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STABILIZATION OF SOLUTIONS TO HIGHER-ORDER
NONLINEAR SCHRODINGER EQUATION WITH LOCALIZED
DAMPING

ELENI BISOGNIN, VANILDE BISOGNIN, OCTAVIO PAULO VERA VILLAGRAN

ABSTRACT. We study the stabilization of solutions to higher-order nonlinear
Schroédinger equations in a bounded interval under the effect of a localized
damping mechanism. We use multiplier techniques to obtain exponential decay
in time of the solutions of the linear and nonlinear equations.

1. INTRODUCTION

In this work we consider the initial-value problem of the higher-order nonlinear
Schrédinger equation with localized damping

g 4 QUgy + 1BUpps + |u?u 4 ia(x)u =0 (1.1)
u(z,0) = ug(x) (1.2)
where 0 < z < L and t > 0, and with boundary conditions
u(0,t) =u(L,t) =0 forallt>0 (1.3)
ug(L,t) =0 forallt>0 (1.4)

with a, f € R, § # 0, u = u(x,t) a complex valued function, a = a(x) a nonnegative
everywhere function such that a(x) € C*°((0,L)) and a(x) > ag > 0. Equation
(1.1) is a particular case of the equation

Uy + Wlgy + 10Uppe + 'y|u|2u + i5|u|2um +iev’u, =0 z,teR

u(z,0) = up(x) (1.5)

where w, 3,7, are real numbers and 3 # 0. This equation was first proposed by
Hasegawa and Kodama [9] as a model for the propagation of a signal in a optic fiber
(see also [I1]). The equation can be reduced to other well known equations.
For instance, setting w = 1, 8 = J = € = 0 in we have the semilinear
Schrédinger equation,

iy + Uge + y|uPu = 0. (1.6)

2000 Mathematics Subject Classification. 35K60, 93C20.

Key words and phrases. Higher order nonlinear Schrodinger equation; stabilization;
localized damping.

(©2007 Texas State University - San Marcos.

Submitted August 2, 2006. Published January 2, 2007.

1
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If welet 8 =+ =0and w =1 in (L.5) we obtain the nonlinear Schrédinger equation

ity + Uy + i6|uPu, + ieuT, = 0. (1.7)
Letting a =y =¢€¢ =0 1in arises is the complex modified Korteweg-de Vries
(KdV) equation
g + 1 BUs + i0|ul*u, = 0. (1.8)
The initial value problem for the equations , and has been exten-
sively studied in the last few years, see for instance [3| [6, 10, 27] and references
therein. In 1992, Laurey [I4] considered the equation and proved local well-
posedness of the initial value problem associated for data in H*(R), s > 3/4, and
global well-posedness in H*(R), s > 1. In 1997, Staffilani [30] established local
well-posedness for data in H*(R), s > 1/4 in improving Laurey’s result. A
similar result was given in [4] 5] with w(t), G(¢) real functions. Recently, Septlveda
and Vera [28] showed that C'*° solutions u(x,t) are obtained for all ¢ > 0 if the
initial data ug(z) decays faster than polynomially on Rt = {# € R : 2 > 0} and
has a certain initial Sobolev regularity. In [2] Bisognin and Vera considered the
equation with § = ¢ = 0 and proved the unique continuation property.

This paper concerns the exponential stabilization of the solution of when
the damping a = a(x) is effective only on a subset of the interval (0,L). This
problem was extensively studied in the context of wave equations, see Dafermos [7],
Haraux [§], Slemrod [29], Zuazua [36] and Nakao [I7]. The same problem has been
also studied for the KdV equation. Here we can mention the works of Komornik,
Russell and Zhang [13]. Using a different damping mechanism they obtained the
exponential decay with periodic boundary conditions. In [20], Menzala, Vasconcel-
los and Zuazua studied the nonlinear KdV equation inspired in the work of Rosier
[23]. They studied the stabilization of solutions for the KdV equation in a bounded
interval under the effect of a localized damping mechanism. Using compactness
arguments, the smoothing effect of the KdV equation on the line and the unique
continuation results, the authors deduced the exponential decay in time of the solu-
tions of the linear equation and a local uniform stabilization result of the solutions
of the nonlinear equation when the localized damping is active simultaneously only
in a neighborhood of both extremes z = 0, x = L. The same result was obtained
by the KdV coupled system by Menzala, Bisognin and Bisognin [2I]. The main
result of this paper says that the total energy E(t) associated to decays expo-
nentially as ¢t — 400, for bounded sets of initial data. In order to prove the result
we use multipliers together with compactness arguments and smoothing properties
proved by M. Sepiveda and Vera [28] and the Unique Continuation Principle valid
for this problem, see Bisognin and Vera [2].

This paper is organized as follows: In section two, we study the existence of
global solution to the linear and nonlinear problem. In section three, we study
the stabilization result of the problem. First we prove the exponential decay in
the linear problem and of at end we prove the stabilization of the solution of the
nonlinear problem. The notation that we use in this article is standard and can be
found in Temam [32].

2. STABILIZATION OF SOLUTIONS OF THE LINEAR PROBLEM

In this section we are interested in proving the global existence and uniqueness
of the solution and the exponential decay of the solution of the linear problem
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associated to ([1.1)-(1.4). We consider the problem

U + QUgy + 1BUgee +ia(z)u =0 (2.1)
u(z,0) = up(x), forallzel (2.2)
u(0,t) =u(L,t) =0, forallt>0 (2.3)
ugy(L,yt) =0, forallt>0 (2.4)

where I = (0,L), a € C*(I), a(z) > ag > 0 is assumed to be nonnegative ev-
erywhere in an open non empty proper subset w of I and we will prove the global

existence of the problem (2.1)-(2.4)).

We consider a = 0 and the operator A = —393 + iad? with domain
D(A) = {ve H*I):v(0) =v(L) =0, v,(L) =0} C L*(I)
Lemma 2.1. Let a = 0 and 8 > 0. Then, the operator A is the infinitesimal

generator of a strongly continuous semigroup {S(t)}:>o of contractions in L*(I).

Proof. 1t is easy to prove that A is closed. Let us to prove that A is dissipative.
Integration by parts give us

(Av,v)2(p) = /OL(—ﬁvwm + iUy, )T dx = —§|v§(07t)|2 — i /OL |V |*da.
Hence,
Re(Av,v) 21y = —~ S 20,0 <0,
where A is dissipative. On the other hand, the adjoint of the operator A is given
by
H*v = Buggs — 1004,
with domain
D(H*) ={v e H*(I): v(0,t) = v(L,t) = 0, v, (0,t) = 0} C L*(I).
A similar calculation shows that

g

L L
(H™v,v)p2(1) = / (BVzzr — 10Uz, ) U dr = —§|vi(0,t)|2 + ioz/ |vg|? da.
0 0

Hence
Re(Av,v)r2(1) = f§|vi(0,t)|2 <0.

The conclusion of Lemma follows from the Stone Theorem [19] of semigroup
theory. O

The above discussion proves the following result.

Theorem 2.2. Let ug € D(A), a = 0 and 8 > 0. Then, there exists a unique
function u such that u € C(0,+o00 : H3(I)) N C*(0,+oo : L*(I)) which solves

2D-e9.

The well-posedness of system —, when a # 0 can be handled in a similar
way by considering the term a(x)u as a linear perturbation of the case a = 0.

Now, we will prove the exponential decay of the total energy E(t) associated to
— under suitable assumptions on the open subset w of I. We denote by
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{S(t)}+>0 the semigroup of contractions associated with A, and by H the Banach
space C([0,7T] : L3(I)) N L(0,T : H'(I)) with the norm

T ) 1/2
Jolle = sup (el + ([ 1l (25)
[0,7] 0

Theorem 2.3. Consider the solution of the problem (2.1))-(2.4). Then there exist
¢ >0 and p > 0 such that

luC )z (ry < elluollpe e (2.6)
for allt >0 and ug € L*(I).

For the proof of the above theorem we need the following result.

Lemma 2.4. Let |o| < 36. Then

(1) The map ug € L*(I) — S(t)ug € H is continuous.
(2) For ug € L3(I), 0,u(0,-) makes sense in L*(I) and

1
[z (0, ) r20,1) < 73 lluollz2(r) (2.7)

/|u0|2d1‘<—/ / |u|2dxdt+ﬁ/ |u10t|2dt—|—2// \u|2dx

2.8)

Proof. (1) For ug € L?(I), let u = S(t)ug be the mild solution of (2.1)-(2.4). By
Theorem u€ C(0,T: L*(I)) and

lulleo,r:c2(1)) < llwollze(r)- (2.9)

To see that v € L2(0,T : H'(I)) we first assume that uy € D(A). Let £ = ¢(x,t) €
C*>([0, L] x [0,T]). Multiplying the equation (2.1)) by £& we have

€Ty + alTigy + 136TUgee + i€a(z)|ul? = 0. (2.10)
Applying the conjugate, we have
—i&UThy + UT gy — 1BEWT e — i€a(x)|ul? = 0. (2.11)

Subtracting (2.10) and (2.11) and integrating over = € (0, L), we have

d It L L L
z—/ §|u|2dx—i/ & lul? dx—|—iﬂ/ gy dx + 13 EUlh g AT
dt Jo 0 0 0 (2.12)

L L L
—i—a/ gy dx —a/ Uty dx+2i/ ¢a(z)|u* dr = 0.
0 0 0
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Each term in the above equation is treated separately, integrating by parts and
using the boundary conditions we obtain

L L L L
/ Sy dx = / Eoptiuy dx + 2/ fw\u$|2 dx + / Uy, d
0 0 0 0
+€(0,8)|ug (0, )]

L L L L
/ EUllypr dx = / Eonlly dx + / fgc|ugg|2 do — / Uy Uy d
0 0 0 0
L L L
/ Uy, do = f/ E uu, dr — / §|u%|2 dx
0 0 0

L L L
0 0 0

Replacing these expression in (2.12) and performing straightforward calculations,

. d L 2 . L 2 . L 2 . L 2
dt Jo 0 0 0
L L
+iBE(0, 1) us (0, 8)]2 — 2ia Im/ €T, dz + 2i/ £a(@)|ul? dz = 0
0 0

and

d [* 2 L 2 L 2 L 2
%/0 &|ul dx—/o &l dx—i—ﬁ/o fm )xd$+35/0 Exlug | da o1

L L
+ BE(0, ) [un (0, 1) — 20 Im/ €T, dz + 2/ £a(a)|ul? dz = 0.
0 0
Let &(z,t) = z, then in (2.13)), we obtain

4t L L L
— x|u|2d1‘+3ﬁ/ |u$|2dx—2a1m/ Uy, dx—|—2/ za(z)|ul|® dr = 0.
dt Jo 0 0 0

Hence,

d (" Lo g 2
— x|u|* dx + 30 |ug|” dz + 2 za(x)|u|” dx
dt Jo 0 0

: : s (2.14)
= 2aIm/ U, dr < \oz|/ lu|? da + |a|/ g |* dz
0 0 0

then

d [ b t 2 Lo
— zlul*dz + (38 — |af) |tz |” dx + 2 za(x)|u|” dx < || |u|® dx
dt Jo 0 0 0

and

4 [F L L
a/o ac|u|2dx+(35—|a|)/0 \ux|2dx+2/0 za(z)|ul? de < |04|||u||2L2(0’L). (2.15)
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Integrating (2.15)) over t € [0,T] we have

L T (L T (L
/ z|u* dr + (38 — |a|)/ / lug |? da dt + 2/ / za(z)|u|? dz dt
0 o Jo o Jo

L T
S/o x|u0|2dx+|04|/0 ||U||%2(0,L)dt

< Ljuoll72(0,z) + Tleduoll72 (0,1
=[L+ T|C¥|]||U0”iz(0’L)

Hence,
L

L T
/0 eluf? di + (36 — o) s Zao.rapz0.n) + 2 / / va()|ul? de dt
< (L + Tla)l[uol2 0.1,
Using that a(z) > ag > 0, we obtain

L
/0 alul? de + (36 — |al)usllZ2(0.m:22(0.2)) < L+ TlallwollZz,r)-  (2:16)
In particular, using that |o| < 38,
(36— ‘O‘D”uﬂiH%Q(O,T:LQ(O,L)) <[+ T‘OCHHUOH%Z(O,L)-
and )
el 22070200, < B3—|al [L + Tla] uollF2(0,1)- (2.17)

By the density of D(A) in L?(I) the result extends to arbitrary ug € L(I).
We remark that: (a) The estimate (2.16]) gives a smoothing effect. (b) In (2.14))
using Young’s estimate and assuming that 5 > 0 we have

2
2aIm/ Uy, dr < |2g / lu |2dm—|—2ﬂ/ |z |* da.
Then, in we obtain ,

g Lx\uﬁdxw Ul 2 [ el de < 2 i,

and the assumption that || < 33 can be removed.
(2) We also assume ug € D(A) and taking {(z,t) = 1 in (2.13)), we have

d
dt

Hence, integratmg over t € [0,T] we have

L
/|u\2dx+5/ |u10t\2dt+2// x)|u)? da dt = /|u0|2dx
0

Using a(x) > ag > 0, we obtain

L T L
/ |u|2dx+ﬁ/ \uI(O,t)|2dt§/ o2 da
0 0 0
T L L L
ﬂ/ |ux(0,t)|2dt§/ \uo\zdzf/ |u|2dx§/ luo|? da;
0 0 0 0

L
|u\2 dz + Blug (0,1)* + 2/ a(z)|ul? dz = 0. (2.18)
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therefore, (2.7)) is proved. O
On the other hand, taking &(z,t) =T — ¢t in (2.13) we have

d L L
7/ (T—t)\u|2dx+/ lu|? da

L
+ BT = B)[un (0, D) + 2/0 (T — Ba(@)|uf2 dz = 0.

Integrating (2.19) over ¢ € [0,T] we have

L T L
fT/ |u0|2dx+/ / |u|? da dt

+ﬁ/ —t|u$0t|2dt—|—2/ / T — t)a(z)|u|* dz dt = 0.
Then

L
T/ luo|? da

//|u|2dxdt+[3/ —t|uz0t|2dt+2// T — t)a(x)|u|? dx dt
g/ / |u|2dxdt+ﬁ/ T|u1(0,t)|2dt—|—2/ / Ta(2)|uf? de dt

0 0 0 0 0
d

L 1 /T L T
/ luo|? d < —/ / |u|2dxdt+6/ lu (0, )2 dt
0 T Jo Jo 0
T L
+2/ / a(x)|ul? dz dt.
o Jo

Equation (2.20)) holds trivially for any uo € L?(0, L).
Proof. |[Proof of Theorem [2.3] To show the result,from , it suffices to prove

f/ / |u|2dxdt<ﬁ/ | (0, t |2dt+2/ / (z)|u|®* dzdt.  (2.21)

Let us argue by contradiction. Suppose that (2.21)) is not valid. Then, there will
exist a sequence of solutions {u,} of (2.1)-(2.4) such that

(2.19)

(2.20)

lim HunHLZ(OTL?(I))
n—00 ﬁfo [ul, (0,8)]2 dt+2f0 fo ) [t )2 d:cdt

Let
Un (l’, t)

An
We have that v, solves the ([2.1)-(2.4) problem with initial data v, (z,0) = w

n

A = lunllz2o,2ryy and  wv(z,t) =

Furthermore,

lvnllz2(0,7:22(1)) = 1, (2.22)

/ 0 (0, 1) \2dt+2/ / (x)|vp|? dzdt — 0, as n — oo. (2.23)
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In view of (2.20)), it follows that v, (x,0) is bounded in L?(I). Thus
|vn (-, )ll2ry < e, forall0<t<T.
According to (2.7
vnllz2 0,700 (1)) < e(T)||vn (-, )|l L2(ry < constant, for all n € N. (2.24)
Estimates and tell us that
i(vn)t = —(Vn)ze — 1B(Vn)aee — ia(x

)
is bounded in L?(0,T : H~2(I)). Since the embedding H*(I)
it follows that (v,) is relatively compact in L2(0,T : L*(I
subsequence we may deduce that

v, — v weakly in L2(0,T : H=2(I)),
v, — v strongly in L?(0,T : L*(I)).

T)Un

I) — L*(I) is compact
(I)). By extracting a

Since

lvnllz2(0,7:L2(1)) = 1 (2.25)
it follows that

lvllz20,7:L2(1)) = 1. (2.26)
By the weak lower semicontinuity, we have

0= lim inf{ﬁ/ ' (0,t |2dt+2/ / )|v,|? dz dt}

n—oo

>,3/ Ot\th+2/ / D)ol d dt
0

which guarantees that a(z)v = 0, and in particular, v = 0 in w x (0,7). On the
other hand, the limit v satisfies

W + QU + 100400 + ia(z)v = 0.

Using Holmgren’s Uniqueness Theorem (see [22]) we deduce that v = 0in I x (0, 7).
This contradicts (2.22]). Consequently, (2.21)) has to be true. On the other hand,

we have

d L
%HU('W)WL?(I) + 2/0 a(z)|ul? dz < —Blu, (0,1)]* <0

and

T g = Tl ~ 8 [ 0P a 2 [ [ atolu ara
which together with (2.20)) give us the inequality
A+ )ul D)z

< (1 + ) [fluollzzn ﬁ/ | (0,t) |2dt—2/ / z)|ul® dz dt]
< clluollFz(ry — ﬁ/ |z (0,1) |2dt+2/ / (2)|ul? dz dt]

< clluoll2ny
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Consequently,

Ju(- T)Z2(ry < plluollFecry  with p = <1

l.+c
Therefore, by a semigroup property, the conclusion of the Theorem follows. ([

3. STABILIZATION OF THE SOLUTION OF THE NON-LINEAR PROBLEM

In this section we prove the existence of a global solution (and uniqueness) and
the exponential decay of the solution of the nonlinear problem (L.I)-(L.4). The
proof of the result needs of the Unique Continuation Principle since we are dealing
with a nonlinear equation.

Theorem 3.1 (local existence and uniqueness). Let |a| < 38 and ug € L2(I).
Then, there exist Ty > 0 and a unique function uw € L>(0,Ty : L*(I)) N L*(0,Tp :

H(I)) that satisfies (1.1])-(1.4).

Proof. Let T > 0 and consider the set of functions X(T) = {u : v € L*(0,T :
H}(I))} with the norm

T 1/2
lullsery = ([ Tl )
We define the map P : X(T) — L*(0,+oc : L?(I)) given by

P(u)(t) = S(t)ug + /0 St —7)g(u)(r)dr (3.1)

where g(u) = |u|?u. In order to prove local existence (and uniqueness) it is sufficient
to prove that P maps X (T') into itself continuously and it is a contraction for
T > 0 sufficiently small. According to the results of section two it follows that the
semigroup of contractions {S(t) };>o corresponding to the linear system satisfies the
following properties:

1S(t)ullLz < [luoll L2 (3.2)
1S @) uoll 20,712 (1)) < e(T)||uol| 2

for all T > 0, where ¢(T) = %T‘Jj It follows that S(t)ug € X(T'). On the other

hand, the function

t
70 = [ St~ s)gtw)
0
is a solution to the problem
iJe + adpy + 10T ae + ia(x)J = F,

where F' = —g(u). We can follow the same idea due to L. Rosier [23] (Proposition
4.1) to prove that J € X(T) and F — J which maps L?(0,7T : L*(I)) to X(T) is
continuous. Furthermore, the map that associates to each u in L?(0,T : H}(I)) the
element g(u) in L*(0,T : L?(I)) is also continuous. Consequently, P maps X (T)
into X (7T') continuously. Now, let us prove that P is a contraction in a suitable ball

of X(T) provided that 7' > 0 is chosen sufficiently small. Let u and v be elements
of X(T), then

P(u) - P(v) = — / S(t — 7)lg(u) — g(v)) dr.
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Direct calculation, (3.1)), (3.3 and Holder’s inequality yield
([P (u)(t) — P( YO ry

_ ||/ (t = )g(w) = g()] |3
< [ 1156 = o) - glrsayie]

< [(/Ot dT>l/2(/0t 15(t = 7)[g(u) — g(U)HIfﬂ(I)dT)l/z} 2
([ ar) / 150~ 7o) — 90 )

< M°T / g >||L2(1>dr

<T(|3a|T—i-L

= |af
Hence,
1P (w)(t) = P(0) ()T 0,70 (1))

IV T (3.4)
ST(M) /0 ||g(u)*g(v)”2L2(I) dt.

On the other hand, using that ||u| — |v|| < |u — v|, we have
[g(w) —Q(U)HL2(1)
= [llul*u — [v[*v] 21y
= |uf*(u =) + (Jul* = [o]*)ol L2(r)
= [[lul*(w — o) + (Jul + |v])(Ju| = [v])v]l L2y
< ul?(u =)l z2y + [1(ul + [v)) (Ju] = Jo])vll L2 (1)
< ullZe pylle = vll2(ry + (lullpoe (1) + ol ) 10l poe (1 1w = vllL2(r)
S ||U|\2Loo(z)||u =Vl + (||u||L°°(I)||U||L°°(I) + ||U||2Loo(1)> [l = vl 21

3
< 5 (Il ety + 103y ) lla = 0l 2.

Thus
lg(u) = g(W)[I72p) <
Therefore, from (3.4), we have

1P (w)(t) = P0)O)I L~ 0.0:0(1y)

|o|T + L2 [ 2
SCT(W) | (lullZrry + lolF ) " lle = vll 72 dt.

3 2
= (lulfe iy + o) = vlegy  (35)

Then

o|T + L2 2
1P = PO < T (T (ke + 1ol) o= ol
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and
|a|T + L

1P(u)(t) — P(0)(t)||x(ry < ch/Q(m) (lullfeery + 1ol @) e = ollx )
This shows that P is a contraction in the ball Bg = {u € X(T) : ||ul|x) < R}
with
|a|T + L
38— |o|
Therefore, the proof will be complete if we show that for a suitable choice of R
and T satisfying (3.6), the map P maps Bg into itself. Putting all the previous
estimates together, we have

T
1P() 2y = / | P(u) 21, .

2cT2( JR? < 1. (3.6)

From (3.5)),

9 |a|T + L2 6 la|T + LN2 g
1P ()% () < CT(W) ol (ry < CT(m) R (3.7)
for all u € Br. Choosing R = ||uo|z2(y) from (3.7) we deduce that
|a|T + L
HP(U)”%((T) < [CTl/Q(igﬂ N )||u0||i2(1)] l[uollz2(n)-
Let us choose T > 0 sufficiently small and such that
|a|T + L
ch/z(W)HuOH%Q(D <1 (3.8)
Hence, P map By into itself. O

Theorem 3.2 (Global existence and uniqueness). Let |a| < 33 and ug € L*(I).
Then, there exists a unique function u € L>(0,T : L*(I)) N L?(0,T : H}(I)) that
satisfies the problem -.

Proof. Tt follows from Theorem [3.I]that we can extend the solution u to the maximal
interval of existence 0 <t < Tihax. We need to prove that Tax = +oo. Let T'> 0
such that 0 < T < Thax and let us get bounds for the solution u in the interval
0 <t <T. Due to Theorem we know that the solution u belongs to X (7T') and
satisfies

u(t) = S(t)up + / St —7)g(u(r)) dr.
0
It follows that
—|u*u € L*(0,T : L*(I)).

The global existence is an immediate consequence of the a priori estimate obtained
by multiplying the equation in (L.1])-(1.4)) by @w. In fact

T+ 1 WUy + QUL + [ul* +ia(z)|ul? = 0. (3.9)
Applying conjugate in ([3.9) we have
— iUl — BTy + QUL + |ul* — ia(x)ul* = 0. (3.10)

Subtracting (3.9) with (3.10), integrating over = € [0, L] and using boundary con-
ditions we obtain

d

L L
—/ [u|? dx + Blux(0,)[* + / a(x)|u|* dz = 0. (3.11)
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Integrating over t € [0, 7]

/|u\2dx+ﬂ/ |ux0t\2dt+// o) drdt = |fuo|Zagry  (3.12)

Therefore, u € L°°(0,T : L*(I)) for any 0<T < Thax-
Now, we multiply the equation in . by zu

1Ty + BTy + OTTUL, + x|u|? + iza(x)|ul? = 0. (3.13)
Applying conjugate in (3.9) we have
— 2Ty — 13T + QXU 4y + x|u|* — iza(z)|ul? = 0. (3.14)

Subtracting (3.13]) with l , integrating over z € [0, L] we obtain

dt

L L L
a/ TUUpy dT — a/ Uy, dT + 2/ x\u|4 dx = 0.
0 0 0

Performing similar calculations as in section two, we obtain

d L L
i— a:|u|2 dx + zﬂ/ TUU gy AT + zﬂ/ LUy AT
0 0

d L
z% x\u|2 d:ﬂ+3iﬂ/ [ug |* da + iBlu (0, t)]?
0

L L
—2iaIm | Tu,dx+ 22’/ ra(z)|u|? de =0
0 0

then

d L 2 L 2 2
o | wlul® du 36 | Juel dv + Blus(0,1)]
0 0 (315)

L L
—2aIm | T, dz+ 2/ za(z)|u|? dz = 0.
0 0

Performing straightforward calculation we obtain

d rt L L
pn x|u|2d:c+(3ﬁ— |a|)/ |uw|2dx+ﬁ|uw(0,t)\2+2/ xa(:v)|u|2da:
0 0 0

L (3.16)
< |oz|/ |u|? dz.
0
Therefore, integrating over ¢ € [0, T] we have
/ / lug|? do dt < ——r / / |u|2da:dt—|—/ luo|? dx
(35
(3.17)

< e ||uol|F
(3ﬂ7 |Oé|)|| OHLQ(I)

and u € L2(0,7 : H}(I)), for any 0 < T < Tyax. Estimates and ({ allow
us to conclude that T,.x = +00. Thus, the global ex1stence follows Unlqueness
can be shown in the standard way using Gronwall’s inequality. O

Now, we have to prove the exponential decay of the solutions of the nonlinear
problem (L.1)-(1.4). The proof of the result needs that the Unique Continuation
Principle(UCP) holds because we are dealing with a nonlinear equation. The next
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Theorem contains the result of (UCP) for the problem ([1.1)-(1.4). The proof will
be given later.

0) and

Theorem 3.3. Assume that the set w contains two sets of the form (0,
)) be the

(L —6,L) for some § > 0. Let u € L>(0,T : L?(I))) N L*(0,T : H*(I)
global solution of the problem
ity + i BUprs + gy + Olul*u +ia(z)u =0 in I x (0,T) (3.18)
w(0,¢) =u(L,t), te(0,T) (3.19)
ugy(L,t) =0, te(0,T) (3.20)
u(z,t) =0 inwx(0,T) (3.21)
with € >0 and T > 0, then necessarily w =0 in I x (0,T).

For the moment, let us assume that w satisfies the (UCP). Then we have the
following result.

Theorem 3.4. Let |a| < 33, a = a(z) a non-negative function, a € C*>°(I) such
that a(x) > ag > 0 is assumed to be nonnegative everywhere in an open non empty
proper subset w. Let u be the global solution of the problem —. Then, for
any L >0 and R > 0 there exist positive constants ¢ > 0 and p > 0 such that

E(t) < clluolZ2(rye™"
for any t > 0 and any solution of (L.1)-(1.4) with ug € L*(I) such that |luol|r2(r) <
R.
Proof. We proceed as in he proof of Theorem [2.3| From (3.11)) we have

L T L
/O|u|2dx+ﬁ|uz(0,t)|2+2/0 /0 a(x)|u|2dxdt:||u0||2L2(1). (3.22)

Next, we multiply the equation in (1.1))-(1.4) by (T — t)u,
i(T — )ty +i B(T— )0t +0( T — )W+ (T — 1) |u|* +i(T—t)a(z)|ul* = 0. (3.23)
Applying conjugate we have

—i(T — t)utiy — if(T — ) uligps + (T — ) Ullye + (T —t)|u|* — (T — t)a(z)|u|® = 0.
(3.24)

Subtracting (3.23]) with (3.24) and performing straightforward calculations we ob-

tain

d (-

L L
), (T—t)|u|2dx+/0 |u|2dx+ﬂ(T—t)\ux(O,t)|2—|—2/0 (T —t)a(z)|u|* dz = 0.

(3.25)
Integrating over ¢ € [0, 7], we have

L T L T
—T/\wﬁm+/'/ m%mm+ﬁ/(T—m%mﬁﬁm
0 0 0 0

T pL
*CLIU2.’,E = U.
+2A A(T #)a(z)|ul? dz dt = 0
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/ |u0|2d17*—/ / |u|? da dt + 6/ t)|ug(0,1)|* dt

— / / — t)a(z)|ul|® dz dt.
Consequently,

L 1 T L T T L
/ luo|? d < 7/ / \u|2da:dt+ﬂ/ \ur(O,t)|2dt+2/ / a(x)|ul? dx dt.
0 T 0 0 0 0 0

(3.26)

and

To show the result it is sufficient to prove

/ / |u|? dx dt < c{ﬁ/ |ug (0, ¢) |2dt+2/ / ()|ul? dz dt} (3.27)

for some positive constant ¢ independent of the solution u.
Let us argue by contradiction. Suppose that (3.27) is not true. Then, there will
exist a sequence of solutions u™ of .— such that

- [[u” ||L2(0TL2(I))) _
n—o0 ﬁfo |un (0 t)|2dt+2f0 fo x)|un|? do dt

n

Let A" = |[u™|z2(0,7:22(1)) and v"(z,t) = §-. For each n € N the function v™

satisfies
i(v™)s + (V™) az + BV )z + (A2 0" 0™ +ia(z)v™ =0 in I x (0,T) (3.28)
vy (Lyt) =0, forallt>0 (3.29)
v"(0,t) =v"(L,t) =0, forallt>0 (3.30)

"(z,0

v"(z,0) = Y E\"Z’ ), for all x € I. (3.31)

We have
lv" |20, 1:22(r)) = 1, (3.32)
6/ |ul Ot|2dt—|—2/ / Ju"|?dxdt — 0 asn — 4o0. (3.33)

0
In view of (3.26) it follows that v™(z,0) is bounded in L?(I). Thus,

" ()l 2y ¢ forall 0<t<T. (3.34)

According to ([2.17)
0" 220,00 () < D" () |220ry, YR €N (3.35)
On the other hand, [v"|?v™ belongs to L?(0,T : L'(I)) and

H |’Un‘2/UnHL2(O,T:L1(I)) < anH%m(O,T:Lz(I)) ||Un||L2(07T:H1([)) (336)
and by (3.35)) we obtain a constant ¢ > 0 such that
o™ 20" | 20,701 (1)) < € (3.37)

Since (A") is a bounded sequence, because [|u™(-,0)[|z2(;) < R, it follows by (3.18])-
3.21), (3.35) and (3.37)) that
(V") = =)z = iBV)zzz — (A")[0"*0" — ia(a)o”
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is bounded in L2(0,T : H=2(I)). Since the embedding H'(I) — L2(I) is compact
it follows that (v") is relatively compact in L2(0,7 : L%*(I)). By extracting a
subsequence we can deduce that

v"™ — v weakly in L*(0,T : H2(I)),
v™ — v strongly in L*(0,T : L*(I)).
Since ||vn|lz2(0,7:02(1)) = 1, then
lvllL20,7:L2(1)) = 1. (3.38)
By lower semicontinuity, we have

0= lim inf{ﬁ/ "(0,t) |2dt+2/ / z)|v™? dw dt}

n—oo

>5/ |vm0t|2dt—|—2/ / (z)|v|? dx dt

which guarantees that av = 0, and in particular v = 0 in w x (0,7). We now
distinguish the following two situations:
(1) There exists a subsequence of (A,,) also denoted by (\,,) such that

A — 0 asn — oo.
In this case, the limit v satisfies the linear problem
Wy + 10Vs00 + QULy + 5|v|2v +ia(z)v=0
v(0,t) =wv(L,t) forallte (0,T)
vy (L,t) =0 forallte (0,T)
v(z,t) =0 inwx (0,T)
Then, by Holmgren’s uniqueness Theorem (see [22]), v = 0 in I x (0,7) and this

contradicts (3.38).

(2) There exists a subsequence of (\,,) also denoted by (A,,) and A > 0 such that
An — A. In this case, the limit function v solves (3.29)-(3.31)) and, by the (UCP)
assumed to hold for the subset w, we have that v =0 in I x (0,7), and again, in
this case, we have a contradiction.

In the cases (1) and (2) we have a contradiction. Hence, holds and the
proof is complete. (Il

Proof of Theorem[3.3, From Theorem [3.2| we obtain that if ug € L?(I) then
we L(0,T: L*(1)) N L*(0,T : Hy(I))

and u; € L?(0,T : Hy?(I)). Consequently, we know that u is weakly continuous
from [0,7] into L?(I). According to the structure of w, u = 0 in {(0,8) x (L —
0,L)} x (0,T). Let us define the extended function

u(z,t) if (x,t) € (6, L —9) x (0,T
ue1) = {o( ) if Ext; = ER— (6,>L—(5)} i (0, 7).
Then, u satisfies
g 4 Qg + 1BUzze + Mul*u +ia(z)u=0 in R x (0,T) (3.39)
u(z,0) = ¢(z) inR. (3.40)
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and

~ Jue(z) ifze(5,L—9)
o) = {o itze{R— (6,04

If we consider v(x,t) = u(x + ¢, t), then v solves
iV + Qg + 1 BVzzz + Mv[*v +ia(z)v =0 in R x (0,T) (3.41)
u(z,0) = ¢(z) inR. (3.42)

Since ¢ has compact support and belongs to L?(R), we have
/ *(x)e®™ dx < 0o, Vb > 0. (3.43)
R

Thus, by regularizing properties (see [28]), v € C*(I x (0,T)). Therefore, v is
smooth as well, and applying the unique continuation result we have that v = 0
andu=0,z€l,te(0,7). O
Remark about the hypothesis |a| < 33. We consider the Gauge transformation
u(z,t) = e 2oty (1 — dit 1) = ePu(n, £)
and 0 = idox +idst, n = x — dit, £ =t. Then
up = idse’v — dlegvn + eavg,
Uy = idoe®v + egvn,
Ugy = d ePv + 2idoye? vn—i—e Unn,s
Uggr = —dee v— d26 vy + 3idsye? Upy + ef Upnn-

Replacing in , we have

— d369’U — idlegvn + ie‘gvg — wdgeev + indgeavn + weevnn

Bdie’v — 3iBdse’v, — 3B8dze’ vy, + iBevyny, + v|v2elv

— dda|v|*ev + id|v[*ev, + ed2e’v?T + iee’v v, = 0

and
ive + (w — 3Bda)vyy + 1BV, + (2iwds — 3iBds — idy + i5|v|* + iev?)v,
(Bd3 — wd3 — dz + y|v|? — dd2|v|*)v + edov®T = 0.
Then
w? w —2w3
dy=—, do=—, d3= .
1535 RT3 BT orp

This way in (|1.5) we obtain

. . . wé €6
Vg + 1By +1(S|v]? + ev?)v, + (v — 3ﬁ)|v|2 v+ @02@ =0,
but v?7 = vuv = |v|?v, then using the Gauge transformation we have the equivalent
problem to (|1.5))
€l
e + 1By + i0|vPv, +ievv, + (v+ — — =)|vfr=0 n,6€R
3 nnm |v["vy n ( 33 3ﬂ)| | (3.44)

v(n,0) = ¢35 g (n).
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Here, rescaling the equation, we take g = 1.

) )
Vg 4 Wee + 10|02V, + iev?v, + (7 + % — uj?)|v|2v =0 z,teR

v(z,0) = e 5 ().

(3.45)

The above Gauge’s transformation is a bicontinuous map from LP([0,T] : H*(R)
to itself, as far as 0 < T < oo. With this, the imposed assumption |w| < 33 can be
removed.
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