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STABILITY ANALYSIS OF A WEIGHTED DIFFERENCE
SCHEME FOR TWO-DIMENSIONAL HYPERBOLIC EQUATIONS
WITH INTEGRAL CONDITIONS

MIFODIJUS SAPAGOVAS, JURIJ NOVICKLJ, ARTURAS STIKONAS

Communicated by Ludmila Pulkina

ABSTRACT. We consider two-dimensional hyperbolic equations with nonlocal
purely integral conditions. We analyze the spectral properties of the finite
difference scheme for the two-dimensional hyperbolic problem. To analyze the
stability of a weighted difference scheme, we investigate the spectrum of a
finite difference operator, subject to integral conditions.

1. INTRODUCTION

In this article, we consider the hyperbolic equation
Pu  0%u  Ou
— =+ — t Q,t T 1.1
8t2 8.132 + 8y2 + f(IC,y, )7 (xﬂy) 6 ) 6 (O? ]3 ( )
where 2 = (0,1) x (0,1), with initial conditions
ou(z,y,0
U(Z‘,y,o) :¢($ay)7 %

and the nonlocal integral conditions

1 1
/ U(.’E, Y, t) d(E =01 (ya t)v / SU’LL(iE, Y, t) d.’E = g2(y7 t), (13)
0 0

=¢(x,y), x=€]0,1] (1.2)

/ w(,y ) dy = gala,t), / yu(z,y,t) dy = ga(z, 1), (1.4)
0 0

where z € [0,1], y € [0,1], and ¢ € [0,T].

The mathematical modelling of modern physical problems requires defining ap-
propriate nonlocal boundary conditions. Such conditions are used when it is im-
possible to determine the boundary values of unknown function and its derivatives.
Nonlocal integral conditions represent averaged data and are often used in practice,
for example some recent articles in noise control and suppression problems [14], dif-
fusion processes [2] and complex dynamical systems [I]. We also notice, that a

broad list of literature on differential equations subject to nonlocal conditions can
be found in [36].
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The uniqueness and existence of a solution for one-dimensional hyperbolic equa-
tion with nonlocal integral conditions were considered by many authors [5], [6] [8], 24,
27]. Nonlocal problem for two- or n-dimensional hyperbolic equation was a topic
in [7, 19 28].

The solution for two-dimensional hyperbolic integro-differential equation subject
to nonlocal integral conditions (1.3)—(1.4) was presented in [23]. Integral conditions
of the type f are commonly called purely integral conditions. Such bound-
ary conditions in various dynamic problems represent moments (of the zero and first
order), and can be found in different nonlocal problems (not necessarily hyperbolic)
10, @, 22].

In the mathematical sense purely integral conditions f are of a practi-
cal interest for the reason, that the eigenspectrum of the simplest differential and
difference operators with these conditions has special properties: all eigenvalues are
strictly positive, eigenvectors are linearly independent (see e.g. [I7]). The eigen-
spectrum structure of the problems with other type nonlocal conditions can be
complex [33].

Motivated by previous works, the aim of this paper is to extend our previous
results in [I6] 28] 26] by applying the eigenspectrum analysis methods to the two-
dimensional hyperbolic problem f with nonlocal integral conditions. The
stability results in these papers are proved using the analysis of non selfadjoint
operators of the three-layer finite difference scheme [30]. The stability of high-
accuracy finite difference scheme for one-dimensional Klein—Gordon equation with
integral conditions is studied in [21].

To the authors’ knowledge, the stability analysis of the finite difference schemes
for the two-dimensional hyperbolic equations with nonlocal integral conditions, us-
ing spectral properties of difference operators, is investigated for the first time.
Another methods of investigating finite difference schemes for hyperbolic equations
with integral conditions can be found in [3] [].

The paper is organized as follows. In Section [2] notation and definitions used in
the paper are stated. In Sections [3|and [4] the finite difference problem is formulated
and an eigenvalue problem for a finite difference operator is stated and certain spec-
tral properties of this operator are investigated. The detailed eigenspectrum and
stability analysis of the three-layer finite difference scheme is provided in Section [f]

2. NOTATION
We introduce uniform grids
o = {x;: x; = ih, i =0, N}, EZ ={y;:y; =jh, j=0,N}, h=1/N,
T ={t":t"=nr,n=0M}, T=T/M, & :={t',.. . tM},

wg ={z1,...,xN-1}, wZ ={y1,...,yn-1}, w’ = {t17...,tM_1},
" ::EZ X EZ, wh = wﬁ X W.Z7

where N +1 is the number of grid points for z and y directions, M +1 is the number
of grid points for ¢ direction, and N, M > 2.

Remark 2.1. We use a unit square domain @ (Q for the differential case) for
simplicity. The results are valid on any extended rectangular domain. The grid
steps h for x and y directions are also used for simplicity.
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We use the notation UJ} := U(w;,y;,t") for the function defined on the grid (or
parts of the grid) @" x @™. We denote U := U"~! and U := U"*! on grids &" and
w™ U {to} respectively. We define space grid operators:

Roh o, (20), = Uima =24 Ui,

ij h2
55: ot — Wl ((5§U)ij = Uij-1 — 2}?215 + Ui,jJrl7
and time grid operators
0w —w, 0U:= U;07
82: T —w, 02U = W7

We consider weight o € R in the finite difference scheme
U =oU + (1 -20)U +oU.

Let H and H be spaces of real grid functions on @" and w”, respectively.
Functions U € H can be represented as vectors U := (U.l,...,U.,N—l)T7 U, =
(Uij,...,Un-1,5), 5 = 1,N —1. Let U and V be the grid functions. We use the
following notation

[U, V]IJ = UQjVth/2 + (U, V)w’j + UNjVNjh/Q, UV e F, Vi =0,N,
[U7 V]y’z = io%oh/? + (U7 V)y’j + Ui]\{‘/;']\/'h/27 UV e H, Vi=0,N,

N-1

(U V)aji= Y UyVijh, UVeEH, Vj=1,N-1,
=1
N—-1

(U, V)yi=> UyVijh, UVeEH, VYi=1N-L
j=1

Let P be a nonsingular matrix (det P # 0); we define the norm of any m x m
matrix M as follows:
M|, = [[P~'MP]2,
where |[M|]z = (maxi<;<m A\i(M*M))'/2 is the classical matrix norm and M* is
the adjoint matrix. We define the associated vector norm by the formula

-1 o 2\
IVl = 1P Vi = (D 17P)

i=1

(2.1)

where f/l-, i =1, m are the coordinates of the vector P~1V.

If a nonsymmetric (m x m) matrix S has linearly independent eigenvector system
V1, V2 ..., V™ then the matrix T = (V!, V2 ... V™) is nonsingular and we have
a relation

IS]l. = IT'ST||2 = [[J]]2 = max [lu:(S)|| = p(S), (2.2)

1<i<m

where J = diag(p!,..., ™), pi, i = 1,m are the eigenvalues of matrix S and p(S)
is the spectral radius of matrix S.
The vector norm associated with the matrix norm (2.2) is defined by iden-

tity (2.1) with P =T.
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3. FINITE DIFFERENCE SCHEME

We state a finite difference scheme for the two-dimensional differential problem

-9

U — (62 +6§) U =F  (zi,y;,t") €0 xw, (3.1)

where o is a scheme weight parameter. The initial conditions are approximated as
follows

U=, (2i,y,) €d", (3.2)
QU =W, (w;,y;) €, (3.3)

and the boundary conditions

[LUe =G, (y;,t") €@y x &, (3-4)
[, Ul = Go,  (y;,t") € EZ X w', (3.5)
[1,U], = G3, (z;,t") €@ x@", (3.6)
[y, Uly = Ga, (z;,t") €T x@". (3.7)

Functions f, ¢, ¥, g1, g2, g3, and g4 in the above stated problem f are
approximated by grid functions F', ®, ¥, and G, G2, G3, and G4, accordingly.

If the solution u of problem (L.I)-(L.3) is smooth enough u € C*(Q x [0,T]),
then scheme (3.1)) approximates equation at the point (x;,y;,t") with an ac-
curacy O(h?+712) (see e.g. [12]). The initial condition is approximated exactly,
and initial condition with accuracy O(h?) if ¥ = (z;, yj) (((52 +02)U% +
f(zi,y;,t°)). The approx1mat10n order of trapezoid formulas is (’) (h?).
So, finite difference scheme (3.1 . 7)) approximates differential problem 1))-(1.3)
with accuracy O(h? + 72).

Equations 7 can be considered as a system of linear equations for un-
knowns Upj, Unj, Uso, and U;n. We express these unknowns via inner points U,
i,7 =1, N — 1, and obtain

Upj =2(z — L,U), ; + (G1);, (3.8)
Unj = =2(2,U), ; + (G2);, (3.9)
Ui =2(y —1,U),,; + (Gs)s, (3.10)
Uin ==2(y,U),; + (Ga)i, (3.11)

where él =2h 1 (G1 — Gg), 62 = 2h71G2, 63 =2h1 (G3 — G4), 64 = 2h71G4.
We substitute expressions (3.8)—(3.11]) into (3.1) fori=1,¢= N —1and j =1,

j =N —1 and rewrite it in the matrix form

AU+BU+AU=7F, F=(F,....,F.n_1)", (3.12)
A=T1+7%A, B=-21+7*1-20)A, A:=A;+As, (3.13)
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where F; = (ﬁlja--wﬁN—l,j)v ﬁlj = ﬁlj(FljaGlaG27G37G4)> E‘j = Fy,4,j =
2,N -2, Fn_1j =Fn_1;(Fn-1,5,G1,Ga,Gs, Gy),

A,
1 A
Al = ﬁ S )
A,
A,
(2—0&1)1 —(1—|—042)I —0431 —OéN_QI _aN—lI
) —I 21 —I
A2 = ﬁ .. -. P
—I 21 —I
-1 —f1 —BsL ... —(1+fn-2) (2—pNn-1)T

are (N —1)2 x (N —1)2 block matrices. In (3.13) the identity matrix I is (N —1)2 x
(N — 1)? matrix, too. The indentity matrix I in matrix Ay is (N — 1) x (N — 1)
matrix. A, is (N —1) x (N — 1) matrix of the form

2—0(1 -1 —Qy —Q3 - —QN_2 —QaN_—-1
-1 2 -1 . 0 0
A, = 0 -1 2 0 0 ’
0 0 0 -1 2 -1
—B1 —f2 B3 -+ —1-0Bn_2 2—fFn-1

where a; = 2 — 2ih, 5; = —2th,i=1,N — 1.

Remark 3.1. Suppose all eigenvalues of matrix A are positive. In this case, if
1
T2 Amax’

then det A > 0. Matrix A~! exists for such o.

o> - (3.14)

4. DISCRETE EIGENVALUE PROBLEM

Now we investigate the eigenspectrum of the matrix A. We consider the finite
difference eigenvalue problem

(55 + 55) U+ MU =0, ($i,yj) € wh, (4.1)
1,U], =0, [z,U],=0, uy;, EEZ
1,U], =0, [y,Ul,=0, =z ol (4.3)

Remark 4.1. Eigenvalue problem (4.1)—(4.3)) is equivalent to the algebraic eigen-
value problem

AU = \U.

Theorem 4.2. All the eigenvalues \ of the matriz A are positive and all the eigen-
vectors U are linearly independent for all h > 0.
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Proof. Using the Fourier method, we separate variables
Uij = XiYj, =i €Wy, y; €0y (4.4)

By substituting (4.4]) into eigenvalue problem (4.1)—(4.3)) we obtain two one-dimensional
problems

X +EX =0, z;€wl, (4.5)
[1,X], =0, .
[z, X]: =0, (4.7)
and
5;Y +nY =0, (4.8)
[1,Y], =0, (4.9)
ly,Y], =0, (4.10)

where [U,V], := UsVoh/2 + (U, V) + UnVnh/2 for U, V defined on the grid
wh, and [U,V], = UgVoh/2 + (U,V), + UnyVnh/2 for U, V defined on the grid
EZ, (U, V)y = vaz_ll U;Vih and (U, V), = Zj\f:_ll U;V;jh. The eigenvalues of the
problem 7 are of the form
AL — gk gt

The eigenfunctions of the first problem 7 can be found from the cor-
responding algebraic problem A, X = £X, X = (Xl,...,XN,l)T. After we
found the eigenvectors X = (X {’“, e, X ]’%71), we can reconstruct eigenfunctions
(X(’f,Xf,...,Xﬁ,) using relations X} = 2(z — 1, X%), and X} = —2(x, X%),.
Analogously, the corresponding algebraic problem for 7 is A, Y =nY,
Y = (Yy,... ,YN_l)T, and the eigenfunctions (Yol, \ 2 ,YI{[) can be reconstructed
using relations Y{ = 2(y — 1,Y!), and Y}, = —2(y, Y!),.

Now, using the results of [I7] we can analyze two one-dimensional problems

(4.5)—(4.7) and (4.8)—(4.10). The general solution of the difference equation (|4.5))
is

X; = cq cos (aih) + cgsin (aih), =0, N. (4.11)
By substituting this expression into nonlocal conditions (4.6)—(4.7)) one gets eigen-
values (see e.g. [17])

ek = % sin? # E=1,N—1, (4.12)
where o* are either roots of the equation
sin% —0, (4.13)
or of the equation
tan% = g sin(ah). (4.14)

Equation (4.13]) implies, that

Q= 9%kn, k=1, k,

N/2 N is
ky = { /2 15 GVel, (4.15)

(N —-1)/2, N isodd.
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Analogously, (4.14) implies

N/2 -1 N is even
2k ) )
€ (2km, 2k + )7), k=1 ky, ky= 4.16
o™ € (2hm, ™) »om {(N—l)/27 Nisodd, (10

Eigenvalues £* are simple. The number of roots is N — 1. Therefore, formula (.12
defines N —1 real, positive and distinct eigenvalues of the eigenvalue problem E
. So, corresponding eigenfunctions are linearly independent.

Analogously, the eigenvalues of the problem f are defined by the for-
mula

4 'h _
i = ﬁst%, I=T,N 1, (4.17)
where o! are defined by the same formulas (#.15) and (4.16). Further, the eigen-
values of the problem (4.1))—(4.3) are real, positive, and of the form

4 kp ' -

AR — ﬁ(smz%jusm? %) ki=T,N 1. (4.18)

The eigenfunctions of the problem (4.1))—(4.3) are of the form
Ul =XF-v}, i,j=0N, kil=1N-1 (4.19)
Analogously as in [I8], eigenfunctions U* can be defined as Kronecker (tensor)
product of two one-dimensional eigenfunctions X* = (X(’f, o X J’%) and Y! =

(Ye,...,Y))

Ul =v'e X* ki1=1N-1 (4.20)
O

Remark 4.3. The eigenfunctions X} (and Y}) in ([4.19) can be found by applying
to the general solution (4.11]) (analogously for YJZ) the condition (see [17])

sin o 1—cosa
C1 o + c2 5 =0,
sina h(1 —cosa) hsin cos o (4.21)
C1 ( - - ) 2( - — ) = 0.
a acsin (ah) asin (ah) o
For the case sin(a/2) # 0 from (4.21); we have
08 5
e =—a 2. (4.22)
Sin 5

Substituting (4.22) into (4.11)) we obtain the eigenfunctions

X} = sin (" /2) cos (a¥ih)—cos (¥ /2) sin (a¥ih) = sin (o (1/2 — ih)), for even k,
(4.23)

where ¢ = 0, N. For the case sin(a/2) = 0 we use (4.21)5 (as (4.21); gives 0 = 0),

and obtain ¢ = 0 and 0 - ¢; = 0. For this case the form of eigenfunction is
XF =cos (a¥ih), for odd k. (4.24)

Since eigenfunctions X* and Y are linearly independent, the eigenfunctions (4.20))
are linearly independent [18] [34].
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5. EIGENSPECTRUM STRUCTURE

We represent the three-layer scheme (3.12)) as an equivalent two-layer scheme (see
e.g. [16, 30])

W =SW + G, (5.1)

where

— (U (U _[(-AT'B -1 _ (T*A°F
W) welo) s (57 W) o= ()

According to [29, [I3], one can study the stability conditions for the two-layer dif-
ference scheme (3.12) by analyzing the spectrum of the matrix S. Note that the
matrices S and A are nonsymmetric.

First, we note one important property of the three-layer scheme (3.12)) with
(N —1)? x (N — 1)? matrices A and B defined by (3.13). We use notation A*(A)
and \¥(B) for the k-th eigenvalue of matrix A and B accordingly. We investigate
the case of the complete (N — 1)? order eigenvector system {Vy, ... ,Vin-1)2}

Lemma 5.1. If matrix A has complete eigenvector system, then the matrices A
and B have a common system of eigenvectors. More precisely, the eigenvectors of
the matriz A are the eigenvectors of the matrices A and B.

Proof. The eigenvectors of the matrix A are also the eigenvectors of the unit matrix
I. So, since A and B are the linear combination of matrices I and A, the formulated
lemma is valid. d

Let u be the eigenvalue of the 2(N —1)? order matrix S (see (5.1])). We consider
the eigenvalue problem

A 1B — —
det(S—,uI)zdet( ATB-ul I)

I —pl
_ A1 _ 2T —1 _
:det< A ;3 pI  —pPl AO B I> (5.2)

=det(Ap® + Bu+ A)det(A™1) =0.
We rearrange determinant in(5.2)) and get a characteristic equation for the eigen-
values of the generalized nonlinear eigenvalue problem

(A +puB+AU=0, U#O0. (5.3)

Problem (5.3)) is rather well studied for the case of symmetric matrices A and B
(e.g., see [20]). We note that the eigenvalues p of the matrix S coincide with the
eigenvalues of the generalized nonlinear eigenvalue problem (5.3). The number of
eigenvalues of problem (5.3)) is 2(V — 1)2. Let us clarify the relationship between
the eigenvalues p of the matrix S and the eigenvalues A of the matrix A.
By substituting an eigenvector V¥ of matrix A, into (5.3)) we obtain
(1PA + B+ A)VF = (12N (A) + pAF(B) + M (A)) VP = 0. (5.4)
So, eigenvalues of the matrix S satisfy the quadratic equation
ENE(A) + A (B) + M (A) =0, k=1,(N-1)2. (5.5)

Remark 5.2. Note, that = 0 is not the root of Eq. (5.5) for all \¥ > 0.
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The root condition. A polynomial satisfies the root condition if all the roots of
polynomial
A+ Bu+C, A#0, B,CcC, (5.6)
are in the closed unit disc of the complex plane and roots of magnitude 1 are
simple [I5] [12]. For polynomial of the second order (5.6)) the following statement is
valid. The roots of the second order polynomial are in the closed unit disc of the
complex plane and those roots of magnitude 1 are simple if
|C|? +[AB - BC| < |AP%, (5.7a)
|B| < 2]A]. (5.7b)
Remark 5.3. In the case A = C condition (5.7b|) guarantee, that we have two
complex roots p1 # po and |u1 2| < 1. Using Vieta's theorem gy - o = 1. So,
| = [pe| = 1.
Now we prove the main result of this paper.

Theorem 5.4. If
- 1 1
77 T2 Amax |

then p(S) =1 and finite difference scheme (3.1)—(3.7) is stable.

Proof. To prove the theorem, we show, that conditions (5.7al) and (5.7b|) are satis-
fied for polynomial (5.5)). First, we rewrite polynomial in a form

p(p) = ap® = 2(a —n)p+a =0, (5.9)
where a = 1+ 720\ € R, n = 72)/2 € R. For this real polynomial p(u), in-
equality (b.7a]) is trivial. The strong inequality ([5.7b|) ensures that these roots are
simple [35]. So, condition (5.7b]) can be written as

la —n| < |al. (5.10)
For A > 0 we have n > 0. If a < 0, then a — 7 < 0 and we can rewrite (5.10) as
n—a < —a or n < 0, which contradicts with n > 0. If ¢ > 0, then from condition
—a < a—n < a follows, that n < 2a. So, we have
1 1

(5.8)

- — —. A1
7= 4 72N (5-11)
If 0 > 1/4 — 1/(7?A\max), then (5.11)) is valid for all A\, k=1, N — 1. ]

Remark 5.5. If ¢ > 1/4, then the finite difference scheme 1) is uncon-
ditionally stable. If o = 0, then difference scheme is stable under the condition
T2/h? < 1/2.

Lemma 5.6. Each eigenvalue \F (A), k=1,(N —1)2 corresponds to two distinct
complex eigenvalues uf and pk of the matriz S:

p_ —l+T(1/2 - o)\

1+ 720)k

Proof. Using relations (3.13)) and Remark we calculate \F(A) = 1 + 720)\F,

M(B) = —2 + 7%(1 — 20)A\*. By substituting these values into (5.3)), and solving
the resulting equation, we obtain relations (|5.12)) for eigenvalues of matrix S. [

Remark 5.7. Equation (5.12)) determines the relation between eigenvalues p¥, and
Ak Other properties of p o follow from the Remarks and

pio = —bFE£/(bF)2 =1, b . k=1,(N 12 (5.12)



10 M. SAPAGOVAS, J. NOVICKIJ, A. STIKONAS EJDE-2019/04

Lemma 5.8. Let \* and V¥ be an eigenvalue and an eigenvector of the matriz
A, respectively. Let u¥ and pb be the eigenvalues of matriz S corresponding to \*.
Then

& ——
k —1)2 —
W: = ((ﬂfn)lvk> , k=1,(N-1)2 m=1,2, (5.13)
are linearly independent eigenvectors of the matrix S.

Proof. Consider the eigenvalue problem SW = p,, W, m = 1 or m = 2. Using
definition of matrix S (see (3.13))) we have

(‘AI 'B _OI) (g;) = tm (g;) ., m=1,2, (5.14)

where W = (Wl, WQ)T is an eigenvector. So, two equalities are valid
~A7'BW, - W, = 1, Wy, (5.15)
Wi =y, Wa. (5.16)

Substituting into and multiplying it by p,, A we get an analogue of
formula : ((Mm)zA + umB + A)Wl = 0. Every Vi, k= m, satisfies
with = pk . So, we can take Wi =V, k=1, (N — 1)2. Then, from
it follows that Wy = (i) ™ V. 0

Remark 5.9. We have 2(N — 1)? linear independent eigenvectors WE &k =
1,(N —1)2, m = 1,2 which form a complete eigenvector system. Since eigenvalues
uF . m = 1,2 are complex, then eigenvectors W¥ are also complex.

6. CONCLUSIONS

In this article, we considered the stability in an energy norm of the weighted
finite difference schemes’ class for the second order hyperbolic equation with nonlo-
cal integral conditions , . The proof of stability is essentially based on two
problem’s properties. In more detail, all eigenvalues of the stationary difference op-
erator, corresponding to the differential problem, are positive and all eigenfunctions
are linearly independent.

Hence, the following important corollary may be formulated: the described
methodology of investigating stability can also be used for the hyperbolic equa-
tion with another type nonlocal conditions. In many cases, the stability
of finite difference schemes for the nonlocal boundary problems is proved only in
special energetic norms [I3], 16, 17, 29, B1]. Numerical experiments prove the effi-
ciency of such schemes. For the parabolic equations with nonlocal boundary con-
ditions the equivalence of such energetic norms to the Lo norms is proved. The
aim of this article is to investigate stability of the class of weighted finite difference
schemes according to the weight of scheme and spectrum. It is important, that
the corresponding difference operator with those nonlocal conditions would have
only positive eigenvalues. Such results on the properties of spectrum of the differ-
ence with nonlocal conditions are obtained in a considerable amount of literature,
e.g. Bitsadze-Samarskii conditions in [31], multipoint conditions in [I1], Samarskii-
Ionkin conditions in [I3], boundary integral conditions in [16] [26]. The existence of
only positive eigenvalues for the difference operator with boundary integral condi-
tions in the case of variable coefficients in differential equation is considered in [32].
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Using methodology of this article, it is possible to investigate the stability of finite
difference scheme with above mentioned nonlocal conditions.

Note that, stability statements proved in the article remain true if on the right
side of equation there is a term —c(¢)U, ¢(t) > 0.

Assertions about the stability of finite difference scheme remain valid if instead
of the difference equation one has more general equation

0%u Pu  0*u
o =) (s + 58 )+ fewt), ) €9 te 1]

where 0 < a, < a(t) < a3 < oo. In this case finite difference scheme (3.1)) is of the
form

92U — a(t")(ag + 5§)U<0> =F, (zi,y;,t") € xw,

and matrices A and B in the scheme (3.13) contain multiplier a(t™) next to the
matrix A. In this case Theorem remains valid with (5.8)) of the form

S 1 1
g - — .
4 T2a1)\max
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