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POSITIVE SOLUTIONS FOR A CLASS OF NONRESONANT
BOUNDARY-VALUE PROBLEMS

XUEMEI ZHANG

ABSTRACT. This paper concerns the existence and multiplicity of positive so-
lutions to the nonresonant second-order boundary-value problem

Lz = Mw(t) f(t, z).
We are interested in the operator Lz := —z'" + pgxr when w is in LP for

1 < p < +o0. Our arguments are based on fixed point theorems in a cone and
Hoélder’s inequality. The nonexistence of positive solutions is also studied.

1. INTRODUCTION

Consider the second-order boundary-value problem (BVP)
Lz = w(t)f(t,z), 0<t<1l,
z(0) =z(1) =0,
where A is a positive parameter and L denotes the linear operator
Lz = —2" + pqx,
where ¢ € C([0,1],[0,00)) and p > 0 such that
Lx=0, 0<t<l,
z(0) = x(1) = 0,

has only the trivial solution. For the classical case Lx = —z” and f(t,z) = f(z),
several results are available in the literature. Bandle [1] and Lin [12] established
the existence of positive solutions under the assumption that f is superlinear, i.e.,
fo=1lim,_.g @ =0, foo = limy_ o @ = 0o. Wang [14] established the existence
of positive solutions under the assumption that f is sublinear, i.e., fo = oo and
foo = 0. Eloe and Henderson [3] and Henderson and Wang [7] obtained the existence
of positive solutions under the assumption that f, and f., exist.

In the case Lz = |2/|P~22’, p > 1, i.e., the one-dimensional p-Laplacian, Jiang
[9] obtained existence and multiplicity results under the assumption that f may be
semilinear or superlinear at = oo and change sign. Wang and Gao [16] established
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the existence of positive solutions under the assumption that f(¢,2) = f(z) is
positive, right continuous, nonincreasing in (0, 400) and fy = oo.

In recent papers, when Lz = |2/|P~22', p > 1 and Lz = —a”, f(t,x) = f(z),
where z = (21,...,2,). If 0 < fo < oo and 0 < f < 0o, Henderson and Wang [8]
established the existence of positive solutions. Wang [15] showed that appropriate
combinations of superlinearity and sublinearity of f(z) guarantee the existence,
multiplicity, and nonexistence of positive solutions.

However, the existence, multiplicity, and nonexistence of positive solutions of
(1.1) is not available for the case when Lx := —z” + pgx and w is LP-integrable for
some 1 < p < 4o00. This paper fills this gap in the literature. The purpose of this
paper is to improve and generalize the results in the above mentioned references.
we will show that the number of positive solutions of BVP (1.1) is determined by
the parameter A\. The arguments are based upon fixed point theorems in a cone
and Holder’s inequality.

The following lemmas are crucial to prove our main results. This is a fixed point
theorem of cone expansion and compression of norm type [2,4,5,6].

Lemma 1.1. Let Qy and Qs be two bounded open sets in Banach space E, such that
0 € Qy and Qy C Qy. Let operator A : PN (Q\Qy) — P be completely continuous,
where 0 denotes the zero element of E and P is a cone in E. Suppose that one of
the following two conditions is satisfied:

1) |1 Az|| < ||z|| for all z € PN Oy and || Ax|| > ||z|| for all z € P N 0Qy;

(ii) ||Az|| > ||z|| for all x € PN o0, and ||Az| < ||| for all x € PN ONy.

Then A has at least one fived point in PN (Q2\Qy).

Lemma 1.2 ([5]). Let 1, Qo and Q3 be three bounded open sets in Banach space
E, such that 6 € Qy and Q3 C Qq, Qo C Q3. Let operator A : PN (Q3\Q1) — P be
completely continuous, where 6 denotes the zero element of E, and P is a cone in
E. Suppose the following conditions are satisfied:
(i) [|[Az|| > ||z|| for all z € PN Oy ;

(i) ||Az| < ||lz|l, Az # =z, for all x € P N ONs;

(iii) ||Az|| > ||z|| for all x € P N 0.
Then A has at least two fized points x*,z** in PN (Q3\Q1), and z* € PN (Q2\Q1),
e PN (Qg\Qg)

To obtain some of the norm inequalities in Theorems 3.1,3.2 and 3.5, we employ
Hoélder’s inequality:
Lemma 1.3. Let f € LP[a,b] withp > 1, g € L1[a,b] with ¢ > 1, and % + % =1.

Then fg € L'[a,b] and || fglx < fllpllgllq-
Let f € L'[a,b], g € L>®[a,b]. Then fg € L'[a,b] and || fgll1 < ||f]l1]lg]lco-

This paper is organized as follows: In Section 2, we provide some necessary back-
ground. In particular, we state some properties of the Green’s function associated
with BVP (1.1). In Section 3, the main result will be stated and proved. Finally
some examples illustrate our main results.

2. PRELIMINARIES

Let J = [0,1]. The basic space used in this paper is E = C|0, 1]. It is well known
that E is a real Banach space with the norm || - || defined by ||| = max;c s |z(t)].
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Let K be a cone of B, K, = {xr € K : ||z|| < r}, 0K, = {x € K : ||z|| = r},
K.r={r e K:r <|z| <R}, where 0 <r < R.
The following assumptions will stand throughout this paper:
(H1) w € LP[0,1] for some 1 < p < +oo and there exists m > 0 such that
w(t) > m a.e. on [0, 1];
(H2) f e C([0,1] x [0,+00), [0, +00)).
In this paper, the Green’s function of the corresponding homogeneous BVP is

9= 5 (o roi et @)

Where ¢ and v satisfy
Lp=0, ¢(0)=0, ¢'(0)=1, (2.2)
Ly =0, »(1)=0, ¢'(1)=-1 (2.3)

From [17,18], it is not difficult to show that A = —(¢(¢)y’(t) — ¢'(£)4(¢)) > 0 and
¢'(t) > 0on (0,1] and ¢'(¢t) < 0 on [0,1). It is easy to prove that G(¢,s) has the
following properties;

e For t,s € (0,1), we have

G(t,s) > 0. (2.4)
e For t,s € J, we have
0 < G(t,s) < G(s,s). (2.5)
e Let 6 € (0,1) and define Jy = [0,1 —6]. Then for all t € Jy, s € J we have
G(t,s) > oG(s,s), (2.6)
where
o — i (E00) 9(0)
In fact, for t € [0,1 — 9] we have
G(t,s) ¢ w 1 - ) P0)y _.
a2 } SRATO RO S

It is easy to see that 0 <o < 1.

For the sake of applying Lemma 1.1 and Lemma 1.2, we construct a cone in
E = C0,1] by

K={zxeC[0,1]: x>0, {Iel}]nz(t) > oz} (2.8)
]

It is easy to see K is a closed convex cone of E' and K.rCK.
Define an operator T : K, p — K by

1
Taa(t) = A / G(t, s)w(s) f(s,2(s))ds, (2.9)
0
From the above equality, it is well known that (1.1) has a positive solution z if and
only if z € K, g is a fixed point of T).

Lemma 2.1. Let (H1) and (H2) hold. Then To\K,r C K and Ty : K, r — K is
completely continuous.
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Proof. For x € K, by (2.9), we have Thxz(t) > 0 and

1
[Tl <0 [ Glssopuls)f(s.als)is, (2.10)
0
On the other hand, by (2.9), (2.10) and (2.6), we obtain
irelbr;TAx {IEHI;)\/ G(t,s)w(s)f(s,x(s))ds

> Ao / G(s, s)w(s) (5, 2(5))ds
0

> o||Thx].

Therefore Thx € K, ie., Th\K C K. Also we have TAK},R C K by K’nR C K.
Hence we have T, : f(,ﬁ’R — K.

Next by standard methods and Ascoli-Arzela theorem one can prove T : K, r —
K is completely continuous. So it is omitted. g

3. MAIN RESULTS

Write
t,x .. . t,x
f? = lim sup max /( )7 fs = liminf min 1 ),
z—p teJ x z—fB teJ x

where 3 denotes 0 or co. In this section, we apply the Lemmas 1.1-1.3 to establish
the existence of positive solutions for BVP (1.1). We consider the following three
cases for w € LP[0,1]; p > 1, p = 1 and p = co. Case p > 1 is treated in the
following theorem.

Theorem 3.1. Assume that (H1) and (H2) hold. In addition, letting fo = co and
£ =0 be satisfied, then, for all \ > 0, BVP (1.1) has at least one positive solution
x*(t).

Proof. Let T be cone preserving, completely continuous operator that was defined
by (2.9). Considering fy = oo, there exists 7 > 0 such that f(¢t,z) > ez, for
0 <z <y, teJ, where ey > 0 satisfies Ao xmap(0)¢(1 — 0)e; > 1. So, for
x € OK,,, t € J, from (2.6), we have

1
(Taz)(t) = A / G(t, s)w(s) (s, 2(s))ds
2/\51/ G(t, s)w(s)x(s)ds

>)\m51m1n/ G(t,s)x

teJo
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Consequently, for x € 0K,.,, we have
[Txz|| = [|=]. (3:2)

Next, turning to f*° = 0, there exists 75 > 0 such that f(t,z) < esx, for x >
o, t € J, where g5 > 0 satisfies e2\||G|q|lw|, < 5. Let

M=X sup f(t,x)/o G(t, t)w(t)dt.

2€0K sy teg

It is not difficult to see that M < +oo.

Choosing ro > max{ry,72,2M}, we get M < %7"2. Now, we choose © € 0K,
arbitrary. Letting Z(¢t) = min{z(t),72}, we have Z € 0K;,. In addition, writing
e(x) = {t € J:x(t) > o}, for t € e(x), we get 72 < z(t) < ||z|| = r2. By the
choosing 75, for t € e(x), we have f(t,x(t)) < eare. Thus for z € IK,,, from (2.5),
we have

1
(Tyw)(t) < A / G(s, s)w(s) (s, x(s))ds

3 [ Glssu a3 [ Gl sl a(s)ds
e(x) (0,1]\e(=)

1 1

S)\agrg/ G(s,s)w(s)ds—i—)\/ G(s,s)w(s)f(s,Z(s))ds
0 0

< Aears |Gl loll, + M

1 1
< 57"2 + 57‘2
=ry = |z[.
(3.3)
Consequently, from (3.3), for z € 0K,.,, we have
[ Tox]| < [|]]- (3.4)

Applying (ii) of Lemma 1.1 to (3.2) and (3.4) yields that Ty has a fixed point
¥ € Ky py, 71 < ||2¥]| < 72 and z*(¢t) > o|lz*|| > 0, t € Jp. Thus it follows that
(1.1) has a positive solution z* for all A > 0. The proof is complete. (]

The following theorem studies the case p = cc.

Theorem 3.2. Suppose the conditions of Theorem 3.1 hold. Then, for all A > 0,
BVP (1.1) has at least one positive solution x*(t).

To prove the above theorem, let ||G||1||w|lo replace ||G|p||w|q and repeat the
argument above. Finally we consider the case of p = 1.

Theorem 3.3. Suppose the conditions of Theorem 3.1 hold. Then, for all A > 0,
(1.1) has at least one positive solution x*(t).
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Proof. As in the proof of Theorem 3.1, choose ro = max{ry,7s,2M}. For x € 0K,.,,
from (2.5) we have

(Tha)(t) < )\/0 G(s,s)w(s)f(s,x(s))ds

=) G(s,s)w(s)f(s,z(s))ds + )\/ G(s,s)w(s)f(s,x(s))ds
e(z) [0,1]\e(=)

S)\egrg/o G(s,s)w(s)ds—k)\/o G(s,8)w(s)f(s,z(s))ds

< Aeara 00 (O) s + M

1 1
< 57“2 + 57‘2
=1y = [lz],
(3.5)
where £ > 0 satisfies e2A 1 ¢(1)¥(0)||w||; < 1. Consequently, from (3.5), for z €
O0K,,, we have ||Thz| < ||z||. This and (3.2) complete the proof. O

Corollary 3.4. Let f© = 0 replace f* = 0 and foo = 00 replace fo = 0o in
Theorems 3.1-3.3. Then the results still hold.

In the following theorems we only consider the case of p > 1. The existence
theorems corresponding to the cases of p = 1 and p = oo are similar and are
omitted.

Theorem 3.5. Assume (H1), (H2) and the following two conditions:

(i) fo =00 or fos = 00;
(ii) There exist p >0 andd > 0, for0 <z < p andt € J, such that f(t,z) <.

Then there exists Ag > 0 such that for all 0 < X\ < Ao, BVP (1.1) has at least one
positive solution x*(t).

Proof. Considering fo = oo, there exists 0 < r3 < p such that f(t,z) > esx, for
0 <z <y, te€J, where e5 > 0 satisfies esAa®1me(0)y(1 — ) > 1. So, for
x € 0K, from (2.6)7 we have

1
(Taz)(t) = A / G(t, s)w(s) (s, 2(s))ds
2/\53/ G(t, s)w(s)x(s)ds

>)\m53m1n/ G(t,s)x

teJy
Z)\moagf G(s,s)x(s)ds
0
1-6
> )\mosg/ G(s,s)x(s)ds
[%

> /\02%m¢(9)¢(1 — el
> ||z
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Consequently, for € 0K, we have
[ Tox]| = [|]]- (3.7)

If foo = 00, similar to the proof of (3.7), there exists r4 > p such that f(¢,z) > eqx,
for x > ry, t € J, where g4 > 0 satisfies 54)\02imq§(9)1/)(1 —6) > 1, and, for
x € 0K,,, we have

[Taz|| > |- (3.8)
On the other hand, from (ii), when a p > 0 is fixed, then there exists a Ag > 0
such that f(t,z) <& < 1[||G|lqllwlp) " p for 0 < A < Ao, z € OK,. Therefore for
x € 0K, and t € J we have

(Thx)(t) = )\/0 G(t, s)w(s)f(s,z(s))ds

< 5/\/ G(t, s)w(s)ds
0
< OA[Gllgllwllp
<p =z
Consequently, for z € 0K ,, we have
[Tae]| < =] (3.9)
By Lemma 1.1, for all 0 < A < Ao, (3.7) and (3.9), (3.8) and (3.9), respectively, yield
that T has a fixed point 2* € K,, ,, r3 < [l2*[| < p and 2*(t) > of|z*|| > 0, t € Jo
orz* € K,r,, p1 <||z*]| <7y and 2*(t) > o|z*|| > 0, t € Jy. Thus it follows that
BVP (1.1) has at least one positive solution z* for all 0 < A < Ag. O
Theorem 3.6. Assume (H1), (H2) and the following two conditions:
(i) fo =00 and fo = o0;
(ii) There exist p >0, >0, for 0 <z < p andt € J such that f(t,x) < 9.
Then there exists Ao > 0 such that for all 0 < X\ < Xg, BVP (1.1) has at least two

positive solutions x*(t), x**(t).

Proof. The proof is similar to that of Theorem 3.5. Lemma 1.2, (3.7)-(3.9) yield
that T) has at least two fixed points z*, 2**, where z* € K,, ,, r3 < ||z*|| < p and
z*(t) > ollz*|| > 0,t € Jg, 2™ € K,y p < ||2*| < vy and 2**(t) > of|z**|| > 0,
t € Jy. Thus it follows that BVP 1.1 has at least two positive solutions z*, ** for
all 0 < A < Ap. (Il

Corollary 3.7. Assume (H1), (H2) and the following two conditions:

(i) fO=0or f°=0;

(ii) There exist p > 0, § > 0, such that f(t,x) > 6 forx >p andt € J.
Then there exists Ao > 0 such that for all X\ > Ao, BVP (1.1) has at least one
positive solution x*(t).
Corollary 3.8. Assume (H1), (H2) and the following two conditions:

(i) fO=0 and f~ =0;

(ii) There exist p > 0 and § > 0, such that f(t,z) > 6 forxz > p andt € J.
Then there exists Ao > 0 such that for all X\ > \g, BVP (1.1) has at least two
positive solutions x*(t), x**(t).

Our last result corresponds to the case when (1.1) has no positive solution.
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Theorem 3.9. Assume (H1), (H2), fo > 0 and fo > 0. Then there exists Ao > 0
such that for all X\ > Ao, BVP (1.1) has no positive solution.

Proof. Since fy > 0 and fo > 0, then there exist 777 > 0,72 > 0, hy > 0 and hy > 0
such that h; < hg and for t € J, 0 < & < hy, we have

f(t,z) > mz, (3.10)
and for t € J, z > ho, we have

f(t,z) = nox. (3.11)
Let

(t, )

17 = min{ni,n2, min{f - it e J,ohy <z <hs}}>0.

Thus, for t € J, x > ohy, we have

f(t,z) > nx, (3.12)
and for t € J, z < hy, we have

ft,z) > nx. (3.13)
Assume y is a positive solution of (1.1). We will show that this leads to a contra-

diction for A > \g = [no? fel_g G(s,s8)w(s)ds]~t. In fact, if ||y|| < k1, (3.13) implies
that

f(t,y) >ny, forteJ

On the other hand, if ||y|| > hi, then minse, y(t) > o|y|| > ohi, which, together
with (3.12), implies that, for ¢t € Jy, we get f(t,y) > ny. Since (Ty)(t) = y(t), it
follows that, for A > Ag, t € J,

lyll = [I(Txy)l

=max A [ G(t,s)w(s)f(s,y(s))ds

ted  Jo

1-6
> min)\/ G(t, s)w(s)ny(s)ds
tedy 9

1-6
> Ano|lyllo G(s,s)w(s)ds
0

1-0
> Mllyllo® G(s, s)w(s)ds
(4

> [lyll,
which is a contradiction. The proof is complete. O

Corollary 3.10. Let f° < 0o and f>* < oo replace fo > 0 and fs > 0 in Theorem
3.9. Then the results are still valid.

Remark 3.11. We did not use Holder’s inequality in the proof of Theorem 3.3
and Theorem 3.9.

It is clear that the results obtained here improve the results of [2,3,11,12,13,14,15].
To illustrate how our main results can be used in practice we present two examples.



EJDE-2007/20 POSITIVE SOLUTIONS 9

Example 3.12. We set w(t) = |2t — £[7%/!°. Then w € LP for 1 < p < 15. For
this function, m = (£)1/15. In addition, we define f(t,z(t)) = V12 + Lz'/" n > 1.
It is not difficult to see that

F(t,2) (t2)

fo=Iliminf min ———= =00, f°° = limsup max =0.
z—0 t€[0,1] x r—oo 0<t<1 x

Hence the conditions of the Theorem 3.1 are satisfied.

Example 3.13. We set w(t) = |t — 2|71/, Then w € LP for 1 < p < 8. For
this function, m = (£)1/8. In addition, we define f(t,2(t)) = (1 +t*)z" + Zzl/n,
n > 1. It is not difficult to see that

t,x t,x
fo = liminf min fto) =00, foo = liminfmin ¢,2)
z—0 teJ x r—oo teJ x

Therefore, conditions (H1), (H2) and (i) of the Theorem 3.6 are satisfied. Finally we
verify (i) of the Theorem 3.6. Choosing ¢(t) = 0, then we get ¢(t) = t,9(t) = 1—t,
$(0)=0,v(1)=0,¢0)=1=a, (1) =-1=—-, A=—(-t—(1-1t)=1>0
and

= Q.

s(1—t) if0<s<t<l1,
tl—s) f0<t<s<l.
Clearly, for p =1, § = 9/4, we obtain

G(t,s) =

1 1 9
tr)<2i+z/2<94_=2=5
flt:2) < 207 4 @B <24+ 5 =4

for 0 < z < p, which implies the condition (ii) of the Theorem 3.6 also holds.
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