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Minimizing pseudo-harmonic maps in manifolds *

Yuxin Ge

Abstract

In this work, we show some regularity and uniqueness results for gener-
alized harmonic maps on target manifolds which are graphs of real-valued
functions defined on ellipsoids. As an application, we prove a diffeomor-
phism property for such harmonic maps in two dimensions.

1 Introduction

Harmonic maps with values in a “convex” ball of a Riemannian manifold enjoy
nice properties such as the regularity of weak solutions and their uniqueness.
Such results were obtained in [7] concerning the regularity of a weakly harmonic
map and in [8] for the uniqueness, under the hypothesis that the map takes its
values in a geodesically convex ball whose radius is strictly less than ﬁ,
where K is the upper bound for the sectional curvature. It turns out that these
“convexity” conditions on the target are not necessary as shown by the result
in [5] where similar conditions are obtained for maps into the upper hemisphere
of a “flattened” ellipsoid of revolution.

Here we want to show that these regularity and uniqueness results are true
also for more general targets than spheres or ellipsoids of revolution, namely for
target manifolds which are graphs of real-valued functions defined on ellipsoids
satisfying some property.

We also prove a diffeomorphism property for harmonic maps between a two-
dimensional ball and such a two-dimensional manifold under suitable boundary
conditions.

Our approach relies on a method of E. Sandier and J. Shafrir [13], which
allows simplest proofs for the uniqueness and regularity theorems.

The class of target manifolds that we consider is defined as follows. Let
(,) be some scalar product in R", different from the standard Euclidean scalar
product (,) in general. For simplicity, we assume that |y|> = (y,y) = Y1, a;y?
with a; > 0. Denote A = {y € R"/(y,y) < 1}. Clearly, A is a convex set.
Let A/ be a hypersurface in R"*!, defined by N' = {(y,yns1) € R"™/y €
A yni1 = f(Jy]?)}, where f is a function in C*°([0,1)) N C°([0,1]) such that
f(1) = 0. Let © C RY be a bounded domain and let g : 92 — N be a

* Mathematics Subject Classifications: 53C43, 58E20.

Key words: harmonic maps, diffeomorphism, uniqueness, regularity.
(©2001 Southwest Texas State University.

Submitted March 30, 2001. Published May 21, 2001.




2 Minimizing pseudo-harmonic maps in manifolds EJDE-2001/37

prescribed C%7 mapping with v > 0. We consider the space H; (QN)={ve
HY(Q,R" ) Ju(z) € N ae. x € Qand v|pg = g}. Let {,)gnt1 be the standard
Euclidean inner product on R"*!. We define on H, ; (Q, N') the energy functional

> 1 d 1 N - ou  Ou d 1
=5 Jyo =5 J, X G g s O
1,]=

where a;;(x) satisty the following conditions:

Ja > 0, such that a;;(2)€'¢ > ol €, VzeQ,VEeRY; (2)
ai;(r) € CH(Q,R), for some v > 0 and 1 <i,j < N; (3)
aij:aji, 1§Z,j§N (4)

The critical points of E satisfy in the sense of distributions the Euler equation

a ou ou
Lu+ Y a;(z)C <%(:¢), %(ac)) =0, inQ (5)
ij=1 ! J
u=g, on Jf,

where L = Zﬁ\szl 8@% (aij(:c)%) and C(,) is the second fundamental form of

N. We remark that if N # 2, this problem is equivalent to studying harmonic
maps from (Q,g;;) on N, where (g;;) = (det(aij))ﬁ (aij)~'. However, if
N = 2, this problem concerns a more general problem which agrees to harmonic
maps if and only if det(a;;) = 1.

Our first result is a uniqueness principle. Let M be a hypersurface such that
N C M. We will show the following result.

Theorem 1 Assume that g(0Q2) C N and the following conditions are verified,

O <0 on0,1); (6)
F& < 2(f0)F and 2(FDfP = 3(F2)2) + FOFD = 2(FD) =0 on [0, 1)(7)
a; <1 Vi=1,...,n. (8)

Then, the minimizer of E in H;(Q,./T/) is unique. Moreover, if u is a critical
point of E, whose image lies in a compact subset of N', then u is a minimizer.

This result is a generalized variant of [5]. In fact, if we set f = /1 — ¢, we
find that N is the upper hemisphere of the ellipsoid. In this paper, we will
adopt the same strategy as in [13]. Our approach relies on a convex inequality
for the energy functional E.

The second result is a regularity theorem. We will show the following.

Theorem 2 Under the same hypotheses as in Theorem 1, assume that u €
Hgl(Q,N), whose image belongs to a compact subset of N, and that u is a
critical point of E, i. e., u is a weak solution of (5). Then u is C% on Q.
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This theorem is a variant of a result of S. Hildebrandt, H. Kaul and K-
O. Widman, who have proved in [7] the same result for a harmonic map in a
geodesic ball of radius 7 < 5= where K is an upper bound of the sectional

curvature of the manifold. By the uniqueness principle, we need only prove it for
the minimizing maps. So it is relatively easy to obtain the regularity property
with the help of e-regularity due to R. Schoen and Uhlenbeck [15]. Note that if
N is a hemisphere of a flattened ellipsoid, we find again the result of [5].

In the third part, we will use these two first results to study the problem of
diffeomorphism. Let n = N = 2 and Q = B be the unit disc in R%. Assume
that g : Q0 — N is a convex Jordan curve N N {z3 = a > 0}. We show the
following theorem.

Theorem 3 Under the above assumptions, assume that u € Hgl(Q,N) s a
critical point of E. Then, u is a diffeomorphism.

Here, we argue by a continuity method, due to J. Jost [9]. We connect the
critical point with a harmonic map. Using a result of Hartman and Wintner
[3], we conclude our claim. In the last section, we will treat the limit case. We

set f(t) =vV1—tanda; <...<ar < app1 = ... = a, = 1. In general, the
uniqueness principle fails, as E. Sandier and I. Shafrir have proved for the case
where a1 = ... = a, =1 and a;; = d;;. With the same procedure as in [13], we

will establish a criterion on the boundary condition for which the uniqueness
principle holds.

2 Proof of Theorem 1

First, we give a basic inequality, which is a variant of the inequality in [13].
Lemma 1 Assume that (6) and (7) in the theorem 1 hold and that
a; < 1. (8

Then function

G(v,w) = (w,w) + (2f'(Jv]*) (v, w))?
is convex over the set A = {(v w) € R" x R"/(v,v) < 1}. Moreover, we have
that for any (v°,w?), (vi,w') € A, with (v°,w%) # (v!,wl),

G(Uo+v ’w +w! ) — E(G(uo,wo)ﬁ-G(”l?wl))

2 2 2
holds only if for any 0 <t <1 we have
i) Sw +4(f'([v'1%)*(v", w')év = 0, (9)
it) (0, w") ' ([0*?) + 4[f B ([0"1?) = [/ ([0 P)*] (v, w') (60, 0") = 0

and then G(vt,w') = G(°,w®) for 0 < t < 1. Here we wrote (v',w') =
(1 — )%, w?) + (v, w') and ((5v,5w) = (¥ — vl w® — wl). Furthermore,
if £ = 2(f)3 and fOFG) = 3(f)2, i) and ii) are also the sufficient
conditions.
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Proof. Define F(s) = G(v° + sév,w® + sdw). A calculation leads to

F(t) = 2(w',0w) +8[((6v, w") + (v', dw)) f'(|v*[*)
+2f P (Jo ) (0", 5v) (0, w)) (|0 *) (0F, w')
and
FO(1) = [ow+ 4f (0! 2) (0", w!)ov]?

AP (' P) (0, 60) (0!, w') + (0, w") + (0°, 6w)) £ (J0"])]?

8L ([0 2) F P (0 2) = 2(F' ([0 %) 1] (0", w')? (v, 6v)

HL6[f ([0 2) f D (o' ) = 3(F @ ([0 )] (vf, w)? (0", 60)%.
Hence, F®)(t) > 0 on [0,1] since (vf,dv)? < (6v,6v)(vt,v?) < (6v,6v). The

convexity of G follows. Finally, note that if F(s) = (1—s)F(0)+sF(1) for some
€ (0,1), then F®)(t) = 0 for all t € [0,1]. Hence, we achieve the proof. &

We will adapt the notation in [13]. So that every u € N can be written
in the form u = u” 4+ u’e, 1, where u" € A and u* = f(Ju"|?). Then for uo,
uy € HY(Q,N) and 0 <t < 1, we define the map u?(z) = (1 — t)u® @ tu! by

(1= 1)’ @ tu']"(z) = (1~ 1)(u”)" () + t(u")"(2),
and [(1 — £)u® & tu'](z) = F(|(u)"]2).

) =

)
Lemma 2 Foranyu ul € HY(B,N), let u' = (1 —t)u @ tul for 0 <t < 1.
Then u; € HY(B,N) and

e(u’) < (1 —t)e(u?) +te(u') a. e on Q. (10)

Remark. Here, H'(Q,N) = {u € H (2, M) and u(z) € N a. e. on Q},
where M is a hypersurface in R"*! such that N' C M.

Proof. We will decompose e into two parts: e(v) = Fy(v) + Fa(v), where

o= 5o [(5555), - (5555

ij=1
and N
vl vt ov¥ OvY
RO = 3 a0 | (G5 )+ G o]
ij=1 ‘ J L

Clearly, Fy (u)(z) < (1—t)Fy (u®)(x)+tF (ul)(z), for all x € Q, since (, )gn —(,)
is a positive bilinear form on R"™. Now we fix x € Q, then there exists C(z ) =
(cij(x)) € GL(N,R) such that

N

Za”( 55]22(2% §J) for all £ € RY.

ij=1 i=1  j=
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Let us first suppose that for some € > 0,
@) (") <1 e
It is clear that |(u®)"| <1 —e€for 0 <¢ < 1, or that

a(ut)v

o, 21" (I(u")" ) ((u")", 8(u")" fO;), for j=1,...,N.

Hence,
N N
Fy(ut)(@) = 32 G ()" 3 ey (w)olu)" 0, ).

Therefore, (10) follows by lemma 1. In the general case, for getting the result,
we use an approximation argument. Define a map Py : N — N depending on
A >0 by

Pa(u”,u”) = (L= A", f((1=2)[u" ).
Obviously, Px(N) € N N {uns1 > €(N)}, where €()) is strictly positive and Py
converges in C'(N, ') norm to the identity mapping as A goes to 0. For any

A >0, let u§ = Pyou® and u} = Pyou'. Setting uf = (1 —t)ul & tu}, we have
that for any 0 <¢ <1 and a.e. z in §,

Fa(u)(2) < (1= ) Fa(ul)(w) + tFa(u3) (). (11)
Now we pass to the limit as A goes to 0. The right hand side converges in L' to
(1 —t)F>(u®) 4+ tFy(u'). By coerciveness and (11), uf remains bounded in H'.
After choosing a subsequence, we may assume that u} — v’ weakly in H! for

some v* € H'. But u} — u’ a.e. in B and hence u! = v'. Let K C Q a subset
of . By weak lower semi-continuity, we deduce from (11) that

/Fg(ut) < liminf/ Fy(u})

K A—0 K

lim/ (1 —t)Fy(ul) + tFs(uy)
A—0 K

- /K(1—t)F2(u°)+tF2(u1)-

A

IN

But it is well known that

f v — v(z) a.e. in B asr — 0 for any v € L,
B(z,r)

where B(z,r) = {y € R¥||y — x| < r}. Consequently, (10) holds. O
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Proof of Theorem 1. We assume that «? and u! are two distinct minimizers
with the same boundary data g. Thanks to lemma 2, we obtain

Eu') < (1—-t)BE@°®) +tE(u') = E(u°),
which implies for 0 <t <1,
Fi(u')(z) = (1 = t)Fy(u®)(2) + tF (u)(z) a e z€Q,
that is,
d®)(z) = d(uh)"(z) a. e z €,

since a; < 1 for 1 < ¢ < n. Hence we conclude u? = u'. This contradiction
terminates the first part of our claim. Now let u® be the minimizer and u' be
a critical point of E which agrees with u° on 0. Assume that «° and u' lie
in a compact subset of N'. Denote I(t) = E(u') for any 0 < ¢t < 1. Obviously,
I(t) € C*(]0,1]) and is convex by lemma 2. But I’(0) > 0 = I’(1). Thus, it
follows that I(t) = I(0), that is, u! is the minimizer. &

Remarks 1.) u € H}(Q,N) is a minimizer in H} (9, N). Thus u verifies the

Euler-Lagrange equation (5). Indeed, let C' be a contraction from M onto N
such that C|z = Id. So we have E(C(v)) < E(v), that is,

inf  EMw)= inf E(v).
vEHL(Q,N) veH}(2,M)

2.) The existence of a minimizer is obtained by the minimizing method.

3 Proof of Theorem 2

Now we consider a weak pseudo-harmonic map u, that is a solution of (5), whose
image lies into a compact subset of . So there exists ag > 0 with

Upt1 > oo a.e. on

In view of theorem 1, it is sufficient to prove it for the minimizing maps. Thanks
to a result due to R. Schoen and K. Ulenbeck [15], there exists ey > 0 such that
I5 @) e(u) < g for any = €  and for all r > 0 such that B,.(z) C Q, then u is

regular on B, 5(z). Here, we will use the arguments in [7] ( see also in [6]). For
any bounded domain € in which the relations of coefficients (a;;) are defined as
above, then we have an associate Green function (G, which satisfies

Ve CEOR. YR, €)= [ Le(@)G(oy)da. (12)
Q
Fixed y € Q, there exists 79 > 0 such that B,,(y) C . Then we can consider

G™(z,y) :][ ( )G(x,z)dz, for all 7 € (0, 7o) (13)
B (y
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It follows from (12) that
N
f ez =— [ 3 a6 (@)
B (y) Q=1
where G7 is an approximation to the Green function in the sense that

lir% G =G(z,y) forx#y,z,y €. (14)

(see [11], [7] and [6]). Moreover, there exists strictly positive constants K, K»
and K3 such that

0< G(z,y) < Kile -y, (15)

Gla,y) 2 Kalo —y"™N i o — y] < S d(y,00); (16)
Vo Gla,y)| < Ksla -yl (17)

() <2V e —yP N T < eyl (18)

if d(y,00) > 7,2 — G"(z,y) € Hy(Q,R) N L®(QLR), (19)

where x and y are in Q. Without loss of generality, assume that B(0,7) C € for
some 7 > 0. Taking the map G7(z,0) as a test function in (5), we obtain

/ G (2, 0)Lu® (z) + A(2)G™ (2, 0)dz = 0, (20)
Q
where
N
A= ( = 2f"([u"*) Y aij (0", Ou" )
ij=1
v
~AFO () Y g (O e (', O
ij=1
(L4 a0 Y adu?)

i=1
Let w € H*(2,R) be the solution of the equation

Lw=0, inQ

w=1u", on .

Clearly, u¥ — w € H} () and from (12) we deduce that

- g o @ = - [ oo~ = f @ o
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Consequently,

/ G™(z,0)\(z) :][ (u® — w)dz < £(0).
Q B.(0)

Hence, we obtain

/Q G (2,0)|Vu""[2 < C£(0), (21)

since A(z) > a|Vu"|?(x). Using Fatou’s lemma and passing to the limit in (21)
as 7 — 0, we deduce

/QG(x,o)WuhP < Cf(0).

It follows from (16) that

lim |V (z)?|z)>~Ndx = 0.
0JB(0)

On the other hand, remark that u belongs to a compact subset of N, which
implies

1
lim / Vu(z)|?dz = 0.
e R

This completes the present proof.

Remarks 1.) If f € C%([0,1]) and f'(1)
in H}(Q, N). Moreover, replacing (8) by (8’
also right for minimizing maps.

2.) For N = 2, we will give the proof in the following section (see also [4]).

< 0, we have the same conclusion
) and (7) by £ <0, our result is

4 Proof of Theorem 3

In this part, we will use a similar strategy as in [9] (see also [4]). In order to
prove our result, we will consider the following energy functional

E(v) = / Z (1= 1)6;; + tas; (x )}< g;’l §;J>dx (22)

zgl

= /Za (t,z) dv v dx.
N “ x; Oz

We consider G : [0,1] x 9B — N to be a C*7 map such that

G(t,.) is a diffeomorphism ; (23)
G(1,.) = g; (24)
G(t,.) = {us = a(t)} NN, where a(0) is a number near to f(0). (25)
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Let Iy = inf,e g1 (g, n) Ei(v). Denote u* € H'(B,N) the unique minimum of E;
in HG(t (B, N) given by Theorem 1, then u' satisfies:

2

13} out .
Z oz (a”(t Ji)a ]) +M\u' =0, inB (26)

i,j=1

ut =G, ondB,

where A, = Y7 aij(t7:r)C<8—“f(x) 3—“t(:r)> First we show the following

i,j=1 ox; ? Oxj
lemma.

Lemma 3 We have u' € C?7(B,R?) and

2 < Ch.

Proof. We write E; as follows

-5/ 3 a0 [<6“ gi >+< P (0" PP (" 31;1)(@«2%)}@-

i,5=1

Obviously, there exists some 3 > 0 such that ((u’)", (u")") < 1 — 3 for any
t € [0,1] and x € B. Thanks to a result of Jost and Meier (see [10]), we deduce
that

|lu|lw1.e < C, for some q > 2.

Recalling that u' satisfies the equations (26), it follows that
||ut||W2.q S C

COnSequent 1}/7
||U ||W1 2q <C||utH 2. <C'7 ]'Eq<z.
’d—q

Now iterating the above procedure and using Sobolev’s embedding theorem, we
obtain
[utllcrr < C.

Hence, using Schauder’s estimates, we complete the proof. O

Lemma 4 With the above notation, we have rank(Vu'(z)) = 2, for any t €
[0,1] and x € IB.

Proof. Denote L; = Z?,j:l 9;(aij(t,2)9;). Using (26), we state L;((u')3) <0,

and the strong maximum principle implies
(u)z(z) > a(t) Vz € B, or (u'); = aft).

The latter is incompatible with L;((u)3) < 0 on dB. Hence, the claim follows
from Hopf’s maximum principle. &
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Lemma 5 ([17]) Assume that U and V' are smooth, bounded domains in R?,
diffeomorphic to B. Let ¢ : U — V be a C' map such that

det(Vp(z)) >0, Vaxel.

Moreover, suppose that ¢|ay is a diffeomorphism from OU to OV. Then ¢ is a
diffeomorphism.

Lemma 6 ([9, theorem 5.1.1]) We have rank(Vu®(x)) = 2, for all z € B,
and ug is a diffeomorphism.

Lemma 7 ([4]) the mapping F, : [0,1] — CY#(B,N) N HY(B,N) such that
t — ul is continuous.
The proof of this lemma is a consequence of Theorem 1 and lemma 3.

Now, we define the set

Ty = {t €[0,1], u' is a diffeomorphism }. (27)

It suffices to prove that T3 is open, closed and not empty.

Step 0. 0 € T7. This is just the statement of lemma 6.

Step 1. 71 is open. It follows from lemma 5 and 7.

Step 2. T is also closed. Let {t, }nen be a sequence converging to t. Assume
that u» are diffeomorphic, for all n € N. We assume that

Jz9 € B, suchthat Rank(V(u')(zg)) < 1.

We shall use geodesic parallel coordinates based on a geodesic arc ¢ through
q = u'(wg) as in [9]. In these coordinates (vi,vq), for v? = 0, vy is the ar-
clength parameter of ¢, where as the curves v; = const are geodesics normal to
c parametrized by arclength vy, consequently the curves vy = const are parallel
curves of ¢. Moreover, we can choose the coordinates such that 9, (veout)(q) = 0.
In these coordinates, we have for the metric tensor

911(v1,0) =1, gia(vi,v2) =0,  goa(v1,v2) =1,

therefore, the only non-vanishing Christoffel symbols are

1
Fh = —9113119117

2
1 1 I 4
Iy =05 = 59 02,911,
1
F% = —59225@9117

Hence, equations (26) for u' take the form

2 2
1 2 : 1 E :
Ltvl = _Fll aijaxivlaﬁ. (%1 — F12 aijawivlf)wjvg ;

ij=1 ij=1

2
2 2 :
Ltvg = _Fll aijaxim@xjvl.

ij=1
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Applying a result due to Hartman and Wintner [3], we obtain that
0, (vy ou')(2) = a1(z — 21)™ + o(|z — z1|™), for some m > 1 and a € C*,
where z; are coordinates of q. Consequently,

deg (0, (vi ou'), B(z1,71),0) =m > 1, for some r; > 0,

which implies deg(d, (vy o u'"), B(21,71),0) = m > 1, for some sufficiently large

n. Hence, there exists zz € B(z1,71) such that 9,(vy o u'")(22) = 0 by the
property of degree. This contradicts that u~ is diffeomorphic. Therefore, the
assertion follows from Lemma 5.

Remark. We have a more general result, that is, our result also holds for a
convex curve in N.

5 The limit case

In this section, we consider the limit case; that is, f(t) = /1 — t. Hence,

n
N = {x eR" 2,41 > 0and 22, + Zafz? = 1}

=1

is an upper hemisphere of a n-dimensional ellipsoid. Assume that for some r
with 1 <r <n,

a1 <ay<...<a,<1 apy1=...=a,=1. (28)

In general, Theorem 1 fails. We will show that uniqueness depends on the
boundary data as in [13]. Let {e1,...,e,t1} denote a basis of R**! and P
(resp. Pp) the projection from R™*! onto R™~ "1 (resp. R") defined as follows

P(z1,.. . @ng1) = (Trg1ye oy Tny Tt 1)s

Pl(Il, e ,$n+1) = ($1, N 71‘7«).

For any map g with values in N, we define Rank(P o g) to be the smallest
integer k£ with 0 < k < n—r+1 such that the image of g lies in a k-dimensional
vector subspace of R*~"T1. With the same procedure as in [13], we will prove
the following result.

Theorem 4 Let g: 0Q — N be a C>7 map for some v > 0. Then uniqueness
of the minimizer for the boundary data g fails if and only if
(I) k= Rank(Pog) <n—r—1 and Image(g) C N N{z,11 = 0},

(II) the N* valued minimization problem

(PF)  inf{B(v),0 € H:(Q,N")}
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has a solution u such that Rank(P ou) =k + 1, where

r+k+1
= {z eER"F g i1 >0 and Zazarz + Z ri = 1}
=1 i=r+1

Moreover, when uniqueness fails, let u® be any one of the minimizers, the set of
the minimizers is obtained by composition of u® with any rotation of R"+! that
leaves the k-dimensional vector subspace containing P o g(0) and Pp(R™1)
1mvariant.

We divide our proof in several steps.
Step 1 consists of the following lemma.

Lemma 8 We assume that u® and u' are two distinct N -valued minimizers
with same boundary data g € C*7. Then for every 0 < t < 1, ul(x) = [(1 —
tul @ tut](x) is also a minimizer which is C*7 in Q and (u')? > 0 in Q.

Proof. Clearly, it follows from lemma 2 that u! is a minimizer for any 0 <
t < 1. Fix some 0 < t < 1 and so by results of R. Schoen and K. Uhlenbeck
[15] and [16], it is C?" near the boundary and in Q outside of a closed set
M of Hausdorff dimension at most N — 3. We know that —A(u),+1 > 0 and
(u')p41 > 0in Q\ M. Applying the strong maximum principle in Q\ M, we have
either (u!),41 > 0in Q\ M or (u'),+1 =0in Q\ M. The latter would imply
u® = u! in Q\ M since Q\ M is connect, and then in , which contradicts our
assumptions. Thus, (u')” > 0in Q\ M. However, Q\ M contains a neighborhood
of 0. Therefore, using theorem 1, we conclude the claim. &
Step 2. consists of the following lemma.

Lemma 9 Under the above assumptions,
Piou’ =P oul, (29)
and for0<t<landi=1,...,N,

o2u _ (ul, Ou /O0z;) @ (30)
otox; 1—|uh2 ot

Proof. We fix 0 < {5 < t < t1 < 1 and denote 11 = (1 —to)u® @ tout, at =
(1—t1)u’@t u'. Then we can write u* = 2=La’ @ f=-a" and (a°), (a')" > 0
in Q. Obviously,

Fi(at) = (1 - t)Fi(a°) + tFl(ﬂI% (31)
and
Fy(a') = (1 — t)Fy(a°) + tFy(a'), (32)
Thus, from (31), we obtain (29). Using lemma 1, we deduce that
N
u (uh,Zj:1 cij(x) G )au

- for 1<i< N,
ZC” atax] 1— [uh2 e ortst
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that is,
92uM (uh7 auh/axj) oul

otdz; 1—|uh2 -
Therefore, as the same arguments as in [13] (see also [4]), we get

0%u® (uh, Oul /O ;) OuY

otdx; 1—|ul]2 ot

Step 3. In fact, (30) can be written as

9 (8“/at> —0, forj=1,..,N,

. v
Ox; U

which implies

ou v
E(t,x) =u"(t, z)a(t), (33)

for some map « : (0,1) — R™*1. On the other hand,

ol L ou’
<W,u >+U ot —O,

and so we get
(ah, ul(t, z)) + a'u’(t,x) = 0. (34)

Thus,
(Pou(t,z),Poa(t)) =0and P oa(t) =0, (35)

since % = 0. Or, from (34), we claim that e,y and «(t) are not propor-
tional. Then, by considering x € 012, it follows from (33) and (35) that

u’(z,t) =0 and (Pou(t,z),Po a(%)) =0 on 900

Lemma 10 Suppose that v® and u' are two distinct minimizers for the same
boundary data g. Then

Rank(P ou®) = Rank(Pou') <n —r.

Proof. Suppose that Rank(Pou") = mg+1 and Rank(Pou') = m;+1 < my,
and that P ou’ C S; where S; is a m;-dimensional sub-sphere. Without loss of
generality, we can assume that S; C Sy after a rotation. Then u® and u' are also
two N"’-valued minimizers (here we will replace u® by (u®)" + |(u°)?|emys1 if
it is necessary). From (35), we deduce that (P o u° P o «(0)) = 0, that is,
Rank(P o u°) < my, a contradiction. &

—k —

Step 4. In the following, A is a submanifold of N in a natural way. In
fact, let w be a minimizer for the problem Pq’“ Denote gy = Py og. Let uy be
the unique pseudo-harmonic map with the boundary data g, and in particular
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ux(2) C N*. Assume that uyx — @ in H' and let w be a N-minimizer for the
boundary g. Therefore, we obtain

E(a) < lig\ni(r)lf E(uy) < lig\ning(P)\ ow) = E(w).

This means that A/ k—valued map @ is minimizing among A -valued maps. Sup-
pose that the minimizer u of the problem P; has rank k. Then by lemma 10
and the above result, all A-valued minimizers have rank k. If the N-valued
minimization problem has two solutions, then so does the A k—valued problem.
But this means Rank(P o g) < k — 1 which is false. Therefore P o u has rank
k + 1. So we complete the part of necessity.

Step 5. Let u be the unique minimizer of the problem P;. Let R be a rota-
tion which leaves the vector space containing Image(Pog) and P; (R™*1)invariant.
So Row is another minimizer. Hence, this terminate the part of sufficiency. The
rest of the theorem is evident.
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