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Abstract

The degree theory of mappings is applied to a two—dimensional semi-
linear elliptic problem with the Laplacian as principal part subject to a
nonlinear boundary condition of Robin type. Under some growth condi-
tions we obtain existence. The analysis is based on an equivalent coupled
system of domain—-boundary variational equations whose principal parts
are the Dirichlet bilinear form in the domain and the single layer poten-
tial bilinear form on the boundary, respectively. This system consists of a
monotone and a compact part. Additional monotonicity implies conver-
gence of an appropriate Richardson iteration.

The degree theory also provides the instrument for showing conver-
gence of a subsequence of a nonlinear finite element — boundary ele-
ment Galerkin scheme with decreasing mesh width. Stronger assumptions
provide strong monotonicity, uniqueness and convergence of the discrete
Richardson iterations. Numerical experiments show that the Richardson
parameter as well as the number of iterations (for given accuracy) are
independent of the mesh width.

1 Introduction
In a bounded domain 2 € R™ we consider the nonlinear boundary value problem,

—Auy = Y(z,u,Vu) in Q,
ou

5 = ®(z,u) on N =T.

For the homogeneous differential equation with ¥ = 0 and strictly monotone ®,
this problem can be reduced to a strongly monotone boundary integral equa-
tion of Hammerstein type. These equations and their finite element — boundary

*1991 Mathematics Subject Classifications: 35J65, 4TH30, 47H11, 656N30, 65N38.

Key words and phrases: Nonlinear elliptic boundary value problems, degree of mappings,
finite element — boundary element approximation.

©1999 Southwest Texas State University and University of North Texas.

Submitted April 26, 1999. Published May 28, 1999.

This work was done while the first author was an Alexander von Humboldt fellow

at the University Stuttgart



2 On some nonlinear potential problems EJDE-1999/18

element approximations with Galerkin as well as collocation methods have been
investigated in [2], [7], [10], [11], [15], [16], [21], [22], [23]. Spectral methods
for these equations have been considered in [5], [12]. In this paper, we consider
more general ® and . With the general theory of the degree of mappings in
connection with a—priori estimates, we obtain existence and regularity results.
We also consider a finite element — boundary element Galerkin scheme which
approximates these equations in two and three dimensions. Additional restric-
tions for the nonlinear terms provide uniqueness of the solution u and allow
at the same time a convergence and error analysis of Galerkin schemes. The
solution of the nonlinear problem is constructed by an appropriate relaxation
method in combination with successive approximation — a constructive method
which also works for the discretizations.

Our paper is organized as follows: In Section 2 we present a brief introduction
to the degree theory of mappings in Banach spaces for a class of operators which
is adequate for our nonlinear boundary value problems. Here we follow the
presentations in [9], [14], [26]. If a—priori estimates are available then by using
homotopy we obtain the existence of solutions.

In Section 3 we apply this technique to our nonlinear boundary value prob-
lem. For this purpose we decompose the problem into a strongly monotone and
a non—monotone compact mapping where the latter also satisfies appropriate
growth conditions. These assumptions allow us to show the above-mentioned
a—priori estimates yielding existence and regularity of solutions.

Section 4 is devoted to uniqueness results which are obtained for “small”
perturbations of strongly monotone operators. Using potential methods we also
obtain convergence of a certain relaxation method and a successive iteration
scheme. Both iterations can also be performed for a coupled domain finite
element and boundary element approximation which is considered in Section 5.

The relaxation method is an improvement of the iteration in [2]. Our ap-
proach gives a constructive solution procedure for the discrete systems of non-
linear approximate equations, too. We also show asymptotic energy norm error
estimates of optimal order in terms of the corresponding mesh width.

In Section 6 we present numerical experiments for this iteration procedure
with finite and boundary elements.

2 Mapping degree theory

The degree theory of mappings in Banach spaces became one of the most im-
portant branches of global nonlinear analysis with applications in mathematical
physics. In particular, it can be applied to nonlinear elliptic boundary value
problems which can be reformulated as problems of infinite-dimensional geom-
etry in Banach spaces. Then the solutions of the nonlinear boundary value
problems can be considered as fixed points of nonlinear mappings or as the
preimage of a point under a nonlinear mapping or as the intersection of finitely
many submanifolds. Here we use the concept of preimages in connection with
degree theory of mappings in Banach spaces which extends the classical finite—
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dimensional theory. For the finite-dimensional case, let G be a domain in the
n—dimensional space X™ and consider a continuous mapping A : G — X,,.
Then, for arbitrary y € X,, with distance dist(A(9G),y) > § > 0, we can define
an integer d(4, G,y), the degree of the mapping A with respect to G and y in
the following way: To A choose a smooth mapping A:G = X, with

1) sup,e [ A(z) - Ax)] < 6/2,

2) A-(y) = {z®,..., 2™} consists of a finite number of points such that

det T A@D) #0, for j=1,...,N.

Now define the degree deg(ﬁ, G,y) of A with respect to G and y in the usual

manner by
N

deg(4,G,y) := ) sgn det dA(z).

j=1

It is well known that d does not depend on the special choice of A for all A
satisfying the above properties 1) and 2) which justifies the definition of the
degree d of A by

deg(A,G,y) = deg(4, G, Y).

The basic properties of the degree deg(A, G, y) are the following (see [24]):

P1. If deg(4,G,y) # 0 then the equation Az = y has at least one solution
z €.

P2. Let A : G x [0,1] — X, be a continuous mapping satisfying
dist(Ax(0G),y) > ¢ > 0 with Ay := A(-,A) for all A € [0,1]. Then the
degree is constant: deg(Ax,G,y) = const.

P3. For the identity mapping I there holds deg(I,G,y) #0if y 6(07‘ .

It is well known that these properties of the degree deg(A4,G,y) provide a
method for proving existence of solutions of a nonlinear equation Ax = y. In
fact, if the mapping A; := A admits a homotopy A; to a simple operator Ag
such that the conditions on 0G are fulfilled, then deg(Ao, G,y) # 0 yields the
existence of a solution z € G of the original equation according to the properties
P1, P2. However, this theory does not permit a simple analogous procedure in
the infinite-dimensional case. This can be seen from the following two most
important paradoxical examples:

1. According to Kuiper’s theorem (see [17]), the group of invertible linear
continuous operators in a Hilbert space is connected and, hence, there is
no concept of orientation in the Hilbert space. Analogous results are also
true for most Banach spaces (see [19]).
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2. There exists a smooth diffcomorphic mapping of the unit ball By in a
Hilbert space onto B;\{0} under which the boundary 0B; remains mo-
tionless. Nevertheless, this mapping admits a homotopy to the identity
(see [3]), in the contrary to the properties P1-P3.

This shows that the mappings which are admissible in degree theory are singled
out among the general continuous ones by special additional geometrical prop-
erties allowing the definition of the degree and other topological invariants. In
fact, there are various degree theories of nonlinear mappings which generalize
the classical Leray-Schauder degree theory [4], [9], [14],[24], [26].

In our paper we will use the degree theory of mappings A which admit a
decomposition A = B+ T with a strongly monotone operator B and a compact
operator T. For this class of mappings it is possible to define the degree, such
that the properties P1-P3 remain valid (see [9], [14], [26]). Following [9], we
give a brief description of the case when X is a Hilbert space.

Let G be a bounded domain in the Hilbert space X and A: G — X be a

continuous mapping of the form A = B + T as above. Then, for all y ¢ A(0G)
we define the degree deg(A, G,y) in the following way:
Let 7(X) denote the set of all finite-dimensional subspaces of X. Then 7 (X)
is partially ordered by inclusion. For T' € T(X), the orthogonal projection onto
T will be denoted by Pr. One can show that there exists a space Ty € T (X)
with y € Tp such that for any T' € T(X) with Top C T the set Pr(0G N T)
does not contain y. Then the Brower degree degp(PrA, GNT,y) is well defined
and independent of the special choice of T. This mapping degree then has the
following additional property:

P4. If B is a strongly monotone operator, then deg(B,G,y) # 0 if y GCOJ .

In many applications, the bounded domain G C X can be defined from an
a—priori estimate for all solutions u) of the set of equations

A)\’U,)\ =0
associated with the homotopy A,. If such a uniform estimate
luallg < C

is available then we can choose G := {u € H| ||ul|z < C + 1}.

3 The potential problem

Let @ € R™ (n = 2 or 3), be a bounded domain with smooth boundary I'
satisfying diam(f2) < 1 for n = 2 which is just a scaling assumption. We now
specialize the nonlinear boundary value problem to

—Au = f(z,u,Vu)+d inQ, (3.1)
g—Z‘Fbo(l‘,u):bl(m,u)—f—g onI'.
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As in [2], [22] we suppose by to be a Carathéodory function i.e. bo(-, u) is mea-
surable for all u € R and bo(z, -) is continuous for almost all z € I'. Further we
assume that %bo (x,u) is Borel measurable and satisfies

0<ce< gbo(x,u) <(C <oo foralmostall z €I and all u € R.
u

These conditions imply that the Nemitzky operator By : L?(I") — L*(T") defined
by
[Bou)(z) := bo(z,u(z)) forae zel (3.3)

is Lipschitz continuous and strongly monotone; i.e. there are positive constants
[, L > 0 such that

|Bou — Bovl|r2ry < Lllu—vl|z2(r)
and (3.4)
(Bou — Bov,u — v) 2y > llju — v||2Lz(F) for all u,v € L*(T).

Here and in the sequel we denote by (z,w)q = [ zwdz and (u,v)r = [uvdsr the
Q r
corresponding L2—dualities, by H*(Q) and H*(T') the Sobolev spaces of order

s in © and on T, respectively. In particular, H*(Q) = (H*())’ where H*
denotes the completion of C§°(€2) in H*(R").

Furthermore, for every v € H*(T') and 0 < s < 1, we have Bou € H*(T)
and By : H*(I') — H*(T") is bounded (see [22]). We suppose that by, f are also
Carathéodory functions for which there exist positive constants ¢ and a < 1
and functions 3 € L*(T), ¢ € L?() such that

[b1(, )| < B(2) + (1 + [u])?,

(3.5)
|f(z,u,v)] < o) + (1 + |u| + [v])*

for almost all x € I" and v € R, v € R. Then, the corresponding Nemitzky
operators By : L*(T) — L*(T') with Biu(x) = bi(z,u(z)) and F : HY(Q) —
L?(Q) with Fu(z) = f(z,u(z), Vu(x)) are Lipschitz continuous and satisfy the
estimates

| Brul|2ry < e(1+ ||ul|p2ry)®  for all u € L*(T') and

3.6
[Follr2) < e+ |v]lmr))®  forall v e HY(Q). (3.6)

These estimates result from the following modification of a classical result [27,
pp. 561-562]:

Theorem 3.1 Suppose that f: Q@ x R™ — R is a Caratheodory function which
satisfies the growth condition:

ar;
q

|f(x,u)] §a(az)+b§:|ui|_ for all (z,u) € @ xR™
i=1
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with fized positive numbers a, b, with 0 < a < 1,a(:) € L1(Q) and 1 < ¢, r; < 00
fori=1,...,m. Then, the corresponding Nemitzky operator

(Fu)(z) = f(z,u1(x),...,um(x)) with F : H L"(Q) — LI(Q)
i=1
18 continuous and bounded satisfying
m ar; m
|Ful|s <c <|a|Lq + Z(||uz|Lr)T> for all u € HLT(Q)
i=1 i=1

Inserting (3.1) and (3.2) into Green’s formula

/(Au)vd:c+/Vu-Vvda:—/%vdsF:O, (3.7
Q Q r On

we obtain the weak formulation of our problem:
Let d € H™'. Find u € H*(Q) such that for all v € H*(Q),

(Au,'v)H1(Q) = (VU, V'U)Q + (Bou|r,’l)|r)[‘ — (Blu|[‘,’l)|[‘)[‘
—(g;vlp)r — (Fu,v)o — (d,v)o =0 (3.8)

In order to apply mapping degree theory we consider the parameter—dependent
problem:

Find uy € HY(Q) such that for all v € H (),

(Axur,v) = (Vuy, Vo)a + (Bour|r, vIr)r — AM(Brualr, v|r)r
—(g,vIr)r — A(Fux,v)a — (d,v)q =0 (3.9)

Theorem 3.2 There is a constant R > 0 not depending on A € [0,1] such that
all solutions uy of (3.9) are uniformly bounded:

[urllmo) < R. (3.10)
Proof. First, we get with (3.9)
0 = (A, u)mi(e) > [ualf) + Uuallzzry = 1BowallL2ylluall 2y
—lIBruallzaylualizzy = llgll - oy lunll 3 ) (3.11)

—[[Fuxllz2(o)lluall 20y — lldll g-1 oy lluall a2 (0)-

We use the trace lemma [|v| g2y < [|v]|
and the Friedrichs inequality [20]

ai S cl|v]| g for all v € HY(Q)

Cllvll72) < IVolZ20) + Ul 22 (3.12)
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Using (3.12) in (3.11) and dividing by |luxl|z1(q) we get

Clluallz @) < [[Bouall L2y + 1 Biwall 2oy + gl I Full L2y +lldll g-1(q) -

H~3(I)
Inserting (3.6) into the inequality right above we obtain
Jullzr @) < e(X 4 luallzr@)®

with a € (0,1) and, thus, the boundedness of |[ux|z1(q)- O

Theorem 3.3 The operator Ay : H () — H(Q) is of the form Ay = Ay +
AA; with a Lipschitz continuous strongly monotone operator Ag : HY(Q) —
HY(Q) and a compact operator Ay : HY(Q) — H*(Q).

Proof. Define Ay by
(A()u, ’U)Hl(Q) = (VU, V'U)Q + (Bou|r, ’U|F)F. (313)

Because of the Lipschitz continuity of By in L?(T'), the operator Ag : H*(Q) —
H'(Q) is also Lipschitz continuous. Inequality (3.4) yields

(Aou — Aov,u —v)m1(q) = [|V(u— ”)”%2(9) + U — 'U||2L2(r) > Cllu— v”%ﬂ(ﬂ).
The operator A; defined by
(A1u,v) g1 (o) == —(Biulr, v[r)r — (g,v[r)r — (Fu,v)a — (d,;v)a

is compact since F : H(2) — L?(Q) is continuous and the imbedding L?(Q) <
H=1(Q) is compact. B; : L3(T') — L?(T') is continuous and the imbeddings
Hz(T) < L2(T) < H~2(T") are also compact. &

Applying the mapping degree theory sketched in Section 2 we finally have shown
the following theorem.

Theorem 3.4 For any given h € H-1(Q) and g € H~2(T'), the problem (3.8)
has at least one solution u € H(Q). Furthermore, the set of solutions is a com-
pact subset of H*(Q). If h € L*(Q) and g € L*(T") then we obtain the regularity
result u € H? (). If, in addition, we assume by to be Lipschitz continuous, i. e.

|b1(z,u) — bi(x,v)| < Llu —v| for allu,v € R and z €T (3.14)
and if g € H*(T) then u € H*(Q).

This regularity result follows from the well known regularity properties of linear
elliptic equations [18] and the mapping properties of F, By, and Bj.
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4 Perturbations of the strongly monotone case

If the operators F' and B; are sufficiently small, then the solution of (3.8) is
unique due to the contraction principle.

Here we present a potential method in order to apply these arguments. As
is well known, any smooth function v satisfies the Green representation formula

v = KI"Q 'U|p + VRQ @ + VQ7Q Av in Q (4.1)
on |
with the potentials
1
Voo ¥(z) = ~5 / P(y) log|z —y| dy for x € ),
T JO
1
Vro ¥(z) = o / ¥(y) loglz — y| dsr(y) for x € Q, (4.2)

r
1
Kro¢(x) = 2 /F P(y) 8;; log |z — y| dsr(y) for z € Q.
Inserting the differential equation (3.1) and the boundary condition (3.2) in
(4.1) we obtain the equation
u= Krgulr — Vr.a (Boulr — Biulr —g) — Voo (Fu+d) in x € Q. (4.3)

The continuity of the single layer potential and the jump relations for the double
layer potential yield the following equation for the boundary values:

(I — Knr) u|r +Vr,r (Bou|r* — Bl’u,|r — g) —Var (Fu + d) =0 onTI. (4.4)

The equations (4.3) and (4.4) can be considered as a system of equations for u
in  and the boundary values u|r on T.
Here, the operators that map into the boundary spaces are defined by

Vo ¢(z) = —% /Q Y(y) log|z —y| dy for x € T,
Vrr ¥(z) = —% /1“ ¥(y) loglz — y| dsr(y) for x €T, (4.5)

1 B
Krr (x) = = /F Y(y) I 108 |z —y| dsr(y) forxeT.
Yy

It is well known [6] that the potential operators are linear continuous operators
in the spaces

Voo : H Q) — HY(Q), Vor:H1(Q) — H:(T),
Veg:H ()= HY(Q), Vpr:H () — Hz(T), (4.6)
Krq:Hz2([) = HY(Q), Krrp:H2()— H3(T)

According to (4.4), let us introduce the operator

Lo:=1—Kprp+VorBy: H*(T) — H*(T). (4.7)
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Theorem 4.1 The operator Lo is Lipschitz continuous, invertible and has a
Lipschitz continuous inverse.

Proof. First, the Lipschitz continuity is clear from (3.4) and the mapping
properties (4.6). We show that Ly is Vrjllfmonotone i.e. there is a constant ~y
such that

(Lo — Lo, Vit (e — ¥))r > 7lle — 9|2 (4.8)

H3(T).
Using the symmetry of Vr 1, we know that for T', the Steklov-Poincaré operator
on harmonic functions, which is defined by

T := Vipr(I-Krr) (4.9)

Garding’s inequality is valid:

~ 1
(Te.o)r = Allell —cllely  forallpe H2(T).  (4.10)

Hence (4.8) follows from the semidefiniteness of T and inequality (3.4) (see [2]
and [22]).
For the construction of the inverse to Ly we consider the sequence ¢,, defined
by
Ont1 = on — a(Lopn — f) forn=0,1,... (4.11)
with an appropriate @ € R for some starting value g € H %(I‘) and a given
right hand side f € Hz (T"). We get the estimate

(Pnt1 = s Vip(Pnt1 — #n))r

= (0= Pn1, Vi1 (Pn — Pn-1))r — 20(Lopn — Lo@n—1, Vi p(n — Pn_1))r
+a*(Lown — Lopn—1, Lown — Logn—1)r
(n = @1, Vo (Pn = @n-1))r =207 en — @l 5

IN

2 _ 2
+a”Cllpn ‘PanHHi(F)
< (I-aa+ 02@2)(<Pn — Pn-1, fo%(@n — Pn—1))r
c
Hence, for @ < — the sequence @, is a Cauchy sequence in the norm || - 12, =
C2
(- VI‘_I}‘ -)r which is equivalent to the H 3 (T)—norm. The limit ¢g = lim ¢, is
’ n—oo
necessarily a solution of Lopg = f. Due to (4.8) this solution is unique. For f7,

fo € H3(T') we get

16 = L5 el gy < 7 (= 2D Ve MG = Ly o))

< oLyttt =Lyt foll a o IF = ol

N

H2 () H2(F

and, hence, Ly !is Lipschitz continuous. &
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For the solution of (4.3) and (4.4) now we consider the sequences u,,, vy, defined
by uo € H(Q) and successive approximation

U1 = Ly (VorBiun|r + Viorg — Vo,r Fu, — Vi ad)
Unt1 = KroUnt1 — Vr0(Bovnt1 — Bivps1 — g) — Vao(Fun, +d) .
(4.12)
Since L ! B; and F are Lipschitz continuous we obtain

||’U"'L‘i‘1 - ,UnHH% (F)

< 125 (IVer Bl ln = wnill 3 oy + W FIl i — il o))
and

[unt1 = unllm@) = [IEr0 = VraBo + VeeBilllvat: —vnll gy )

+HIVa,oF (|[un — un—1lm1(a) -
By the trace theorem we obtain
[unt1 = unlln @) < (el Bill + 2l Bill* + es|| Fll) flun — un—1llmio) (4.13)
with

c1 = (|Krell + [Veell - 1Bol)) 1L | Ver|l [ Trace]| ,
c2 = [Veall Lo Il [IVer|l | Trace]|, (4.14)
cs = (|Krell + [Veell - 1Bol) 1L | [Varl + [Vaall-

where Trace(u) = u|r denotes the trace operator: H(Q) — Hz (T).
Hence, if the Lipschitz constants ||B;|| and || F|| satisfy the additional con-

dition
c1||Bull + eol| By|f* + es||Fl| < 1
we obtain u, as a Cauchy sequence in H'(Q2) and v,, as a Cauchy sequence in
Hz (D).
For the limits v and v one gets from (4.13) on the boundary

LQ’U,|F = LQ’U

which implies u|r = v. Hence, u is the solution of (4.3). Inserting two solutions
u, v into (4.12) we find

lu—vllm@) < (el Bill + e2ll Bill* + esl| Fll) llu— vl e

by the same procedure; hence, uniqueness follows.
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5 Finite element — boundary element approxi-
mations

In order to solve (4.3), (4.4) numerically by a boundary element scheme we
introduce finite dimensional subspaces of Hz (') and of H'(S2), respectively.
For this purpose let A}: be a sequence of quasi-uniform grids on I with meshsize
h — 0. Let § (Al,:) be the corresponding space of piecewise linear continuous
splines with respect to a fixed parametric representation of I'. By P,f we denote
the orthogonal projection of L?(I") onto S(A}).

Theorem 5.1 Forany 0 <t < %,t <s< 2,% < s there exists a constant ¢ > 0
such that the operator P,l; satisfies the approzimation property

||P;1;v—th <ch* " |v|, forall ve H*T). (5.1)

For the proof of this proposition see e.g. [8, Theorem 6.1.2]. Let A% be a
sequence of triangulations of 2 with mesh size h — 0. Again, H(A%) denotes
the corresponding space of piecewise linear continuous finite element functions
(see [1]).

The L?(Q2)-projection onto this spline space is denoted by P{’. For 0 < t <
2,1<s<2,t<s, P}? satisfies the estimate [1]

HP,?u—th < ch® 7 ull, . (5.2)

First, we follow the approach of [22] by approximating Ly defined in (4.7) by
the discrete approximation

Lg == Py, Lolsary =1 — Kn+ Vi + P Bols(ar) (5.3)
where Ky, V, are defined by K} := P}: KFIlS(AF) and Vj, = P}: VF,F|S(AF),
h h

respectively. It is well known that the operators Vj, Vh_1 are invertible and
satisfy the stability estimates

Viel 4 iy <clgll 4y, forallpeH 3(I), 5
Vit Pl 3y S elbllypg  forally e HED) '
where the constants ¢ do not depend on h. Furthermore, we have
(Ve @)r 27 ll@ll3 -3,y forall p € H3(D) (5.5)
and
(Vi ') 27 19155y for all ¥ € S(AR). (56)

This implies that the forms on the left hand sides are equivalent to the inner
products in the spaces appearing on the right hand sides. These results were
proven in [13]. In order to analyze the convergence L} — Lo, we need

Lemma 5.2 The operator L} defined in (5.3) is uniformly Lipschitz continuous
with respect to the H%(F)fnorm and V, ' =strongly monotone, i.e. there eist
constants 1,y > 0, not depending on h, such that
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(L — L, Vi ' (L — LEY))
(Loe — Liw, Vi (o —¥))r

for all o,y € S(AL).

IN

l- ((P_wvvhil(@_w))p ’ (57)
Sy r— (58)

vV

Proof. Inequality (5.7) follows immediately from the uniform boundedness of
v, ' in Hz(I)N ¢(AL) which can be found in [8] and with Theorem 4.1. By
the symmetry of V;, inequality (5.8) is equivalent to

(Lo = Lop,p —)r 2y llo vl forall g, € S(A})  (5.9)

with
Ly =Ty, + PLBy:=V, (I - Ky)+ P By. (5.10)

In [2] inequality (5.9) was derived from Garding’s inequality for the Steklov-
Poincaré operator T' := V(I — K) and the compactness of the double layer
potential operator K and [25]. $

Theorem 5.3 The operator L defined in (5.3) is invertible. For a suitable
choice of the constant o > 0, the sequence

Upt1 = Up — & Lhu, — ) (5.11)
converges to up, the solution of
Lhup = (5.12)

for any function ¢ € S(AL) and any starting value ug € S(AL). Lh satisfies
the inverse stability estimate

lo =0l g S Lo = Lotll3 y  forallp, v eS(AL)  (5.13)
where ¢ does not depend on h.

Proof. The inequality (5.8) implies that L is one to one. For a > 0, equation
(5.12) is equivalent to the fixed—point—equation

up, = up, — o Ly, — 1)) (5.14)

and (5.11) defines the corresponding iteration scheme. By using the estimates
(5.7) and (5.8) we obtain

(Vi H(uns1 = wn), (nsr = un))

= (Vh_l(un — Upt1), Un — u”+1)r —2x (Lgun — Lgun_l, Vh_l(un — un_l))F
+0? (Lun — Liun—1,Vy " (L{un — Liun—1)) (5.15)
(1=2ya+1a?) (Vi (uns1 — un), (Uny1 — un))F .

IN
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Choosing 0 < a < 277 we find that (u,) is a Cauchy sequence (in any norm in
S(A})). Taking the limit in (5.11) shows that (u,) converges to a solution of
(5.12) and, hence, L! is surjective.

The stability estimate (5.13) follows immediately from inequality (5.8) and
the properties of Vhfl. &

The following approximation result for the operator L! can be derived from
Theorem 5.3 and was proven in [2]. Related results for the boundary element
collocation method can be found in [11].

Theorem 5.4 For f € H*"(T') and § < s < 2 there holds the optimal asymp-
totic error estimate

ILg 'V f — (LB Vi P f] < ¢ h*TE | fllge-r (- (5.16)

H2(T)

Now we are able to approximate the solution u € H!(f2) of (4.3) by the iterative
scheme

Vg1 = (L)Y (PEVErPL (Biv, — g9) — PEVar Py (Fu, +d))
Uni1 = PUKrquast — PEVEQPF (Bovpy1 — Bivny1 — g) (5.17)
— PPy (Fuy, + d)

with starting values vy € S(AL), ug € H(A$). With similar arguments as in
Section 4 we see that the scheme is convergent due to the contraction principle.
The limits up, vy, satisfy the equations

Vp 1= (Lg‘)fl (P{VFIP{(Bl’Uh — g) — PhVQ’pP}?(Fuh -+ d)) s

Up 1= P}?KI"Q’U}L — P}?VRQP{(B()’U}L — Byjvp, — g) — P}?VQ’QP}?(Fuh + d) .
(5.18)

Theorem 5.5 Let d € L?(2). Then the solutions uy, vy of (5.18) satisfy the
optimal asymptotic error estimate

Il = vall 3 ) + 1 = unlra gy < e (14 lullgzgy) b (5.19)

Proof. The inverse stability (5.16) of L} and the approximation and bound-
edness properties of P,? and P,l; yield the estimates

IN

er (1+llullgaey)

lw=onl 3y < ez (14 0l <A

||Z_uhHH1(Q)

with

w = Lal (VF,F(B1’U}L — g) — V[‘7Q(F'U,h + d)) R

5.20
z = KRQ’U}L — VRQ(BQ’U}L — By, — g) — VQQ(F’U,}L + d) . ( )
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Inserting vy, up, as starting values into the iteration scheme (4.12), the contrac-
tion principle yields the estimates

IA

||U_Z||H1(Q) Cle_uhHHl(Q) )

Julr = wll,3,

A

b < elw-ul,g,
where the constants depend on the contraction properties of (4.12). Hence, the
desired estimate follows. &

6 Numerical results

The solution scheme (5.11) was implemented in the programming language C
and — in the case of the homogeneous differential equation in Q — the iteration
(5.18), so that the program could be used either on a PC or on an arbitrary
UNIX-system. By a version partially written in FORTRAN we were able to use
the vector facility on an IBM 3090E which was rather efficient for analyzing the
dependence on the parameters practically. In order to keep the programming
effort low we used an interpolation I, By instead of the orthogonal projection
Py, By in the iteration schemes. That means that we used schemes which may
perform less efficiently than the theoretical schemes analyzed here.

Example 6.1 We choose () to be the circle of radius 0.25 centered at the origin.
Here, the harmonic function u(x,y) = 2% — y? satisfies the nonlinear boundary
condition (see [22])

_% = {2u+sinu—4(x2 — y?) — sin(z? —y2)} / (a2 +y2)% 6.1)

which is of the type (3.2) with by(z,u) =0 and
bo(x,u) = {2u + sinu} / (22 +y2)? . (6.2)
As a parametric representation of I' we used
(z(t),y(t)) := 0.25(cos 27t sin 2wt)  for ¢ € [0,1].

The nodal points of A}: were defined by t; := %, i=1,...,p. Table 1 shows the
optimal choice of a in (5.11) and the resulting number of iterations N for the
different mesh sizes. The corresponding optimal results for the scheme in [2]
are listed in Table 2 and illustrate the advantage of our improved method. The
values of the H 3 —error performed better than predicted by Proposition 5.4 due
to the high regularity of the solution; and they lie between 9-10~2 and 3.5-1075.

— | 20 40 80 160
0.15] 0.15 | 0.15 | 0.15

o
|
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Table 1: Number of iterations in (5.11)

D 10 20 40 80 160
o | 0.06 | 0.038 | 0.021 | 0.011 | 0.0058
N 8 10 35 60 110

Table 2: Optimal choice of @ and number of iterations in [2].

Example 6.2 We replace the boundary condition (6.1) in Ezample 6.1 by

_% = {2u—|— Asinu — 4(5,;2 _ y2) _ /\sin(a:2 _ y2)} /(:1:2 +y2)% (6.3)
and choose
bi((z,y),u) = {(1-A) sinu}/(@?+y?)%,

g(z,y) = {4+ 92 + Asin(@® —y?)} /(2% +2)7 .

For A = 4.0 the application of the scheme (5.17) required 6 iterations. The
complete computation needed 25 steps as described in (5.14). The number of
iterations increases with A > 4.0 and the scheme is divergent already for A = 7.0.
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