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Spectrum of the linearized operator for the
Ginzburg-Landau equation *

Tai-Chia Lin

Abstract

We study the spectrum of the linearized operator for the Ginzburg-
Landau equation about a symmetric vortex solution with degree one. We
show that the smallest eigenvalue of the linearized operator has multiplic-
ity two, and then we describe its behavior as a small parameter approaches
zero. We also find a positive lower bound for all the other eigenvalues,
and find estimates of the first eigenfunction. Then using these results, we
give partial results on the dynamics of vortices in the nonlinear heat and
Schrédinger equations.

1 Introduction
We consider the steady state for the Ginzburg-Landau equation
1
Au + 6—2u(1— lul?) =0 for z € R?, (1.1)

where the solution u is a complex-valued function and € is a small positive pa-
rameter. Symmetric vortex solution to (1.1) with degree one has been obtained
in [3, 10, 11]. The solution have the form

u(@) = Ur(e) = fo(2)e”,

where (r, ) denote the polar coordinates of z € R? and fo = fo(s) is the solution
of
—fr-LLf=f(1-f) fors>0,
f(#o0) =1, [f(0)=0, f=>0.

Moreover, fo(s) satisfies

(1.2)

fo(s) = s(Ag+ Y Par(Ag)s™) fors>0, (1.3)
k=1

fo(s) = L9 -+ (1.4)

o(s) = 952 ged T as s 0, .
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where Ay and the Py, (Ap) are constants with Ay positive. We consider a small
perturbation about U; of the form

u(z) = Ur(z) + ev(z),

where v is a smooth function, v(z) = 0 for z € 9B and B = B;(0) is the unit
disk in R? centered at the origin. Then (1.1) and (1.2) imply

Lw+N(w)=0 forzeB,
v=0 forxe€dB,
where
Lov=—-Av— 6%(1 — |U1|2)’U + %(Ul . ’U)U1,
Ui-v= %(U1U+U1’17), (15)
N(v) = %[Q(Ul ) + |v]2UL) + |v]?v.
Here the operator L. : H}(B;C) N H?(B;C) — L?(B;C) is the linearized oper-
ator of (1.1) about Uj.
In this paper, we find estimates for the eigenvalues and the first eigenfunction

of the operator L.. Since L. is self-adjoint, then all eigenvalues of L. must be
real. Hence the eigenvalue problem becomes

Low =X w, AeR, we H}B;C)nH*B;C). (1.6)
Lieb and Loss [15] proved that the first eigenvalue on (1.6) is nonnegative. Later,
Mironescu [21] showed that

Theorem A: The first eigenvalue of L is positive.

In [19], we find quantitative estimates for (1.6), such as the following.

Theorem B: Let Vi = {a(r) + b(r)e*® € H}(B;C)N H?(B;C)}. Then
1) There exist positive constants c1, €1 independent of € such that
(i) 2 ; D
(Lew,w) >¢1 >0 forwe Vit |lwllz2y=1,0<e< e,

where Vit = {w € HY(B;C)N H*(B;C) : (w,v) = 0,Yv € V1} and (-,-) is
the inner product in L?(B),

(if) 0 < Ay — 0 as € — 0+.

(iii) The first eigenfunction corresponding to the first eigenvalue A1 has the
form a.(r) + be(r)e?® such that ac > b. >0 for 0 <r < 1.

The proof of Theorem B(iii) can be found in [21]. Note that Theorem B esti-
mates many eigenvalues but not all eigenvalues. In addition, the multiplicity of
the first eigenvalue A; is still unknown. Furthermore, there is no estimate about
the first eigenfunction corresponding to the first eigenvalue A\;. We improve
Theorem B by our main results as follows.
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Theorem I:

(i) The eigenspace of the eigenvalue A1 is only two-dimensional which is spanned
by two eigenfunctions a.(r) +b.(r)e? and ia.(r) —ibc(r)e??, where ac(r)
and be(r) are real-valued.

(ii) There exist positive constants c1, €1 independent of € such that the second
eigenvalue Ay satisfies Aa(€) > ¢ for 0 < e < e;.

(iii) 0 < A; = O((log 2)71) as € — 0+.

(From (1.5), Lew = Mw, M1 € R, w € V; if and only if w = a(a(r) +
b(r)e%®) + B(ic(r) + id(r)e??), for all a, 8 € R, where a, b, c,d are real-valued
constants. However, by (1.5), the eigenfunction in V; cannot have the form
a(r)+ib(r)e?® or ia(r) +b(r)e??, where a, b are nonzero real-valued. Moreover,
by (1.5), w = a(r)+b(r)e?® € Vi, where a, b are real-valued satisfies L.w = \jw
if and only if @ = ia(r) — ib(r)e?¥ € V; also satisfies L. = A\w. Hence the
eigenfunctions of L. in V; can be generated by all functions with the specific
forms a(r) + b(r)e?® and ia(r) — ib(r)e??, where a,b are real. Therefore the
first eigenfunction has the specific form in Theorem I(i).

Now we introduce the stretched variable X = z/e. Then we transform the
operator L, into another linear operator L. defined by

Lo(X) = —Axt— (1= |To[2)o + 2(Tg - 5) Ty (1.7)

for X € By/e(0),0 = 9(X) € Hg(By(0)) N H*(By,c(0)), where ¥o(X) =
fo(s)e?, s = |X|, 0 = arg X and A = 0%, + 0%,. Then Lo = €)@ if and
only if Lev = A\v, where 9(X) = v(eX) for X € B;,.(0). Hence Theorem I(i)
implies that L. has the first eigenvalue €2\, and the associated eigenfunctions

€1(s,0) = ac(s) +be(s)e* | &a(s,0) = idc(s) — ibe(s)e*,
where @c(s) = ac(es) and be(s) = be(es). We may assume that ||&;]|p2 = 1,5 =

1,2. Here || - |12 denotes the L? norm on Bj,.(0). The estimates of é;’s are
given as follows.

Proposition I:  Let w; = maxj\llo, Jj=1,2. Assume that (w; ,é;) >
0 for j =1,2. Then the eigenfunctions €; satisfy

- - 1.
€ =W +vj. and ||Vj,e||L2:O((10gz) 12) ase— +.

Theorem I and Proposition I are important tools for analyzing the vortex
solution of the Ginzburg-Landau equation

EAu+ (1—|uPu=0 inQQ, (1.8)
u=g¢g on 0,
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where Q is a bounded smooth domain, u : Q — C is the solution and g : 9Q — S*
is smooth with degree d > 1. Some important results on the vortex solution of
(1.8) are presented in [1]; however, the structure of all vortex solutions in (1.8) is
still unknown. Basically, (1.8) is one of singular perturbation problems for which
by the Liapunov-Schmidt method, it is quite possible to obtain a smooth solution
of (1.8) with d degree-one vortices. One may use the symmetric vortex solution
U; to set up an approximated solution with d degree-one vortices. However,
the spectrum of the linearized operator L. is essential in the Liapunov-Schmidt
method. Therefore Theorem I and Proposition I become important for studying
the vortex solutions in (1.8).

This paper is organized as follows. In Section 2, we prove Theorem I and
Proposition I. In Section 3 and 4, we give a partial proof for the dynamics
of vortices in nonlinear heat and Schrodinger equations. This is an another
application of Theorem I and Proposition I.

2 Proof of Theorem I and Proposition I

;From Theorem B(iii), we assume that w, = aj,(r) + b1,e(r)e?? is the first
eigenfunction of L., where a;,b1  are real. Then L.w. = Ajw,. becomes the
system of ordinary differential equations as follows.

—a’l',g — %a'Le = e%(1 —2fHay . — e%ffbl,e + Maie forre(0,1), (2.1)

—b/1,7e — %bll,e + ,,%bl,e = €%(1 - 2]‘?)[)176 — e%ffaLe + )\1[)176 forr € (0, 1) ,
a17€(1) = bl,e(l) = 0,

where fc(r) = fo(%£). ;From [20], a1,(r),b1,c(r) are real analytic for 0 <r < 1.

[e.e] [e.e]
a1,(r) = Z apr®, by(r) = Zﬁkrk , for0<r<1, (2.2)
k=0 k=0
where ag, Or € R are constants. By (1.3), we have

F2(r) = Ao + Z Pojya(Ac)r?t? (2.3)
k=1

for 0 < r <1, where A, = (Ag/€)? > 0 and Py 2(A.)’s are constants depending
on A..

Taking (2.2) and (2.3) into (2.1), and comparing the coefficients of 7*’s, we
obtain that

azgr1 = Porp1 =0,

. _

=+ X\ A,

< 2 _ _
Q2k42 4(k+1)2042k+ 4(k+1)2( Qok—2 + P2k—2)
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k—1
1 . N
+m o142 (Ae) (202(k—i—1) + Ba(k—1-1)) 5
1=1
. -
=+ A\ A,
- =T e (98 _
Bak+2 4k(k+2)ﬂ2k+4k(k+2)( Bok—2 + Qok—2)
1 k-1 )
+m 2 Pory2(Ad) (282 (k—1-1) + Qo(k—1-1)) -
Hence by induction, we have
(oo} (oo}
a1(r) = ao Z Corr® + 3y Z Doyr?* (2.4)
k=0 k=3

o0 o0
bre(r) = ao Z Ear®* + o Z Fopr?®

k=2 k=1

for 0 <r <1, whereCy=1,F, =1, B, = %, Dg = % and all the other
Cok, Dok, Eoy, and Fyi's depend only on k, e, A\; and /ng.
Now we show the eigenspace of A; is two dimensional. By (2.4) and a1 (1) =

b1,e(1) = 0, we obtain that ap and B2 must satisfy one of the following conditions:

(1) B2 = Kjap and ayg is any real number, where K is a constant independent
of ag.

(2) ap =0, B2 is any real number.
(3) both ag and 5 are any real numbers.
Suppose (2) or (3) holds. Setting g = 0,82 = 1, then
la,e] < |b1,e] asrT—0+4. (2.5)

However, Theorem B(iii) implies that |aj,e| > |b1,e| for 0 < r < 1. This is a
contradiction with (2.5). Hence only the case (1) holds. Thus the eigenfunction
we = ay,¢(r) + b1 (r)e?? satisfies

are(r) = ao(d_ Corr®™ + K1Y Doypr®), (2.6)
k=0 k=3
o0 o0
bl,e(T) = Oéo(z Egkr2k + K1 Z F2k7‘2k) .
k=2 k=1
(From (1.5), it is easy to check that L.we = Ajte, where we = ia(r) —

ibl,g(r)e%‘g. Therefore the eigenspace of \; is only two-dimensional, spanned
by a1,¢(r) + b1.c(r)e?? and ia; (r) — iby (r)e??, and we complete the proof of
theorem I(i).

Now we prove Theorem I(ii) by contradiction. Suppose the second eigenvalue
A2 = 0 as € — 0+. Let wy . be the eigenfunction associated with A;. Then
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Theorem B implies that ws . € V4. Hence by (1.5), Lews e = Agwz e € Vi and
A2 € R, we obtain that wy  must have the form wy = ag,e(r)—f—bg,e(r)e%(’, where
a2,c, ba o are real-valued. Thus the equations Lcw. = Ajwe and Lews = Aowa
become the systems of ordinary differntial equations as follows.

—aj = yas .= (1= 2f5(5))aje — Ff5(E)bie + Ajajee
e = 2t T iabje = (1 -2/5

~0, (2.7)

for r € (0,1],5 = 1,2. Now we assume that r = es,a;.(s) = a;(es) and
bj.c(s) = bj,c(es). For the notation convenience, we use the same a; . and b;
after the scaling r = es. Then (2.7) implies

—aj . — 5aj = (1= 2f3(s))ajc — f3(s)bje + Aj€je,

Je  sge
_b;'/,e - %b;,e + ;%bjﬁ = (1 - Qfg(s))bLe - fg(s)a’j& + )‘j62bj,€ )

aj.e(3) = bje(z) =0, (2.8)

for s € (0, %] ,7 =1,2. By [20], we set

oo o0 1
aj.c(s) = Zaj,ksk,bj,e(s) = Zﬁj,ksk, for 0 <s < E,j =1,2,
k=0 k=0

where «;;’s and §;1’s are constants. ;From (1.3), fo(s) satisfies

fo(s) = Aos+ > Pary1(Ag)s™ ™, (2.9)
k=1
f3(s) = Aos®+ ) Parya(Ag)s™ 2, (2.10)
k=1

for s > 0, where flo = A% and ngJrg(Ao)’s are constants depending on flo.
Moreover, (1.4) implies

1 9

fo(s) = 1_2_32_@—’_”' as s — 400, (2.11)
o 12
fils) = 1—8—2—8—4—1—... as s — +00. (2.12)

Then by (2.8) and (2.10), we obtain a similar formula to (2.4) as follows.

(e o0
aje(s) = oY Cios™ +Bj2 Y Djars™, (2.13)
k=0 k=3

a | =

(o) o0
2%k 2k
bie(s) = o Z Ejors™ + B2 Z Fjors™, 0<s<
k=2 k=1
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where Cjo = 1, Fjo =1, Ej4 = %, Djs = % and all the other Cj o,
Dj ok, Ejor and Fjop are depending only on €, A; and Ay. jFrom (2.6), we
have (12 = f(lal,o, where K’l is a constant independent of a;,. Hence by
Theorem B(ii), (2.8), (2.13) and the standard ordinary differential equation
theorem, we have

a1,e(s) = arol(ao(s) + Ai€a1e(s)) + Ki(ai(s) + Ae’d,e(s))],
b17€(8) = 0[(b0(8) + )\1€2b1,€(8)) + K3 (bl(s) + )\1€2b1,€(8 )] s

e(5) = O(s%), bo(s) =
st) as s — 0+, and

where ap(s) = 0(1), a1,e(s) = O(s?), al(s)u: O(5°%), d1
O(s?), b1’6(2 = 0(s%), bi(s) = O(s?), birc(s) = O

s
(aj(s),b;(s))’s are solutions of

—a" — 3a' = (1 - 2f5(s))a — f§(s)b,

2.15
' %b’—l—;%b: (1—2f02(s))b—f02(s)a for s > 0. ( )

By CL276(%) = bg,e(%) =0 and (2.13), we obtain that as ¢ and 32 satisfy one of
the following cases:

(a) P2,2 = Kaago and as is any real number, where K is a constant inde-
pendent of as .

(b) ag,0 =0, B2,2 is any real number.
(c) Both as and 32 are any real numbers.

For the case (a), we utilize (2.8), (2.13), A2 — 0 as ¢ — 0+ and the standard
ordinary differential equation theorem. Then we obtain that

az,(s) = az,0(ao(s) + Aa€%ag c(s)) + aQ,OKQ(al(S) + A2€2da e (s)),

) i ) (2.16)

bg,e(s) = ch’o(bo(s) + )\262[)2’6(8)) + Oég’oKQ(bl (8) + /\2621)2,6(8)) s
where dg.(s) = O(s2), da.c(s) = O(s®), by.c(s) = O(s®) and by ((s) = O(s?) as
s — 0+. Moreover, for any M > 0 (independent of €), there exist €5 = €1 (M) >
0 and xk = k(M) > 0 such that

5,51, b5 e(5)], |8 e ()], 1B e ()] < & (2.17)

for 0 <s< M, 0<e<e,j=12 Now weset ajo = azo =1 Then we
have

Wa,e — We = (1) + PBe(r)e??
ac(r) = (Kz2 — f{1)a1(£) +€[Aa(az,e + -[:{2?2,6) = M(@e + {21531,6)](%) )
Be(r) = (K2 — K1)bi(Z) + €2[A2(ba,e + Kaba ) — A1 (b1,e + Kby )](%).
(2.18)
For (2.15), we have the following result.



8 Ginzburg-Landau equation EJDE-2000/42

Lemma I Let (a;j,b;),j = 2,...,5, be the fundamental solutions of (2.15).
Then
Jfo

ar(s) = L 4 bale) = 15— L0
and the asymptotic behaviors of (aj,b;),7 = 3,4,5 are as follows.
1 ) 1

— — +0O(—= ,

3~ T6v3s (=)

—3s — 1 5 1
b3(8) =e V2 S 1/2(5 _ 16\/58 —|—O(s—2)),

as(s) = 5 +0(2),ba(s) = —= + 002,

as(s) = ef‘/issfl/Q(

1
as(s), bs(s) > gsz as s — 400
We will prove Lemma I in the appendix. Now we claim that

S

/Oo la‘f‘(s) ds = +00. (2.19)
1

We prove this by contradiction. Suppose

1
/ ~a3(s)ds < +o0.
1 S
Since (a1, b1) is a solution of (2.15), then by Lemma I, we have

(a1,b1) = a(az, b2) + B(as, bs),

where «, 8 € R. Moreover, by a;(s) ~ s% b1(s) ~ s%,a2(s) ~ 1 and by(s) ~ s2
as s — 0+, then we obtain that 5 # 0 and S(as,b3) = (a1,b1) — alag,be) is
bounded as s — 0+. Hence (as,bs) is a nontrivial bounded solution of (2.15).
From Lemma I, (a3, b3) decays exponentially to zero as s — +o0o. Thus (a3, bs)
is an eigenfunction in L?(R?) x L?%(R?) of L associated with the eigenvalue 0,
where L is the linear operator defined by

(i (1 -2/Da 3
La,b) = ( by by (1 2f20 - f2a )

for a = a(s), b = b(s), s > 0. This is a contradiction with Proposition 5.4 in
[24]. Therefore we obtain (2.19).

Now we use (2.19) to complete the proof of Theorem I(ii). By (2.18) and
Theorem I(i) in [19], we have

1
%<Le(w2,e - we) , W2 e — ’LU€>

= [ el )+ 58 - S0 e+ ) dr
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1
+/O SR () e+ 5% dr

1
1
- / el + a2 = - 20 ))a2 dr
0 € €

1
3 1 T T

+ ;562— ;af - o (=)(ac+ Be)* dr

c ! 9o 1 o oo 2
2 gollwae —welza + | —f — —ac + 5 fo(2)(ae + Bo)dr

T r

c

= =(lwzellFz + lwell72)

2w
1/e
+/0 gﬁf@s) - éoé(es) + 513 (5) (0 + Be)? (es) ds,

where ¢ > 0 is a constant independent of e. Then

%<Le(w2,e - we); w2,e - ’LU€>
c 1/€
> = (lwaella + llwell22) + fo 262(es) — La2(es) + sf3(5) (e + Be)? (es) ds,
(2.20)
Setting B = Ta., then we obtain
30 15 2 2 3 2 1 2 21 2
SPe — e tsho (s)(ae + Be)” = [;T -5t sfo(s) (1 +7)7eg.
It is easy to check that
1
§7'2 — =+ sf2(s)(1+7)2 > Ho(s) for TeR,5>0,
s s
220 \_
where Hy(s) = 524_@7% Hence (2.20) becomes
(L ) ) (221)
o0 e(W2,e We ) , W2 e We .
1/e

c
> —
21

(lwellZ> + llwa,ellZ2) + A Ho(s)ag (es) ds -

Note that (2.12) implies that Ho(s) > 1 as s — +o00. Thus by (2.19), we may
choose a large constant M > 0 independent of € such that

M
/ Hy(s)a3(s)ds >0 and Hy(s) >0 fors> M. (2.22)
0

Therefore by (2.21), we have

1
%<Le(w2,e - we) , W2 e — we>
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v

1/e 2 1/e
/ s Z aj.+ b2 s)ds + Hy(s)a?(es) ds

0

= —e / SZ ]€+b2 s)ds (2.23)
. M
+§e2 /0 s Z(aie +b7.)(s)ds + /o Hoy(s)a?(es)ds
j=1

1/e 2 1/e
+ce/ SZ J6+b2 s)ds + Hy(s)a?(es)ds
M

Furthermore, by (2.18), we have

M
/ Hy(s)a?(es)ds
0

M M
= (KQ — K1)2/0 Ho(s)a%(s) ds + 2([(2 — K1)€2/0 Ho(s)al(s)
X {)\2(&276 + Kgég,e) -\ ((A]Jl76 + K1é1,€)} (S) ds (2.24)

M
64/ Ho(s)[/\2(d27e + K2d276) - /\1(CAL176 + K15L1’6)]2(8) ds
0

Hence by (2.14), (2.16), (2.17), (2.22), (2.24) and aq,0 = a2,0 = 1, A1, A2 = 0
as € — 0+, we have
2

M
262/ sEZ(aie +b2 s)ds +/ Ho(s)az(es)ds >0 (2.25)
0 .
j=1

as 0 < € < ¢, where ¢; > 0 is a small constant. Thus by (2.22), (2.23) and
(2.25), we obtain

1 c /e 2
g (Lol —wo) un e —w) > G [ (0 s
j=1
_ < 2
= =0 ),
then
1
o (Le(wa,e — we) ,wae —we) = — = (wel22 + llwz,el|22).- (2:26)
On the other hand, by the definition of w. and w; ¢, we have
1 1
%<Le(w2,e - we) , W2 e — we> - E<)\2w2,6 - )\lwe , W2 e — we>
1
= oo Ol + o fwsel2:)
1
< oo 72)

2T



EJDE-2000/42 Tai-Chia Lin 11

then

1
_<Le(w2,e - we) , W2 e — we> S

1
o Xa([lwellZe + [lwa,ell72) - (2.27)

2
Therefore (2.26) and (2.27) imply

> —=c; >0 forO<e<e;.

N O

For cases (b) and (c), we set az 9 =0, S22 = 1 in (2.13). Then we obtain that

W2.e = a2,e(r) + b2,e(r)62i0 )
ag,e = a1(L) + € Aada (L), (2.28)
b27€ = bl(%) + 62)\2b27€(£) .

Note that (2.28) has the similar form to (2.18). Hence we may apply the same
argument as (2.26) to derive that

1 c
_<Lew2,e 7w2,e> > E“w2,6|

22
2T L

i.e. Ao > § =c1 > 0. Therefore we complete the proof of Theorem I(ii).
_ For the proof of Theorem I(iii), we define the approximate eigenfunction
Uc(s,0) as follows.

(

(s) = s fo( o(s) if0<s <R,
U= B.(1-es)? ifR <s<?i
b(s) = fo(s) = Lfo(s) f0<s<R.,

VT D(1-es)? iR <s<?,

where R, = %(1 — N71), N > 0 is a large constant independent of ¢, and B, D.
are defined by

Be(l - €R€)3 = RLEfO(Re) + f(/)(Re) ;
3 , 1 (2.29)
De(1—eRe)” = fo(Re) — R_€f0(Re) :

Let ~ 5
Uds,0) =C'U(5,0), C.=|Uclr>.
Then it is easy to check that U, € H&(Bl/e) and L.U. =0for 0 < s < R.. In

addition, C. = (4mlog? 4+ O(1))/2. Hence by (1.2), (2.11) and integration by
parts, we have

(LUe,Ue) =[5, [VxU = (1= f)UL” +2(%o - Ue)* dX

= 20072 [/ s[(@) + (¥)?] + 4b? (2.30)
—s(1— fg)(a® + b*) + sf5(a+b)* ds
= O(e(log 1)),
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where (-,-) is the product of H~*(B;,.) and H}(Bj ). Moreover,
_ 1,
|@1 — Ue|[z2 = O((log E) 12). (2:31)
By the standard scaling method, we obtain

Met < (LU, U).

Hence by (2.30), we have A; = O((log £)7!) as € — 0+. Thus we complete the
proof of theorem I(iii).

Now we prove Proposition I. By the definition of U, and €;, there exist
Ye € R and v. € Hg(By/¢(0)) such that

Ue =€ + Ve, Velérin LQ(Bl/e(O)) and v, = (U, é1). (2.32)
Hence by Theorem I(ii), we obtain
<I~J€Ue P U€> = <I~Je(7€é1 +~Ve) 77€é1 + Ve>
= '76262)\1 + <L6Ve 7Ve>
> aé|v?,
then )
(LUe,Ue) = Cl€2||VeH%2 ) (2.33)

where ¢; > 0 is a constant independent of e. Thus by (2.30) and (2.33), we have
1,._
Ivellze = O((log =) =/%). (2.34)
(From (2.32) and the definition of U, we obtain
UellZ2 =72 + llvellZ = 1.

Therefore by (2.34), we have v2 = 1+ O((log £)~1). Since (@1,€1) > 0 and by
(2.32), then . > 0. Hence

7 = (14 O((log ) ™)) (2:35)
By (2.31) and (2.35), we obtain
I2-U. = ]2 = Of(tog 1)) (236)
From (2.32) and (2.35), we have
€1 = %(U6 — V) = W1 + Vi,

where vy = %(Ue —v.) —w1. By (2.34), (2.35) and (2.36), we obtain that
1. _
[71,ell 2 = O((log ) 2.
Similarly, we have
< _ 1,_
€2 = W2 + V3, |[v2,ellL2 = O((log E) 1/2) :

Therefore we complete the proof of Proposition I.



EJDE-2000/42 Tai-Chia Lin 13

3 Vortex dynamics in nonlinear heat equations

In this Section, we consider the system of nonlinear heat equations

ur = Au + éu(l —|ul?) forxeR? t>0,

uli=o = uo(z) for z € R?. (3.1)

The equation (3.1) is the simplified Ginzburg-Landau equation which is from
the Ginzburg-Landau theory of superconductivity. As e is small, the Ginzburg-
Landau theory predicted the existence of vortex state. The vortex state consists
of many normal filaments embedded in a superconducting matrix. Each of these
filaments carries with it a quantized amount of magnetic flux, and is circled by
a vortex of superconducting current. The vortex structures are set in motion by
a variety of mechanism, including thermal fluctuations and applied voltages and
currents. Unfortunately, such vortex motion in an applied magnetic field induces
an effective resistance in the material, and thus a loss of superconductivity.
Therefore, it is crucial to understand the dynamics of these vortices in order to
pin vortices at a fixed location, i.e. prevent their motion. Hereafter, vortices are
so called point vortices which come from the cross section of vortex filaments.

For the dynamics of vortices, E [5] used the formal asymptotic analysis
to derive the dynamic laws of vortices. In this Section, we will give a more
general proof of the dynamics of vortices. The idea of the proof is to use the
generalized asymptotic expansion (3.5), Theorem I and Proposition I. Assume
that + = q.(t) € R? is the vortex trajectory, ¢. is smooth in t, g.(0) = 0,
and Bi(g.(t)) is the vortex core which moves along with the vortex trajectory
x = g.(t). Here we assume that the solution u has only one vortex center at
ge(t). Now we focus on the vortex core By(gc(t)) and consider the following
system of equations

up = Au+ Lu(l —|uf?)  for z € Bi(ge(t)),t >0,

ult=0 = up(z) for z € By(0). (3-2)
Assume that .
x -2 (X ,t,e) =u(z,t,e) (3.3)
€
for x € B1(qe(t)),i.e.X € B1/c(0),t > 0. Then we have
eV =efe - Vx U+ Ax VU +¥(1—|¥]?) for X € By(0),t >0, (3.4)
\I/|t=0 =uy for X € Bl/e(O) s ’
where ¥; = 2F(-,t,€). We take an expansion form of ¥ as follows.
U(X,t,e) = Uo(X)e + ey (X, t, €)'l (3.5)

where ¥o(X) = fo(s)e’®, s = |X|, ¢ = arg(X). Note that (3.6) is a more
general form than the inner expansion form in [22] and [5]. Here we assume
that H = H(x,t,¢€) is a smooth real-valued function and satisfies

A H =0,|V,H|,|Ht|,|V.H| < K in Bi(ge(t)), (3.6)
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where H; = %H and K > 01is a constant. We will derive the governing equation
of the vortex trajectory x = g.(t) as follows.
Ge = m[QJV;EH(q€ ,t,€) — eV Hi(ge T, €) + 0c(1)]

m[—vag(Qe t,€) + Cevwﬁ[t((k st,€e) +o(1)],

(3.7)

0 1
-1 0
Here we denote o.(1) as a small quantity, independent of time ¢, and tending to
zero as € — 0+. (From (3.7), it is remarkable that the velocity ¢. of the vortex
trajectory = g.(t) can be nonzero and of order O((log 2)~!) if the function H
is nonconstant. We require that ¥, satisfies the ”small” perturbation condition
as follows.

where ¢, = €2 fol/e sfe(s)ds, J = ( ), and H, H are harmonic conjugate.

”VX\I]lHLQ(Bl)SKEiﬁa O</6<]-7
”\Ill”LG(Bl) §K€7W7 0<’7< %7 (38)
||‘Ill,tHL2(Bl) SKG_(S, 0<6<2,

(1, &) = oc(e2(log £)'/?), j =1,2,
0 J(k) 2\, (U . & o 1 (39)
Dkme 2j=1 €AW, 85 k)] = 0e(1),

| fom,,. Y1+ 0né;| = oc((log £)71/?), j = 1,2,
J(k ~
Sita X7 | Jop,,, U1 0aéj k] = 0c(1),

where J(k) is the multiplicity of the eigenvalue \;, K > 0 is a constant and
O is the normal derivative. Here €;’s and €; ;’s are the eigenfunctions in
Vi = {a(s) + b(s)e*® e H{(By/e;C)} of L. corresponding to the eigenvalues
€?\; and €2)\,’s respectively. We require them to have unit norm in L? (Bi/e).
In addition (-,-) is the inner product in L?. Note that the upper bound of
(3.8) and the first term of (3.9) tend to infinity as e goes to zero. ;From [9],
the equation (3.2) is well posed. Then ¥; is smooth in both space and time
variables. Hence (3.8), (3.9) and (3.10) can be fulfilled in a short time when
U, |¢—o satisfies the following assumption.

(3.10)

Assumption I: Uy = Uy (X,t,€) satisfies the following:

(1) W1(-,0,¢€) has sufficiently small C* norm on the vortex core {X : | X| < %}
att=20

(2) |0691(-,0,€)|| 22(B,) = O(e7%), 0 < 6 < 2.

By the suitable choice of initial data ug, we obtain Assumption I(1). Assump-
tion I(2) preserves the vortex structure on the vortex core when the associated
vortex point begins to move at the time ¢t = 0. Note that the upper bound of
Assumption I(2) is ~ €79, with 0 < § < 2 which tends to infinity as e goes to
zero. We observe that Assumption I is a local perturbation condition on the
vortex core which is different from the global assumption in [16] and [17].
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In Neu [22] and E [5)’s works, they used a specific asymptotic expansion for-
mula and a pointwise matching condition to derive the dynamic laws of vortices.
Basically, they require some pointwise matching condition on the boundary of
vortex cores to derive the dynamic laws of vortices. However, (3.8), (3.9) and
(3.10) are not pointwise. This is a kind of generalization for the results of Neu
and E.

Now we prove (3.7) as follows. By (3.5) and (3.6), (3.4) becomes

G - (VxTo +eVxVy) —ieVoH, — ie* U Hy — €Ty, (3.11)
= eUy|V H|? —2i(Vx W VoH) + LUy + N.(T)
for X € By,(0) and t > 0, where

~L.0,
N (¥1)

AxTy + (1 — [P|2)Wy — 2(Tg - Tp) T,
20|V, H|? — 2ie(Vx Uy - Vo H) + €21, 2T, (3.12)
+€[2(\IJO . ‘I’l)‘l’l + |‘I’1|2‘I’0] s

and ¥y, = %\Ill(',t, €). Assume that

- 1 1 )

By = -0, ¥, Ty = 0, Wollz2 = (rlog - +OM)Y?, j=1,2. (313)

€j

Hereafter, we use X to denote the components of X = (X, X2). Then (3.11)
implies

Ge1(0x, Vo + €0x, W1) + Ge,2(0x, Vo + €0x, V1) — ieVoHy — ie* U1 Hy — €Uy

= eWo|V.H|? - 2i(0x, Y08y, H + Ox, V08, H) + LUy + N (V)  (3.14)

for X € By/(0) and ¢ > 0. Making the inner product with (3.14) and w;,
j=1,2, we have

Ge,1[(Ox, Wo, W) + €(0x, V1, W5)] + §e,2[(Ox, Yo, W) + €(Ox, V1, Wj)]
= 62(<\Ijl,t 7wj> + <i\IllHt 7wj>) + <N6(‘Il1)77j]j> + Fj + <L€‘I’1,’J}j>,
(3.15)
for j = 1,2, where (-,-) is the inner product in L2(Bl/e(0);(C), and

I, = —2(i0x,%00.,H,w;) —2(i0x, V0., H , w;)

+e(Wo |V H|? ;) + e(iWoHy ,10;) . (3.16)

Since the eigenfunctions é;,é; x’s dense in A1 = {w(X) = a(s) + b(s)e*? €
L*(B1,c(0);C)} and @; € Ay, 1= 1,2, then

2 oo J(k)
W=y (@ &)+ Y Y (W& ke - (3.17)
j=1 k=1 j=1

Using integration by parts, we have

<i;6\1/1 ,é]> = faBl/6 Uy - 8ﬁé] + €2A1 <‘I’1 7éj> )

SR ” g 3.18
(L¥1,85 k) = Jop,, W1 0aéj k + € XMe(W1, 65 k) (319
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Hence by Proposition I, (3.9), (3.10), (3.17) and (3.18), we obtain

(LeWi, @) =37 1 (EM (W1, &) + [y, U1+ 0a) (&, i)
+ 00 P (XMW1, 85 1) + [y, W1 - 0y 1) (85 k)
=o((log)~/?), 1=1,2.

(3.19)
It is easy to check that
0x, %o = 2(Efo+ fO)+ 5(f6 — L fo)e*?, (3.20)
0, W0 = 5(3fo+ fo) + 5(Lfo— fo)e*®.

Hence (0x, Ug, ws) = (0x,Po,w1) = 0. Thus (3.15) and (3.19) imply that

qe,l(a* + Eal) + eqe,2/61 = '71 ) (3 21)
€(je,1/82 + Qe,2 (a* + 60(2) = 72, ’
where
o =D = [10x,Yoll2, oy = (0x, V1, wy),
61 = <8X2\Ijl7u~}1>7 /82 = <8X1\Ijl7u~}2>7 n; = <N€(‘I,1) 7u~]j>7
and

. , . 1._
v =T+ E(Yie, @) + (W1 Hy ,@y)) + 1 + 0c((log 2) 12,
for j =1,2. By (3.6), (3.8) and Holder inequality, we have

eloj| S Kel=P, €Bi| < Ket™F, 0<pB<1,
;] = 0e((log 1)=/2), ~; =T, +o.((log 1)~1/2), j=1,2.

Moreover, (3.21) implies

(3.22)

—_

. . 1
Ge1 = ;[(a* +ea)y — €0172], ez = ;[(Oé* +ear)y: —€fom],  (3.23)

where v = a2 + ea. (a1 + as) + €2(a1az — B132). Furthermore by (3.6), (3.20),
and the mean-value theorem of harmonic functions, we have
(i0x, W00y, H ;) =0, j=1,2,
<i8X1 \Iloale ) ’LZ)2> = [‘Ldale(QG it e)f@(%) ’
<i8X2 ‘I’OawzH ) wl) - _FLelawzH(QG ta f)fg(%) )
(Wl VL H P iy)| < ££, € = 20K supg_y fo/“sfofpds >0, (324)
e(iVoHy @) = — 2= (& [/ 13 ds)Day Holge 1t €) ,
6<’L"I’()Ht ,1]]2> = 1—‘7!

(€2 [V 5£2 ds)O, Hilge 1t €).

2

Hence by (1.3), (1.4), (3.16), and (3.24), we obtain

r, = F’;(ZamH(qe,t,e)—ceaszt(qe,t,e))+O(6(log%)_1/2),

F2 = _%(26$1H(qe7t76) _Ceax1Ht(qe7tae))+O(e(log %)71/2)7

(3.25)
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where ¢, = €2 fol/e sf2ds > 0. Note that by (1.3) and (1.4), cc ~ 1/2ase — 0+.
Thus by (3.13), (3.22), (3.23), and (3.25), we complete the proof of (3.7).

For the motion of d-vortices, we restrict (3.1) on the vortex cores B1(gje)’s
and we consider the following system of equations.

up = Au+ Hu(l — [u?) for z € Bi(gje(t)), t >0,
’U,|t:() = ’Ltjo(l‘) for x € By (qj€(0)) y

where © = g;.(t) is the j-th vortex trajectory, g;e is smooth in ¢, |gje — gre| > 2
for j # k, and Bi(gje(t)) is the j-th vortex core which moves along with the

Jj-th vortex trajectory = gjc(t),j =1,...,d. Now we assume that
. — qic(t ,
xi = 22 8e® i g ) = (et o) (3.26)
€

for € B1(gje(t)) i.e. X7 € Bys(0),5 =1,...,d. Like (3.5), we take a similar
expansion form of ¥ on each vortex core as follows.

(X7 t,e) = Uo(X7)e™ + €1 (X7,t,e)e'™ for X7 € By ,.(0), (3.27)
where
\IJQ(Xj) = fQ(Sj)eid)j ,Sj = |Xj|,¢j = arng .
Here we assume that

Hj:Zk;ﬁj o+ H,A;H=0 in Bl(qj‘e(t)),

. 3.28
Vo H|H|[VoH| < K in Bi(qy.(t)). (3:28)

By the same argument as (3.7), we obtain the equations of g;. as follows.

20V Hj(gje ,t,€) — ccJVz0:Hj(gje ,t,€) + 0c(1)],
[_2va:-g]((be 7t 3 6) + Cevwat[_:rj (Qje 7t ) E) + 06(1)] ’

) (3.29)
where H;, H ]’-s are harmonic conjugates. Here we require that W, satisfies the

. _ 1
Ge = TegIto()

1
Tog T+O(1)

”small” perturbation conditions on each vortex core |X7| < %, j=1,...,d as

follows.
||VXj\I/1||L2(Bl)SK€_ﬁ7 0<p<l,

”\IJIHLG(B%) <KeY, 0<y<i, (3.30)
(91 ,llz2p,) < Ked, 0<6<2,
(01| = 00208 )1/2), m=1,2,
> hes Z}Ig? EXe[ (U1, Em k)| = 0c(1),
|f6B1/5 U1 - 078m| = 0c((log 2)~1/2), m=1,2,
PO Z;In(g |f331/6 Uy - 0ném k| = 0e(1),

(3.31)

(3.32)
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where J(k) is the mutliplicity of the eigenvalue A\ and K > 0 is a constant. In
particular, suppose H = 0. Then (3.28) and (3.29) imply that

. -2 5

qje = 1—1Vij(Qje 7t76) +0€(1)~ (333)
og <

Note that the equation (3.33) is consistent with the governing equation in [5]

and [18].

4 Vortex dynamics in nonlinear Schrodinger equa-
tions

The other application of Theorem I and Proposition I is for the dynamics
of vortices in the nonlinear Schrédinger equation. The system of nonlinear
Schrodinger equations is as follows.

—iug = Au+ Su(l — |uf?) for z € R%,¢ >0,

uli—o = up(z) for z € R2. (4.1)

The equation (4.1) is a fundamental equation for understanding superfluids, see
Ginzburg and Pitaevskii [8], Landau and Lifschitz [14], Donnelly [4], Frisch,
Pomeau and Rica [7], Josserand and Pomeau [13], and many others.

For the vortex dynamics in a superfluid, we prove rigorously the asymptotic
motion equation of a vortex from a solution of (4.1) with some specific condi-
tions. The method of our proof is more generalized than the formal asymptotic
analysis in the dynamics of fluid dynamic vortices (cf. [22]). Fortunately, the
asymptotic motion equation has the same leading order term (up to a time
scaling) as Neu [22]’s result.

In [2], superfluid * He has a much larger Reynolds number than the Reynolds
numbers of water and air. Moreover, the helium liquids have kinematic viscosi-
ties which are much smaller than those of water. It is well known that the
high Reynolds number may cause the turbulent flow (cf. [6]). However, up to
now, it is often tacitly assumed that the laminar analysis of [5] and [22] may
carry over to turbulent vortex cores, but no theoretical corroboration of that
assumption had been available. In this paper, we provide a more generalized
and rigorous argument to derive the vortex dynamics in a superfluid. In par-
ticular, the constraints imposed concern only global norms of the perturbations
from the leading order steady state structure. Hence certain classes of highly
unsteady fluctuations are allowed for the constraints. This is an important step
to investigate the dynamics of fluid dynamic vortices with turbulent cores.

Assume that = ge(t) = (ge,1(t), ge,2(¢)) is the vortex trajectory and ¢.(0) =
0. In addition, we assume that in the vortex core Bi(gc(t)), the classical solution
u(z,t) has only one vortex center at g.(¢t). Now we focus on the vortex core
Bi(g.(t)) and we consider the following equations

—iug = Au+ Fu(l — |[u?) for z € Bi(qe(t)),t > 0,

ult—o = up(z) for z € B1(0), (4.2)
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Like (3.3) and (3.5), we take the same expansion form of the solution u as
follows.

u(z,t,€) = U(X,t,e) = Uo(X)e + el (X, t,€)e' (4.3)
where X = %e(t), Uo(X) = fo(s)e'?, s = |X|, ¢ = arg(X), and H satisfies
(3.6).

We use Theorem I and Proposition I to derive the equation

(je = zva((k 7t7€) + Oe(l) 5

IV H(qe t,€) +ou(1), (4.4)

provided that the same ”small” perturbation conditions (3.8), (3.9) and (3.10)
hold. In [23] p. 17, we learned that the equation (4.1) is well posed. Then ¥, is
smooth in both space and time variables. Hence (3.8), (3.9) and (3.10) can be
fulfilled in a short time as ¥y |¢—o satisfies Assumption I in Section 3. By (4.3)
and (3.6), (4.2) becomes

—iGe - (Vx Vo + eVx W) — eUoH; — 201 Hy + ie? Uy 4
= €WUo|VH|? —2i(Vx¥o-VoH) + LYy + N(T1) (4.5)

for X € By/c(0) and ¢t > 0, where L. and N, are defined in (3.12). Making the
inner product with (4.5) and @;, j = 1,2 and using (3.19), we have

—Ge,1[(i0x, Yo, W;) + €(i0x, V1 ,0;)]

_qe,2[<i8X2 Vo, wj> + e<iaX2\II1 7wj>] (46)

- . . . . - 1._
= I+ (i1, @5) + (V1 H ,0))) + (Ne(P1) ,05) + 0c((log 2) 12,

where

[, = —2(i0x, Y0y, H, ;) — 2(idx, Voy, H ,0;)
+6<\I/0|va|2,’LZ)j> + 6<\I/()Ht ,’lI]j> .

By (3.13) and (3.20), we have (i0x, ¥o,w1) = (i0x,¥o,w2) = 0. Hence (4.6)
becomes

(4.7)

€Gc, 10012 + 4622(0711 + €B1) = -7, (4.8)
Ge1(Go1 + €02) + €fe 2do =  —2
where
by = (10x, Vo, 1), b = (i0x,Vo,w2), Qo = <j3Xj Uy, ),
/61 = <iaX2\II1 7u~}1>7 /62 = <iaX1\II1 ,’Lbz>, n; = <N6(\II1)7wj>7
and

N - . - 1.
75 =T+ (Vi Hy, @) + (i%10,8;)) +n; + 0c((log =) 7%
By (3.6), (3.8) and (3.20), we have

Q11 = —7T/Fe}, Go1 =7/Te2,
€|léjo| < Kel=8 €|6;] < Ket=8, 0<p<1, (4.9)
|"7j| = 06((10g %)_1/2) y Vi = Fj + 06((10g %)_1/2) ’ .7 =1,2.
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Furthermore, (4.8) implies

de1(t) = —%[(5[11 + 6,31)72 —€b271],  Ge2(t) = —%[(0721 + 6,32)71 — €d1272] ,
(4.10)

where 4 = (411 + 6ﬁ1)(d21 + 632) — €2412G2. Moreover, by (3.6), (3.20) and
the Mean Value Theorem of harmonic functions, we have

7'('62

r

1/e
(o H, , i) — (/ 2 fof! ds)0s, Hy(ge 1t ). (4.11)
0

€j

(From (1.3) and (1.4), we obtain that

1/6 1
/ s2fofbds =log = +0O(1). (4.12)
0 €

Hence by (4.7), (4.11), (4.12) and (3.24), we obtain

0y = [200,H(qe,t,€) +e2(log L + 0(1)d,, Hi(ge )]
) +0(e(log 1)=1/2) (4.13)
Py = (=20, Hge t,€) + (log L + 0(1))0a, Hile ., €)]

+0(e(log 7)7/%),

Thus by (3.6), (4.9), (4.10) and (4.13), we complete the proof of (4.4).
For the motion of d-vortices, we restrict (4.1) on the vortex cores Bi(gje)’s
and we consider

—iug = Au+ Su(l — [u?) for z € Bi(g;e(t)), t >0,

uli=0 = ujo(x) for x € Bi(g;c(0)), (4.14)

where © = gj(t) is the j-th vortex trajectory, gjc is smooth to ¢, |gje — qre| > 2
for j # k, and Bi(gje(t)) is the j-th vortex core which moves along with the
Jj-th vortex trajectory = gje(t),j = 1,...,d. By the same argument as (4.4)
for each vortex core, we obtain the equations of g;. as follows.

Gje = 2V Hj(gje ,t,€) +0e(1), 5 =1,....d, (4.15)
provided that the same “small” perturbation conditions (3.30), (3.31) and (3.32)
hold. Note that both (4.4) and (4.15) are consistent with the governing equa-
tions in [22] and [17].
Appendix: Proof of Lemma I

It is easy to check that as(s) = f—s" + f{,b2(s) = fl - f—s“ is a solution of (2.15).
To obtain (as , b3), we let

a(s) = e_‘/iss_lmm(s) , b(s)= e‘ﬁss_l/Qng(s)
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be the solution of (2.15). Then n; and 7, satisfy
n! —2v2n; + (3 + ﬁ —2f8)ym — fgn2 =0,
M =2V, + (3 — 35 — 2fg)m2 — fgm = 0.
Let w =n1 + 12 and v = n; — 12 . Then by (2.12) and (4.1), we have
u’ —2v2u' + Zv+ Bi(s)u =0,
v =220 + 20+ Zu+ Ba(s)v =0,
where
Bi(s) = 3—@—3f§:%+5%+...,
Ba(s) = 1l—q=—fo=—72=+2+. as § — 400.
Now we transform (4.2) into the following integral equations

u(s) = 1+ [ BuOKE (s, Qu(C) + K (s, u(¢) d¢

v(s) = [T Ba(QOK (s, Qu(Q) + EFK (s, Qu(() dC,
where VEes)
s _loernem (s 0) = (5 — (e VECE—9)
K(5,0) = ==, o Kl5,0) = (5 = Qe V767,

By the iteration method (cf. [12] p.199-209), we set
uo(s) =1, w(s) =0
Ump1(s) = L+ [ Ba( C)K( ,Qum(Q) + &K (s, Qvm(¢) dC
vmt1(s) = [ Ba(QK (5, Qvm () + FK (s, Qum(Q) dC,
for m =0,1,2,.... Note that
[ K(s,0)¢md¢=0(s'"™), form >2,
[OK(s,Q)¢md¢=0(s™™), form > 2.

(
)

V)

21

(4.2)

Then it is easy to deduce that u,,, v, converge to u, v respectively as m — oo.

Moreover, (u,v) is a solution of (4.2), and it satisfies

5 0132

u(s) = Tt
() 5v3s T
1 P
v(s) = —8—24—8—3—}—. as s = oo

1 5 32

= - ——+—"+...,
n 2 16/2s s2
1 0 532
= - - +—+... ass— +oo,
G 2 16/2s
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where o, B;, are constants. Therefore. we obtain the solution (a3, b3).
To obtain (a4,bs), we set

sn3 = a(s) +b(s) , sma = a(s) — b(s),
where (a,b) is the solution of (2.15). Then (n3,n4) satisfies
m = 25+ S+ S+ Ba(s)ms = 0,
ny + %nfl + 82773 + Ba(s)nsa =0,

where
/63()_3 3f() 82*52"' +.
Ba(s) =1— f2 — 82:s4+ ass—>+oo.
This is equivalent to the following integral equations
m(s) = =3 [Z(1Ki(s,) = K (s,0))ma(t) dt
+ [T [Em() + 63() 3(8)] K (s, t) dt
m(s) = 1+35 [J7(t7% = s7)[Ba(t)ma(t) + tm:a( )]dt,

where
K(s,t) = (s —t)e V2t=9) K (s,) = —[V2(s — t) + 1]e" V2= |
By the iteration method, we set

n3,0(8) = 0, mpo(s)=1,
N3 mt1(s) = =3[ Kt s,t) — &K (s,t))n3 m(t) dt

K S
+ [ t2774,m(t) + Bs(t)ns ,m (V)] K (s, ) dt,

Mmi1(s) = 141 [Z(2 — s 2)2[Ba(t)na,m(t) + Zn3 mar(t)] dt,
form=20,1,2,....

Now we claim that (93 m ,74,m) converges to the solution (n3,74). For

(u,v) = (u(s),v(s)), let T'(u,v)(s) = ( ?ZE::)) ), where

_|_
%
’Ew
<
—~
=~
_|_
=
w
—~
~
\_/
< A
\.L./
/-\ N?\-
A
J@#

Then we have ( 713 m+1 ) = ( 0 ) + T (13 ,m ,N4,m);
T4 m+1 1

ie., ( 23 o ) =({I+T+T?*+...+T™)(0,1). Hence it is easy to check that
4 .m

f:o(s_2 - t_2)t2_m dt = Wsl_m s for m Z 4,
[ Kiy(s, t)t7mdt = O(s~(m+D), form > 2,
[ K(s,t)t™™dt =0(s"™), form > 2.
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Thus we obtain that
ron-(553). mon- (83

T3(0,1) = Esjg ) ., T40,1) =

S

—
S o

)
0

N

Thus
|T7(0,1)] < C2S;™ form>1,s> 5,

where Cy > 01is a constant and Sy > 0 is a large constant. Therefore (13 m, 74 ,m)
converges to the solution (n3,74) as m — co. Moreover

1 1
77320(8—2)? 774:1+O(8—2) as s — 00,

and we obtain the solution (a4,bs) = (55(n3 + n4) , 35(N3 — Na)).

To obtain (as,bs), we use the change of variable s = e! and let a(t) =
a(e?),b(t) = b(e'). Then (2.15) becomes

&= e2f3e!) ~ Da+ e 3, s
b= et [ 2f3(e) — 1)+ 4]b.
By (2.12), there exists a large constant Ty > 0 such that
2f2(e') —1>0 fort>Typ.
Let (a5, bs) be the solution of (4.3) with initial data
(a5, d%, b5, b5)(To) = (1,1,1,1) .

Then (4.3) implies that as, by are positive and increasing for t > Ty. Moreover
by (2.12) and (4.3), we have

al(t) > e* fort > T,

where T7 > Ty is a large constant. Similarly 13'5’ (t) > e? for t > Ty. Hence

as(t), bs(t) > =e*  ast— 4o0.

ool =

Thus 1
as(s) = as(Ins), bs(s) = bs(Ins) > §52 as s — 4o00.

Therefore we complete the proof of lemma I.
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