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Uniform controllability for Kirchhoff and
Mindlin-Timoshenko elastic systems *

Miguel Angel Moreles

Abstract

The Mindlin-Timoshenko operator is a perturbation of the Kirchhoff
operator and it is well known that there exist solutions to the exact con-
trollability problem for their associated systems. This article shows that
the solution of the controlled problem of the Mindlin-Timoshenko system
converges to that of Kirchhoff; that is, we show uniform controllability.

1 Introduction

We are concerned with the boundary controllability problem known as the
Ezact-Controllability Problem (ECP). Suppose we have a well-posed initial-
boundary value problem for an evolution equation Lw = 0 in a cylindrical
domain @ = Q x [0, 4+00), where  is a bounded domain in R™. The ECP deals
with the following question: Given Cauchy data in {2 at ¢ = 0, can this data be
supplemented with appropriate inhomogeneous time-dependent boundary data
(boundary controls), prescribed in the lateral boundary of @, such that the
solution of the initial-boundary problem will vanish for ¢ > T7 7

In this work, we are interested in the evolution equations associated with
the Kirchhoff operator

h3
L = phd? — pl—zAaf + A2

and with the Mindlin-Timoshenko operator

ph?

h ( ph?
A} +4%+ 2 <”1—28;1 - A@f) ,

where A is the Laplacian Operator acting in the space variables, i.e.,

N
=1
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When n = 2, the equations Lw = 0 and Lxgwg = 0, in a suitable do-
main with appropriate initial and boundary data, model vibrations of elastic
plates. In such a case w(x,t) represents the vertical displacement of the middle
surface. The physical constants are: p = density, h = plate thickness, K =
shear modulus. The Mindlin-Timoshenko equation is obtained by uncoupling
the Reissner-Mindlin Plate. See Lagnese [4], Lagnese & Lions [5] and Lagnese,
Leugering & Schmidt [6].

Komornik [3] studies the Reissner-Mindlin plate equation and established
that the control time is independent of K. A Similar result follows for the
corresponding Timoshenko beam equation. To our knowledge, there are no
results about convergence of the solution of the control problem for the Reissner-
Mindlin system to that of the Kirchhoff operator.

For the Timoshenko beam equation, a solution to this problem is presented
in Moreles [10]. In addition to uniform control time, it is shown that the solution
of the control problem for the Timoshenko system, converges in a strong sense
to the solution of the control problem of the Rayleigh system. The latter is the
one dimensional version of the Kirchhoff system. In this work, we generalize
this result to several space dimensions, in particular for plates.

The Mindlin-Timoshenko operator is hyperbolic and the solution of the ECP
is a direct application of Theorem 2 in Littman [8]. The method of solution
therein was successfully generalized to elastic operators (beams and plates) in
Littman [9]. It is observed that the Kirchhoff operator does not correspond to
those of the cited works. However, we show that Littman’s method still applies
and solve the ECP. Moreover the control time for both systems is the same and
independent of K.

Once the ECP is solved for both operators we prove uniformity, that is, we
show that the solution of the controlled problem for the Mindlin-Timoshenko
operator converges to that of Kirchhoff when K — 400. Our proof rests on the
results in Moreles [10].

The outline of this article is as follows: Section 2 presents the statement of
the main result. The proof is carried out in the remaining sections. To illustrate
our result we consider a weak version of the ECP in Lasiecka & Triggiani [7].
In Section 3 we show the first step of Littman’s method. More precisely, we
show that the solutions of the Cauchy problems for the Mindlin-Timoshenko
and Kirchhoff operators are smooth away from the origin if Cauchy data with
compact support is provided. This is accomplished by studying the singular
support of the fundamental solutions. For the Mindlin-Timoshenko operator
there is nothing to do: the information about the singular support contained in
the principal part follows from the theory of hyperbolic operators. The Kirchhoff
operator, however, does require some analysis. We construct the fundamental
solution as a Fourier integral operator in the sense of Hormander [1] and apply
the results therein to determine the singular support. In Section 4 we deal
with two perturbation problems that arise on Littman’s method, and prove
the analogue results to those in Moreles [10]. Consequently we deduce uniform
controllability.
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The Theory of Distributions of L. Schwartz and the the Theory of Hyperbolic
Operators will be assumed throughout this article. As a classical reference we
have Hérmander’s book [2].

2 Main Result

Let Q be a bounded domain in R™. Let W4(£2) be the Sobolev space of functions
f € La(9) for which the distributional derivatives 9% f are in Lo(f2) for || <1,
and let the norm be denoted by || ||, When Q = R™ we regard W} as H; and

= ([ aal7)"

where fis the Fourier Transform of f, and

Ay(€) = (1+|§|2>% , seR.

Let w® and w' be functions in W7 (Q), and let w? and w® be functions in

Wi =2(Q), where m and | are nonnegative integers with [ > 5. Let € be

a positive constant. Extend the Cauchy Data to have compact support in an
e-neighborhood of {2 which we call again €. For b > 0 we denote by @ the set
Q x [b, +00).

Theorem 1 (i) Let Ty = d+/ph3/12, where d is the diameter of Q. Then for
each Th > 2Ty there exist solutions w(z,t) and wi(z,t) to the Cauchy
problems

Lw=0, inQx{t>0},
w(z,0) = w'(z), wi(x,0)=wl(z) inQ

and

Lxwg =0, inQx {t>0},
Hwg(z,0)=wi(z), 7=0,1,2,3 inQ

both vanishing in Q x {t > Ty}. Moreover, If |a| < m, then 0%wx con-
verges to 0Sw when K — 400 in the L®-norm in bounded subsets of

Qo-

(i) If we restrict further w® € W H(Q), w? € WT=1(Q), then 020,wxk
converges to 050w when K — 400 in the L>-norm in bounded subsets
of Qo also for |a| < m.

The functions w(z,t) and wg(x,t) with the alleged properties are con-
structed in the proof. Hence to solve the ECP for both equations we just
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need to read off appropriate boundary conditions to have uniqueness of the re-
sulting initial-boundary-value problem. For instance, the following boundary
conditions guarantee uniqueness

fk =wk, gx=~Awg inT x][0,T];
f=w, g=Aw inIx][0,T].

Here I' = 99 is the (smooth) boundary of Q. Observe that these functions are
bounded in Qg. Moreover fx — f and gx — ¢ in the L*°-norm.

Observe that the control time 77 in the theorem is independent of K, that is,
the control time is uniform. We shall see that the functions w(z,t) and wg (,t)
are smooth in Qr,. Hence, in this set the convergence is uniform.

Now the drawbacks. From the point of view of Exact Controllability we have
a weak result. For instance, in Lasiecka & Triggiani [7] the Kirchhoff system is
considered with the following boundary conditions

w=0 inT x[0,T]
Aw=0 1in Ty x [0,T]
Aw=wu inT; x 0,77,

where T is the disjoint union of Iy and I';. Thus, only one control in part of
the boundary is required to drive the system to rest.

In contrast we require controls in the whole boundary. Also, these controls
need not be unique, and we offer no criteria for comparison. Furthermore, for
solving the initial-boundary-value problem we require on the Cauchy data more
regularity than usual. Our offering is convergence in a rather strong sense.

A natural continuation to this work, is to consider the problem under weaker
assumptions.

3 The Cauchy Problems

Theorem 2 Let ux and u be the solutions of the Cauchy problems

Lu=0 mR"™x{t>0}, (1)

u(z,0) = w(x), wu(z,0)=wl(x) inR?
and

Lgug =0 ianX{tZO}, (2)
Nug(z,0) =w!(z), j=0,1,2,3 inR".

Then ug and u are smooth in Qr,.

As remarked before, this theorem is obtained as a consequence of the study
of the singular support of the fundamental solutions.
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The Mindlin-Timoshenko Operator

Since the Mindlin-Timoshenko Operator is hyperbolic the problem is settled.
Indeed, the principal part is

2
PPt (e 2 12
Lis = o (a hA> <a )

It has two characteristic cones, namely

r = {(m,t)eR”“:tQZ%uF,tzo}
r, = {(x,t)eR”+1:t2—p£h|x|2,t>0}
with dual cones
re = {(x,t)éR”“:tz—pl—}j|x|2,t>0} (3)
N = {(m,t)eR”“:t2:%|x|2,tzo}.

Thus if Gk is the fundamental solution of L then

sing supp Gx c T°UTY.

The Kirchhoff Operator
The principal part of the Kirchhoff Operator is

ph 5 12
Ly= —=A).
‘T2 <8f ph3

Notice that the wave operator 87 — %A has characteristic cone I'. We shall see
that this hyperbolic part of L4 determines the singularities of the fundamental
solution of L, that is, we show that

sing supp G c I'°.
For convenience we use the following notation
D,, = —idy,, Dy=Dy,...,D,., Di=—idy, A=—A.
and write the Kirchhoff Operator in the form
P(D,, D) = (1 + %Z) D? - pihZQ. (4)
We shall construct a distribution G(z, t) supported in the half space {(x, t) ERMTLt > 0}

such that
[(1 + ’f—;K) D? - pihZQ} G(z,t) = 8(z,1).
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- S(Et) = 5o (en@r — o) ;SO
2 RGN
where
2
AN = — & o)

ph + ”1—}5 |§|2
it satisfies
[(1+ 55 1e”) D7~ lel*] Se.n =0, fort>o0. ©
Observe that
e, py = (141 g2) b2 - L gt
HH = 12 L ph

is obtained from (4) after applying the Fourier Transform with respect to .
Choose x(§) € D such that x(£) =1 in a neighborhood of 0. Let

_ ! ie—yye___1
Pu(et) = g [ S(E DX sy
Aufe.t) = e [ aleuly)de dy @
Bu.t) = ggr [ e a@uly) dedy.
where
1 1
0= 53g TrEeE () ®)
12
Since 66_;2 = ¢; it follows that
Vaipl* + 1€ [Vepl” > | (9)

Moreover, A(£) € ST and so is ¢(z,y,&). Recall that for any real m S™ is the
set of symbols of order m.

Therefore, according to Definition 2.3 in Hérmander [1], ¢ is a phase func-
tion. Similar argument applies to . Also, it is readily seen that a(§) in (8)
is in S73. Then from Theorem 2.4 in Hérmander [1], A and B are Fourier
integral operators with symbol a(§) and phase functions ¢(z,y, &), ¥(z,y,£)
respectively.

To study singularities of the fundamental solution, we need the following
definitions. Let {2, be the set of all ((z,t),y) € R"™! x R™ such that for some
constant C, depending on ((z,t),y),

1<C|Ve*, g >C.
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Then the set €2, is open, hence its complement, denoted by F,, is closed. Define
similarly €2y, and Fy. For subsets X of R™ define

F,X ={(z,t) € R™*: ((z,t),y) € F, for some y € R"} .

Our claim about the fundamental solution will be a consequence of the fol-
lowing theorem.

Theorem 3 Let I'Y be the cone in (3), and let u=§ in (7). Define
Eb(z,t) = Pod(x,t) + Ad(x,t) — Bé(x,t)

Then E§ is a distribution such that the singular support of ES is a subset of T'°
Proof. We shall prove that in the complement of I'? the distribution Ed(z,t)
is smooth. Observe that Pyd(x,t) is C*° in R™"!; hence we need to consider
only Ad(z,t) and Bé(z,t).

In light of Corollary 2.7 in Hérmander [1], it suffices to show that if |z|* #
%tQ for t > 0 then (z,t) ¢ F,sing supp ¢ and (z,t) ¢ F, sing supp 6. We

prove the assertion for ¢. For 1, the proof is similar.
Our interest is u = §, the Dirac’s Delta distribution. In this case

singsupp 6 = {0} .
Thus (z,t) ¢ F, sing supp 9 is equivalent to ((z,t),0) ¢ F,, that is ((x,t),0) €

Q.
It can be easily shown that
1
) ot h?
LA/ — Y ST P
& e 12\ /2 12
(1+ 5 1¢7)
thus )
1 ¢ B2
Veol(0,0).0,6) = o+ —F - (24 716 ) &
h2 2
(1+51¢P)
and )
—— h2
Vee(@.0.0.6)| > | lel - —F— (24 516 ) 1e .

Consider the function

h? 2
24 357

320

r)= 2
(1+5r2)

r>0, r=J|.

Then f(r) \, @ when r — oo and f attains its maximum value at r = %
with f (Y1) = ;5 VE,
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If |z] < ;}%t then |z| = (1 —¢) %tfor some ¢, 0 < ¢ < 1, thus

Vel(@0),0,€)| = —=1(r) ~|a]

Vp
but f(r) > Y12 for r > @, SO
12

or
Vep((2,1),0,§)|C >1, if [{>C
with C = max { —2 @} , e (z,t) € Q.

12 t ?
€ ph3

For the case |z| > /)1% t we have |z| = (1+¢)

12

ohst for some € > 0, thus

Ve((,1),0,6)] > |z| - ﬁf(r)

Choose € small enough so that

5—5<3%—1>>0

there is 7. 7 > % so that, if r > 7. z then f(r) < {1 + 5(% — 1)} % . We

Vep((,1),0,6)] %t ( - ~(3i¢6 - 1)>

Vep((2,1),0,)|C =1, if [§|>C

have

Again

with C' = max { < % t (E — E(%g — 1)))71 ,Te,z} . Therefore (z,t) € Q.

Finally we show that the singular support is contained in I'°. Now we use
the phase function . We have

t B2
Ve((@,0),0,) =2 - —2— (24 16 ) €
(1+21¢P) .
In the cone I'’, |z| = ;}% t so
_ g Pl f()
vﬁdj((xvt)?ovg) = \/ﬁ r 5

Let & = px, with p > 0 to be chosen later. Then

Vew((z,1),0,6)] = \1 - F ulel)le
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Since f(r) N\ @ when r * oo it follows that for any C' > 0 we may choose
u >> 0 so that

2] < =
C

h
1-— T
1= Gulel)
that is if |z| = ,/%tm then (z,t) ¢ Qy , ie., (z,t) € Fy and the singular

support of E§ is a subset of I'? as asserted.
Let H(t) be the Heaviside function. From (6) we see that

[Q+%mﬁm_$mﬂ&:éﬁﬁmmmﬁ=w>

This fact together with the previous theorem give us

Corollary 3.1 If G(z,t) = iEd(z,t)H(t), then G(z,t) is a fundamental solu-
tion of the Kirchhoff Operator supported in the half space t > 0. Moreover the
singular support of G is a subset of T'°.

Remark. Existence of fundamental solutions for differential operators with
constant coefficients is a classical result. In applications some times a more
explicit expression is necessary as illustrated in the present work. The Kirchhoff
operator is quasi-hyperbolic in the sense of Ortner & Wagner [11, 12]. They are
able to find explicit expressions for some of such operators. However, their
approach does not seem to apply here.

4 Perturbation Problems

(From the Cauchy problems (1) and (2), we obtain the first perturbation prob-
lem.
After applying the Fourier Transform on the space variables, we obtain

L(if,t)U =0
U(§7O) = WO(£)7 Ut(£7 0) = Wl(g)

and

LK(if,t)UK =0
0l Uk (£,0)=WI(€),5=0,1,2,3

Let R = U — U. We will establish the following inequalities
REDI < S [wols w4+ (w2 + [w?)))

IN

%(Al|w0|+|wl|+A-1|W2»+A—2}W‘°’l> (10)

|7R(E, )] < ct) (Ao |WO 4+ Ay [WH + [W?| + Ay [W?])
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where ¢(t) is a polynomial on ¢ independent of K. From these estimates, using
the fact that [ A_ converges for s > n, and Holder’s inequality, for any multi-
index a we have that

c(t)

O e R T (T R P
+ ||w2||\a\+%—2 * Hw3”|a+%—2>

and

t
0201 (o) — wale ] < S (g + 0

1 PR T g

Consequently, we have the following result.

Theorem 4 Let s > n and o be a multi-index such that |a| < m. Assume that
w® and are in w' € H™ 2, and that w? and w3 in H™T272. Then

(i) OSuk converges to 0Su when K — +0o in the norm L™ (R™ x [0, 7]) with
T < +00.

(ii) If we restrict further w® € H™T3+! and w? € H™ 3271 then 0%0,uk
converges to 0%0yu when K — 400 in the norm L (R™ x [0,7]) with
7 < +00.

Remarks.
(i) Notice that in Theorem 11 > [s/2].

(ii) Thanks to Estimate (10) we require less regularity of the Cauchy Data
than in Theorem 3.2 in Moreles [10]. Thus, Theorem 4 lead us to a slight
improvement of the main result therein.

(iii) Observe that the last estimate in (10) implies weaker convergence when
taking second derivatives with respect to t.

Let us discuss the proof of the estimates in (10). It is not difficult to see
that .
Uo(&,t) = WO cos Mt + XWl sin \¢

with
2
[4

3 2 ’
\/ P + B €]

A=A =
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as in (5). The remainder R satisfies

Li(i¢,t)R = £ F

O R(£,0) = RI(€),

where F(¢,t) = —04Uy — 2% |¢|? 92Uy and

— _ph3

R(§) =R'(&) =0
R2(€) = W2(5) - at2[]0 (570) )
R3(§) = W?(€) — 0¢Us (&,0) -
Then we obtain
F(&t) = — </\2 - % |g|2> (AW cos At + AW ! sin At) .
p
Notice that 19
2
|)\2_W|§| | <e¢; (11)
hence, in terms of A; we obtain
[F(Et)] < e (Ao [WO] + Ay [WH]) . (12)

Now we mimic the proof of Theorem 3.2 in Moreles [10] to obtain the esti-
mates (10).

Remark. Estimate (12) follows from the explicit form of F' and ( 11). Com-
pare (12) with the estimate after (3.10) in Moreles [10].

The second perturbation problem follows from the proof of Theorem 2 in
Littman [8]. Let us rework such a proof to derive this perturbation problem as
well as the uniform time of controllability.

Let ¢(t) be a cutoff function such that

1 fort<Ty
e(t) =
0 fort>1Tp+e.

Let f = Lluy|] and fx = Li[up]. Then f and fx are smooth and have
support in the strip Tp <t <Tp + €.

Theorem 5 There are smooth solutions V and Vi for
LIV]=f and Lk[Vk]= fk (13)
vanishing in a neighborhood of
Qx{t=0} and QAx{t=T1}. (14)

Moreover, if |a|+1 < 3, then 920V converges to 20V uniformly in compacta.
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Proof. For each unit vector w let I, = {s 1s=x-w,x € ﬁ} Then we have
L(@2, 0)0(w - w,t) = |phd} — By 020} + 02| o(s, 1),
L (8,0, 0k (z - w, t) = [phaf — e 292 4 O + Bh (%a;* - aga,?)] v (s, 1) .
We obtain the beam operators of Rayleigh and Timoshenko
L(9s,01) = phd} — 4y 0207 + 07
Lic(Ds,0)) = phd? — £0202 4 0 + £ (Pl—fiagl - agag)

which are hyperbolic in the s-direction. For both operators there are two fun-
damental solutions supported respectively in the cones

ro = {(s,t) ER2 2= B g2 g zo}
R {(s,t) eR?: 2 = %|s|2, s§0} .

Let
flz,t) = / fu(s,t)dw and fr(z,t) = / frw(s,t)dw.
lw]=1 lw]=1
be the plane wave decompositions of f and fr.
Let Vor , Vo, , Vkwr, and Vi, g be the solutions to
L(asaat) VwR] = fwv 52>0;
L(asaat) VwL] = fw , §<0; (15)
Lk (0s,0¢)[Vkwr] = frw, s> 0;
Lk (0s,0¢)[Vkwr] = fKw, s <0.
Here we assume that 0 € €.

We see that the supports of V,r , Vi, , Vkwr, and Vi, r are bounded away
from the sets

Qx{t=0} and Qx{t=T}
Let
Vo =Vor+ Ve, Vkw=Vkwr+ Vkwr (16)
and
V(z,t) = / Veodw, Vi(z,t)= / Viwdw.
|w|=1 |w|=1

These functions satisfy (13) and (14). ;From (15), (16), and Theorem 4.2
in Moreles [10], it follow that 0™d!Vi,, converges to d™d!V,, uniformly in com-
pacta independently of w. This proves the theorem.

Finally let

w=up—V and wg =ugp—Vg.

Then w and wg satisfy all the requirements of Theorem 1.
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