Gy (0)]y 2 ¢ € [0, T} < Zik

and so as in the usual proof of completeness of LP, it follows that (,, (t)(x) —
C(t)(x) a.e. x. But {,, (t)(x) < bandso ((t)(x) < ba.e. This proves the lemma. O

The next corollary involves weakening the assumption that f(¢,x,¢) < —2¢ when
¢ >bto f(t,x,{) <0 when ¢ >b.

Corollary 4.7. Let f satisfy
f:0,T)x QxR —R,
|f(taX7C) - f(taxvé.ﬂ S K|C - 5‘7
f(t,x,() <0 if (>0,
.f('7 %y 0) € L2(07 T7 LQ(Q))7
and suppose (o €Y is such that (o(x) < b. Then the solution, ¢, to
§/+KL<: f('a'aC)a C(O) :CO
satisfies ((t)(x) < b a.e.
Proof. Let (. be the solution to
C£+HLC€ :f('a'véé)*ga CE(O) :<O~
Thus from Lemma () (x) < b ae. x. Furthermore, (. — ¢ uniformly in

C(]0,T);Y) and so as in the above, a subsequence has the property that for each ¢
C(t)(x) — ¢(t)(x) a.e. x. Thus ((¢)(x) < b a.e. x. O

A similar set of arguments implies the following corollary.
Corollary 4.8. Let f satisfy
f:(0,T)x QxR —R,
|f(t,%, Q) = f(t,x,§)| < K|C =&,
ft.x,0) >0 if¢<¢ <1,
F(,-0) € L0, T; L*(Q2)),

and suppose (o € Y is such that (y(x) > (x. Then the solution, ¢ to

¢+ RLE=f(,C), ¢(0)=¢Co
satisfies C(t)(x) > (s« a.e.

Next the above comparison results are used to eliminate 7, under the assumption

Pe,() <0 i C>1, () =0 if¢<( (4.16)
For example, a formula which has been proposed for ¢ in [I8] is

8(e,0) = ~( =

e K2 () F X0 () = da)e HO) (1)
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in which ¥ and e~ are the positive and negative parts of the symmetric matrix, ¢
and H(¢) is a Lipschitz function on [, 1] for each § > 0 which vanishes when ¢ = 0
and \, is a positive parameter. The function H represents self mending of the
material as might take place in a bone. Now letting f(t,x, () = ¢(e(u(t,x)), n«({)),
it follows f satisfies the conditions needed for Corollary If H(¢,.) is large enough,
then letting f(t,x,¢) = ¢(e(u(t,x)),n(¢)) it follows f satisfies the conditions for

Corollary [£:8

Now recall Theorem [3.10] listed here for convenience.

Theorem 4.9. Let {, € E and f € L>(0,T;V’). Then there exists a unique
solution to the system (3.30) and (3.31]) which satisfies
ey, LCelL?*0,T;L%Q)), ¢€L?0,T;H*Q)), uecLl>0,T;V).
Define A’(u, () € V' by replacing every occurrence of 7,(¢) with ¢ in the defini-
tion of A(u,().

Theorem 4.10. Let {y € E,(o(x) € [(s, 1], and £ € L*°(0,T;V’). Also suppose
(4.16]). Then there exists a unique solution to

A(w,()=f in), (4.18)

¢+ ELC=¢(e(u), ), ¢(0) = (o, (4.19)

ey, LEeL*0,T;1%(RQ)), ¢eL*0,T;H*(Q), ucL>®0,T;V). (4.20)
This solution satisfies ((t)(x) € [C«, 1] a.e. for each t.

Proof. Letting f(t,x,() = ¢(e(u(t,x)),n«(¢)) and (¢,u) be the unique solution to
Theorem Corollaries4.12|and imply ¢(¢)(x) € [C«, 1] for a.e. x. Therefore,
the solution to Theorem [B.10 is the solution to Theorem EI0l O

This is the main theorem of the paper. Note that it gives global solutions to the
problem of damage based on the assumption . If only the fist half of
holds it can be shown that a local solution to the problem in which the elastic
viscoplastic part has ¢ instead of 7,(¢) is obtained. This requires the proof that ¢
is continuous with values in a suitable Sobolev space. It follows from compatibility
conditions on the initial data and further estimates. This has been carried out in
[18] for the elastic case. However, for this elastic viscoplastic model, it remains to
be established.
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