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POSITIVE SOLUTIONS FOR BOUNDARY-VALUE PROBLEMS
OF NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS

SHUQIN ZHANG

ABSTRACT. In this paper, we consider the existence and multiplicity of posi-
tive solutions for the nonlinear fractional differential equation boundary-value
problem
Df u(t) = f(t,u®), 0<t<1
w(0) +/(0) =0, wu(l)+u/'(1)=0

where 1 < a < 2 is a real number, and Dg, is the Caputo’s fractional deriva-
tive, and f : [0, 1]x[0, +00) — [0, +00) is continuous. By means of a fixed-point
theorem on cones, some existence and multiplicity results of positive solutions
are obtained.

1. INTRODUCTION

Fractional calculus has played a significant role in engineering, science, econ-
omy, and other fields. Many papers and books on fractional calculus, fractional
differential equations have appeared recently, (see [0, [7, B, ©]). As cited in [I]
“There have appeared lots of works, in which fractional derivatives are used for a
better description considered material properties, mathematical modelling base on
enhanced rheological models naturally leads to differential equations of fractional
order-and to the necessity of the formulation of initial conditions to such equations.
Applied problems require definitions of fractional derivatives allowing the utiliza-
tion of physically in interpretable initial conditions, which contain f(a), f'(a), etc”.
In fact, there has the same requirements for boundary conditions. Caputo’s frac-
tional derivative exactly satisfies these demands. Here, we consider the existence
and multiplicity of positive solutions of nonlinear fractional differential equation
boundary-value problem involving Caputo’s derivative.

D§, u(t) = f(t,u(t)), 0<t<1
w(0) +4'(0) =0, wu(l)+4(1)=0 (1.1)

where 1 < a < 2 is a real number and Dg, is the Caputo’s fractional derivative,
and f :[0,1] x [0,4+00) — [0,400) is continuous. As far as we known, there has
few papers which deal with the boundary-value problem for nonlinear fractional
differential equation.
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In [7], the authors consider the existence and multiplicity of positive solutions of
nonlinear fractional differential equation boundary-value problem

Dy u(t) + f(t,u(t)) =0, 0<t<1
u(0) =u(l) =0

where 1 < a < 2 is a real number. Df, is the standard Riemann-Liouville frac-
tional derivative, and f : [0,1] x [0,4+00) — [0,+00) is continuous. Due to the
reasons cited above, when conditions of are not zero boundary value, the
Riemann-Liouville fractional derivative Dg, is not suitable. Therefore, in the sense
of practicable demand, we investigate boundary-value problem involving the
Caputo’s fractional derivative.

In this paper, analogy with boundary-value problem for differential equations of
integer order, we firstly derive the corresponding Green’ function-named by frac-
tional Green’ function. Consequently problem is reduced to a equivalent
Fredholm integral equation of the second kind. Finally, using some fixed-point
theorems, the existence and multiplicity of positive solutions are obtained.

(1.2)

2. PRELIMINARIES

For completeness, in this section, we will demonstrate and study the definitions
and some fundamental facts of Caputo’s derivatives of fractional order which can
been founded in [5].

Definition. [ (2.138)] Caputo’s derivative for a function f : [0,00) — R can been
written as

1 T fr(e)dt
DS — = ]_ 2.].
0@ =t | e bl (2.1)
where [s] denotes the integer part of real number s.

Remark 2.1. Under natural conditions on the function f(z), for s — n Caputo’s
derivative becomes a conventional n-th derivative of the function f(z). See [Bl 79]

Definition. [6l Definition 2.1] The integral

IS, fx) = I‘(ls) /0 @ f(f))ls dt, x>0

where s > 0, is called Riemann-Liouville fractional integral of order s.

Definition. [0, page 36-37] For a function f(z) given in the interval [0, 00), the
expression
1 d., [*_ f)
D; =—(—)" | ——————dt
0+f(@) T'(n—s) (dx) /0 (x —t)s—ntl
where n = [s] + 1, [s] denotes the integer part of number s, is called the Riemann-
Liouville fractional derivative of order s.
As examples, for p > —1, we have
rl+p—n) ,_
Dy, at = —-1...(p— 1)—— k™
oret =pp—1)...(p—n+ )F(Hu_a)x
(14 p—n)
)

h=e
(1 +p—

«@ no__
Dyyat =

where n = [a] + 1.



EJDE-2006/36 POSITIVE SOLUTIONS FOR BOUNDARY-VALUE PROBLEMS 3

From the definition of Caputo’s derivative and Remark [2.I] we can obtain the
statement.

Lemma 2.2. Let o > 0, then the differential equation
Dg, u(t) =0

has solutions u(t) = co+cit+cat? +-+-+cpt" 1 ¢, €R, i =0,1,...,n,n = [a]+1.

From the lemma above, we deduce the following statement.
Lemma 2.3. Let a > 0, then

I8, DY ult) = u(t) + co + ert + cot® + -+ + cpt" !

for some ¢; e R, i =0,1,...,n, n=[a] + 1.

The following theorems will play major role in our next analysis.
Lemma 2.4 ([3]). Let X be a Banach space, and let P C X be a cone in X.

Assume Q1,09 are open subsets of X with0 € Q; C Oy C Oy, and let S: P — P
be a completely continuous operator such that, either

1) |Sw|| < |Jw|, w e PNy, ||Sw|| > ||w|, we PN, or
(2) ||Sw|| > |Jw]], we PNoQy, ||Sw| < ||lw|]| we PNoNs

Then S has a fived point in P N Qo\Q;.
Definition A map § is said to be a nonnegative continuous concave functional on
K if § : K — [0,+00) is continuous and
St + (1 —t)y) > to(z) + (1 —t)d(y)
forall z,y € K and 0 <t < 1. And let
K(0,a,b) = {u € K|a < é(u), ||u|]| < b}

Lemma 2.5 ([]). Let K be a cone and K. = {y € K|||y| < ¢}, and A: K. — K,
be completely continuous and « be a nonnegative continuous concave function on
K such that a(y) < ||yll, for all y € K.. Suppose there exist 0 < a < b < d < ¢
such that

(C1) {y € K(a,b,d}a(y) > b} #0 and a(Ay) > b, for ally € K{a,b,d},

(C2) |Ay|l < a, for |ly|| < a, and

(C3) a(Ay) > b, fory € K{a,b,c} with ||Ay| > d.
Then A has at least three fized points yi,yo,ys satisfying

lyill <a, b<alys), and |ysl| >a with o(ys) <b

3. MAIN RESULTS

In this section, we consider the existence and multiplicity of positive solutions of

problem (|1.1)) by means of the Lemma and First of all, we find the Green’s
i)

function for boundary-value problem (|

Lemma 3.1. Let h(t) € C[0,1] be a given function, then the boundary-value prob-
lem
Df u(t) =h(t), 0<t<l1

w(0) 4+ (0) =0, wu(l)4+d(1)=0 (8:1)
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has a unique solution
1
u(t) = / G(t, 5)h(s)ds (3.2)
0

where

F(OL) F(Oc—l) ? 3 3
1—s)* " (1—t¢ 1—s)*"2(1—t ( : )
( )F(a)( ) + ( F)(a_l() )7 t<s

Here G(t, s) is called the Green’s function of boundary-value problem (3.1]).

Proof. By the Lemma we can reduce the equation of problem (3.1) to an
equivalent integral equation

O P O L TCE) R
G(t,s) =

1 t
t)=I¢ h(t) —c1 —cat = —— [ (t—s)* 'h(s)ds —c1 — cat
u(t) = Igyh(t) —c1 —co o) /0 (t—ys) (s)ds —c1 — ¢
for some constants c1,c; € R. On the other hand, by relations D, I u(t) = u(t)
and I§, 1) u(t) = I$Pu(t), for a, B> 0, u € L(0,1) (see [6]), we have

u'(t) = ﬁ /0 (t — 8)*2h(s)ds — cz

As boundary conditions for problem , we have
—c1—ca=0
—c1 — 200 = —I§ h(1) — I$ h(1);
that is,
e = —I§, h(1) — 1§ h(1)
¢2 = I, h(1) + I3 h(1)
Therefore, the unique solution of is

1 a1 IR A T,
@/O(t—s) h(s)ds—i—F(a)/o (1— ) h(s)d
1

_ ' —8)* 2](s st —5)° h(s)ds

o [ (- - s [t
l ! a—2

_F(T—l)/o (1 —98)*"h(s)ds

I e e R ) LI G () N

-/ Ia) L CED IR
+/ ((1_s)r(a)(1_t)+(1-;()@_(11)_t))h(5)d5

u(t) =

+

t
1
= / G(t,s)h(s)ds
0
which completes the proof. [l

Lemma 3.2. Let h(t) € C[0,1] be a given function, then function G(t,s) defined
by (3.3) has the following properties:
(R1) G(t,s) € C([0,1] x [0,1)), and G(t,s) >0 fort,s € (0,1);
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(R2) There exists a positive function v € C(0,1) such that
min  G(t,s) > v(s)M(s), se(0,1)

1/4<t<3/4
(3.4)
max, G(t,s) < M(s),
where
_ g)a—1 _ J\a—2
M(s) = 21— ) (1=s) s€0,1) (3.5)

I'(a) MNa—-1)"

Proof. From the expression of G(t, s), it is obvious that G(¢,s) € C([0,1] x [0, 1))
and G(t,s) > 0 for s,t € (0,1). Next, we will prove (R2). From the definition of
G(t,s), we can known that, for given s € (0,1), G(t,s) is decreasing with respect
to t for t < s, we let

(L= =5 4 (t =) (1=t)(1—s)2

nit) = (o) NCED R
BRI R R
ga2(t, s) = Ta) L P

That is, g1(t, s) is a continuous function for % t < % and gs(t, s) is decreasing
with respect to t. Hence, we have

(1—s)* (1-s)7?
4T (o) AN (- 1)
2(1 —s)*7t (1 —s)2

qi(t,s) > for 1/4 <t <3/4

max gi (t,s) <

S
e =i L G
s ) = xt0) = L (o0

e

Thus, we have
(1 _ S)a—l (1 _ 8)04—2

1/4213;13/4 G(t,s) > m(s) = e Mo —1)’ s€]0,1) (3.6)
C2(1— sy b (1 —s)22
max, G(t,s) < M(s) = o) Tla—1) s€[0,1) (3.7
Let
) = m(s)/M(s) = = e se0) (3
It is obviously that v(s) € C((0,1), (0,400)). The proof is completed. O

Remark 3.3. From the definition of function (s), we see that v(s) > .

Let E = C[0, 1] be endowed with the ordering u < v if u(t) < v(t) for all t € [0, 1],
and the maximum norm, ||u|| = maxg<;<1 |u(t)|, Define the cone K C E by

1
K= E > i -
{we Blu(®) =0, min > gl
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and the nonnegative continuous concave functional ¢ on the cone K by

— t
o(u) = 1/413133/4 |u(t)]

Lemma 3.4. Assume that f(t,u) is continuous on [0,1]x[0,00). A function u € K
is a solution of boundary-value problem (L.1|) if and only if it is a solution of the

integral equation (3.2]).

Proof. Let uw € K be a solution of boundary-value problem (1.1)). Applying the
operator I, to both sides of equation of problem (L.1)), we have

u(t) = c1 + cot + I, f(t, u(t))

for some c1,co € R. By the same methods as obtaining the Green’s function of
problem (I.1) (Lemma|3.1)), by boundary value conditions of problem (1.1f), we can
calculate out constants ¢; and c¢g, so

1
_ /O G(t,s)f (s, u(s))ds

From Lemma M and Remark we obtain that fol G(t,s)f(s,u(s))ds € K.
Hence, u is also a solution of integral equation (3.2).

Let u € K be a solutlon of 1ntegral equation (3.2). If we denote the right-hand
side of integral equation (3.2)) by w(t), then, applying Caputo’s fractional operator
to both sides of integral equation , by the Definition of function G(t, s), since

1
M@:A(WJVQMW@

! t ol 1 1 — )L f(s,u(s))ds
= fiay | =T s+ s [0 -9 s s
+ ﬁ/o (1= 8)2 2 f(s, u(s))ds — ﬁ/o (1= 5) £ (s, u(s))ds
t ! a—2
- F(T—nfo (1 )% 2f(s, u(s))ds
Therefore,
w'(t) = jtfo+f(t u(t)) =I5 f(1,u(1) =I5 f(1,u(1))
= Do 154 f(tu(t) =I5y £ (1, u(1) — 167 F(1,u(1))
= Do Io Igy f(tu(t) — Igy £ (1 u(1) — Ig F(1,u(1))
= I f(tu(t) — 16y f(1 u(1) — 197 F (1, u(1))
and

w"(t) = Do, 57" f(t,u(t)) = Dg (¢, u(t))
Df, w(t) = Iy “w" (1) = Igy * Dy f(t, u(t)) = f(t,u(t)

here, use the relation I§, If g(t) = I5T'g(t), D§, I, g(t) = g(t), s > 0, ¢t > 0,
g € L(0,1) and I§, Dj, g(t) = g(t), s > 0, g € C[0,1] (see [6]), where Dj, is
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Riemann-Liouville fractional derivative. That is, D§, u(t) = f(t,u(t)). On the
other hand, one has

1 _ )1 _ g2
u0) = [ g+ L e tss

W (0) :_/ ((1;2;_ + (1{(—0[5_)“1_) Vf(s,u(s))ds
/ d=9)" f(s,u(s))ds
0

- /0 Wf(s, u(s))ds.

We obtain
uw(0) +u'(0) = 0,u(1) + /(1) =0
which implies that u € K is a solution of problem (|1.1)). (]

Lemma 3.5. Assume that f(t,u) is continuous on [0,1] x [0,00), and define the
operator T : K — E by

1
(0 = [ Gl uls)is
0
Then T : K — K is completely continuous.

Proof. Firstly, we prove that T : K — K. In view of the expression of G(t, s), it
is clear that, Tu(t) > 0, t € [0, 1], Tu(t) is continuous for v € K. And that, for
u € K, by means of the Lemma [3.1] and Remark [3.3] we have

min  Tu(t) min /Gts s,u(s))ds > = /M u(s))ds

1/4<t<3/4 1/4<t<3/4

On the other hand,
(| Tul| = Juax |Tu |</ M(s)f(s,u(s))ds.

Thus, we obtain

1
in  Tu(t) > Z|T
i, Tu(®) 2 gl Tu

which implies T : K — K.
Let P C K be bounded, i.e. there exists a positive constant L. > 0 such that

from the Lemma 3.1} one has

Tu(v)] < [ 1G5 ftu(e)lds < 0 [ ar(a)ds

Hence, T'(P) is bounded. For all € > 0, each u € P, t1,t5 € [0,1], t1 < ta, let

1 T'(a)e T(1+ a)e
2’ 12M° 8M

}

n = min{ 3,
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we will prove that |Tu(tz) — Tu(t1)| < €, when t2 —t; <. One has
|Tu(t2 Tu(t1)|

\/ G(ta, 8)f(s,u(s ds—/ G(t1,8)f(s,u(s))ds]|
< / (Gta,5) — Gltr, ) (s, u(s))|ds + / ((Gt2.5) — Gty ) (s, u(s))|ds

+ / C1(Glta,5) — Gltr, ) (s, u(s)|ds

t1

gM(/OW(G(tQ,) Gty s) |ds+/\ (t2,5) — Glt1, 9))|ds

+ / ’ [(G(ta, s) — G(t1,5))|ds)

t1

— M(/O 1<(t2 —t)(1=5)* '+ ((t2—5)* " = (1 —5)*")

[(a)
(ta —t1)(1 — 5)*2

Ta—1) %
[ g,
et S g
S T
2ty -ty 2 2n 2

< M(

)

T  T(+a) T T Ta+a)

6 20° + (85 —t7)

:A“rm) I'(1+a) )
6 2n + (5 — t7)
<MES* Tara

In order to estimate t§ — t§, we can apply a method used in [7]; that is, for n <
t1 < to <1, by means of mean value theorem of differentiation, we have

5 —t¥ <alte—t1) <an <2
for 0 < t1 < m,ta < 27, we have
ty — 9 <t§ < (2n)° < 2n.
while for 0 <t <ty < 7, there has
5 — 17 <ty <n* < 2n.
Thus, we obtain
6M 4M €
F(OZ)7 + (1 +noz) <3

|Tu(te) — Tu(tr)| <
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By means of the Arzela-Ascoli theorem, T': K — K is completely continuous. [

Theorem 3.6. Assume that f(t,u) is continuous on [0,1] x [0,00), and satisfies
one of the following conditions

(H1) There exist 0 < pi,11 <1 such that

lim M:Q lim ————~ =00

U— 00 uM u—0 uvt

for all t € [0,1]
(H1’) There exist o, vo > 1 such that

o LC00) _ f()
U—00 urz u—0 uvz

for all t € ]0,1].
Then problem (1.1) has one positive solution.

Proof. By the Lemma we know that we only need to consider existence of
fixed point of operator T in K. It follows from the Lemma that T : K — K
is a completely continuous operator. Assume that (H ) holds, then there exist

N1 > 0, Ny > 0, such that for all 0 < & < ( 2f0 (s)ds)~? andp>f3/47>0
1/4
Then

ftu(®) <eutr, fortel0,1],u > N
ft,u(t)) > pu™, forte€0,1],0 <u < Ny

So we have
ftu(®) <eutt +¢, forte0,1],u € [0,+00)
where
€= max (G u(t)] +1
Let
Q1 = {u € K;|jul| < Ri}
where Ry > {1,2¢ fo (s)ds}. For u € 08, from the Lemma we have

1
Tu(t)| = / G(t, 5) (s, u(s))ds
g/ M(s)(elul™ + c)ds

<€R’“/M +c/M

+ Rla

7 7
|Tul] < Ry = |[ul]. Let
Q= {u € K;ull < Ry}
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where 0 < Ry < {1, No}, then for u € 95, we obtain
1

Tu(t)| G(t,5)f (s, u(s))ds|

I
s—

G(t,5)f(s,u(s))ds

v
N
—_— &
PN .
o~

> g M (s)u(s)"ds
0 3/4

> = M (s)||u||"*ds
i), Mol
P 3/4 1

= — M(s)RoR5' ™ d
G, MR
p [

> M (s)Rad

= 64 /1/4 (5) Rads

> Ry = |ull

so |Tul| > Ry = ||u]. Then Lemma [2.4]implies that operator 7" has one fixed point
u*(t) € 1\ Q. Then u*(t) is one positive solution of problem (L.IJ).

For condition (H1’), we can obtain the result in a similarly way. Now, we give
a briefly description. Assume that (H1’) holds, thus, there exist My > 0, My > 0,

1 _q f13//44 M(s)ds, _y
such that for all 0 < e < ([, M(s)ds)™" and XA > (=——)"" > 0, we have have

fltu(t)) > Atz fort € [0,1],u > M
ftu(®)) <eu, forte0,1],0 <u < M
Let
O ={ueK;|ul| <R}, Q={ueK;|u| <R}
where Ry > {1,8M;}, 0 < Ry < {1, Ms}. Then for u € 99y, for i <t< 3 one

has u(t) > miny ja<i<sau(t) > gllul| = % > M;. thus, from the Lemmam7 we
have

3/4
Tu(t)] = G(t,s)f(s,u(s))ds
1/4
A 3/4
> — M(s)||u||**ds
g1, MOl
N [3/4
> 2 [ M (s) ullds
64 /1,4
> Ry = [|ul

for u € 99, we obtain
1 1
|Tu(t)| §/ M(s)e||ul|"?ds < ERQ/ M(s)ds < Ry
0 0

Thence, the Lemma implies that operator T has one fixed point u*(t) € Q1\ (s,
then u*(¢) is a positive solution of problem (|1.1)). O
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Let
1 3/4
M= ([ asyan N =([ s
0 1/4
Theorem 3.7. Assume that f(t,u) is continuous on [0, 1] x [0, 00), and there exist
constants 0 < b < ¢ such that:
(H2) There exists r > ¢ such that f(t,u(t)) < Mu for all (t,u) € [0,1] x [0,7];
(H3) f(t,u) > Nb, for all (t,u) € [i, %] x [b, .
Then problem (1.1) has at least three positive solutions ui,us,us with
lui]] <@, b< min |ua(t)]
1/4<t<3/4
< , i ) <b
a < |jug]| 1/4223/4 lus ()]
Proof. We will apply the Lemma to prove this result. Next, we show that all
conditions of the Lemma [2.5] are satisfied. By the Lemma [3.4] we know that we
only need to consider existence of fixed point of operator T" in K. It follows from
the Lemma that T': K — K is a completely continuous operator.
By (H2), there exist 7, such that

ft,u(t)) < Mu, fortel0,1,0<u<r

Let0<a<b<c<r thenifue K. (K. = {u€ K||u| <c},K. ={u € K||u|]| <
c}), we can obtain

1 1
[Tul| = max I/ G(t,s)f(s,u(s))ds| < M/ M(s)|ullds = |lul| < ¢
0<t<1' Jy 0

Hence, combining with the Lemma we know that T : K. — K, is completely
continuous. In the same way, let 0 < a < ¢, then if u € K,, we can also obtain
that ||Tu|| < a which satisfies the condition (C2) of the Lemma Now, we
check condition (C1) of the Lemma ﬁ Let u(t) = %8¢, 0 < t < 1. It is obvious
that u(t) = ¢ € K(4,b,¢), 6(u) = > b, thus, {u € K(4,b,¢)|0(u) > b} # 0.
Thence, if uw € K(d,b,¢), then b < u(t) < ¢ for 1/4 <t < 3/4, by assumption (Hs),
we have f(t,u) > Nb, for i <t< %, so, by the Lemma there has

3/4
0(Tu) = min |Tu(t)| > /1 v(s)M(s)Nbds =b

1/4<t<3/4 /4
By Lemma problem (|I.1) has at least three positive solutions i, us, us with
the required conditions; which completes the proof. (I
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ADDENDUM POSTED ON NOVEMBER 9, 2009.
The definition n = [a] + 1 in Lemmas [2.2 and [2.3|is incomplete. It should be
[a]+1 ifnég{0,1,2,...}
@ ifne{0,1,2,...}.
The author wants to thank Yige Zhao, Shurong Sun, Zhenlai Han, and Meng Zhang
(at the University of Jinan) for pointing out this misprint.
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