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L£%® regularity for nonlinear elliptic systems of
second order *

Josef Danécek & Eugen Viszus

Abstract

This paper is concerned with the regularity of the gradient of the
weak solutions to nonlinear elliptic systems with linear main parts. It
demonstrates the connection between the regularity of the (generally dis-
continuous) coefficients of the linear parts of systems and the regularity
of the gradient of the weak solutions of systems. More precisely: If above-
mentioned coefficients belong to the class L>°(Q) N £*Y(Q) (generalized
Campanato spaces), then the gradient of the weak solutions belong to
LE?(Q,R™Y), where the relation between the functions ¥ and & is for-

loc
mulated in Theorems 3.1 and 3.2 below.

1 Introduction

In this paper, we consider the problem of the regularity of the first derivatives
of weak solutions to the nonlinear elliptic system

—Dga¥(xz,u, Du) = a;(z,u, Du), i=1,...,N, (1.1)

where a¢, a; are Caratheodorian mappings from (x,u,2) € Q x RY x R™V into
R, N >1,Q CR" n>3isabounded open set. A function u € WI})’E(QRN)
is called a weak solution of (1.1) in Q if

/ al(x,u, Du) Do’ (z) dz = / ai(z,u, Du)p'(z) dz, Yo € C(Q,RY).
Q Q

We use the summation convention over repeated indices.

As it is known, in case of a general system (1.1), only partial regularity can
be expected for n > 2 (see e.g. [2, 6, 9]). Under the assumptions below we will
prove L£2%_regularity of gradient of weak solutions for the system (1.1) whose
coeflicients a$* have the form

aif(z,u, Du) = A?jﬁ(x)D,guj + g8 (z,u, Du), (1.2)
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where i, j =1,..., N, o, 6 =1,...,n, A%ﬂ is a matrix of functions, and the
following condition of strong ellipticity

AP (2)Ele) > ve)?, ae.zeQ, VEECR™;u >0 (1.3)

holds, and g¢* are functions with sublinear growth in z. In what follows, we
formulate the conditions on the smoothness and the growth of the functions
A%ﬁ , 9% and a; precisely.

It is well known (see [2]) that, in the case of linear elliptic systems with con-
tinuous coefficients A%ﬁ , the gradient of weak solutions has the L?*-regularity
and, if the coefficients A%ﬁ belong to some Hélder class, then the gradient of
weak solutions belongs to the BMO-class (functions with bounded mean os-
cillations, see Definition 2.1). These results were generalized in [3] where the
first author has proved the L?*-regularity of the gradient of weak solutions

o (1.1)-(1.3) in the situation where the coefficients A%’B are continuous and

the BMO-regularity of gradient in the case where coefficients A?jﬁ are Holder
continuous.

In the case of linear elliptic systems when the coefficients A?jﬁ are “small
multipliers of BMO(Q)”, a class neither containing nor contained in C(Q),
Acquistapace in [1] proved global (under Dirichlet boundary condition) and local
BMO-regularity for the gradient of solutions. In [1] the local BMO-regularity
does not follow in a standard way from the global one, because there are no
regularity results in the Morrey spaces L?*, 0 < A < n. The last mentioned
fact was a motive for [4] and [5]. In [4, 5] the Morrey regularity for the gradient
of weak solutions for nonlinear elliptic systems of type (1.1) is proved when the
coefficients A?jﬂ are generally discontinuous (not necessarily “small multipliers
of BMO()”).

The purpose of this paper is a generalization of the results from [4] and [5].
Result of this paper may open a way to proving the BMO-regularity for the
gradient of solutions of (1.1).

If we want to sketch our method of proof, we must say that its crucial point is
the assumption on A;"jﬁ: A?jﬁ € L>®(Q) N LAY (Q) (for the definition see below).
Taking into account higher integrability of gradient Du (for some r > 2), we
obtain £2®-regularity of the gradient.

2 Notation and definitions

We counsider the bounded open set Q C R™ with points = (x1,...2,), n > 3,
uQ — RN N > 1, u(z) = (u!(2),...,u"(z)) is a vector-valued function,
Du = (Dyu,...,Dpu), Dy = 0/0x4. The meaning of Qp CC Q is that the
closure of ) is contained in €, i.e. Qg C Q. For the sake of simplicity we
denote by | - | the norm in R™ as well as in RY and R™V. If z € R" and r is
a positive real number, we write B,.(z) = {y € R" : |y — 2| < r}, i.e., the open
ball in R", Q(z,7) = QN B,(z). Denote by u, , = |Q(z,r)|;! fﬂ(az,r) u(y) dy =
UCQ(I,T)“(W dy the mean value of the function u € L*(Q, RY) over the set Q(z, ),
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where |Q(x, )|, is the n-dimensional Lebesgue measure of Q(x, ). The bounded
domain ©Q C R” is said to be of type A if there exists a constant A > 0 such
that, for every x € Q and all 0 < r < diam Q, it holds |Q(z,r)|, > Ar". Beside
the usually used space C5°(Q, RY), the Holder spaces C%%(Q,RY), C%(Q,RY)
and the Sobolev spaces W*2(Q,RN), WEP(Q,RN), WiP(Q,RY) (see, e.g.[8]),
we use the following Morrey and Campanato spaces.

Definition 2.1 Let A € [0,n], ¢ € [1,00). A function u € L4(2,RY) is said
to belong to Morrey space L% (Q, RY) if
lullp oy = s [ uwldy < .
! ’ zeQr>0 T Q(z,r)

Let A € [0,n+¢], g € [1,00). The Campanato space L%*(2, RY) is the subspace
of such functions u € L(Q, RY) for which

1
[u]qﬁq’)‘(QvRN) - r>%u:£)€£2 7"_)‘ Q(z,r) |u(y) - ul‘ﬂ'|q Ay < oo

Let Qo C R™ is a cube whose edges are parallel with the coordinate axes. The
BMO(Qq,RY) space (bounded mean oscillation space) is the subspace of such
functions u € L'(Qo, RY) for which

1
(u)g, = sup —/ lu(y) — ug|dy < oo,
QCQo |Q| Q

where ug = fQu(y) dy and @ C Qg is the cube homotetic with Q.

Remark u € LEY(Q,RY) if and only if u € LI*(€, RY) for each Q2 cC Q.

loc

Proposition 2.1 For a domain 2 C R™ of the class C%' we have the following

(a) With the norms ||u||pex and ||ul|gor = ||u)|pa+[u]panr, |ullBao = ||ullpr+
(u)g, LYNQ, RY), £L22(Q, RY) and BMO(Qo, RY) are Banach spaces.

(b) L4(Q,RY) is isomorphic to the LI (Q,RY), 1 < g < o0, 0 <\ < n.

(d) £>"(Q,RN) is isomorphic to the LY (Q,RY) and

( )

(c) LY"(Q,RN) is isomorphic to the L=(Q,RN) C L& (Q,RN), 1 < g < 0.

( )
L9(Q,RN) = BMO(Q,RY), Q being a cube, 1 < q < co.

(e) gou(ﬁ 2W11§;2((% u]gjv)) and Du € LENQR™), n—2 < X\ < n, then u €

(f) L3, RN) is isomorphic to the C%A=™/4(Q RN) forn < A< n+q.

For more details see [2, 6, 8, 9].
The generalization of Campanato spaces L9 (see [2]) are the classes £2¥
introduced by Spanne [10] and [11].
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Definition 2.2 Let ¥ be a positive function on (0,diamQ]. A function u €
L2(92,RY) is said to belong to £2Y (2, RY) if

1 1/2
[ul2,0,0 = sup (/ u(y) — v, |? dy) <00
z€Q,r€(0,diam Q] W( ) Q(z,r)

and by 1% (€2, R™) we denote the subspace of all u € L% (£, RY) such that

1 1/2
Wowan = swp oo ([ ful) P dy) T =of1) as o N0,
z€Q,re(0,r0] ( ) Q(z,r)

Some basic properties of the above-mentioned spaces are formulated in the
following proposition (for the proofs see [1, 10, 11]).

Proposition 2.2 For a domain 2 C R™ of the class C%' we have the following
(a) L2V (Q,RN) is a Banach space with norm |[ul| z2.v (o rvy = |[ull L2 ry) +
[U]LQ,\P(Q,RN).
(b) Let W(r) =r"/?/(1+ [In r[). Then C°(Q,RN)\ £L>Y(Q,RY) and
(L= (Q,RN) N2 (Q,RN)) \ CO(Q,RY) are not empty.
In the sequel we assume that ¥ : (0,d] — (0, c0) has the form
w(r)=r"?y(r), 0<¢<n+2, (2.1)

where 9 is a continuous, non-decreasing function such that lim, g4 ¢¥(r) = 0
and 7 — (r)/r® for some & > 0 is almost decreasing, i.e. there exists ky > 1
and dg < d such that

¥(r)

sz(%)’ VO0<r<R<d. (2.2)

Remark The function ¢(r) = 1/(1 + |Inr|) satisfies (2.2) with an arbitrary
&> 0.

3 Main results

Suppose that for all (z,u,z) € Q x RY x R™V the following conditions hold:

|ai(z, u, 2)| < fi(z) + L]z, (3.1)
|95 (2, u, Z)\ < fit(@) + LI2[7, (3.2)
gi (2,u,2)2 > Vl\ZIIJ” F2(x) (3.3)

for almost all z € Q and all w € RN, z € R®™. Here L, v; are positive
constants, 1 < < (n+2)/n, 0 <y <1, f, f* € L°*Q), 0 >2,0< A< n,
fi € LI0A0(Q), gy = n/(n+2). Weset A= (AS), g = (¢7), a = (a;),
F=(f). F =),

The next theorem is slightly generalizing the main result from [4].
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Theorem 3.1 Letu € VV&;E(Q,RN) be a weak solution to the system (1.1) and
the conditions (1.2), (1.3), (3.1), (3.2) and (3.3) be satisfied. Suppose further
that A;-ljﬁ € L*Q)nL>E ), i, j=1,....,N,a, 8 =1,....,n and ¥ is a
function satisfying the condition (2.1) with ( = n. Then

D e { i@, R™) ifA<n
>N (Q, R"NY) with arbitrary X' <n  if A\ =n.

loc

Therefore,

COA=nt2)/2(Q RN) ifn—2<iA<n
u €
COY(Q, RN) with arbitrary 9 <1 if A\ =n.

To obtain £>®-regularity for the first derivatives of the weak solution we
strengthen the conditions on the coefficients g and a;. Namely suppose that
< fi(x )+L|z\7° (3.4)
< LS (@) = W)+ 12— 227)  (3.5)
> 27— f2(ff)-

la;(x, u, )
‘gg(xfuazl) (y,v Z )

9 (2, u,2)2),

for a.e. € Qand all u, v € RY, 21, 20 € R*™™. Here L, v; are positive
constants, 1 < vy < (n+2)/n, 0 <y < 1, f, f& € L2(Q), f; € Lo%P"90(Q),
o >2,q0 =n/(n+2). It is not difficult to see that from assumptions (3.4)—(3.6)
follow (3.1)—(3.3) with A = n.

We can now formulate the main result of this paper.

Theorem 3.2 Letu € W/I})’f(Q,RN) be a weak solution to the system (1.1) and
suppose that the conditions (1.2), (1.3), (3.4), (3.5) and (5.6) hold. Let further
A%ﬁ € L>®(Q)N LY (Q), for eachi, j=1,...,N,a, 3=1,...,n and ¥ be a
function satisfying the conditions (2.1) and (2.2) with { = n and 0 < & < 2.
Then Du € leof(ﬂ R™Y) with ®(R) = R™? in the case when the function 1) has

a form of some power function and (R) = RM?*p("=2/2"(R) for some r > 2
and arbitrary A < n in another cases.

Remark The conditions (2.1) and (2.2) in Theorem 3.2 are for example sat-
isfied with the function ¢ (r) = 1/(1 + |Inr|) (see also Proposition 2.2(b)).
4 Some lemmas

In this section we present the results needed for the proof of the main theorem.
In Bgr(z) C R™ we consider a linear elliptic system

—Da(AfjﬁDguj) =0 (4.1)

with constant coefficients for which (1.3) holds.
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Lemma 4.1 ([2, pp. 54-55]) Let u € WH2(Bg(z),RY) be a weak solution to
the system (4.1). Then, for each 0 < o < R,

[ puwray<e(F)" [ ipuPay
2 o\ t2 2
[, 1w = oy < e(5) [ 1Dut) - (Duyafay

hold with a constant ¢ independent of the homotethie.

The following lemma generalizes [7, Lemma 3.1] and is fundamental for prov-
ing Theorem 3.2.

Lemma 4.2 Let ¢ be a function from the condition (2.1). Further let ¢ be
a nonnegative function on (0,d] and A, B, C, a, 5 be nonnegative constants.
Suppose that for all 0 < o < R < d, we have:

é(o) < [A(%)a + B] #(R) + C R%)(R), (4.2)
¢(d) < oo. (4.3)

Further let the constant 0 < K < 1 ewist such that ¢ = kqb(AKa*'B*E +
BK=P=%) < 1. Then ¢(c) < caPy(a), for 0 < o < d, where

Ckw . d)(T)
<1—@Kﬂ%»§%@wmuw}

c=rnax{

Proof From (4.2) and (4.3), it follows that sup,¢[, 4 ¢(r) < oo. We set

o= sup 20
" rell/n,d] Tﬂ?ﬁ( )

It is obvious that ¢, < co = sup,¢ (g q A(r é(r) /rP(r).
When co = sup,¢(ga,q ¢(r )/ (r), we have the result. Also

cop > sup ﬁ(r)
re[Kd,d " P(r)

and there exists a sequence {r, } - such that 1/n < r, < Kd and

é(rn) _ Cn
GO
Put 0 =r,, R=1,/K in (4.2) and using (2.2) we get
KE 9m) o 0n) gy preoy _U&) | ops
be vt = Ao < KT PR e
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and thus
P(rn)
7"31/}(%)
As r,/K € [1/n,d], we have

< ky(AKYP=¢ 4 BK=F7¢)

and also

Cn < P(rn)

Cn— = < —— " < e, + Cky K P75,
n = (ra)7(ra) v
Then !
(1-e= e < CRpE <
n
For n — oo, we get the statement of this lemma. O
The following lemma is a special case of [3, Lemma 3.4].

Lemma 4.3 ([3, pp. 757-758]) (i) Letu € WL2(Q,RYN), Du € L*7(Q,R™Y),
0 <7 <n and (3.1) be satisfied with f; € L2109 (Q), 0 < po < n. Then
a; € L?%20(Q) and for each ball Br(x) C Q we have

/ |ai (2, u, Du)|*® dy < ¢ R, (4.4)
BR(I)

where ¢ = c(n, L, v, diam §, HJ?||L2‘10=“0‘10(97RN)’ 1Dl 2 @,rnvy) and Ao =
min{pogo,n — (0 — 7)qoYo }-

(i) Letu € W11’2(§27RN) and (3.2) be satisfied with f& € L>(Q), 0 < A < n.

oc

Then, for each e € (0,1) and all Br(z) C Q,

[ lsewnipay<ane [ piPasert. 49
BR(I) BR(I)

where ¢ = ¢(n, L, e,7,diam Q, “f||L2,)\(Q7Rn,N), | Dul| 12(0,rnny)-

For the proof of (i) can be found in [2, pp. 106-107] and the proof (ii) in [5].
In the following considerations we will use a result about higher integrability
of the gradient of a weak solution of the system (1.1).

Proposition 4.4 ([6, p. 138]) Suppose that (1.2), (1.8), (3.1)-(3.3) or (3.4)-

(3.6) are fulfilled and let u € W22 (L, RN) be a weak solutions of (1.1). Then
there exists an exponent r > 2 such that u € W’licr(Q, RYN). Moreover there exists

a constant ¢ = c(v,v1, L, ||Al|L~) and R > 0 such that, for all balls Bg(z) C Q,
R < R, the following inequality is satisfied

oo i

Bpyz(x) Br(z)

" (]Z(mr w1717y dy) "+ R( Ifl’”q°dy)1/rq°}.

Br(z) Br(z)
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5 Proof of Theorems

Proof of Theorem 3.1. Let Br/y(x0) C Br(xo) C €2 be an arbitrary ball
and let w € W(}’Q(BR/Q (70),RY) be a solution of the following system

/ (A?jﬁ)moyR/QDgijatpi dCL‘
Bry2(zo)

[ (A s — A @) Do Da 5.1)
Brya(zo)
—/ gf‘(x,u,Du)Dacpi d:ﬂ—i—/ ai(x,u,Du)goi dx
Bpr/2(xo) Brya(zo)

for all ¢ € W(}’Q(BR/Q (z9),RN). Tt is known that, under the assumption of this
theorem, such solution exists and it is unique for all R < R’ (R’ is sufficiently
small). We can put ¢ = w in (5.1) and, using ellipticity, Holder and Sobolev
inequalities, we obtain

1// |Dw|? do < c(/ |Azo,r/2 — A(2)|*|Dul? dz
Br/2(x0) Brya(z0)

+/ lg(z, u, Du)\de+ (/ \a(x,u,Du)|2q° d:v)l/q°>
Bpr/2(zo0) Br/2(z0)

= (I +1I+1III).

From Proposition 4.4 with r > 2, Holder inequality (' = r/(r — 2)) and from
the fact that, for a BMO-function, all L™ norms, 1 < r < oo are equivalent (see
Proposition 2.1(d)) we obtain

, /7' 2/r
I< c(/ (@)~ Agy ol d) (/ D) (52)
Brya(zo) Br/2(x0)

From the assumptions of this theorem and taking into account the properties of
matrix A = (A?j’a) we can estimate the first term on the right hand side of (5.2)

/ 1/2
[ a@  dmal do e [ @) = Al ) x
Brya(zo) Brya(zo)

, 1/2
([ 1@ ~ Ay )
Brya(zo)

< e(n, [Alzw.) [AIF7 g goee, BT U(R). (53)
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To estimate the last integral in (5.2) we use Proposition 4.4 obtaining

()" <l [ o
u|' dx <y =5~ up-ay
Bry2(%o) Rn(1=2/7) Br(z)

+ (/BR(gc)(flr + \}NV) dy)?/r + RQ(l_Q/T)(/BR(x) (o dy)?/rqo}

C(;/ \Dul2dy + R +R2(r72+/\)/r))7
Br(x)

IN

Rn(1-2/7)

(5.4)
Lraorao (). From (5.2), (5.3) and (5.4)

L) |1 f]

where ¢ = c(r, || fl|L~» ), ||ﬂ

we obtain

I< c(wl”'(R)/

BR(ZL’(])

<c (WW(R)/B

where ¢ = ¢(n, , [Al2,0.0, [ All oo (@ rn2n2 ) 1 [ Lrr @) 1 [ ra@)s 1 ([ Lrao a0 (@))-
We can estimate IT and III by means of Lemma 4.3 (with 7 = 0) and we have

y2/ |Dw\2dzgc{(a+¢1/r’(3))/
Br/2(zo0) B

where g = min{n,n —2(n — A\)/r,n+2 —ny}.
The function v = u —w € WH2(Bpg/a(z0), RY) is the solution of the system

|Du\2dx + (R2)\/r +R2(r72+)\)/r))Rn/r’,¢)1/r'(R))

|Du‘2d$ + Rn72(n7)\)/rq/}1/r' (R)),

r(zo0)

|Dul? dz + R"}, (5.5)

r(zo)

/ ( )(A;?;ﬁ)%,R/QDWDM dx = 0, Vi € Wy *(Brya(o), RY). (5.6)
Br/2(zo

From Lemma 4.1 we have, for 0 < 0 < R/2,

/ | Dov|? dec(g) / | Dv|? da.
Bo(w0) R/ J B s(w0)

By means of (5.5) and the last estimate we obtain, for all 0 < ¢ < R and
¢ € (0,1), the following estimate

/ \Dul de < 1 [(3)”+s+¢1/r’(3)]/ \Dul? dz + ¢ R,
B, (z0) R Br(zo0)

where the constants ¢; and cs only depend on the above-mentioned parameters.
Now, in a way analogous to that from [5], we obtain the result.

Proof of Theorem 3.2. By Theorem 3.1, Du € LZ’)‘(Q,R”N) for arbi-

loc

trary A < n. Let Bgja(x0) C Br(wo) C Q be an arbitrary ball and let
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we W, ? (Bry2(20),RY) be a solution of the following system
/ (A?}B)xo,R/ngij(,cpi dx
Bry2(z0)

:/ ((A%B)mmR/Q — A%ﬁ(m))D,@ujDacpi dz
Br/2(z0) (57)

<[ et D)~ (67 0, Du))g ] Do de
Bry2(0)

+ / a;(z,u, Du)y' dx
Brya(z0)

for all p € Wol’2 (Bry2(w0), RY). It is known that, under the assumption of The-
orem 3.2, such solution exists and, it is unique for all R < R’ (R’ is sufficiently
small, R" <1). We can put ¢ = w in (5.7) and using the ellipticity, the Holder
and the Sobolev inequalities, we obtain

1/2/ |Dw|2 dx <c (/ |Ago,R/2 — A(x)|2|Du|2 dx
BR/z(l'O) BR/Z(GCO
+ [ g D)~ (67 o D)o
Bry2(%0)

+ (/ la(z, u, Du)[2® d;z:)”q“) = (I +II+II).
Br/2(x0)

(5.8)
The estimate of I is analogous to that in Theorem 3.1 and we have

I<cyt” (R)/ - |Duldz + ¢ (R?™ + RX=2E0/M) Rr/r /T (R)
BR Zxo

<ec (/ ‘D’U,|2d$(} + CRn—Q(n—)\)/'r),(/}l/,«/(R)
Br(zo)

< C(R)\ +Rn—2(n—)\)/r)w1/r’(R) < CRA’(/Jl/r/(R),

where ¢ = c(n, 7, | All o (g2 v2ys [l Lra @), 1 TLrx @)y 11l Lrao rao (0))-
Further, we estimate the second integral on the right hand side of (5.8).
From the assumption (3.5) and by means of Young inequality, we obtain

e f [ latGeu(e). Duw) - g¢ (. u(w), Duly) P dy) de
Bry2(x0) Brya(zo0)
< C< / f - (fN)zo,R/2|2 dx +/ |Du — (D) 4y, g /2> dx)
Bpg/2(x0) Bpry2(zo0)

<c(s [ 1Du= Dugal do+ e | oo R,
Br(zo)

where ¢ € (0,1) is arbitrary.
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We can estimate III by means of Lemma 4.3 (with 7 = A, pop = n) and, using
the estimate I, II, we have

,,2/ \Dwl? dz Scs/ Duy) — (Du)ay 1l dy
Br/2(%o) Br(zo)
+e (Rn + Rkwl/r’(R) + Rn+2—(n—k)’yo) (59)

<ce / Duly) — (Du)sy 1l dy + cB(R),
Br(zo)

where @ is defined in the formulation of Theorem 3.2.
The function v = u —w € WH2(Bpg/2(20), RY) is the solution of the system

/ (A7) 20,1/2Dpv" Do’ dx = 0, Vg € Wy'*(Bpya(wo), RY).
Brya(zo)

From Lemma 4.1, we have, for 0 < ¢ < R/2

g

n+2
/ |Dv—(D)gy 0|2 da < c (E) / | Dv—(Dv) g1 2|? d. (5.10)
Bo(z0) Br/2(zo)

By means of (5.9) and (5.10) we obtain for all 0 < ¢ < R and ¢ € (0,1), the
following estimate

/ |Du(z) — (Du)mo,a|2 dx
BU(IO)

n+2
<o [(;) +e} / o Du) (D), b (R,

where the constants ¢; and c¢o only depend on the above-mentioned parameters.

Now from Lemma 4.2 we get the result in the following manner. In the
case ®(R) = R™?, the result is obvious. In other cases if we put ¢(R) =
S8 20y 1 PW) — (Du)yy rl?dz, a =n+2, 3=\ A=c1, B=cic and C = ¢y,
we can choose 0 < K < 1 such that Ak, K" 2728 < 1/2. It is obvious that a
constant € > 0 exists such that Bk, K ~*~¢ = c1eky K ~*7¢ < 1/2 and then, for
all 0 < 0 < R < Ry, R < Ry, the assumptions of Lemma 4.2 are satisfied and
therefore

/ \Du(x) — (Du)ay nl2 d < c8*(R).
Br(zo)

From this follows that Du € £ (Q,RN).

loc

Remark In [2] for a linear system and in [3] for a nonlinear system (1.1),
(1.2), it is proved that the gradient of solution Du € BMO(Qo, R™V), Qy CC 0
in a situation where the coefficients Af}ﬁ € C%7(Q), v € (0,1). Taking into
account that for ¥(R) = RY*"/2 we have £>¥ = C°7, one may prove by the
method used in the proof of Theorem 3.2 (which is different from the methods
in [2] and [3]) the above results too.
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Remark In [1] the local BMO-regularity for the gradient of weak solutions
of linear elliptic systems is proved. This result was obtained using the global
BMO-regularity result and the LP-regularity result of gradient forall 1 < p < co.
Using the global BMO-regularity result from [1] and Theorem 3.2 one may
obtain the local BMO-regularity of the gradient too.
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