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SOME METRIC-SINGULAR PROPERTIES OF THE GRAPH OF
SOLUTIONS OF THE ONE-DIMENSIONAL P-LAPLACIAN

MERVAN PASIC & VESNA ZUPANOVIC

ABSTRACT. We study the asymptotic behaviour of e-neighbourhood of the
graph of a type of rapidly oscillating continuous functions. Next, we estate
necessary and sufficient conditions for rapid oscillations of solutions of the main
equation. This enables us to verify some new singular properties of bounded
continuous solutions of a class of nonlinear p-Laplacian by calculating lower
and upper bounds for the Minkowski content and the s-dimensional density of
the graph of each solution and its derivative.

1. INTRODUCTION

Let —0o < a < b < c0. Let y be a real function defined on [a, b] and let ¢’ denote
the derivative of y in the classical sense. The main subjects of the paper are the
graph G(y) of a function y and its e— neighbourhood G¢(y), that is

Gy) = {(ty(t) ra <t <b}
Ge(y) = {(t1,t2) € R* 1 d((t1,2), G(y)) < e}
Here € > 0 and d((t1,t2),G(y)) denotes the distance between (t1,t2) and G(y).
In the author’s paper [9] for arbitrarily given s € (1,2) it is constructed a class of

Caratheodory functions f(¢,n,&) such that the graph G(y) of each smooth enough
solution gy of the main equation

—(y Y = f(tyy) i (a,b),
y(a) =y(b) =0, (1.1)
€ Wil ((a,4]) N C ([, ),
satisfies
dimy; G(y) =s and dimy G(y') > 1

1.2
dimyioc(G(y);a) = s and  dimpec(G(y);t) = 1 for each t € (a, b]. (12)
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Here dimps G(y) denotes the upper Minkowski-Bouligand (box-counting) dimen-
sion of the graph G(y) and dimuec(G(y);t) denotes the locally upper Minkowski-
Bouligand dimension of G(y) at a point ¢ € [a, b], defined by

1 e
dimjs G(y) = limsup (2 — M),
e—0 loge
dimwoc (G(y); ) = limsup dims (G(y) N Be(t, y(1)))-

e—0

Here |G<(y)| denotes the Lebesgue measure of G.(y) and Bc(t1,t2) denotes a ball
in R? centered at the point (¢1,t2) with radius € > 0.

The orders of growth for the asymptotic behaviour of |G¢(y)| and |G:(y")| are
given in . That is, when € ~ 0 we have

|Go(y)| = e?™* and |G.(y')| ~e?>" 7 for some q > 1, (1.3)

where y is any smooth enough solution of (1.1)). In particular from (|1.2)) we also
have

y & WHP(a,b) and  length(G(y)) = length(G(y')) = oo,

1.4
yeW'P(a+e,b) and length(G(ylatep))) < oo for any e > 0. )

In the present paper, we derive some new singular properties of the graphs G(y)

and G(y'), improving (1.2)), (1.3)) and (1.4). In this purpose, we need an equivalent
way to define box-counting dimension

dimps G(y) =inf{r > 0: M7 (G(y)) =0} =sup{r > 0: M"(G(y)) = o0}, (1.5)

where M7 (G(y)) denotes the 7-dimensional upper Minkowski content of the graph
G(y) defined by
M™(G(y)) = limsup(2e)™?|Ge (y)].

e—0

According to (1.2]) and (|1.5)) we may conclude that
MT™(G(y)) =0forall7>s and M7 (G(y)) =oc for all 7 < s.

Thus, the following three cases are possible

(i) M*(G(y)) =0

(ii) M*(G(y)) = o0

(iii) 0 < M*(G(y)) < .
In Section 2 and Section 5, for arbitrarily given s € (1,2) and under related as-
sumptions on the nonlinearity f(¢,7,£) as in [9], we will prove that each solution y
of (L.1) satisfies 0 < M*(G(y)) < co. That is, the graph G(y) can be called as an
s-set in respect to Minkowski content. Moreover, we find lower and upper bounds
for M*(G(y)) such that

1 S S S
0< ?(b—a) < MP(G(y)) <mg(b—a)® < oo, (1.6)
where the positive constant ms only depends on s. It is interesting in (|1.6]) that the
s-dimensional ”"length” of G(y) depends on the s— power of the length of interval
[a, b], which improves length(G(y)) = oo appearing in (1.4). Furthermore, we will
give the existence of an €9 > 0 such that

1 —s
0< 2—6(17 —a)*e®™* < |G.(y)| for each ¢ € (0,¢0), (1.7
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where y is any solution of (L.I)). This statement gives us a lower bound for asymp-
totic behaviour of |G:(y)| as € &~ 0. It is more precise than corresponding one in
L3).

As the second, for arbitrarily given s € (1,2) and under the same assumptions
on the nonlinearity f(t,n,£) as in getting of (L.6)—(L.7), we will prove in Section 3
that each smooth enough solution y of satisfies

0< %U) —a)”? < MTR(G(), (1.8)

Because of (|1.5), the inequality (1.8)) improves corresponding result from (1.2)),
where dimys G(y') > 1. Here, we have shown that dimp; G(y') > 1 + s/2. Further-

more, we will show the existence of an g5 > 0 such that

0< g(b —a)¥?e17%/2 < |G.(y')| for each e € (0, ). (1.9)
It gives us a lower bound for the asymptotic behaviour of |G.(y')| as € ~ 0.

Next, by means of we have that the graph G(y) of each solution y of
is high concentrated (in some sense) at the boundary point ¢ = a. How much
of the graph G(y) is concentrated near ¢ = a in the sense of Minkowski content,
we will consider in Section 6. In this purpose, we define the s-dimensional upper
(Minkowski) density of G(y) at a point ¢ € [a,b] as follows

s T M*(G(y) N By (t,y(t)))
D*(G(y);t) = hr?{lj(t)lp @) .

Let us remark that by means of y € WP (a + €,b), where € > 0, it is clear that

D?(G(y);t) =0 for any t € (a,b] and s € (1,2).

In Section 6, for arbitrarily given s € (1,2) and under the same assumptions on the
nonlinearity f(¢,7n,£) as in gettmg of . (L.7), we will find a constant d, such
that each solution y of (| satisfies

0<ds < D*(G(y);t = a). (1.10)
Moreover, we will prove that
ds(2r)® < M*(G(y) N By(a,y(a))) for each r € (0,b—a), (1.11)

where gy is any smooth enough solution of . This inequality complete the
statement .

To derive the statements 77 in Section 2, Section 3 and Section 5, we
consider some metric properties of two types of rapid oscillations of real continu-
ous functions: the first one is a kind of oscillations where the function is rapidly
jumping over given obstacles, and the second one is a kind of oscillations where
the convex and concave properties of the function are rapidly changing. In Section
4, some necessary conditions on the nonlinearity f(¢,7,&) will be given such that
each solution of is rapidly oscillating. These conditions on f(¢,n,&) will be
very close to corresponding sufficient conditions used in Section 2. In appendix of
the paper, we will give some technical results which play an important role in the
proofs of the main results.
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Further Remarks. A. It seems there is no known article dealing with this kind
of problems. But, in the proofs of the main results we use some methods recently
introduced in the author’s paper [9].

B. The existence result for the equation where the Caratheodory function
f(t,m, &) satisfies the assumptions as in the paper, was considered in the appendix
of [9]. It was based on some known results about the existence of continuous
solutions for the equations with singular nonlinearity, explored via the sub- and
super-solutions technique. See O’Regan’s book [8, Chapter 14].

C. Even the Minkowski content M? is not a measure in the axiomatic sense, see
for instance [3] and [7], the main results of the paper give some additional informa-
tions about the singular-metric boundary behaviour of the graph of any sufficiently
smooth bounded solutions of the equation .

D. To make a comparison between singularity and regularity of bounded solutions,
we refer to [12] and references therein, where regularity of solutions of quasilinear
elliptic equations associated with p-Laplacian are studied.

E. About the properties and calculations of fractal dimensions and Minkowski con-
tent of several types of sets in R", we refer to [1I [2, B, [5] [7, [T, 14, [15].

F. Our main results can be generalized to the case of nonlinear variational in-
equalities and quasilinear elliptic systems associated with the one-dimensional p-
Laplacian. See [10].

2. RAPID OSCILLATIONS AND LOWER BOUNDS FOR |G.(y)| AND M*(G(y))

For a function y : [a,b] — R let us introduce a type of very rapid oscillations of
y near the boundary point ¢ = a. A classical example for such type of oscillations
is the function y(t) = t* cos 1/t” near t = 0, where 0 < a < 3.

Definition 2.1. Let a; be a decreasing sequence of real numbers from interval
(a,b) satisfying

ar \, a and there is an g9 > 0 such that for each ¢ € (0, &)

2.1
there is a k(¢) € N such that a;_1 — a; < /2 for each j > k(e). 21)

Let 6 and w be two measurable and bounded functions, both defined on [a, b], such
that 6(t) < w(t) for each t € [a,b]. We say that a function y defined on [a,b] is
(0, w, ag)-rapidly oscillating if there is a sequence oy, € (ag,ar—1), k > 1 such that

y(oak) > esssup w and y(ogks1) < essinf 6, k> 1. (2.2)

(azk,a2k—1) (agpy1.a2k)

For the record, the number k(g) could be called as the index of e— density of a
sequence ay. It is interesting to show how to calculate the number k(e) for a given
sequence ay, which satisfies (2.1).

Example 2.2. Let a; be a sequence of real numbers from interval (a, b) given by
b—a,l
2 (E )
Such a type of the sequence ay is appearing in oscillations of the function y(t) =
t*sin 1/t# near t = 0, where a = 0, b =1 and 0 < a < 3. One can take for k(¢) to
be any natural number which satisfies
Be

b—a

WA, k>1and 0< < ooc. (2.

W

ap = a -+

2( )7% < k(e) for each e € (0,g9) and for any ¢ > 0. (2.4)
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Indeed, using an elementary inequality
1 1 21+1/8 1
('7)1/[3 _ (i)l/ﬂ < 7(7' 1+1/37
j—=1 J B
where 8 > 0 and j > 2, it is easy to show that the sequence aj defined in (2.3
satisfies the statement (2.1 in respect to k(e) determined in (2.4)).

Now, we consider the following lemma which is a modification of [0, Lemma 2.1,
p. 271]. It gives us an elementary and useful metric property of the (6,w,ay)-
rapidly oscillating functions.

Lemma 2.3. Let a be a decreasing sequence of real numbers from interval (a,b)
satisfying (2.1). Let 0(t) and w(t) be two measurable and bounded real functions on
[a,b], 0(t) <w(t), t € [a,b], such that

essinf 6 > essinf 6, esssup w < esssup w, k>1. (2.5)

(a2k+2,a2k+1) (a241,a2k) (a2k+1,a2k) (ask,a2k—1)

Let y be (0,w, ay)-rapidly oscillating function on [a,b] and let y € C((a,b]). Then
we have

Gt = [l 0@)de for cach e € (0.0), (2.6)

where k() and eg are appearing in (2.1)).
Let us remark that the condition (2.5 can be easy verified if, for instance, 8 is

decreasing and w is increasing on [a, b].

Proof of Lemma[2.3 Let € be a fixed real number such that ¢ € (0,£0), where &
is from (2.1)). We use the notation
Ale, 0,w) = {(t,y) €R? : t € (a,ax(5)], y € [0(1), w(t)]},

By, = [agk, a9k—1]) X [ essinf 6, esssup w],
(azk—1,a2K—2) (ask,a2k—1)

Boj11 = [agk+1,090k] X [ essinf 6, esssup w].
(azk+1,a2k) (a2k,a2K—1)

Let y be a (0, w, ay)-rapidly oscillating function on [a, b] such that y € C((a,b]). By
Definition it implies the existence of a sequence oy, € (ag, ap—1) such that

y(ogr) > esssup w and y(ogrt1) < essinf 0, k> 1. (2.7)

(azk,a2k—-1) (agk+1-a2k)

Let k be a fixed natural number such that k > k(g)+1. Let (to, yo) be an arbitrarily
given point of By. Let us remark that from (2.7) we get:

if (to,y0) € Ba; then y(o2;-1) < yo < y(o2;),
if (to,y0) € Bajy1 then y(o2541) < yo < y(oz;), j > 1.
In particular, it implies that
{(t o) : t € (Ok,0%-1) } NG Wlioy,0n_1]) # 0,

where G (y|(o,.,0,,_,]) denotes the graph of the function y|(4, -, ,] (here y|; denotes
the function-restriction of y on interval I). Hence, there is a point s € (og,0%—1)
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such that (s,%0) € G(Yl[sy,00_,))- Now, by the help of (2.1)) we get

d((to,yo), G(y|[0'k,ok71])) < d((toayO)a (87y0)) < d((akayo)’ (kalvyo))
=0k-1— 0k < Qg—2 —

e €
=ag—1—arptag_2—ag_1 < §+§ =e.
Thus, we have proved that
By € G:(Yliop,01,_1)) forany k>k(e)+1 and ¢ € (0,¢0), (2.8)

where G.(Y|(o;.0,,_,]) denotes the e-neighbourhood of the graph G(y|s, o,_,])- Let
us remark that from (2.5) we may easy conclude that

A(f, 9, O.)) g Uzozk(e)+1Bk;7 (29)
where € € (0,e9). According to (2.8)) and (2.9) we obtain:
A(é‘, 0,&]) - Uio:k(s)-&-IGE(yho’k,akfl]) - GE (Uzo:k;(g)-klyhak,ak,l])g GE(y)7

where ¢ € (0,g¢). Taking the Lebesgue measure on the both sides in the previous
statement, it proves the inequality (2.6]). O

How to calculate the right hand side in (2.6) it is shown in the following example.
Example 2.4. Let y be a real continuous function on [a, b] and let y be (8, w, ay)-
rapidly oscillating, where 6, w and aj are given by:

a —a_|_b_7a(1
ke 2 'k

0t)=—-(t—a)® and w(t)=(t—a)* tE€]la,b], (2.10)
where a and 3 satisfy 0 < a < f < 0.

)1/,6’7 k>1,

We can take for k(g) to be any number that satisfies
8 1,8
)7 < k(e) < 2co(g) FFT for each ¢ € (0, &),
—a b—a

g g

It is clear that (2.11) implies (2.4) and so the main conclusion of Example is
still valid. That is, the sequence ay given in (2.10) satisfies the condition (2.1),

where k(g) and g are taken to be as in (2.11).

In contrast to , where ¢¢ is an arbitrary positive number, we need in
an eg = (b—a)/B. This condition on g is essentialy to ensure that k(¢) € N for all
e € (0,e9).

Next, since 0(t) = —(t — a)® and w(t) = (t — a)® are decreasing and increasing
on [a, b], respectively, it is clear that 6 and w satisfy the condition .

Thus, the (0,w,ay) defined by satisfies the hypotheses of Lemma
Hence, the inequality can be applied to our situation here. It gives us

o | =

Co(
(2.11)

where ¢y = 2( )% and gg =

Ak (e) AL (e)
Go()] = / (w(t) — B(t))dt = 2 / (t - a)edt
2 el 27%(b—a)** 1 am
= ot 1(ak(s) —a) = arl (k:(g)) 7 for each € € (0,&9).
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From the right inequality in (2.11)) we have in particular

1 1 h—
k(a)zzl(b—ﬁa)ﬁilglﬁl for each € € (0,69 = ﬂa)'
These inequalities give us
G- (y)| > ce551  for each ¢ € (0, ),
where
b— 27% 1 at1 a+1 (a+1)
€0 = Ba and c¢= a+1(1)%5r11(b_a) il

To derive a lower bound for M*(G(y)) where y is any solution of we need to
impose on the function f(t,7,£) some sufficient conditions such that each solution
of is (0,w,ay)-rapidly oscillating. It is the subject of the following lemma
which is a modification of [0, Lemma 4.1, p. 280] and [9, Lemma 4.2, p. 281].

Lemma 2.5. Let ay be a decreasing sequence of real numbers from interval (a,b)
satisfying (2.1). Let 0y and &g be two arbitrarily given real numbers, and let 0(t) and
w(t) be two measurable and bounded real functions on [a,b], 0(t) < w(t), t € [a,b],

which satisfy (2.5) and

0y < essinff < essinf 6, esssup w < esssupw < wy, k> 1. (2.12)

(a,b) (azk+1,a2k) (az2k,a26-1) (a;b)
Let the sets Ji be defined by

Jor = (0o, esssup w) and Jopyr = ( essinf 0,&9), k> 1.

(azk,a2k—1) (azk+1,a25)

Nezt, let for each k > 1 the Caratheodory function f(t,n,&) satisfy

f(tvn,g) Z 0) te (a2k7a2k—1)7 n S JZka f S Ra (213)
~ é P
/ essinf  f(t,n,&)dt > () — = (%o = o) , (2.14)
Agy, (ME)EJ2 xR (ag2r—1 — agx)P~1 (0o — ess SUP (aoy,azk—1) w)
f<t7777£) S 07 te (a/2k+17a2k)7 n € J2k+la g S Ra (215)
~ é P
[ s gengue- 0 0=l
A2k+1 (n7€)€J2k+1XR (a:2k; - a2k+1)p (ess lnf(a2k+1,a2k) 0 - 90)
(2.16)
where c(p) = 2[4(p — 1)]P~ and Ay is a family of sets
1 1
A = [ag + Z(ak—l —ag),ax—1 — Z(ak—l —ay)], k>1
Then each solution y of the equation (1.1|) such that
0o <y(t) <&, t€(a,b) (2.17)

is (0,w, a)-rapidly oscillating on [a, b].

The proof of this lemma will be sketched in Appendix of this paper. It is worth
to mention that the condition (2.17) will be easy achieved in Theorem below.
An example for such a class of Caratheodory functions f(¢,7,£) which satisfies the

hypotheses (2.13)—(2.16) is given as follows.
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Example 2.6. To simplify the notation, let 9~0, wo, Oop+1, and wop be defined as
follows:

0y = essinff and ©p = esssupw,
(aVb)

(a,b)
O2x+1 = essinf 6 and worp = esssup w.
(a2k+1,02k) (az2k,a2K—1)

Let g = g(t,n,£&) be a Caratheodory function defined by

oo

_ me(p)(@o — 0o)P S (n — o)~ sin(ap—ap (t — azi))
sin & — (©g — war)? (agk—1 — agk)P
(n—60)*  S0(Gg =gy (t — a2k41))
(Bars1 — 00)2 (agk — G2k+1)P
where ¢(p) is appearing in and , and where K 4(t) denotes, as usual,
the characteristic function of a set A. Also, n~ = max{0, —n} and n* = max{0, n}.

Even K4(t) is not continuous in ¢, it is not dificult to check that g(t,n, &) is
continuous in all its variables. Next, for any fixed k£ € N, it is clear that

K[a2k’¢12k—l} (t)

Klagir,a00 ()]

. — . ™
(n— &) sin(————(t —ag)) >0 for any t € [agg, ask—1], N € Jok,
Q2k—1 — G2k
M > 1 for any n € Ja, where Joi, = (éo,w%).
wo — W2k
Hence, for any k € N, t € [agk, asg—1], N € Jok, and & € R we have

me(p)(@o — éo)p (n— o)~ sin(m(t — agy))

sin % (&0 - w2k)2 (042]4;71 — G,Qk)p
20 — 00)P Sin(—"——(t — azx))
essinf g(t,n, &) > otP) (o= 60)" T an oy ae
(n,€)EJap X R (sin §) (@o — war) (agk—1 — azk)P

From the first equality, it follows that g(¢,n,&) satisfies (2.13]). Also, integrating
the second inequality over the set

g(t,n, &) =

-_ )

1 1
[agk + 1(a2k—1 — agk), G2k—1 — 1(a2k—1 — ask)],
it immediately shows that g(t,n, &) satisfies (2.14) too. On the same way the dual

hypotheses (2.15]) and (2.16]) can be verified. Thus, the function f(t,n,&) = g(t,n,§)
satisfies the assumptions of Lemma

Now, we are able to formulate the first main result of the paper.

Theorem 2.7. Let ay be a decreasing sequence of real numbers from interval (a,b)
satisfying (2.1). Let 8(t) and w(t) be two measurable and bounded real functions on

[a,b], 0(t) < w(t), t € [a,b], which satisfy [2.5), and

essinff < 0 < esssupw. (2.18)
(a,b) (a,b)

Neat, let for each k > 1 the Caratheodory function f(t,n,§) satisfy (2.13)—(2.16)),

and
f(t,n,8) <0, te(a,b), n>a& and £ €R,

Ft,n,6) >0, te(ab), n<byand €€ R, (2.19)
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where 6y and &y are two arbitrarily given real numbers satisfying (2.12)). Then for
any s € (1,2) and for each solution y of (1.1)) there holds true

G ()] = /%) (W(t) — ())dt  for each ¢ € (0,20),
e anie (2.20)
M*(G(y)) > 2° % limsup 5572/ ( )(w(t) —0(t))dt,

e—0

where g is appearing in (2.1)).

Proof. Let y be a solution of the equation . Because of [9, Lemma 3.2, p. 279],
from (2.12)), (2.18) and {2.19‘ we get 0y < y(t) < &g for each t € [a,b]. Therefore
the assumptions of Lemma are satisfied and so y is (6,w, ax)-rapidly oscillating
function on [a,b]. Now, by means of Lemma and the definition of M*(G(y)),
the desired statement easy follows. O

The following result is the main consequence of (2.20). We can derive also lower
bounds appearing in (1.6 and (1.7)).

Corollary 2.8. For arbitrarily given real number s € (1,2), let ap, 6 and w be
given by

)

b—a 11/,8
= — (= kE>1
ap =a+ 9 <k) ) z

0t)=—(t—a) and w(t)=t—a, te(a,b), (2.:21)

where [ satisfies 1 < § < 0o and ;—fl =s.

Let the Caratheodory function f(f,n,f) satisfy (2.13)—(2.16]), and (2.19) in respect

to such given (0,w,ay), where Oy and &g are two arbitrarily given real numbers

satisfying (2.12). Then each solution y of the equation (L.1)) satisfies

|Ge(y)| > 2—16(1) —a)*e?™* for each € € (0,g9 = b ; a)7
. (2.22)
M*(G)) > (b —a)”

Proof. First, we know, by Example that the sequence aj defined in
satisfies the condition in respect to k(e) determined by . Next, since
0(t) = —(t — a) is decreasing and w(t) = t — a is increasing, it is clear that the
functions 6 and w defined in satisfy the conditions (2.5)), and (2.18).
Thus, the hypotheses of Theorem are satisfied and so the statement ([2.20))
may be used here. Putting given data from into we can calculate

Gk(e) b—a2, 1 \2/8
G, > 2(t —a)dt = — . 2.23
Gl > [ 2yt = (5 () (2:23)
Since 8 > 1 and 23/(3+ 1) = s, by the help of the right inequality in (2.11)) we get
b—av2, 1 \2/8 _ (b—a)* 1,28 gET .1 0
— > 7 (= — B+t > —(b—a)® s,
( 2 ) (k(s)) = 4 (4) (b—a)ﬁg —26( a)s
Putting this inequality into (2.23)) we have proved (2.22). O

At the end of this section we give an example for such a class of Caratheodory
functions f(t,n, &) that satisfies the assumptions of Theorem
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Example 2.9. Let hq(t) and hs(t) be two measurable functions on (a, b) such that
hi(t) > 0 and ha(t) > 0. Let f(¢,7,€) be a function defined by
f(ta 7, f) = _hl(t)(n — €88 Supw)+ + h2(t)(77 - G?S lbr)lf 0)_ + g(t, n, ’g)v
a,b a,
where the function g(t,n,§) is constructed in Example above. Since g(t,7,§)
satisfies the assumptions of Lemma it is clear that such given f(t, 7, &) satisfies
the assumptions of Theorem

3. LOWER BOUNDS FOR |G¢(y')| AND M*(G(y'))

We proceed with some observations from the previous section but they are
pointed to the derivative 3’ of any smooth enough real function y. It is started
with a relation between the (0,w,ay)—rapid oscillations of a function y and the
asymptotic behaviour of |G.(y')| as € ~ 0.

Lemma 3.1. Let ap be a decreasing sequence of real numbers from interval (a,b)
satisfying [2.1). Let 6(t) and w(t) be two measurable and bounded real functions
on [a,b], O(t) < w(t), t € [a,b], which satisfy [2.5). Neat, let y be (0,w, ay)-rapidly
oscillating on [a,b] and let y € C((a,b]) N C*(a,b) . Then we have

o0

|G(y)| > Z ( esssup w— essinf 0) for each e € (0,¢0), (3.1)

k=k(c/2) (az2k,a26-1) (azk41,021)
where k() and e are defined in (2.1]).

Proof. Let y be a (0, w, ax)-rapidly oscillating function on [a, b]. By means of Defi-
nition there is a sequence oy, € (ag,ar—1), k > 1 such that
y(oak) > esssup w and y(ogk+1) < essinf 6, k> 1. (3.2)

(a2k,a2k—1) (a2k41-02k)

Let k(g) and £y be taken from (2.1). So, we have that aj_; —a; < £/4 for each
J > k(5). Hence, the sequence o also satisfies

or \vaand o;_1 —0; < ¢/2 for each j > k(5) and € € (0,¢p). (3.3)

Applying Lagrange’s mean value theorem on (oj,0,-1) we get a sequence s €

(0k,0k-1), k > 1 such that

y(oar) — y(o2k+1) and o (sax) = y(oor—1) — 3/(0216). (3.4)

02k — 02k+1 O2k—1 — 02k

Y (s2r41) =

Let us use the following notation

Z(t) = y/(t)v te (aab)a
w — essinf

5 €ss Sup(‘IZkvaZkfl) (agk41,02K)

2k+1 — )
02k — 02k+1

5o — ess 1nf(a2kilya2k72) 6 — ess SUP (g a2 1) W

O2k—1 — 02k

Hence, from (22.5), (3.2)), and (3.4) follows
2(S2k+41) > Sap41 >0 and  z(sox) < 02 <0, k>1, (3.5)
where sy € (ok,0k—1). To prove (3.1)) we need a modification of Lemma O
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Lemma 3.2 (A version of Lemma . Let oy, be a decreasing sequence of real
numbers from interval (a,b) satisfying , where k(e) and g are taken from
. Let 6 be a sequence of real numbers such that da11 > 0 and do < 0,
k > 1. Let z(t) be a continuous function in (a,b] such that there is a sequence
Sk € (oK, 0k—1) satisfying . Then there holds

|G:(2)] > Z O2k+1(02k — O2k+1) for each e € (0,¢e9). (3.6)
k=k(c/2)

To prove (3.6), we suggest reader to use the same argumentation from the proof
of Lemma to prove that Bory1 C Ge(2|[oyy,,,004]) for each k& > k(e) + 1 and
S (0,50), where BQk+1 = [O’Qk+1,0'2k] X [O,(Sgk_;,_l].

Using the above notation for ¢, and z(t), from (3.6) follows

s ess sup w — essinf 0
|G5(y’)| 2 Z ( (azk,a2k—1) (a2k+1,a2k) ) (02k . 0'2k+1)
k=k(z/2) 02k — O02k+1
o0

= Z ( esssup w— essinf ).
k=h(e/2) (22k:025-1) (@2141,020)

Thus, Lemma [3.1] is verified.
Next, we consider an easy example for the calculation of the right hand side in

B1).

Example 3.3. Let y be a real function smooth enough in (a,b) and let y be
(0, w, ay)-rapidly oscillating, where the data 6, w and aj are given in (2.10]) above.
Regarding to Example we know such given 6, w and aj satisfies the condition

(2.1) and (2.5), where k(e) and gy are given in (2.11). Hence, we may calculate the
right hand side in (3.1)) for such function y. First, we have

esssup w — essinf 0 =w(agk—1) — O(ask)
(azk,a2k—1) (a2ky1,02k)

b—aar, 1 g Lias _ (b—a)® 1\
Grlg=) @S %
In particular, from (2.11]) we have
1 1. 8
>
k(e/2) — 4(2(b —a)
According to (3.7) and (3.8)), from (3.1)) follows

—a)® /B —a)® o
G- = > M(L) = (b2a—1) (2k(i/2)) !

b—a
&)

B B
)#FlemT for each € € (0,69 =

). (3.8)

201 \2k
k=k(z/2)
b-a) 1 B e o
2 Tt o —a))

that is |Ge(y')| > ce®/ (Y for each ¢ € (0,), where

o8
b— b—a)r+ _a
€0 = 3 ¢ and c= 7(20‘_?8)‘1“ g AL

The main result of this section is the following.
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Theorem 3.4. Let the hypotheses of Theorem [2.7 be still valid, that is: let the
sequence ay, satisfy (2.1), let the functions 6(t) and w(t), 0(t) < w(t), t € [a,b],
satisfy (2.5), (2.12) and (2.18]), and let the function f(t,n, ) satisfy the assumptions

(2.13)(2.16) and (2.19). Then each solution y of (L.1) such that y € C'(a,b)
satisfies

|Ge(y')| > h(e) for each e € (0,¢),
M*(G(y')) > 2°2limsupe® 2h(e) for any s € (1,2),
e—0

where €q is appearing in (2.1) and
oo

h(e) = Z ( esssup w— essinf 6).

kh(e/2) (oamaze-n)  (azican)

Proof. As a consequence of the assumptions (2.13)—(2.16) and (2.18)—(2.19) we

may use Lemma Hence, each solution y of (1.1]) is (6, w, ay)-rapidly oscillating
and so we may use Lemma too. It gives us the inequality (3.1) from which
immediately follows (3.9). O

(3.9)

Now, we are able to prove the inequalities ([1.8)) and (L.9).

Corollary 3.5. Let the hypotheses of Corollary[2.8 be still valid, that is: for ar-
bitrarily given real number s € (1,2), let a, 0 and w be given by (2.21), and let
the function f(t,n,&) satisfies (2.13)-([2.16), and [2.19) in respect to such given

(0,w,ay). Then each solution y of (1.1)) such that y € C*(a,b) satisfies

2
G=(y)| = T\C(b_ a)*/2e'=/% for each ¢ € (0,69 = ”*Ta),

(3.10)
MG 2 5o - ),

Proof. From the proof of Corollary 2:8 we know that the sequence aj given in
satisfies the condition (2.I), where k() and e are determined in (2.11)).
Also, the functions € and w given in @ satisfy the condition , (2.12) and

. Therefore, we may apply Theorem |3.4] and to calculate the right hand side
in (3.9)), where 6, w and ay are given in %D In this direction, by the help of

oo

s 1
( esssup w— essinf 6) > (b—a) Z (%)1/5
)

(a2k41,a2k)

k=k(e/2) (@2k:a2k—1) k=k(e/2
I s
> (b—
> ()7 () 00yt

94
where is used, that is, 8 > 1 and 26/(8+1) = s. Now from (3.9) immediately
follows

2 bh—
|G (y)| > 2£4(b— a)*/?e17%/2 for each € € (0,g9 = ﬁa).
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Also, we have

2
M1+S/2(G(y')) > 9(4+5/2)=2 Jimy quny [E(1+S/2)_27\C(b _ a)s/251—8/2]

e—0
28/2+1/2 . ) /o . 1 .
:T(b—a) /2 lim sup (/2 et /2)22—4(b—a) /2
e—0
This proves the desired statement (3.10)). O

4. NECESSARY CONDITIONS FOR RAPID OSCILLATIONS

Let us mention that the inequality , stated in Lemma was useful in the
calculation of a lower bound of |G.(y)|, where y is a (6, w, a)-rapidly oscillating
function. Next, in Lemma some (sufficient) conditions on the nonlinearity
f(t,n, &) were given such that each solution y of is (0, w, ay)-rapidly oscillating.
In this section, we consider an inverse of Lemma/2.5] Precisely, supposing that there
is at least one (0,w, ay)-rapidly oscillating and smooth enough solution of it
is shown what type of (necessary) conditions on the nonlinearity f(t,7,£) must be
satisfied. Let us remark that in both cases we are working with solutions y of
which satisfy a basic condition

0o <y(t) <@ foreachte |a,b], where
0y < essinff and @y > ess sup w. (4.1)
(a,b) (a,b)
As we have seen in Theorem the condition (4.1)) can be easily verified if the
assumption (2.19) is imposed on the nonlinear term f(¢,7,£).

Theorem 4.1. Let ay be a decreasing sequence of real numbers from interval (a,b)
satisfying (2.1). Let 0(t) and w(t) be two measurable and bounded real functions on

[a,b], 0(t) <w(t), t € [a,b], which satisfy (2.5) and
esssupw > essinf 6, esssup w >essinff, k>1.
(a,b) (azk,a2k-1) (a2k41,02%) (a,b)
If there is at least one solution y € C?%(a,b) of (1.1) which is (0,w,a)-rapidly oscil-
lating and satisfies (4.1), then for each k > 1, the Caratheodory function f(t,n,§)
needs to satisfy the following inequalities:

a2k —2
/ esssup f1(t,n,&)dt

ok+1 (ME)EIXR

. 4.2

N 1 (ess SUD (a4, sk 1) W — €55 10f(ay ay 1) 6)P (4.2)

~ (agk—2 — agg41)P ! eSS SUP (g p) W — €88 I0f (4 ayy_,) 0 ’

and
/a2k—1
essinf f.(¢,n,&)dt
, (m&EeIXR
d2k+2 (4.3)

p— 1 p
1 (eSS SUP (agp 4 1,a05) W — €88 lnf(a2k+17a2k) 0)

< - 1

(agk—1 — aggy2)P~ €SS SUD (4., . 1 ,a0,) W — €58 inf(, ) 0

where I = (essinf(,p) 0, esssup,yw), and f = min{f,0} < 0, and fr =
max{f,0} > 0.
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Taking in (2.12)) that 6y = ess inf(,p) 0 and esssup, ;) w = Wy we see that both
types of conditions, the sufficient conditions from Lemma [2.5] and the necessary
conditions from Theorem are similar each other, especially in the variable t.

Proof. Let y be a solution of the equation ([1.1]) which is (6, w, a)-rapidly oscillating
and satisfies the condition (4.1)). According to (2.2) and (2.5) it is easy to check
that there are two numbers s* € (aggt1, azp—1) and t* € (agk, agg—2), s* < t*, such
that

y'(s*) >0 and y(s*)> esssup w > essinf 0, (4.4)
(azk,a2k—1) (azi,a26-1)
y(t*) = essinf 6 and y(t) > essinf 6, te(s",t"), (4.5)
(a2r,a2k-1) (a2r,a2k-1)

where k is a fixed natural number. It yields

o
esssup w — essinf 0 <y(s*) —y(t*) < / ly'|dt
-

(azk,az2k—1) (azk,a2k—1)

!
< (1 — )Y / /i)

o
< (e = az) ([ P,
where 1/p + 1/p’ = 1. Thus, we have
(ess SUD (agp 005 1) W — €58 inf (q,, a0,_1) 0)P - /t Pt (46)

(a2k—2 — agp41)P~ !

On the other hand, by means of (4.4) and (4.5) and multiplying the equation (|1.1))
by the test function ¢ = y—essinf(,,, 4,, ,) ¢ and integrating both sides over [s*,¢*]

we obtain

-
/ ly'[Pdt
,

i
— (W12 - essint )+ [ fty)y - esint o)t

(azk,a2k—1) a2k,02k 1)

-
S/ ft,y,y")(y— essinf @)dt

(az2k,a2k—1)
a2k —2
< (esssupw — essinf 9)/ esssup f1(t,n,&)dt,
(a.b) (@2k,026-1) " Jaseys (n€)€IxR

where I = (essinf(, ) 0, esssup, ;) w) and f* = max{f,0} > 0. Now, combining
previous inequality with (4.6)) we immediately derive the inequality (4.2]).

Similar to (4.4) and (4.5) and by the help of (2.2)) and (2.5) we get two numbers
s* € (agk+t2,a0k) and t* € (aggt1,a2x—1), $° < t*, such that

y'(s*) <0 and y(s*) < essinf 6 < esssup w, (4.7
(agk+1,a21) (ack+1,02k)
y(t*) = esssup w and y(t) < esssup w, t€ (s,t7). (4.8)
(a2r41,02k) (a2k+1,a2k)

Using the same observation as in the proof of (4.2), the inequalities (4.7]) and (4.8)
verify (4.3)). O
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5. UPPER BOUNDS FOR |G:(y)| AND M*(G(y))

In this section, we will derive an upper bound for the behaviour of |G.(y)| as
e ~ 0, where y is any smooth enough solution of . In this direction, we
introduce the second type of rapid oscillations near the boundary point ¢t = a. For
the record, the function y(t) = t* cos(1/t%),where 0 < a < 8 < oo has such type of
rapid oscillations near t = 0.

Definition 5.1. Let a; be a decreasing sequence of real numbers from interval
(a,b) satisfying
ar \, a and there is an €1 > 0 such that for each € € (0,e1) 51
there is an m(e) € N such that a;_1 — a; > 4e, for each j < m(e). (5-1)
Let 0(t) and @(t) be two measurable and bounded functions, both defined on [a, 8],
such that 6(t) < &(t), for each ¢ € [a,b]. We say that a real function y defined on
[a,b] has convez-concave rapid oscillations in respect to (6,o, ay) if there hold true:

y is concave in (ag, azix—1) and y is convex in (asgk11, ast), (5.2)
for each kK > 1 and

0(t) < y(t) <@(t) for each t € [a, D). (5.3)

In contrast to where the number k(e) was appearing like an index of e-

density of ax, here in the number m(e) could be taken as an index of e-

separation of the most finite numbers of ag. Let us remark that there is a sequence

a, which satisfies both conditions and (5.1)). It will be the case of the following
example, in which we show a calculation of the number m(e).

Example 5.2. Let a; be a sequence of real numbers defined as in Example
above, that is

b—a,l
ak:a—l—Ta(E)l/ﬁ, E>1,0< < oc. (5.4)
Let us take for m(e) any natural number which satisfies
b—a 2 _ s
m(e) < 2<W> g~ Bl for each € € (0,e1) and &1 > 0. (5.5)

Using an elementary inequality

1,1 141/8 1 s Liys

Ly (Lo Gy

B J J

where 3 > 0 and j > 2, it is easy to show that the sequence aj, defined in (5.4
satisfies the condition (5.1)) in respect to m(e) determined in (5.5)).

It is clear now that by the help of Example and Example we have in ([5.4))
a sequence of real numbers which satisfies both conditions nd .

Now, we are interested to relate the convex-concave rapid oscillation of a function
y with the asymptotic behaviour of |G¢(y)| as € ~ 0.

Lemma 5.3. Let ay, be a decreasing sequence of real numbers from (a,b) satisfying
(B3). Let 0(t) and &(t) be two continuous functions on [a,b] satisfying 0(a) =
w(a) =0 and

0 is decreasing, and & is increasing in [a,b]. (5.6)
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Let y € C?((a, b)) N C([a,b]) have convex-concave rapid oscillations in respect to
(0,0,ar). Then for each e € (0,e1) we have

1GeWiaa1)] < (@mge) — @ + 28) (@(am(e)) = O(am(e)) + 2¢)
m(e)

+e Z [(6+m)(@(a;-1) —0(a;—1)) +2(aj-1 —a;)]  (5.7)

+ 2(m + 4)e%m(e),
where €1 and m(e) are defined in the assumption (5.1) and where ay s the first
member of ay,.

The proof of this lemma is omitted because it is very similar to the proof of [9,
Lemma 2.2, p. 273-277]

Next, we give an example for the calculation of the right hand side in .
Example 5.4. Let y €C?((0,1]) N C([0,1]) be a real continuous function on [0, 1]
and let y have convex-concave rapid oscillations in respect to (5, @, a), where 9~, w
and ay, are given by

1,1
ap = 7(7)1/6; k Z lu

2k
0(t) = —20* and () =2, te0,1], (5:8)
where a and (§ satisfy 0 < a < 8 < oo.
We take for m(e) any number which satisfies
(ﬁ24+2/55)_% <mf(e) < 2(524+2/6€)_% for each € € (0,¢7), (5.9)

where e; = 1/(524+2/8). Tt is easy to check that m(e) € N for each ¢ € (0,¢,).
Since from (5.9)) follows ([5.5) we know that the sequence a;, defined in satisfies
the conditi, where m(e) is determined by . Also, it is clear that the
functions 6 and @ defined in satisfy the condition (5.6). Thus, the data 0,
w and ay from satisfy the assumptions of Lemma nd therefore we may
calculate , where a = 0.

Let us remark that, in particular, from we have

< (ﬁ24+2/ﬁ5)% for each € € (0,¢1). (5.10)

m(e)
From ([5.8)), and using the inequality (5.10)), for each € € (0,¢1) we get
(@m(e) +26) (@(am(e)) — é(am(s)) +2¢) < 015% +625ﬁ;ﬁ1 —i—c;,a% +4e%, (5.11)
where

2 +1 +1 2
c1 = 21Ot UR TR BT ¢y = 23t B st gt

From (5.8)), (5.9)), and using the inequality

n

1.1 2 _
;(f) < mnl H (5.12)

for each n € N and H € (0,1), we obtain

2 1 1
c3 = 9(4+3) 77 BFH

)

m(e)
(64 m)e Z (@(aj-1) — é(aj,l)) < cgeBiT (5.13)
j=2

-
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for each € € (0,e1), where

oy = ST M ot-a-g-(443)535 555
0—a
From (j5.8)), and using the inequality
L s Lyyps _ 1,1 1418
— V(= —(— 5.14
-yt (514
for each j € N and § > 0, we get
m(e)
2e Z (aj—1 —aj) < cse for each e € (0,¢1), (5.15)
j=2

where
1 1. 141/8
S s
Bt
From (5.8, and using the right inequality from (5.9 we have

2(m +4)e*m(e) < CGE% for each € € (0,¢1), (5.16)

where
cg = (7r + 4)227(4+%)%ﬁ7%.

Putting the inequalities (5.11)), (5.13)), (5.15)), and (5.16) into (5.7) we obtain that

for each € € (0,e1) there holds

|G (Yl10,a1))| < (€1 + 64)6% + c5e + (c3 + 66)5% + 62€Bgif1 + 42,

where the constants ¢y, ca, c3, ¢4, ¢5, cg are determined in the process above.

Next, we give some sufficient conditions on the nonlinearity f(¢,7,£) such that
each smooth enough solution can have convex-concave rapid oscillations in the sense
of Definition [G.11

Lemma 5.5. Let ap be a decreasing sequence of real numbers from (a,b) which
satisfies (5.1). Let 8(t) and &(t) be two continuous functions on [a,b] satisfying
0(a) =&(a) =0 and

0 is decreasing and convex on [a,b], & is increasing and concave on [a,b]. (5.17)

Let the Caratheodory function f(t,n,&) satisfy
ft,n,8) <0, te(ab), n>ao), (R,

- (5.18)
f(t,n,€) >0, te(ab), n<o(t), {€R,
and let for each k € N,
f(t777u€) > 07 t e (a2k7a2k¢71)7 n € (507&;(1;))’ f S Ru (519)

f(tﬂ%g) < 07 te (a2k+laa2k), n € (é(t)vw())a 5 € Ra

where 9~0 and @y be two arbitrary given real numbers such that 90 < é(b) < 0 and
0 <w(b) < wo. Then each solution y of (L.1) such that y € C?((a,b]) N C([a,b])
has convex-concave rapid oscillations in respect to (6, @, ax).

The assumption (5.17) can be avoided in a particular case as follows.
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Lemma 5.6. Let aj be a decreasing sequence of real numbers from (a,b) which
satisfies (5.1)). Let 0(t) and @(t) be two real functions on [a,b] defined by
0(t) = —2(t—a) and @) =2(t—a) foreacht € [a, b] (5.20)

Let the Caratheodory function f(t,m,€) satisfy the hypotheses and -
in respect to 0 and & defined in (5.20). Then each solution y of . ) such that
y € C?((a,b])NC([a,b]) has convez-concave rapid oscillations in respect to (0,0, ax).

Sketch of the proofs of Lemmas [5.5 and- It is an elementary fact that the hy-
pothesis (5.19) implies the condition , that is, the convex-concave property of
smooth solutions of is an easy consequence of (see a discussion in [9]
Appendix,p. 302]). But, it is not so easy to establish how the hypotheses

and (5.18)) (or (5.18)) and (5.20])) give us the condition (5.3) for any solution y of

(1.1). A way to prove it, we suggest the argumentation presented in the proof of
[9, Lemma 3.1, p. 278-279]. See also Lemma [6.4] below.

Thus, the hypotheses (5.17)—(5.20) guarantee us that each solution y of (1.1
such that y € C?((a,b]) N C([a,b]) satisfies the conditions (5.2)) and (5.3)), that is

to say, the solutions y of (1.1) have convex-concave rapid oscillations in respect to
(9, @7 ak). O

Now, we can state the main result of this section.

Theorem 5.7. Let ak be a decreasmg sequence of real numbers from (a, b) which
satisfies (5.1). Let o(t and w(t) be two contmuous functions on [a,b], O(a) =

@(a) = 0 which satzsfy and ezther (5.17) or 1-) Ne:ct let the Caratheodory
functwn f(t,m, &) satisfy the hypotheses | | and (| Then each solution y of
such that y € C*((a,b]) N C([a,b]) satisfies

M*(G(y)) <2572 hm sup e {(am(e) — @) (@(am(e)) — é(am(e)))

m(s

+e Z 6 + 7T CLJ 1) — G(CL] 1)) + 2(aj_1 — aj)] (5'21)

+ (7T+4)E m(e)},
where s € (1,2).

Proof. j;From Lemma or Lemma we have that each solution y of (1.1))
such that y € C%((a, b)) ﬂ C([a,b]) has convex-concave rapid oscillations in respect
to given (f,®,ay). Now, from Lemma [5.3 we have that such solutions y of (L)

satisfy the inequality . Multlplymg both side in (5.7) by (2¢)*~2 and taking
limsup as € — 0 we immediately obtain the inequality (5.21). Note that it is not

necessary to consider the part y|,, 1), because y € WLP(ay,b). ]

At the end of this section, we are able to derive the constant mg appearing in

[3).
Corollary 5.8. For arbitrarily given s € (1,2) let ay,, 6(t), and &(t) be defined by

b—a, 1,
ak:a—l—T(%) B k>1,
0(t) = —a(t) and &(t)=2(t—a), te (a,b), (5.22)

28 _
wherel<ﬂ<oocmdﬁ+1—s
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Let the Caratheodory function f(t,n,&) satisfy the hypotheses (5.18) and (5.19) in
respect to such given (0,@,ay). Then each solutiony of (1.1)) such thaty € C*(a,b)
satisfies

M*(G(y)) < ms(b—a)’, (5.23)
where
6 2 2—5
ms =2 +2(6+7r)8_1. (5.24)
Proof. As in Example we take for m(e) any number that satisfies
b—a £ _ 8 b—a 2. _ s
(W> FH 7B <me) < 2(ﬁ24+2/5) CEE (5.25)

where € € (0,61 = 62%,6) From and (5.25) we have

(am(e) — @) (D(am(e)) — é(am(a)))
i

< 2(4+%)ﬁﬁﬁ(b — a)%gm

:4(

m(e)
< 2%(b—a)*c®™* for each £ € (0,¢),

where s € (1,2). This implies

2572 limsup e® 2 [(am(e) —a) (&J(am(g)) - é(am(a)))] < 2%(b—a)®. (5.26)
e—0
Using inequality ((5.12) - from and ( we have
m(e)

52 (6+m)(@(aj-1) — 0(a;-1))

m(e)

== (6—1—77)45;( _1)
26+ m)(b — a) _21/ﬁ5(m(5))1’1/ﬁ
< (64 m)23 5 S >§*g‘i(b—a)s%gﬁ

9 _
< 2%(6 + ) . i(b —a)®e*™* for each € € (0,¢1).

For any s € (1,2), this implies

m(e) 2
5—21: o 26+ 7m)(2—s R
2 211ms(1)1p<€ ey (6+m)(@(aj—1) — 9(%’—1))] < %(b— )
e— =2
(5.27)
Using inequality (5.14 - from and - we have
m(e) o 1
23— w) = b=ae 3 ()" = ())
= J
b—ax=, 1
< e LN ()8 foreach e € (0,e1).

B =1

Jj=



20 MERVAN PASIC & VESNA ZUPANOVIC EJDE-2004/60

For any s € (1,2), this implies

m(e)
2°?limsupe® ?[2e Z (aj—1—a;)] =0. (5.28)
e—0 ;
j=2

Finally, from ([5.22)) and (5.25)), we have
b—a

B o B
2(71' —+ 4)52777,(5) S 4(71' —|— 4) (w) 6+1 52 B+1
For any s € (1,2), this implies
2°? limsupe® 2 [2(m + 4)e>m(e)] = 0. (5.29)

e—0

Putting (5.26]), (5.27)), (5.28)), and (5.29) into (5.21)) we obtain (5.23) and (5.24). O

At the end of this section we consider both inequalities in (1.6)). In this direction,
let us remark that both types of hypotheses on the nonlinear term f(t,7,£) appear-
ing in Corollary and Corollary are completely harmonized. It is because the

data 0, w, 0, and © defined in (2.21)) and (5.22)) satisfy

0(t) < 6(t) <0 <w(t) < a(t),

essinf 6 > esssup 6,
(a2k+170«2k) (a2k+17a2k) (530)

esssup w < essinf @.
(azk,a2r—1) (a2k,a26—1)

Therefore, we may combine Corollary [2.8 and Corollary [5.8] to obtain the following
consequence.

Corollary 5.9. For arbitrarily s € (1,2) let ay, 0, w, 0(t), and &(t) be given by
2.21)) and . Let the Caratheodory function f(t,n,£) satisfy the hypotheses
2.13) - (2.16), and @2.19), and (5.18) (5.19) in respect to such given (0,w,0,&, az).
Then each solution y of such that y € C?(a,b) satisfies

1 S S S
7 (b—a)* < M*(Gly)) < mafb—a)” (5.31)
where the constant mg is defined in ((5.24)).
Thus, because of (5.31]), we have proved the desired statement ([1.6)).

6. LOWER BOUND FOR THE S-DIMENSIONAL UPPER DENSITY

In this section, we derive the inequalities (1.10]) and (1.11)). In this direction, we
need some preliminaries. The first one is a version of Lemma above.

Lemma 6.1. Let ay be a decreasing sequence of real numbers from interval (a,b)
satisfying [2.1). Let 6(t) and w(t) be two measurable and bounded real functions
on [a,b], 0(t) < w(t), t € [a,b], which satisfy . Let y be (0,w,ar)-rapidly
oscillating function on [a,b] and let y € C((a,b]). Let k(e) and g be from (2.1).
Then for any ¢ € (a,b) such that

there exists e. € (0,€0) satisfying api)—1 € (a,c) for each e € (0,¢.), (6.1)

we have
Ak (e)

G (Ylap)] = / (w(t) — 0(1)dt for cach & € (0,2.). (6.2)

a
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Proof. Regarding to the last line in the proof of Lemma [2:33] above and using the
same notations, we have already proved that

Ale,0,w) C G. (U,;“;k(s)ﬂyhgk’gkfl]) for each ¢ € (0, ¢p), (6.3)

where k(g) and g¢ are appearing in (2.1). Let ¢ € (a,b) be a real number which
satisfies (6.1]). It is clear that

G(Yl(aane)_1]) € G(Wl(ag) for each e € (0,e.). (6.4)
Since €. € (0,¢0) and oy € (ak,ax—1), combining and we obtain:
A(&Q,w) C G. (Ul?;k(s)+1y|[ak,crk_1]>
= G€(y|(a,a(k(€))]) - Gs(y|(a,ak<s)71]) - Gs(y|(a,c])§
that is,
Ale,0,w) € Ge(yl(a,g) for each e € (0,ec). (6.5)
Taking the Lebesgue measure of the both sides in we get (6.2 . O

A choice for the number ¢, appearing in (6.1)) and . will be given in Corollary
below. Analogously to Theorem [2.7] we can state the following result.

Theorem 6.2. Let ai be a decreasing sequence of real numbers from interval (a,b)
satisfying . Let 0( ) and w(t) be two measumble and bounded real functions on
[a,b], O(t) < w(t), t € [a,b], whzch satisfy and (2.18)). Next let the
Caratheodory function f(t,n, &) satisfy m 2 16, and (2.19). Letc E ) and
€. be numbers satisfying . Then each solution y of the equation (L.1] satzsﬁes

|G (Yla,)] = /ak(s) (w(t) —0(t))dt for each e € (0,¢.),

Qg (e)
M (Gylo)) = 2 limsup= [ () 00

e—0
for any s € (1,2).
The proof of this theorem is the same as the proof of Theorem but using

Lemma[6.1] instead of Lemma [2.3] Now, from Theorem [6.2] we obtain the following
resutls.

Corollary 6.3. For an arbitrarily real number s € (1,2), let ag, 6 and w be given

by (2.21] - Let the Caratheodory function f(t,n,& satzsfy - -, and -

in respect to such given (6,w,ay). Then for each ¢ € (a,b) and for each solution y
of the equation (L.1|) there holds

1
1Ge(Yla,q)] > %(c — a)ssg_s for each € € (0,¢.),

‘ 1 (6.6)
Mé(G(yl[a,CJ)) > ?(C - a)sy
where 1
€. = min{ey, ;<C(b_a))5} and g9 = b ;3 a (6.7)

Proof. Tt is simple to check that every ¢ € (a,b) satisfies the condition (6.1 in

respect to ag, k(e) and e, given in (2.21), (2.11) and , respectively. Next,

using the same calculation as in the proof of Corollary [2.8] the statement
immediately follows from Theorem O
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To derive the inequalities (1.10) and (1.11) we need a comparison result for
solutions of (1.1]) which is a modification of [9, Lemma 3.1, p. 278].

Lemma 6.4. Let 0(t) = —2(t — a) and &(t) = 2(t — a). Let the Caratheodory
function f(t,n,&) satisfy

ft,n,6) <0, te(a,b), n>o(), E€ER,
F(t.0,6) >0, te(ab), n<b(t), R
Then each solution y of (1.1)) such that y € C%(a,b) satisfies

0(t) <y(t) <@(t) foreacht € [a,b]. (6.8)

The proof of this lemma is omitted because it is the same as the proof of [9
Lemma 3.1, p. 278]. Finally, according to Corollary and Lemmawe are able
to state the main result of this section.

Corollary 6.5. For an arbitrarily s € (1,2), let the hypotheses of C’omllary
and Lemma be still valid. Then each solution y of (1.1 such that y € C?(a,b)
satisfies

i r

27(%)S for each r € (0,b— a),
1,1

DGyt =) > g7 (5—2)"

that is, the constant ds appearing in (1.10) and (L.11) satisfies
1,1
ds = =(—=)°.

Proof. Let us remark that because of (5.30) the assumptions of Corollary and
Lemma are completely harmonized, where ay, 6 and w be given by (2.21) and

where 0(t) = —2(¢t — a) and @(t) = 2(t — a). Therefore, the main conclusions of
Corollary [6.3] and Lemma [6.4] may be used together.

By and making intersections of 6(t) and &(t) with B,.(a,0), it is clear that
for any 7 € (0,/5(b — a)) we have

Ot =)) € Gly) N Br(a,0),

where y is any smooth enough solution of ([L.1). Since M?® is a monotone set
function, it yields

M*(G(y) N By(a,0)) >
(6.9)

MGt 1)) < M*(Gly) 0 B, (a,0)). (6.10)
Next, we apply Corollary to y|[a7a+%] and from we derive
S 1 r S
M (G(y|[a,a+%1)) > 2—7(%) for any r € (0,b — a). (6.11)

Combining (6.10) and (6.11]) we conclude that

M*(G(y) N By(a,0)) > 2—17(%)8 for any r € (0,b — a).

Multiplying both inequalities by 1/(2r)® and taking limsup as r — 0 we immedi-
ately derive the desired statement . (I
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7. APPENDIX

In this appendix, we sketch the proof of Lemma [2.5] Under the assumptions
of Lemma we verify that each solution y of the equation which satisfies
(2.17) is (0, w, ar)-rapidly oscillating on [a,b]. In this proof, a simple method of
the localisation of integration in is exploited, often used in analysis of local
regular properties of solutions of PDE’s (see for instance [4, [6, 12} 13]).

Regarding Definition [2.1] it is sufficient to prove that for any fixed k£ € N the

hypotheses (2.13)), (2.14)) and (2.17) verify that

ook € (agk, azk—1) such that y(ogx) > esssup w, (7.1)

(azk,a2k-1)
and on the other hand, that the hypotheses (2.15)), (2.16) and (2.17]) verify that
Jook+1 € (@gk41, azk) such that y(ook41) < essinf 6. (7.2)
(agpy1,a2k)
Since ([7.2) is the dual statement of (7.1)), in order to simplify the proof, we will

prove only the statement (|7.1)) for a fixed & € N. In this direction, let o and r be
two real numbers defined by

_ 1
oo B2k T2k = (ase1 — azp).
2 4
Let B, = B,.(0) denote a ball with radius r > 0 centered at the point o. Then we

have:

Bsy, = Bay(0) = (azk, azk—-1),
1

1
B, = B,(0) = (a2 + Z(aqu — Qog), G2k—1 — Z(aqu — asg)).

Also, let 6y = essinf , 0, and Wy = esssup(, ;) w, and wy, = esssupp, w, and

Jop = (9~0,w2r). Because of (2.5)) and (2.12) we have that Oy < war < @o. Using the
preceding notation, we can rewrite the main assumptions (2.13) and (2.14) in the
form

f(tﬂ?af) Z Oa te B2Ta n € J2Ta f S ]Ra (73)
1 (o0 — 60)P
/ essinf  f(t,1,€)dt > C(’i)l - (o = bo)
B, (m&)EJar xR 4p—1 yp Wy — War (7.4)
_ (p _ 1)p—1 (‘:}0 - éo)p |BT|

wo —wop TP

where we have used |B,.| = 2r and c(p) = 2[4(p — 1)]P~!. Next, let y be a solution

of ([1.1)) which satisfies (2.17)). Let us suppose the contrary statement to (7.1]), that
is

y(t) < war = esssupw for each t € By,. (7.5)
BQT
According to and ([7.3))—(7.5) we have
f(t,y,y") >0 in By, (7.6)
1 (@0 — 6o)” |By|
t,y,y')dt > —11’1(“)07 . 7.7
[, $yie> -yt S (17)

Now we can repeat a similar argument as in [4, Theorem 5, p. 256] or [9, Lemma
4.1, p. 280]. It is known that for any ¢y > 1 there exists a function ® € C§°(R),
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0 < ® <1 in R such that the following properties are fulfilled, see [4, Lemma 5,
pp. 267],

O(t)=1 forte B, and ®(t)=0 forte R\ By,
(7.8)

B(t) >0 forte By and [¥(H)] <2, teR.
r
For any ¢y > 1, we take a test function ¢ defined by
t) — @o)®P(t) ift € Bay,
¢(t>_{(y<> Go)®(1) it t € By

0 otherwise.

It is clear that ¢ € W, ?(Ba,) N L(By,). Putting in (T.1) this test function we
obtain

/ |y [PDPdt
B,

< p/B [y [P~ eP— (@ — y(1))|®'|dt — : fty,y') (@0 — y(t))PPdt.
27 27

(7.9)

Next, using that @ —y(t) < @o—0p, and (p—1)p’ = p, and d;(pda) < 5f/+(§)p’155
in particular for

61 =y [P7reP™ and 6y = (@o — y(t))|P'),

from (|7.9) we obtain
/
0=1[1- Zi,]/ ly'|P@Pdt
b JB,,
—1, ~ ~
<y @by [P [t - ye)v
p Ba,. B,

Now, by (7.5, (7.6) and (7.8)), we have
1 - ¢ -
0< (5);; 1(wo —60)?|Bar \ Br|(70)pf(w0 - wgr)/ f(t,y,y )dt.
B,

Since | B, \ By| = |Br| and passing to the limit as ¢g — 1 we obtain

p_1|Br| (@0 — 6o)?
TP Dy — wayr

/ [ty y')dt < (p—1)
B,

This inequality contradicts ([7.7]) and so the assumption ([7.5)) is not possible. Thus,
the statement ([7.1)) is proved.
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