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EXISTENCE OF ATTRACTORS FOR THE NON-AUTONOMOUS
BERGER EQUATION WITH NONLINEAR DAMPING
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ABSTRACT. In this article, we study the long-time behavior of the non-autonomous
Berger equation with nonlinear damping. We prove the existence of a compact

uniform attractor for the Berger equation with nonlinear damping in the space
(H?() N H(Q)) x L*(9Q).

1. INTRODUCTION

In this article, we consider the non-autonomous Berger equation with nonlinear
damping,

uge +vg(u) + A2y + (T - / |Vu\2dx)Au =p(x,t), x€Q,
Q

ulon = Aulan =0, (1.1)

u(z,7) = ul(z), w(z,7)=ul(x).
Here 2 C R™ is a bounded domain with a sufficiently smooth boundary; v > 0, and
I" are constants. The damping function g € C'(R) satisfies
g(0) =0, g is strictly increasing, liminf ¢'(s) > 0, (1.2)

|s|—o0
lg(s)| < C(1+ ]s]9), (1.3)

with 1 <g< ooifn <4, and1<¢q< Z—fj if n > 4. The external force p(z,t)
satisfies

ple,t) € L%(R; L*(Q)), (1.4)

dwp € LL(R; L™ () with 7 > % (1.5)

Equation describes the nonlinear oscillation of a plate. The function u(z,t)

measures the deflection of the plate at the point x and the moment of time ¢. The

boundary condition implies that the edges of the plate are hinged. The function

p(x,t) describes the transverse load on the plate. The parameter T' is proportional

to the value of compressive force acting in the plane of the plate. The value ~
describes the environment resistance.
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In this paper, we consider the non-autonomous system via the uniform
attractor of the corresponding family of processes {U,(t,7)}, 0 € 3. For the
Berger equation, the feature of the model is that: (i) the equation does not
account for rotational inertia, (i.e., Auy), (ii) the damping is nonlinear, and (iii)
the external forcing p(w,t) is not translation compact in L} (R; L?(£2)).

For the autonomous case, if n = 1, equation becomes a well-known beam
equation which was treated by many authors, see, for example, [2] 3] 20] for the
linear damping and [5] for the nonlinear damping. In [13], Marzocchi obtained
the global attractor of beam equation with linear strong damping (i.e. Uzzzat)-
Sell and You [I§] showed the existence of the global attractor for with linear
damping in the one-dimensional case. In [I4], Naboka considered the existence of
the global attractor of two coupling berger plate equations with linear damping.
Later, Lasiecka and Chueshov [6] gave a detailed discussion about the existence
of the global attractor for the equation in the space (H%(Q) N H}(Q)) x
L?(2). Ma and Narciso [I1] established the global attractor for the nonlinear
beam equation with nonlinear damping and source terms. The existence of the
exponential attractor for the plate equation was proved in [12].

In the case of non-autonomous system, for the wave equation, Sun et al [19] dis-
cussed the dynamical behavior of the non-autonomous wave equation. The random
wave equation has been studied in [22]. The asymptotic behavior of the solution
for the non-autonomous viscoelastic equation was considered in [I5] [16].

The non-autonomous wave equation has attracted much attention in recent years.
However, the non-autonomous plate equation with nonlinear damping is less dis-
cussed, especially for the Berger equation. This paper is devoted to the dynamical
behavior of the solution of the equation .

In this article, inspired by the ideas in [6l [10, 19], we prove the existence of a
compact uniform attractor for problem in the apace (H?(Q)NHZ (2)) x L?(Q2).
The main emphasis is placed on the external force and the nonlinear dissipation.

This article is organized as follows: In Section 2, we recall some results about
function space and uniform attractor we will use in this paper; In Section 3, we give
the existence of uniformly absorbing set in (H?(Q) N H(Q)) x L?(Q); In the last
Section, we derive uniform asymptotic compactness of the corresponding family of
processes {Us,(t,7)},0 € ¥ generated by the problem (L.1).

2. PRELIMINARIES

In this section, we recall some fundamental concepts about the non-autonomous
dynamical system, see more details in [4].

Let X be a Banach space, and X be a parameter set. The operator {U, (t,7)},0 €
3 is said to be a family of processes in X with symbol space ¥ if for any o € ¥,

Us(t,s) oUy(s,7) =Uy(t,7), Vt>s>7, TER, (2.1)
Us(t,7) =1d, V7 €eR, (2.2)

where Id is the identity. Let {T'(s)}s>0 be the translation semigroup on X, we say
that a family of processes {U,(t,7)},0 € ¥ satisfies the translation identity if

Us(t + 5,74 5) =Ups)o(t,7), YoeX, t>7, 1R, s>0, (2.3)
T(s)E =%, VYs>0. (2.4)
By B(X) we denote the collection of all bounded sets of X, and R, = {t € R, ¢t > 7}.
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Definition 2.1 ([4]). A bounded set By € B(X) is said to be a bounded uniformly
(w.r.t. o € ) absorbing set for {U,(t,7)},0 € X if for any 7 € R and B € B(X)
there exists Ty = Tp(B, 7) such that U,exUy(t;7)B C By for all ¢t > Tj.

Definition 2.2 ([4]). A set A C X is said to be uniformly (w.r.t o € X) attracting
for the family of processes {U, (¢, 7)},0 € X if for any fixed 7 € R and any B € B(X)
lim (sup dist(U, (¢; 7) B; A)) =

t=+oo \ ey

dist (-, -) is the usual Hausdorff semidistance in X between two sets.

Definition 2.3 ([4]). A closed set As; C X is said to be the uniform (w.r.t o € X)
attractor of the family of processes {U,(t,7)}, 0 € X if it is uniformly (w.r.t o € X)
attracting (attracting property) and contained in any closed uniformly (w.r.t o € X)
attracting set A’ of the family of processes {U,(¢,7)},0 € 3: Ax C A’ (minimality
property).

Definition 2.4 ([4]). A function ¢ is said to be translation bounded in L] (R; X),
if -

Il = sup [ s < o
Denote by L} (R; X) the set of all translatlon bounded functions in L], (R;X).

Next we recall some properties of the nonlinear damping function g.

Lemma 2.5 ([8 [I0]). Let g(-) satisfy condition (1.3). Then for any § > 0 there
exists Cs > 0, such that

lu —v|* <6+ Cs(g(u) — g(v))(u — ) foru,v € R.

Hereafter, the norm in L?(§2) is denoted by || - ||. H*(Q) stands for the usual
Sovolev space when s > 0 with the form |lu||s. C, C; denote a general positive
constant, ¢ = 1,..., which will be different in different estimates.

3. EXISTENCE OF UNIFORMLY ABSORBING SET

3.1. Setting of the problem. Similar to the autonomous case (e.g., see [0]), we
can obtain the following existence and uniqueness results and the time-dependent
terms make no essential complications.

Theorem 3. 1 Let Q) be a bounded domain of R™ with smooth boundary, g sat-
isfies . 1.3), p(x,t) € L®(R;L*(Q)). Then for any initial data (u,ul) €

(H2(Q)0H0 (Q)) x L? (Q) the problem has an unique solution u(t) which satis-
fies (u(t),us(t)) € C(R; (H*(Q)NHG(Q)) x L*(2)) and Oyu(t) € L7 (Ry; H2(1)).

Let y(t) = (u(t), wi()), yr = (ud,ud), By = (H?(2) 1 HY(2)) x L*(%) with finite
energy norm
[yl zo = [1Au]? + [l
Then system (L.1)) is equivalent to:

Opuy = —A%u — yg(ug) — (T — / |Vul?dz)Au + p(x,t), fort >,
Q (3.1)

0
ulog = -uloa =0, u(z,7) =ud(x), w(z,7)=ur(z).

ov
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We can also rewrite (3.1)) in the operator form:

815:'-/ = Aa(t) (y)a y‘t:T =Yr; (32)
where o(t) = p(t) is symbol of equation (3.2). We now define the symbol space for
(3-2), take a fixed symbol o¢(s) = po(s), po € L=(R; L?(2)) N W;’T(R; L7(Q)) for

2n
some r > =t and set

20 = {po(ZII,t + h) h S R}, (33)
Yis the *-weakly closure of ¥g in L=(R; L*(Q)) N W, (R; L™ (). (3.4)
Then we have the following properties.

Proposition 3.2. X is bounded in L°(R; L*(Q)) N W, (R; L"(Q)), and for any
o € %, the following estimate holds

||U”LOO(R;L2(Q))F1W;‘T(]R;LT(Q)) < ||p0HL°°(R;LQ(Q))OW;'T(R;LT(Q))'

Thus, from Theorem m we know that is well posed for all o(s) € ¥ and
generates a family of processes {U,(t,7)},0 € X given by the formula U, (¢, 7)y, =
y(t). The y(t) is the solution of (LI)-(LA) and {U,(t,7)}, 0 € ¥ satisfies (2.1)-
(2:2). At the same time, due to the unique solvability, we know {U,(t,7)},0 € &

satisfies the translation identity (2.3))-(2.4]).
In what follows, we denote by {U,(¢,7)},0 € X the family of processes which is

generated by (3.2)-(3.4). Next we recall some criterion developed in [19].

Definition 3.3 ([19]). Let X be a Banach space, B a bounded subset of X and ¥ a
symbol (or parameter) space. We call a function ¢(-,-; -, ), defined on (X x X) x (X x
%), to be a contractive function on B x B if for any sequence {z,,}°°; C B and any
{on} C X, there is a subsequence {x,, }72; C {x,}52; and {0, }32, C {on}r2,
such that

lim lim ¢(zn,,Tn,;0n,,0n,) = 0.
—00 l—o0

We denote the set of all contractive functions on B x B by contr(B, X).

Theorem 3.4 ([19]). Let {U,(t,7)},0 € X be a family of processes which satisfies
the translation identity — on Banach space X and has a bounded uniformly
(w.r.t. o € X) absorbing set By C X. Moreover, assume that for any e > 0 there
exist T = T(By,€) and ¢r € contr(By,X) such that

||U0'1(T70)',I"_U0'2(T70)y” SE+¢T(xay;0-170-2)a anye BO7 VO']_,O'Q €.
Then {U,(t,7)},0 € ¥ is uniformly (w.r.t. o € ¥) asymptotically compact in X.
Applying [I7, Proposition 7.1], we obtain the following results.

Proposition 3.5. Let p € L=(R; L*(Q)) N W, (R; L"(Q)) (r > nz—f‘l) Then there
is an M > 0 such that

sup [|p(x,t + s)|lp2) < M for all s € R.
teR

Proposition 3.6. Let s; € R (i = 1,2,...), p € L®(R; L*(Q)) N W;’T(R; L™(Q))

(r> %)) {un(t) :t>0,n=1,2,...} be bounded in H*(Q) N HL(Q), and for any
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Ty > 0, {un,(t)| n=1,2,...} bounded in L>=(0,Ty; L*()). Then for any T > 0,
there exist subsequences {un, }52, of {un}ne, and {sn, }32, of {sn}oe, such that

T T
lim lim / / / (p(x, T+ sn,,) — p(x, T + Sn, ) (Un,, — Un,)e(T) drdr ds = 0.
0 s Q

k—ool—o0

3.2. Uniformly absorbing set in (H?(Q) N H}(Q)) x L*(Q). In this subsection,
we start with the following result on the existence of uniformly (w.r.t. o € X)
absorbing set in (H?(Q) N H(Q)) x L?(Q2). The proof is similar to the autonomous
case [6], so we omit it here.

Theorem 3.7. Assume that g satisfies (1.2))-(L.3)). If

2

po € L®(R; L(Q)) N W, " (R; L™(Q))  for some r > f4
n

and ¥ is defined by (3.4), then the family of processes {U,(t,7)}, o € ¥ corre-

sponding to problem (1.1) has a bounded uniformly (w.r.t. o € ¥.) absorbing set in

(H*(Q) N Hg () x L*(€).

4. UNIFORM (W.R.T. 0 € ¥) ASYMPTOTIC COMPACTNESS IN
(H*(Q) N H; () x L*(Q)

In this section, we first prove some a priori estimates about the energy inequalities
based on the idea presented in [6l 10, [19]. Then, we establish the uniform (w.r.t.
o € ¥) asymptotic compactness in Fjy.

For convenience, we denote by By the bounded uniformly (w.r.t. o € ) absorb-
ing set obtained in Theorem and without loss of generality, we assume that
v =1 from now on. Hereafter, we use the notation

But) =5 [l +3 [ 160

4.1. A priori estimates. The main purpose of this part is to establish —
(4.16)), which will be used to obtain the uniform (w.r.t. o € ¥) asymptotic com-
pactness. Based on the technique in [6l [10, [19], we have the following subsequent
procedure.

For any (u{,v}) € By, let (u;(t),u;,(t)) be the corresponding solution to o; with
respect to initial data (u§,v}),i = 1,2, that is, (u;(t),u;, () is the solution of the
following equation

utt+g(ut)+A2u+(F— |Vu\2dx)Au:ai(m,t),

B (4.1)
ov o
(u(0),ut(0)) = (ug, vg)-

Lemma 4.1. Assume that g satisfies (L.2)—(1.3). Then for any fixed T > 0, there
exist a constant Cayr and a function ¢ = dr((ud,v}), (ud, v3);o1,02) such that

lur(T) = ua(T)ll iy < Crrr + 67 ((ug, v0), (ug, v5); 01, 02),

where Cy 7 and ¢ depend on T
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Proof. For convenience, we denote

Then w(t) satisfies

wyy + g(uy,) — g(ug,) + A%w — (/ Vg [PdeAuy — / |VuQ|2dacAu2)
Q Q
+TAw = p1(t) — pa2(2),
0
wlan = 5w|an =0,

(w(0), we(0)) = (ug,vp) — (g, vd).

Multiplying by w; and integrating over [s,T] x €, we obtain
T
BulT) = Buls) + [ [ (9lun, (1) = gl (7))us(r) o dr
s Q
T
— [ [P A ) - [ Fua(r) P Sus(r)u(r) do dr (4.3
s Q
1 2 1 2 g
+-T [Vw(T)|*dx — =T [ |Vw(s)|“dz + (p1 — p2)wi dz dr,
2 Jo 2 Ja s Ja

where 0 < s < T. Then we have

T
/ / (9(un, (7)) — gluz, (r)))we(r) d dr
0 Q

1 1
< Bu0)+ 5T [ [Vu(D)Pds - 3T [ [Vu(o)Pds
2 O 2 Q

T ) ) (4.4)
T / / (19 (7) |2 iy (7) — [V () [2 Dt () Yy (7) i

T
+/ /(p1 — po)wy dx dT.
0 Q

Combining this with Lemma we obtain that for any § > 0,
T
/ / lwy (7)|? dz dr
0o Ja
1
< 8T meas(Q) + CsE,,(0) + 5cz;r/ |Vw(T)|?dx
Q
1 2 ’ 2
= 5CsT [ [Vw(0)de + Cs (IVur ()2 A (7)
Q o Ja

= IVa(r) P Avea(r)Jun() dod+Cs [ [ (o1 = pajun o
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Secondly, multiplying (4.2) by w and integrating over [0, 7] X €2, we obtain

/T | Aw(s )|2dxds+/ (T)w(T)dz — T /OT [ 1) dr ds

/ /|wt |2dxds—/ / g(uq, (s g(uz,(s)))w(s)dz ds (46)
+/th(0)w(0)dx+/0 /Q IIVul(s)HQAul(S) |

_ ||Vuz(3)||2Au2(s))w(s) dx ds + -/OT/Q(pl — po)w dz ds.

So from (4.5)-(4.6)), we have

/OT E,(s)ds

< 6T meas(§2) + Cs £, (0) + %C(;I‘/Q IV (T)[2dz — %C(SF/Q Vuw(0)2dx
T
+ C(S/O /(HVILl(s)”?Aul(s) — HVUQ(S)HzAUQ(S))wt(s) du ds

_%/wt(T) (T)dx + F/ /\Vw (s)|? dz ds (4.7)

- 7/ / 9(u1,(5)) = g(uz,(s)))w(s) dz ds + % /Q w(0)w(0)dx
* 5/0 /Q(Hv”1(5)||2AU1(S) — IVua(s)||* Ausa(s))w(s) dx ds

T 1 /T
+ C(;/ /(p1 — po)w dx ds + 5/ /(p1 — po)wdxds.
0o Jo 0 Jo

Integrating (4.3) over [0,T] with respect to s, we obtain

TE,(T)

///|Vu1 NPAu (1) = [|[Vua (1) Aug (7)) we (1) da dr ds

4.8
+ ()ds+;TF/ IV (T) 2 (48)

—71"/ /\Vw |2dxds+/ / /p1 po)wy dz dT ds.
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Therefore, from (4.7) and (4.8), we have

TE,(T)

< ST meas(§) + CoEu(0) + 3T | [VuT)Pde = 3G [ [V0(0)fd
T R Q
+ 05/0 /Q(HVul(s)||2Au1(s) — IVua(s)||* Aua(s))ws(s) dx ds

T
+1TI‘/ |Vw(T)|2dx71/ wt(T)w(T)dx+1/ /(plfpg)wdxds
2 Ja 2 Jo 2Jo Ja

L 1 (4.9)
_5/0 /Q(g(uh(S))—9(u2t(5)))w(s) dxd8+§/9wt(0)w(0)dx
T
*%/0 /Q(HWl(s)H?Aul(s) — [Vus(s) |2 Aus(s))w(s) dz ds

+/0T AT/Q(HVW(T)HQAW(T) — [Vua(7)[[* Aug (1) )wi(7) da dr ds
+ATAT/§l(p1p2)wtdI’de$+05/0T/Q(plpQ)wtdIdS'

Next, we need to study fOT Ja(g(u1,) — g(ug,))wdx ds. The following estimate
can be derived by using similar arguments as in [0, Chap. 5]. However, for the sake
of completeness we give the proof. From condition (1.3)), we have

()] "T = lg(s)[/ - [g(s)] < CL+ Is)]g(s)],

combining this with (1.2), we obtain
1

’ 4.10
) (4.10)

where C is a constant which is independent of s. Multiplying (4.1) by w;, (t), we
obtain

1d
**/ (|Uit|2+|Auz‘\2)+/g(uit)uiﬂr/(r— Vi ||*) Awiug, Z/Pmit»

Q

which, combined with the existence of bounded uniformly absorbing set, implies

T
/ /g(uit)uit <C,r, (4.11)
o Jo
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where C), 1 is a constant Wthh depends on the size of By in (H?(Q)NHE(Q))x L*(Q)
and T'. Therefore, from and - we have

| / / ol )w
0 Q
T T
< / / lgui )] + / / gz,
0o Jo(ui,|<1) 0 Jo(ui,|>1)
T T
<c[ [ e[ gl
0 JO(Jusy |<1) 0 JO(Jui,|>1)
T T q
g+1\ g+1
cof o e (] )
0 Jaqu, 1<) 0 Ja(u,1=1)
T _1
([ el
0 JQuiy|21)
T T ﬁ
SC’/ / |w|+20(/ / g(uit)uit)
0 Q(|uq, |<1) 0 Q(|ui, [>1)
T _1
U
0 JQ(Juiy|2>1)
T T %
SC// |w|+Cp7T(// |w|q+1>q .
Q(|uit|<1 0 J(ug,|21)

Combining (4.9)) and ( , we obtain
TE(T)

(4.12)

< 0T meas(Q) + C5E,,(0) + %C’(;F/ |Vw(T)|?dx — %C’(;F/ |Vw(0)|>dx
o Q

T
+ 05/0 /Q(HVul(s)||2Au1(s) — IVua(s)||* Aua(s))ws(s) dx ds

+%TF/Q|Vw(T)|2dxf%/ wt(T)w(T)d:z:+1/T/(p1pg)wdxds
+C/OT/Qw|dxds+c, / /|w|q+1dxd / wy (0)w(0)d

T
*%/0 /(||v“1(5)||2Au1(5) — ([Vua(s) |2 Aus(s))w(s) dz ds

| Vur (1) |2 Auy (1) — || Vo (7) |2 Aug (7))ws () d dT ds

L

0 s
T

+/ / /p1 Do wfdxdrderC'g/ /p1 p2)w; dx ds.
0 s

(4.13)
Set

Cuyrr = 0T meas(Q) + C5E,,(0) + 1C’gl"/ |Vw(T)|2dx
’ 2 Q
) i 1 (4.14)
- fCl;F/ |Vw(0)|?dx — f/ w(T)w(T)dx + 7/ we(0)w(0)dz,
2 0 2 Ja 2 Jo
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¢5,T((ué7 Ué>7 (’U/%7 Ug), 01, 02)

=Cs /OT/Q(VU1(3)||2AU1(S) — || Vua(s)||* Aug(s))w(s) dx ds
+;/OT/Q(I|Vu1(s)||2Au1(s) [ Vun(s) |2 Aus(8) o) der s
+ /OT /ST /Q(||VU1(7')||2AU1(T) — |Vu(7)]|? Aua (7))wy (T) dz dr ds
+c/0T/Q|w|d:cds+Cp,T</0T/Q|wq+1 dxds)ﬁllJr;TF/QvM(Tﬂzdx
T T T
+/O /s L(pl—pz)wtdxdrds+05/() /Q(pl_pQ)wtdde

1 T
+ */ /(p1 — pa)w dz ds.
2Jo Ja

(4.15)
Then we have
C 1
EulT) < P 4 bsr((uh, ), (3, 03); 01, 72). (116)
O

4.2. Uniform asymptotic compactness. In this subsection, we prove the uni-
form (w.r.t. o € ) asymptotic compactness in (H2(2) N H(2)) x L*(Q), which
is given in the following theorem.

Theorem 4.2. Assume that g satisfies (1.2))-(1.3). If

2

po € L= (R; L*(Q)) N Wbl’r(]R; L"™(Q)) for some r > :4
n

and ¥ is defined by (3.4), then the family of processes {U,(t,7)}, o € X corre-

sponding to problem (1.1), is uniformly (w.r.t. o € ¥) asymptotically compact in

(H2(Q) N HL(Q)) x LE(Q).

Proof. Since the family of processes {U,(t,7)} ¢ € ¥ has a bounded uniformly

absorbing set and from the Lemma for any fixed € > 0, we can choose first

0 < m, and let T so large that
Cum,r

T
Hence, thanks to Theorem it is sufficient to prove that ¢s (-, -;-,-) defined in
belongs to contr(By, X) for each fixed T'.
From Theorem we can deduce that for any fixed T,

Uses Urelo, 1) Us (t,0) B is bounded in Ej, (4.17)

and the bound depends on T

Let (un,un,) be the solutions corresponding to initial data (uf),vy) € By with
respect to symbol o, € ¥,n=1,2,.... From , without loss of generality (at
most by passing subsequence), we assume that

u, —u weakly star in L°°(0,T; H*(Q) N Hy (), (4.18)

<e.
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Up, — u;  weakly star in L°°(0, T; L*(9)), (4.19)
up, — u in L2(0,T; L*(Q)), (4.20)
U, —u in LU0, T; L1(Q)), (4.21)
un(T) — u(T) strongly in Ha (), (4.22)
for ¢ < 244, where we use the compact embeddings H? — HO and H? — Lat1,

NOW we deal with each term corresponding to that in . First, from Propo-

sition and (4.21]), we can obtain
T
lim lim / / (Pu(,5) — a2 8))(ttn(5) — () dads =0, (4.23)

n—oo m—0oo

and from Proposition [3.6] we can get

lim lim / / D (2, 8) — D (2, 8)) (Un, (S) — Um, (8)) dzds = 0, (4.24)

n—od m—0o0

lim  lim / / /Q (P (,7) — P (2, 7)) (i, () — o, (7)) d - ds = 0. (4.25)

n—oo m—0o0 0

Secondly, from (4.18) and (4.21)), we can get that
lim lim ||V, (T) — Vun, (T)||* =0, (4.26)

n—oo m—

lim lim/ /|un ) — um(s)|dxds =0, (4.27)

n—oo Mm—00

lim lim / /|un — U, )|q+1dxds)T:O. (4.28)

n—oo m—0o0o

Since {(un, un, )}, is bounded in C(0,T; (H?(Q) N H()) x L3(2)) and the em-
bedding H? — C(Q) is compact, by the Arzela theorem {u,}3; is compact in
C(0,T;C()).

On the other hand, {u,, }5°; converges weakly star in L>°(0, T; (H2(Q)NHZ(2))).
Thus {u,}°2; strongly converges in C(0,7T;C(Q)) and then we find that

T
V|2 Aty — |Vt ||? At ) (ty, — 1) dz ds
A K R T O A P

< Crrllun — umlco,rc@)-

From (4.29)), we obtain
T
lim lim / /(||Vun||2Aun ~ VU | Ati) (i, — ) dzds = 0. (4.30)
Q

n—oo m—0o0 0

Finally, Since (for smooth solutions) we have

ZA _ _ = 4
JIvulP s de =~ 21Vl

from the above equality, we obtain

T
| P68 () = [Vt (92 Bt 5)) 1, (5) = 0, (5) i s
:/O /QHVun(s)H Aun(s)um(S)dxds—i—/o /Q||Vum(s)|| Aty (8)tm, (8) dz ds
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_/OT/Q |Vt (8) |2 Aty (8) iy, (8) daz ds
_/OT/Q [Vt (8)||* Aty (8) i, () dax ds

[IVun (O)* = [V en (D" + Vet (0)[|* = Ve (T)[* ]

| =

_/OT/Q |V, (8)]|2 Aty (8) iy, () d ds
- /OT [ 190 (5) 2t 5 (5 s,

using (4.18), (4.19) and (4.22)), taking first m — oo, then n — oo, we obtain

T
im lim Up (S 2 Up (S
Jim tim [ (1900 u)
IVt (8) 2 D110 () )t () — 10 (5)) e s (431)

= 1 u 4 — u 4 — ! uls 2 ulsS)us( s T as =
= LIV ~ [ Vu(T)| 2/0 /an () [2Au(s)ue(s) dar ds = 0.
Similarly, we have
T
/ /Q (V21 () 12 Dty () — [Vt (7|2 At (7)) (i, (7) — 11, (7)) di i
= 1 LIV~ V(D) + [V ()~ [Vt (7))
T
—/ /||Vun(7)||2Aun(7')umt(T) dx dt
s Q
T
—/ /QHVum(T)HzAum(T)unt(T) dx dr.

At the same time, |fST fQ(HVun(T)||2Aun(T) — |Vt (7|2 At (7)) (U, (T) —
Um, (7)) dz d7| is bounded for each fixed T', by the Lebesgue dominated convergence
theorem we have

T T
Jim lim/ / /(HVun(T)HQAun(T)
n—oo m—oo 0 s Q
- HVum(T)H2Aum(T))(um — Uy, ) dz dT ds

T T
B /0 (nllnéo n}iinoo/S /Q (||Vun(T)ll2Aun(T) (4.32)
_ \|Vum(7')|\2Aum(T))(um — U, ) dz dT)dS

T
:/ 0ds = 0.
0

Hence, combining (4.23)-(4.32)), we obtain that ¢s (-, -, ) € contr(Bp,X) imme-
diately. (Il
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4.3. Existence of a compact uniform attractor.

Theorem 4.3. Assume that g satisfies (1.2))-(1.3). If

2

po € L®(R; L2(Q)) N W, " (R; L™(Q))  for some r > _T_L4
n

and ¥ is defined by (3.4), then the family of processes {U,(t,7)}, o € X corre-

sponding to problem (1.1) has a compact uniform (w.r.t. o € ) attractor As in

(H?(Q) N Hg () x L*(9).

Proof. Theorem [3.7] and Theorem [£.2] imply the existence of a compact uniform
attractor immediately. ([

Remark 4.4. For the autonomous case of (1.1)), that is p(z,t) = p(x), the growth

order of nonlinear damping g is equal to if n > 4. As for the non-autonomous

system, the constant C,r in (4.11) depends on T, which is different from the
autonomous case, and to some extent, (4.11) requires that the growth order of g is

strictly less than Z—fi with n > 4.

Remark 4.5. The technique (scheme) used in this paper is also applicable to an-
other non-autonomous plate models, e.g., the model of non-autonomous extensible
beam with nonlinear damping and source terms.
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