Electronic Journal of Differential Equations, Vol. 2021 (2021), No. 100, pp. 1-24.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

EXISTENCE RESULTS FOR NONLINEAR SCHRODINGER
EQUATIONS INVOLVING THE FRACTIONAL (p,q)-LAPLACIAN
AND CRITICAL NONLINEARITIES

HUILIN LV, SHENZHOU ZHENG, ZHAOSHENG FENG

ABSTRACT. In this article, we consider the existence of ground state positive
solutions for nonlinear Schrodinger equations of the fractional (p, ¢)-Laplacian
with Rabinowitz potentials defined in R",

(—A)5 u+ (=A)32u+ V(ex) (ulP~2u + [ul1=2u) = Af(u) + ofu] 2 u.

We prove existence by confining different ranges of the parameter A under the
subcritical or critical nonlinearities caused by o = 0 or 1, respectively. In
particular, a delicate calculation for the critical growth is provided so as to
avoid the failure of a global Palais-Smale condition for the energy functional.

1. INTRODUCTION

Let 0 <s1<s2<1,1<p<gqg<n/sy o€{0,1}, e > 0 be small number and
q, = nfggq be the fractional critical exponent for sy and q. We are to consider
the existence results for the following Schrodinger equations of a fractional (p, q)-

Laplacian in R™:

(=A)tu+ (=A)u+V(ea)(JulP~>u + [u*"*u) = Mf (u) + oful T "2u,  (1.1)

where A > 0 is a parameter specified later for the parameter c = 0or 1, V : R - R
is a continuous function satisfying global Rabinowitz condition, and f : R — R is a
continuous function with subcritical growth. Here, the fractional ¢-Laplace operator
(—=A)z, for s € {s1,82} and t € {p, ¢}, is defined as

Y.
e—0 R\ B, (z) |l‘ _ y|n+st

Problems of type are well known as double-phase equations, appearing
in the case of two different materials, where the fractional operator (—A)f with
s € {s1,s2} and t € {p, q} described the geometry of a composite of two materials.
Recently, a considerable attention has been devoted to the work on nonlocal prob-
lems driven by fractional operators, particularly on fractional p-Laplacian due to
both its interesting theoretical structure and concrete applications such as finance,
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obstacle problems, phase transitions, optimization, anomalous diffusion, conserva-
tion laws, image processing and many others. For more details see [23] 22, 12} [31]
and the references therein.

In the special case s; = so =1 and V = 1, Problem reduces to the following
well-known (p, ¢)-Laplacian equation in R™,

— Agu = Agut P ut a2 = fa,), (1.2)

where Apu = div(|Vul[P~2Vu). As explained in [16], the study of Equation (1.2)
can be extended to a more general reaction-diffusion system

uy = div(A(u)Vau) + r(z,u) with A(u) = |Vu[P~2 + |Vul|92. (1.3)

This has a great number of applications in plasma physics, solid state physics, bio-
physics and chemical reactions. In such applications, u usually corresponds to the
concentration term, div(A(u)Vu) represents the diffusion with diffusion coefficient
A(u), and the reaction term r(z, u) relates to source and loss processes. In chemical
and biological applications, the reaction term r(z,u) has a polynomial form with
respect to the concentration w with variable coefficients, see [16]. The existence
results for several classes of equations of (p, ¢)-Laplacian type defined in bounded
domains or in the whole of R” can be found in [4}, [19, [30] and the references therein.

It is a well-known fact that as a special model of the differential operator
it is the following so-called double-phase one

Lu := div(|Vu|P2Vu + a(z)|Vul|!?Vu),

which is related to the energy functional
U /(|Vu|p + a(z)|Vu|?)dx (1.4)
Q

with 1 < p < ¢ and a € L>*(Q) with a(z) > 0 for almost all z € Q. Roughly
speaking, the integral functional is characterized by the fact that the energy
density changes its growth properties and ellipticity according to the point in the
domain. To be more precise, the modulating potential a(x) dictates the geometry of
a composite material made of two different components, with distinct power hard-
ening exponents p and ¢. Following Marcellini’s terminology in [26], the integrand
H(z, &) = |§P 4+ a(x)|£|? for all (x,&) € Q x R™ has different growth near the origin
and at infinity (unbalanced growth), that is,

|€)P < H(z,&) < [£|7+1 for a.e. x € Q and for all £ € R".

The study of the double-phase functionals of the form has generated con-
siderable interests after the initial work by Zhikov in [40] to describe models of
strongly anisotropic materials, see for instance [7, 8, [I7, 18] and the references
therein. While s; = so and ¢ = 0, the problem boils down to the following
fractional (p, ¢)-Laplacian equations

(—A);u + (—A)Zu + V(em)(|u|p_2u + |u|q_2u) = f(u) inR", (1.5)

which has been extensively considered by several authors in recent years. For p =
q # 2, there has been a source of inspiration around its existence and multiplicity
results in the last decade due to two phenomena: the nonlocal character of the
operator and its nonlinearity; see for instance [33], [14], 24] B8] and the references
therein. Indeed, we would like to stress that standard arguments used to investigate
the linear case p = ¢ = 2 seem to be inapplicable to the nonlinear case on account of
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the lack of Hilbertian structure of W#P(R™) for p # 2. For the reader’s convenience,
we refer to [15] 2], B8 [39], where existence and multiplicity results were obtained
in the case p = ¢ = 2. However, for p # ¢ in the nonlocal framework only few
recent papers deal with problems like ([1.5). For example, Filippis and Palatucci
[20] proved a Holder regularity result for nonlocal double-phase equations. And Lin
and Zheng [25] established the multiplicity and asymptotic behavior of solutions to
fractional (p, ¢)-Kirchhoff type problems with critical Sobolev-Hardy exponent. We
refer the readers to some recent papers [5] [6], [13] 27] for other interesting double-
phase problems in both local and nonlocal cases.

While s; = s3, 0 = 1 and p = ¢ # 2, this becomes the following fractional
nonlocal Schrodinger equation involving a critical Sobolev exponent

(—A)su+ V(ez)ulP"?u = f(u) + [uf*u in R™.

We refer to [3] for this class of p-fractional Schrédinger equation, where the authors
presented the existence and multiplicity results of it. For p # ¢, Ambrosio in [2] es-
tablished an existence result for the fractional (p, ¢)-Laplacian equation with critical
growth. The multiplicity results for fractional (p, ¢)-Laplacian equations involving
critical nonlinearities in bounded domains has been obtained in [9]. Motivated by
all these works, we are to consider doubly fractional Schrédinger equations of (p, g)-
Laplacian with critical growth. More precisely, we are interested in the existence
result of positive solutions to Problem (L.1)).

It is an important observation that the lack of compactness due to the critical
exponent greatly increases the methodological difficulties. The main contribution
of our work is to deal with the possibility of loss of compactness due to the critical
nonlinearity of the double-phase Schrodinger equations in the fractional setting
suitably. We then apply this to obtain sufficient existence conditions for equations
like in all R™, which generalizes the results of Ambrosio’s paper [4] for the
local case.

Before stating main result, let us introduce main assumptions imposed on the
potential V' and the nonlinearity f. Throughout this paper, we assume that V :
R™ — R is a continuous function satisfying the following condition by Rabinowitz
as in [34]:

0< Vo= inf V(z)<liminfV(x)= Vs € (0, 0], (1.6)
z€RN |z] =00
and we shall consider it in the two cases of V, < oo and V, = oo in the following.
For the nonlinearity f: R — R, it is assumed that:

(A1) f € C°%R,R) and f(t) = 0 for all t < 0;

(A2) Timygo |£(8)|/ [t~ = 0;

(A3) there exists € (q,¢3,) with ¢}, = ng/(n — s2q), such that

o )

tlos )71

(A4) there exists 0 € (g,qZ,) such that 0 < 0F(t) = 0 [5 f(r)dr < tf(t) for all
t > 0;
(A5) the map t — f(t)/t?71 is increasing in (0, 00).
Regarding the existence result, we prove that there exists at least one non-
negative non-trivial solution to Problem in the subcritical for all A > 0 and
for small e. For the critical case, we prove the existence of at least one non-negative
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non-trivial solution to Problem (|I.1)) provided small £ and A large enough. To be
more precise, our first result of the paper is the following.

Theorem 1.1. Let 0 = 0. Assume that (1.6) and (A1)-(A5) hold. Then there
exists €9 > 0 such that, for all ¢ € (0,eq), Problem (1.1) with subcritical growth
admits at least one positive ground state solution for any A > 0.

The proof of this theorem relies heavily on existence of the corresponding au-
tonomous problem motivated from [3]. As usual, the presence of the fractional
(p, 9)-Laplacian operator leads to more intriguing analysis. Indeed, the arguments
used in the study of ( seem not to be trivially adaptable to handling two totally
different components. Therefore, some appropriate technical lemmas (see Lemma
and Lemma and much more delicate estimates will be needed.

Further, we consider the existence result of Problem for the critical case
with o = 1.

Theorem 1.2. Let 0 = 1. Assume that (1.6)) and (A1)—(A5) hold. Then there
exists g > 0 such that, for all e € (0,&p), Problem with critical growth admits
at least one positive ground state solution for any A > A, where A\, is a positive
constant.

The idea for proving this theorem is also based on suitable variational tech-
niques. Owing to the combination of two nonhomogeneous fractional involved op-
erators with different scaling properties, it is a rather delicate situation, and more
estimates will be needed to achieve our result. Particularly, we would like to point
out that the calculations performed for the setting o = 1 to recover compactness
are much more complicated with respect to the case ¢ = 0 due to the presence
of critical exponent. More precisely, the main difficulty in the critical case is that
the energy functional fails to satisfy the Palais-Smale condition globally. This is
different from the calculations performed as in [29] and the optimal asymptotic
behavior of p-minimizers established as in [I0]. Instead, we provide some technical
results which allow us to avoid unnecessary calculations and prove the Palais-Smale
condition for the critical case (see Lemma[i.4 and Lemma ). To the best of our
knowledge, these are new contributions to show the existence results of Problem
for double-phase nonlocal Schrodinger equations involved in both subcritical
and critical growth.

The remainder of this paper is organized as follows. In Section 2, we give some
related notations, recall basic facts about the involved fractional Sobolev spaces
and provide various useful lemmas. We devoted Section 3 to the proof of existence
result for the subcritical case when o = 0. In Section 4, we deal with the critical
case when o = 1, and finally give the proof of Theorem

2. PRELIMINARIES

This section is devoted to some well-known facts about the fractional Sobolev
spaces and some technical lemmas we will use later. Throughout this paper,
C(n,v,L,- - ) stands for a universal constant depending only on prescribed quanti-
ties and possibly varying from line to line. However, the ones we need to emphasize
will be denoted with special symbols, such as C1, Cy, Cs, Ce.

For p € [1,00] and A C R", we denote by |u|r»(4) the LP(A)-norm of a function
u : R™ — R belonging to LP(A), and by |u|, its L?(R™)-norm. We define D*P(R"™)
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as the closure of C'2°(R™) with respect to the following semi-norm

WP = /R% lu(x) — u(y)|? da dy

s,p ‘1} _ y|n+sp
for s € (0,1) and p € (1,00). The fractional Sobolev space W*P(R™) is defined as
the set of all functions u € LP(R™) such that [u]s, < 00, equipped with the norm
[ull, = [ulf, + |ul}.
Furthermore, for u,v € W*P(R"), we put

u(z) — uly) P2 (u(z) —u
<u,v>s,p/R%<> ()2 (u(z) — u(y))

o g

(v(z) = v(y)) dz dy.

In the following, we denote by Bg(x) the ball of radius R with the center at .
While x = 0, we briefly write B = Bg(0). First let us begin with the following
Sobolev embedding relation.

Lemma 2.1 ([31]). Let s € (0,1) and p € [1,00) such that n > sp. Then there
exists a constant S, > 0 such that, for any uw € DSP(R™) it holds

Po< S,

|u

Moreover, W*P(R™) is continuously embedded in L(R™) for any q € [p,p%] and
compactly embedded in LL _(R™) for any q € [1,p}).

loc

The following compactness result of Lions-type is recalled which will be used in
the main proof later.

Lemma 2.2 ([3]). Let n > sp and r € [p,p%). If {u,} is a bounded sequence in
WP (R™ with

lim sup / |, |"dz = 0,
n—o0 yER” BR(U)
where R > 0, then u,, — 0 in L*(R™) for all t € (p,p}).

Lemma 2.3 ([3]). Let u € WP(R™) N W29(R™) and ¢ € CZ(R™) such that
0<¢<1,¢=11n By and ¢ =0 in R"\By. Set ¢.(x) = ¢(%). Then

lim ||ug, —uly =0 and lim |Jug, —ull2 =0.
T—>00 T—>00
For any € > 0, we define the space related to the potential V(ex),

X. = {ue WP(R") N W*>9(R") : / V(ex)(JulP + |u|?)dz < oo}

equipped with the norm
[ulle = [lully + [lull2,
where

ullf =[]t , +/ V(ex)|u|'dz for all t > 1 and i = {1,2}.

n

Thanks to the assumption (1.6)) and Lemma it is easy to check that it holds
the following result.

Lemma 2.4. The space X, is continuously embedded into W*1P(R™)NW*529(R"™).
Moreover, X, is continuously embedded in L*(R™) for any t € [p, q;"Q], and com-
pactly embedded in L} (R") foranyt € [1,q;"2).

loc
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Proof. For any u € X., by the assumption (1.6) and the definition of || - ||; for
i ={1,2} we have

min{1, Vo}|lullg, , < [lullf,

51, —
min{1, Vo}ullg, o < [Jul3.

Therefore, it follows that the embedding X, < W*1P(R™) N W*249(R") is continu-
ous. By Lemma it is evident that the embedding X. < L!(R™) is continuous
for any t € [p,¢Z,] and the embedding X. < L{ (R") is obviously compact for any
tell,q,) O

In addition, by considering V' being coercive, we obtain the following compact-
ness lemma.

Lemma 2.5. Let Vo, = co. Then X. is compactly embedded in L'(R™) for any
telpq,)

Proof. For t = p, let {u,} be a sequence such that u, — 0 in X.. By Lemma
we know that X. C LP(R"). Then u, — 0 in W**P(R") N W*2:9(R™) and u, — 0
in LP (B R). Therefore, for any € > 0 there exists ng > 0 such that

/ |ulPdz <€ for any n > ng. (2.1)
Br
Since V' (z) is coercive, there exists R = R, > 0 such that
1

Vier) < e for any |z| > R. (2.2)

Let us set
T := sup||un || < oco. (2.3)
neN

Hence, for any n > ng, by using (2.1}, (2.2)) and (2.3)) we conclude that

/ |u|Pdx = / |u|Pda —|—/ |u|Pda
R Br R™\Bp
Se—l—e/ V(ex)ulPdx < (14 T7).
R"\BR

Then we have u, — 0 in LP (R") As for p <t < ¢f,, by using the interpolation
inequality and Lemma [2.1| we see that

lule < Clulg, lul,™,

where % = % + 1q:“, which yields the required result. O
s2

Finally, we recall the following splitting lemma which will be very useful in

our main proof, which is proved by Ambrosio and Repovs (cf. [4]) following the
arguments developed by Brezis and Lieb [11].

Lemma 2.6. Let {u,} be a sequence such that u, — u in X., and v, = u, — u.
Then we have

(1) [Un]gl,p + [Un]gg,q = ([un}gl,p + [un}gg,q) - ([u]gl,p + [u]zz,q) + On(1)7.

() i V) fonlP o) = o V(o) ((ftnl P |~ (ul? + ) ) dr +

on(1);
(i) fgn (F(vn) — F(un) + F(u))dz = 0,(1);
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(iv) sup  [ou [(f(vn) = f(un) + f(u))w]dz = on(1).

llwlle<1

3. SUBCRITICAL CASE WHILE 0 =0

3.1. Functional setting in the subcritical case. In this section we consider the
problem

(=A)p'u+ (—A)2u + V(sx)(|u|p*2u + |u|q72u) =Af(u) inR",
u € WHP(RM) N W249(R™), «>0 inR™
Let us define the energy functional associated with (3.1)),

1 1
Ie(u) = —|lull] + = [ull§ - A/ F(u)dz,
p q R™

which is well-defined for all v : R™ — R belonging to the fractional space X..
Therefore, from the assumptions on f it is easy to check that I. € C'(X.,R) and
its differential is given by

(IL(u),v)
= (U, V), p + (U, V) s, 4 +/

Rn

(3.1)

V(ex)(JulP~2u + |u|7 2u)v dx — f(u)vdx
R"'L

for any u,v € X..
Now we check that I. possesses a mountain pass geometry (cf. [I]).

Lemma 3.1. The functional has a mountain pass geometry shown as follows:

(i) there exist o, p > 0 such that I.(u) > a with |Ju||. = p;
(i) there exists e € X, with |le||. > p such that I.(e) < 0.

Proof. (i) By growth assumptions (A2) and (A3) on f, we readily see that for any
£ > 0 there exists a constant C¢ > 0 such that

[FOI<ERPH+ Celt]"™ VEER, (3.2)
C
F(1)] < ]§9|t|p + 5 vier (3.3)
Therefore, using Vy < V(ex) and taking £ € (0, %), we have
1 1 13 Ce
I (u) > =|lullf + =|luld — A\=2]¢]5 — A=|¢|.
o) = Zllully + Zllullz = ATIEE = AZEEr
1 Ce\\r
> Culull] + ~flull§ = A=E 1.
q T
By choosing |lull: = p € (0,1) and using 1 < p < ¢, we have |ju||] < 1 which
leads to |lul|f > |Jul|. This fact combined with an elementary convex inequality
al + bt > 27" a +b)t, Va,b>0and t > 1, and Lemmayield
C T T
Ie(u) = Collull - )\75|t|7~ > Cal[ull = Cs]lullZ.

Therefore, we can find @ > 0 such that I.(u) > « for ||u|lc = p due to r > q.
(ii) By assumption (A4) we can infer that for some Cy,C2 > 0 it holds

F(t) > Cit? — ¢y for any t > 0.
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By taking u € C2°(R"™) such that v > 0 and u # 0, then we know that

tP t4
Ltw) < Dalr + g - )\t"Cl/ Wz +Cs — —00 as t — oo,
p q

n

where we have used 6 > g > p. This completes the proof. O

Therefore, invoking a variant of the mountain pass theorem without Palais-Smale
condition (cf. [37]), we can see that there exists a sequence {u,} C X, such that

I.(up) — c. and I(u,)— 0,
where

¢e = inf max L(y(t)) with T ={yeC’([0,1],X.):7(0) =0, 1-(y(1)) < 0}.

Further, as in [37] we can use the equivalent characterization of ¢, which is more
appropriate to our aim, given by

e = ue§f{{o}r?§5( I(y(1)).

We also introduce the Nehari manifold associated with I, which is defined by
Ne ={u € X \{0} : (I.(u),u) = 0}.
Next, we prove that any Palais-Smale sequence of I. is bounded.

Lemma 3.2. Let {u,} be a Palais-Smale sequence of I. at level c. Then {uy} is
bounded in X..

Proof. Let {u,} C X. be a Palais-Smale sequence at the level ¢, that is
I.(up) =c+o0,(1) and Il(u,) = o0,(1).
Using (A4) and considering 6 > ¢ > p we can deduce that

1+ tnlle) > Te(tn) — =T (tin) 1)

0
1 1 1 1 1
= (= Plhuallf+ G = Plually +3 [ (G, = Flu)) o
1 1

> (= —= 4 .
> (q 5) Ul l? + [lun13)

Next we prove it by contradiction. Assume that ||u,|lc = ||ull1 + |Jull2 = oo, we
distinguish it in the following three cases:
Case 1. If |jup|l1 — oo or ||uylla — oo, then for n sufficiently large we have
[unll3™ > 1, that is|up[|3 > [lun 3. Thus
1 1
(1 +[lunlle) > (g = ) (uallf + llunll5) = Clllunlls + funll2)” = Cllual|2,
which gives a contradiction because p > 1.
Case 2. If ||up||1 = o0 and ||u,||2 is bounded, then we have
1 1

(L flunlls + llunll2) = (1 + [lunlle) = (5 =) lunll;
which implies that
1 1 [t |2 1 1
c( + — + ) > (=—7)
lunlly " unlf™" lunly (q 2
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Passing to the limit as n — oo, we obtain 0 < é — é < 0, which leads to a
contradiction.

Case 3. If ||uy|l2 = oo and ||uy||1 is bounded, we can do it by a similar way as
Case 2. Putting the three cases together completes the proof. (|

3.2. Autonomous subcritical problem. We devote this subsection to the fol-
lowing autonomous problem associated with Problem (3.1)) for any u > 0:

(—A)Zlu + (—A)Zzu + u(\u|p72u + \u|q72u) =Af(u) inR", (3.4)
u € WP(R") N W*29R"), w>0 inR" '

The corresponding energy functional is

1
Iuw) = ~all + ||u||,L2 A /

which is well-defined on the space Y, = W*1P(R"™) N WW*29(R") equipped with the
norm

Jull = Nlulln + llullu,2,

where

b= lull, s+ pluly forallt >1andi={1,2}.

It is easy to check that I, € C'(Y),,R) and its differential is given by

(I (u),v) = (U, v) sy p + (U V)sp g + M/ (luPu+ [u|Pu)vde =X | flu)vda
R Rn

for any u,v € Y),. Let us define the Nehari manifold associated with I, as follows:

N, = {u e Y, \{0} : (I},(u),u) = 0}.
It follows from (A4) that

q
1 1 1
= (5 6)||u|| )\/Rn (F(u) — 6f(u)v)d3: (3.5)
> (]% - é)”u”ﬁl for all u e N,.

We easily check that I, has a mountain pass geometry, and we denote by c,, its
mountain pass level. Moreover, by the standard arguments from [37] and (3.5) we
can show that

0<c,= ulenl\ff I,(u) = ueil/il{{O} max I,(tu).

With these facts in hand, we arrive to the following lemma.
Lemma 3.3. Lett € [p, q;‘z), and {u,} C N, be a minimizing sequence for I,,.

Then, {u,} is bounded in Y,; moreover, there exist a sequence {y,} C R" and
constants R, B > 0 with

n—oo

liminf/ lup|*dz > B > 0.
Br(yn)
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Proof. Arguing as in the proof of Lemma we immediately see that {u,} is
bounded in Y),. To prove the latter conclusion of this Lemma, by contradiction we
assume that for any R > 0 it holds

lim sup / U | dx = 0.
Br(y)

n=00 ycRn
Then, it follows from Lemma 2.2 that
u, =0 in LY(R™) for all t € (p,qi,). (3.6)
We fix £ € (0, §), and take into account {u,} € N, and to deduce that
0= (I}, (un), un)
> Nl r + llunlly, o = AEJEE — ACe[t]7
2 CIHUn”p,l + [|un| Z,z - AC&M:?

which combined with (3.6 implies that [luy|/, — 0 as n — oco. This leads to a
contradiction because of I,,(u,) — ¢, > 0, which completes the proof. O

Next we prove a useful compactness result for the autonomous problem ((3.4)).

Theorem 3.4. Under assumptions (A1)—(A5), Problem (3.4) admits a positive
ground state solution.

Proof. We see from a variant of the mountain pass theorem without Palais-Smale
condition (cf. [37]) that there exists a Palais-Smale sequence {u,} C Y}, for I, at
the level ¢,,. Then, using Lemma we know that {u,} is bounded in Y),, and we
may assume that

Up = u inY,,

u, —u in LI (R™) forallte [1’(]:2).

loc

Now show that the weak limit v is a critical point of I,,. To this end, we consider
the sequence

_ (@) — un (@)[P72 (un (2) — un ()

hn(xay) - n+s1p )
|z —y| 7
et ju(a) — ()P 2(ulz) — u())
ulz) —u(z)|P~*(u(x) — u(x
h(xay): ntsip
|z —y| ¥

with p’ = %. We easily check that {h,} is a bounded sequence in the reflexive

Banach space L¥' (R?*") with h,, — h a.e. in R*". Then there exists a subsequence,
still denoted by {h,}, such that h, — h in v (RQ”), that is to say,

| mmaagadedy = [ hagte.) dody

for all g € LP(R?"). For any v € C°(R™), by taking

o(o.y) = "2 ¢ ey,
lz—y[ 7
we can see that
/ Jun (@) = un(y) [P (un(2) — un(y))
RQ’IL

o — gl

(v(z) —v(y)) dz dy
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o [ = ) Z ) 1) () de .

Similarly, we also prove that

Un () = un ()| (Un () — un(y))
/R2n | ) |x — yn(+82q ( (’U(m) - v(y)) dx dy
u(z) — u(y)|"*(u(z) — u(y
- R2n ‘ ( ) |.(’13 ! y|n(+9(2q) ( )) (U(IE) - v(y)) dx dy.
Note that
/ |un P2 upv de — |ulP~?uv d,
n Rn
/ [un |9 2 w0 dz — |u|?™?uv d,
n R’n

flup)vde — flwvdx
Rn Rn

and the fact that (I, (un),v) = on(1), we can deduce that (I, (u),v) = 0 for all
v € CZ(R™). By the density of C2°(R"™) in Y),, we obtain that u is a critical point
of I,,, which implies that (I (u),u) = 0.

Next, we prove that I,,(u) = ¢, which is divided into two cases:
Case 1. For u # 0, it suffices only to show that

lunllf = Nl (3.7)

and then similarly, we can see that |[u,l|} , — [[ullj, . Lemma [2.6)leads to that
U, — w in Y),. This together with the fact that I,(u,) — ¢, deduces the desired
result.

To prove , we observe that Fatou’s lemma yields

4 < Y i

w10

By contradiction, let us assume that

Jully,1 < limsup [lunl}, ;. (3.8)
n—oo

‘We notice that

Recalling that
lim sup(a,, + b,) > limsup a,+ hm mf by

n—oo n— oo

and p < ¢, using (3.8)), (3.9), Fatou’s lemma again and the fact that (I} (u), u) =0,
it yields that

> (= —

) hm 1 Sup [unllh, 1 + A lim inf (lf(un)un - F(un))dx
n—=00 Jpn \q
1
) —|—)\/Rn (§f(u)u—F(u))dx

= I, (u) - 5<IL(U)aU> =1p(u) > ¢y,

> (-

@\HE\H
rQ\)—‘vQ\'—‘
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which gives a contradiction.

Case 2. For u = 0, we argue it as in the proof of Lemma we can find a
sequence {y,} C R™ and constants R, > 0 such that

liminf/ |t |Tdz > 5 > 0.
BR(yn)

n—oo

Set v, () = un(x + yyn). From the invariance by translations of R™, it is clear to
show that {v,} C Y, is also a bounded Palais—Smale sequence for I,, at the level
¢y, and v, = v # 0in Y,,. Hence, we can proceed as before to check that {v,}
converges strongly in Y),.

Finally, we prove that the ground state obtained above is positive. In fact, thanks
to (I,,(u),u™) = 0, assumption (A1) and the inequality

o —yl" 2z —y)(a” —y ) > |z —y |" forallt>1,
for v~ = min{u, 0} we have that

o™l + ™[l 2 <0,

which implies that ©~ = 0, which meads that u > 0 in R”. By employing a variant
of the maximum principle (cf. [32]) we conclude that v > 0 in R™. This completes
the proof. 0

3.3. Proof of Theorem In this subsection, we concentrate on the existence
of the solution to Problem (3.1)) and then give the proof of Theorem provided
that ¢ is sufficiently small. We shall start with the following inevitable lemma.

Lemma 3.5. Lett € [p, q;), and {un} C N be a sequence such that I (u,) — ce
and u, — 0 in X.. Then, one of the following alternatives occurs:

(a) up, — 0 in X,;
(b) there exist a sequence {yn,} C R™ and constants R, 3 > 0 such that

hminf/ |un|'dz > B > 0.
Br(yn)

n— oo

Proof. Tt is natural that (b) fails while (a) happens. Conversely, we assume that
(b) does not hold. Then for any R > 0 it holds

lim sup / |, |'dz = 0.
n—oo yER" BR(Z/)
By using Lemma [3.2] and Lemma it follows that
u, — 0 in L'(R") for all ¢ € (p, g5, ).

We argue it as in the proof of Lemma and we conclude that |lu,|c — 0 as
n — 0o. Thus we complete the proof. ([l

Before establishing a compactness result for I., it is necessary to prove the fol-
lowing auxiliary lemma.

Lemma 3.6. For V,, < oo, let {v,} C N¢ be a sequence such that I.(vy,) — ¢ and
vp — 0in Xe. If v, /A 0 in X¢, then we have ¢ > ¢, where ¢y 18 the infimum of
Iy over Ny_ .
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Proof. 1t follows from Lemma [3.2] that {v,,} is bounded in X.. Let {t,} C (0, 00)
be such that {t,v,} C Nv_. Hence, it suffices to prove that

limsup ¢, < 1.

n—oo
In fact, by contradiction we suppose that there exist § > 0 such that
t, >14¢ forallneN. (3.10)
Note that {v,} C X, is a bounded Palais-Smale sequence for I, we easily see that

(IZ(vy), vn) = 0, which means that

o2, + ol + [ Vi foul? + fonl)do = A [ f(on)ondo =0,
]Rn R’IL
This combined with the fact that ¢,v, € Ny_ yields

q
f(tnon)vd da =0,

2w, P Flop]d APV |vp |Pdz+Voo | [Tdx—A YT
Rn Rn (tn’l)n)

S$1,P 52,9
R’Vl
which implies that

/\/n ((f(tn'vn) _ f(vn)>vgdw

—1 —1
tnvn)q ’U?L

(3.11)
< /n(v“’ — V() |on|Pda +/ (Vao — V() vn|“dar

Rn
for any required ¢, and p < ¢. By using assumption (1.6]), for any ¢ > 0, there
exists a constant R > 0 such that

V(ex) > Voo — ¢ for all |z| > R. (3.12)

In addition, using the boundedness of {v,} in X. together with the fact that
vp, — 0 in LP(Bpg), we can deduce that

/n(VoO —V(ex))|vn|Pdx

- / (Voo — V(e2))vn|Pda + / (Vao — V(ex))vm Pz
Br

R™\Bg (3.13)
SVOO/ | [Pdz + ¢ v, [Pdz
Br RH\BR
Similarly, we also find that
/ (Voo = V(ex))|vn|?dx < 0,(1) + ¢C. (3.14)

Combining (3.11)), (3.13) and (3.14)) we have
/ ((f(t””") - ﬂw)v;{dag < on(1) + CC. (3.15)

— -1
tnvn)q 1 ’U?L

With the help of Lemma we can infer that there exist a sequence {y,} C R,
such that for the constants R, 8 > 0 it holds

liminf/ lvp|'dz > B> 0 (3.16)
Br(yn)

n—oo




14 H. LV, S. ZHENG, Z. FENG EJDE-2021/100

with ¢t € [p, qu). By considering ¢, = v,(z + y,), then, up to a subsequence
we can assume that 0, — 9 in X.. By formula (3.16) there exists 2 C R™ with
positive measure such that ¢ > 0 in 2, which combined (3.10)) and (3.15|) yields the

inequality
F((1+0)0y,) F () y
/n (<<1 +0)0)7T et Jide < 0u(1) + CC.

Therefore, passing to the limit as n — oo, using Fatou’s lemma and (A5), yields

FA+0)D)  fO)N .,
v /Q (((1 +0)d)a—1 {;q—l)v dx < (C forall ( >0,

which leads to a contradiction. For the remainder we consider the following two
cases.

Case 1. For limsup,, ,. t, = 1, up to a subsequence, there exists {t,,} such that
t, — 1. Considering that I.(v,) — ¢, we have

c+on(1) = I (vy)
= I.(vn) — Iv (tnvn) + Iv, (tnvn) (3.17)
> I.(v,) — Iy (tpvn) + Coo-

Note that
Ic(vy) — Iv,, (tnvn)
1—1¢P 1-t4 1
_ n p n q - _ 4P p
= [”n]sl,p"‘ 7 [Un}sz,q + p /H(V(Ex) th Voo [un|Pdz (3.18)
+ 1 / (V(ex) — tiVyo)|vp|9dx + )\/ (F(t,vn) — F(vy))dz.
q Jrn n

Taking into account that v, — 0 in LP(Bg) as t, — 1, Inequality (3.12) and
assumption (1.6) imply that
Viex) =BV = (V(ex) = Vo) + (1 =2V > —C + (1 = t2)V,  for all |z| > R.

Therefore, we conclude that
/ (V(ex) — 2V )|vp|Pdx

= / (V(ex) — tP Vo) |vn|Pda +/ (V(ex) — tP Vo) v, |Pdx
Br

R"\BR

> (Ve —tgvoo)/ lon[Pdz — ¢ lon|Pdz + (1 —th)VOO/ lon|Pdz
Br R™"\Br R"\Bgr

> On(l) - ¢C.
(3.19)
Similarly, we can prove that

/n(V(sx) — t3Voo)|on|?dx > 0,(1) — ¢C. (3.20)

Using the boundedness of {v,} in X., we obtain
1t 1—te
p q

[vn]i’l’p =o0,(1) and

[vn]?, 4 = on(1). (3.21)
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Combining (3.18)), (3.19), (3.20) and (3.21]) we have

I (vy) = Iv_ (thvn) > )\/ (F(tpvn) — F(vy))dx + 0,(1) — ¢C. (3.22)

n

Then it suffices to show that
/JHM%MJWme:%O) (3.23)
Employing Lemma and the boundedness of {v,} in X., we can infer that
]f (F(tnvn) — Fluvn)) da

= F((t, — Dvy)dz + 0,(1)
Rn
gﬁ%—w/\%wmﬁﬂg—w/|%mmm4ng%m.
p R™ r Rn
Thus, putting (3.17)), (3.22) and (3.23)) together we obtain
c+on(1) > 0,(1) — CC + oo,
and then passing to the limit as ( — 0 yields ¢ > ¢

Case 2. For limsup,, . t, = to < 1, there exists a subsequence, still denoted by
{tn} such that ¢, — tg and ¢, < 1 for any n € N. Considering that I.(v,) — 0, we
have

e+ on(1) = L(u,) - éa;(vn),m

= G- Dl a [ (G rten - P

p
Moreover, recalling the fact that t,v, € Ny_, Inequality (3.13) and assumption
(A5) yields

Coo S IVoc (tnvn)

(3.24)

= v () = (B (ta0n), )
1 1 1
= (5 - 5)‘|tnvn‘|1\0/x,l + /\/Rn <§f(tnvn)tnvn - F(tnvn)>dx
1 1 1
< (= Pllonlly +0n(1) +€C) + A/Rn (Qf(”")”” - Plon))da

=c+o,(1)+¢C,

where we used (3.24) in the last inequality. Therefore, by passing to the limit as
¢ — 0 and n — oo it implies that ¢ > ¢y, which completes the proof. O

We are now in a position to prove the compactness result as follows.

Lemma 3.7. Let {u,} C N be such that I.(uy) — ce, where c. < oo for Voo < 00,
and any c. € R for Vo, = co. Then {u,} has a convergent subsequence in X..

Proof. We argue as before, we immediately see that {u,} is bounded in X., which
means that we can take a sequence {u,} such that
u, =~ u in Xg,

u, = u in Li, (R") for all t € [1,¢},).

loc
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Similar to the proof of Theorem [3.4] it is easy to check that I/(u) = 0. Let
Up = Up — u and I.(v,) — c¢. Considering that I.(u,) — ¢. and Lemma we
have
c+o,(1) = I (vy)
= I (un) — Ic(u) + 0,(1) (3.25)
=cc — I(u) + 0,(1).

Arguing it as in the proof of [3| Proposition 3.1], we can see that I’(u) = 0. Note

that
1

I.(u) = I.(u) q(Ié(u),u) > 0. (3.26)

By using ([3.25) and (3.26)), and considering V, < 0o, we can see that

¢ < ¢ < Coo,

which together with Lemma yields v, — 0 in X, which means that u,, — v in
X..

On the other hand, by considering Vo, = 0o, and using Lemma 2.5 we can infer
that v, — 0 in L*(R") for any ¢ € [p,q%,). This combined with assumptions (A2)
and (A3) yields

f(vp)vpdx = 0,(1).
]Rn

In addition, in accordance with (I’(v,),v,) = 0,(1) we deduce that
[onllf + llonll3 = on (1),

which leads to ||u, — u|le = 0,(1) as n — co. This completes the proof. O

Proof of Theorem[1.1l According to Lemma [3.I] we know that there exists a se-
quence {u,} C X, such that I (u,) — ¢ and I(u,) — 0, where
Ce = ue)l(r:{{o} rgag{ I (tu).

By standard arguments, we obtain that {u,} is bounded in X, which yields that
there exists a subsequence {u,} such that u, — u in X, where u is denoted by its
weak limit. Moreover, IZ(u) = 0. With the help of Lemma it is clear to check
that u, — w in X, while V, = oco. Then applying the mountain pass theorem
yields the existence result. It is rather clear to check that ¢ < I.(u). On the other
hand, it follows from Fatou’s lemma that

1

Ie(u) = Io(w) = (12 (u). ) < limnt (F(un) %<1;(un),un>) e

n—oo

which implies that the solution obtained above is a ground state solution, that is,
ce = I (u).

To complete the proof, it suffices to show that c. < ¢4, for small € while Vo, < occ.
Without loss of generality, let us suppose that

V(O0)=Vy= inf V
(0)="Vo= inf V(2)

and p € (Vo, Voo). It is clear that ¢y < ¢, < coo, Where ¢g is the infimum of Iy, over
Nvy,. By Theorem [3.4] there exists w € W1P(R") N W*2:4(R") as a positive ground
state of the autonomous problem (3.4). Let ¢ € C°(R™) be a cut-off function such
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that 0 < ¢ <1, ¢ = 1 in By, and ¢ = 0 in R™"\B,. We set ¢.(z) = ¢(%) and
consider the function w,(z) = ¢, (z)w(z). Using Lemma [2.3] we see that
Tli)IIolo lw, —wlle = 0. (3.27)
Take ¢, > 0 such that
I tr r) — Il. t )
u(trwr) = max I, (tw, )

which leads to that ¢,w, € N,. Now we prove that there exists r large enough such
that I,(trw,) < coo. By contradiction we assume I,(t,w,) > coo for any r > 0.
By using the assumption (A5), , t,w, € N, and w € N,, we can infer that
t, — 1. Therefore, we conclude that

< lim _ _
Coo < hggg‘}flu(trwr) I, (wy) = ¢y < Coo,s

which leads to a contradiction. In addition, by assumption (1.6)) we obtain that for
some £g > 0,

V(ex) <p forall e € (0,&0).

Hence, we deduce that

ce < I?Zag(fs(twr) < rilzag(fﬂ(twr) =I,(trw;) < ¢
for all € € (0,ep), which completes the proof. O

4. CRITICAL CASE WHILE o = 1

4.1. Functional setting in the critical case. In this section we focus on the
critical case while o0 =1

(=2)5 ut (~A)gu+ V(ew) (jul’u+ Jul"u) = Af(u) + [uf™>"*u in R",
u € WP(RM) NW29(R™), v >0 in R"
(4.1)
It is clear that the energy functional associated with (4.1)) is
1 1 1 4
Je(u :fup—i-fuq—)\/ F(u)de — —|ul 2
() = Sluly + lludlz L ) q§2| g

and its differential is given by
(JE(u),v) = (U, 0)sy p + (U, V) g + / V(ea)(JulP~?u + [ul " *u)v do
R’n,

q;, —2
|u|%s2 " “uv dx

- A flwvde — /
Rn
for any u,v € X.. We also introduce the Nehari manifold associated with J¢,
M, = {ue X \{0} : (J.(u),u) =0}

It is easy to check that J. possesses a mountain pass geometry shown as follows
(cf. [0]). For simplicity, we here omit the proof because of its similarity to Lemma

n

Lemma 4.1. The functional J. satisfies the following conditions:

(i) there exists o, p > 0 such that J.(u) > o with ||ullc = p;
(i) there exists e € X, with |le|l > p such that J.(e) < 0.
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In view of Lemma [£.1] we define the mountain pass level

de —gggtgl[gf]ef (£(1) = ueg{{o}rygg«]e(f(t))y

where
A={£eC([0,1],X.) : £(0) = 0, J-(£(1)) < 0}.

Next we prove that any Palais-Smale sequence of J. is bounded.

Lemma 4.2. If {u,} is a Palais-Smale sequence of J. at level ¢, then {u,} is
bounded in X..
Proof. Using assumption (A4) and ¢}, > 6 > ¢ > p, we conclude that

T ) )

C(l + ”uan) > Je(un) - 9
1 1

1 1

= (5 = ) llunll? + (5 = g)llunl
1 1 q:2
2y (5 (un)un = Fu) ) do + (5 - q—)|u b

1 1
> (2 _ = P ay.
2 (q 9)(Ilun||1+\|unllz)

Then we argue it as in the proof of Lemma [3.2] and we easily get the desired
result. (]

4.2. Autonomous critical problem. First, let us consider the autonomous prob-
lem associated with Problem (4.1]) as follows:

(A); et (—A)u (2 [uf?2u) = Af () + ol i R
n>0, weWSP(RY)NW=YR™), u>0 inR"

Therefore, the corresponding energy functional is defined as
1
T = Sl + e = [ Fude
p q
and its differential is given by

(T (), v) = (U, v) sy p + (U, V) sy g + M/R (Jul""u + [ul "~ u)v da

(4.2)

.

a,
.

az,’

-2 fwvde —/ |u|%2 "2y da
R‘n n
for any u,v € Y,,. Moreover, the Nehari manifold associated with J,, is

M, = {u € Y,\{0} : (J,(u),u) = 0}.
Arguing it as before, it is standard to check that J, has a mountain pass geometry,

and we denote by d,, its mountain pass level.

Remark 4.3. As in [36] we have the following variational characterization of the
infimum of J,, over M,:

0<dy= inf Ju(u)=inf max Jo(£(1) = weilf g e Jpu(tu).

To prove the existence of a nontrivial solution to Problem (4.2)), we firstly need
to prove the following fundamental result.
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Lemma 4.4. There exists A\, > 0 such that d, € (0, %S:“) for all X > \,.

Proof. Let v € C°(R™) be a non-zero function such that v > 0 in R™. Then there
exists £y > 0 such that J,,(t\v) = max;>¢ J,(tv), which yields (J|(t\v),txv) = 0.
Therefore,

a
‘1?2 . (4.3)

ﬁnwm4+thmg=a\4 F(tav)taoda + 52 o

Using assumption (A4) we find that

qu qg2

ol + vl e = 657 vlg22,

which combined with p < ¢ < ¢, yields that ¢, is bounded. Then there exists a
subsequence {ty, } such that ty, — to > 0 as A\, = co. Now we prove t; = 0 by
contradiction. Let us suppose that to > 0 such that

ol + 25, vl . = T € (0,00),

/ f(tx, v)ta, vdm—i—tq”’ q” — 00,

which certainly goes against . Thus, ty, — 0 as A\, — o0.
Next, we write h(t) = tv for t € [0,1]. Then h € A, and we obtain

0 < du < max J,(h(t)) < max Ju(t0) = Ju(tr0) < B0l + Sl
Taking A sufficiently large we obtain
82 435547
Bl + 15l < 2857,
which completes the proof. ([

Lemma 4.5. Lett € [p, qu), and {un,} C M, be a minimizing sequence for J,.
Then, {u,} is bounded in 'Y, and there exist a sequence {y,} C R™ and constants
R, 3 > 0 such that

liminf/ |u,|'dz > B > 0.
BR(yn)

n—oo

Proof. It is easy to see that {u,} is bounded in Y,,. We assume by contradiction
that for any R > 0 it holds

lim sup / |, |'dz = 0.
N0 yEeR™ JBR(y)
Then, it follows from Lemma 2.2 that
u, =0 in L'(R™) for all ¢t € (p,qZ,). (4.4)

Employing (3.2 and we can infer that

0< [ flun)undz <& | |unl” + on(1),
R™ R™

0< F(up)dz < C¢ |tn [P + on(1).
Rﬂ, ]R'n,
Passing to the limit as £ — 0, we obtain

f(up)updz = 0,(1) and / F(uy)dz = 0,(1), (4.5)
R™ n
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which combined with (J},(uy), un) = 0 yields

a3
lunllfon + lunllf o = lunlg:? = on(1).
Moreover, from the boundedness of {u,} in Y}, we may assume that

qa;
qz — L >0. (4.6)

[unllfn + llunllfe = L >0 and  |u,

If L =0, then |ju,|, — 0 as n — oo, which is a contradiction because of J,(u,) —
d,, > 0. Therefore, in the following we assume that L > 0. By taking into account

(4.5) and (4.6)), we conclude that
dyp = Ju(un) + on(1)

1 1 1 a;

= lunlln + Sl =X [ Flun)do — —funli
e @, )
1 1 :
¢ q,

52
2106 01).
2+ 0u()
On the other hand, by using Lemma [2.1] it follows that

g, < ST ([unld, g + plunld) = ST ulll o < STHlunllf o + lunllf2)-

|un,
Passing to the limit as n — oo, we find that
L < 5L
which together with yields d,, > %‘S:ﬁ . This yields a contradiction in view
of Lemma [£:4] Thus we completes the proof. (I
Let us now prove the existence result for the autonomous critical case.

Theorem 4.6. Under assumptions (A1)—(A5), Problem (4.2) admits a positive
ground state solution.

Proof. This proof follows the argument developed as in Theorem We here need
to replace (3.9) by

dy + 0, (1)
= Ju(un) — %(Jﬂ(un)mn}

11 1 11y,
= = Dllunllf 3 [ (Gl = Flun) o+ (= - Il

Recalling that
lim sup(a, + by, + ¢,) > limsup a,, + lim inf(b,, + ¢;,)
n—oo

n—00 n—oo

> lim sup a,, + liminf b,, + liminf ¢,,,
n—oo n—oo n—oo

which implies that

1 1 1
d, > (= — =) limsup ||u,||” —i—)\liminf/ = f(un)un — F(uy) ) dz
w2 (= ) limsup g+ Mimint [ fu)un — F(un)

1 1 N
+ (* - )liminf\u Z?.
s2

*
q qs,/ mn—oo
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We complete the proof by using Lemma [4.5] instead of Lemma [3.3] a

4.3. Proof of Theorem [1.2} By a similar argument as Lemma the critical
version of Lemma [3.5]is presented here.

Lemma 4.7. Assume that d. < %SF Let t € [p,q;), and {u,} C M. be a
sequence such that J.(u,) — de and u, — 0 in X.. Then, one of the following
alternatives occurs:
(i) u, — 0 in X.;
(ii) there exist a sequence {yn,} C R™ and constants R, 3 > 0 such that
lim inf [u,|'dx > B > 0.
n—roo Br(yn)

For the case of Vo, < 0o, we immediately obtain the following result along the
lines of the proof of Lemma [3.6]

Lemma 4.8. Assume that Vo, < 00, and let {v,} C M, be a sequence such that
Jo(vp) = d and v, — 0 in X.. If v, A 0 in X, then d > do, where do is the
infimum of Jy_ over My, .

Next, we can give the following compactness result in the critical case.
Lemma 4.9. Let {u,} C M. be such that J.(u,) — d., where d. < do for
Voo < 00, and d. < 228.*" for Vo = 0o. Then {uy,} has a convergent subsequence
n Xe.

Proof. We first argue it as in the proof of Lemma so that we know that {u,}
is bounded in X., which yields that we may assume that w,, — w in X,. It is clear
that J/(u) = 0. Let v, = u,, — u and J.(v,) — d. By Brezis-Lieb Lemma in [I1]
and [28, Lemma 3.3] we find that

*

9sy
2=

s, n

.

Oy
X

a,

.

s,
.

a,

|u

|vn + on(1).

We replace by
d+ o0n,(1) = Jo(vp)
= Je(un) — Je(u) + 0n(1)
=d. — J:(u) + on(1)

and notice that

Je(u) = Je(u) — é(Jé(u),w

_ %Hu”f + )\/Rn (éf(u)u ~ Fw))dz + (% - qi) s

S2

.

az,
:

qz,

>0,

where we used assumption (A4) in the last inequality. Therefore, for the case of
Voo < 00 we deduce that
d<d: <ds,
which together with Lemma [£.8] yields v, — 0 in X, that is to say, u,, — u in X..
For the case of V, = 0o, by using Lemmawe can infer that v, — 0 in L*(R™)
for any t € [p, q;‘Q). This combined with assumptions (A2) and (A3) implies that

f(op)v, do = 0,(1),
Rn
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which together with (J.(v,),v,) = 0 yields

.
a,

= on(1).

Considering the boundedness of {v,}, we may assume that

[onlly + llvnllz = fon

qas

[onllf + [lonll3 = L >0 and |v,,:

2L >0.
2

n

If L > 0, we follow the lines of the proof of Lemma to get d > 22.5.,2". Note

n

that d < d. < 225,%7, which yields a contradiction. This leads to that L = 0,
which completes the proof. O

We are finally ready to give the proof of Theorem

Proof of Theorem[I-4 The proof follows the same lines as in the proof of Theorem
[[:3] once one replace Lemma [3.1] Lemma [3.2] Theorem [3.4] and Lemma [3.7] by
Lemma Lemma, Theorem and Lemma respectively. O
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