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ABSTRACT. In the framework of fractional Sobolev space, using Nehari mani-
fold and concentration compactness principle, we study a minimization prob-
lem in the whole space involving the fractional Laplacian. Firstly, we give a Li-
ons type lemma in fractional Sobolev space, which is crucial in the proof of our
main result. Then, by showing a relative compactness of minimizing sequence,
we obtain the existence of minimizer for the above-mentioned fractional mini-
mization problem. Furthermore, we also point out that the minimizer is actu-
ally a ground state solution for the associated fractional Schrédinger equation

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we are interested in the minimizing problem
=inf {I(u) : uw € H*RY)\ {0}, (I'( =0}. (1.1)

where (-, ) denotes the usual duality between the fractional Sobolev space H*(R")
(see Section 2 for more details) and its dual space. The energy functional I :
H*(RY) — RY is defined by

// uly |2dxdy+1/ |u|2dx—1/ |ul? dx
R2N |17* |N+2a 2 Jrr q Jry ’

where 0 < a < 1, 2 < ¢ < 2% = 2N/(N — 2a). It is standard to verify that
I € CYH>RN), ) Then, a necessary condition for v € H*(R™) to be a critical
point of I is that (I'(u),u) = 0, which defines the Nehari manifold

N = {u e H*RY)\ {0} : (I'(u),u) = 0}.
The minimizing problem is often referred to as the minimizing problem with
artificial constraint.

In recent years, fractional spaces and the corresponding fractional problems arise
in many different applications, such as phase transitions [Il [31], optimization [I6],
conservation laws [4], minimal surfaces [7], materials science [3], water waves [9] [10]
and so on. Some interesting topics concerning the fractional Laplacian, such as,
the nonlinear fractional Schrédinger equation (see [20, 21]), the nonlinear fractional
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Kirchhoff equation (see [19, 29, 34 [35]), the fractional porous medium equation
(see [8, B3]) and so on, have attracted recently much research interest. Indeed,
the literature on fractional operators and their applications to partially differential
equations is quite large, here we would like to mention a few, see for instance
[2, [0, 111 13] 27, 30, 36] and the references therein.

Based on the theory of fractional Sobolev space, we will study the existence
of minimizer for minimizing problem by showing a relative compactness of
minimizing sequences of problem . A main difficulty is due to the loss of the
compactness for the embedding H*(RY) — LY(RY). To overcome this difficulty,
we use the concentration compactness principle established by Lions in [22] 23].
With the help of this principle, a noncompact minimizing sequence can be changed
into a new sequence possessing some compact. Now, we give the main result as
follows:

Theorem 1.1. Problem (1.1) has a minimizer, i.e. there exists v € N such that
I(v) = infyen I(u).

In fact, it is easy to see that v is exactly a ground state solution for the fractional
Schrodinger equation

(—A)*u+V(x)u = [u|T?u in RY, (1.2)

where the potential V(z) = 1. More precisely, set G(u) = (I'(u), u). Then it follows
from Lagrange multiplier rule that, for some A € R,

I'(v) = \G'(v).
Note that (I'(v),v) = 0 implies that

@0)0) = 2=q) [ Jolrds <o,
RN
which means that A = 0. Thus, I'(v) =0

It is worthy pointing out that problem was studied by several researchers
recently. For example, Byeon et al. in [5] investigated a Pohozaev type minimization
problem for a nonlinear fractional Schrodinger equation involving the Berestycki-
Lions type C° nonlinearity. In this article, we will take a quite different approach
from [5] to study problem (T.1)).

Finally, let us sketch the main advances related to our study and the key tech-
niques used in this article. In [I7], by using the mountain pass lemma, the authors
obtained the existence of positive solutions to problem . Especially, they used
a comparison argument to overcome the difficulty that the Palais-Smale sequences
may lose compactness in the whole space RY. In [I5], the existence of a radially
symmetric solution for problem has been obtained by applying symmetric de-
creasing rearrangement. The existence of bound state solutions for problem
with unbounded potential have been derived by Lagrange multiplier method and
Nehari manifold in [I2]. In [I8], the author also used the concentration compactness
principle in fractional Sobolev space to get the existence of a positive ground state
solution for problem with some positive Lagrange multiplier V' (z) = V;. For
example, see also [32], [37, B8] for some recent results for problem involving the
critical exponents exploited by the fractional version of concentration compactness
principle. In this paper, we first give a Lions type lemma in fractional Sobolev
space. Then, using a different version of concentration compactness principle, we
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obtain the main result. To the best of our knowledge, there are few papers to use
the above-mentioned approach to study the existence of ground state solutions for
problem ([1.2]) without critical nonlinearities.

2. PRELIMINARIES

For the convenience of reader, in this part we recall some definitions and basic
properties of fractional Sobolev spaces. For a deeper treatment on these spaces
and their applications to fractional Laplacian problems of elliptic type, we refer to
[14, 24] and the references therein.

Let 0 < @ < 1 < p < oo be real numbers with pav < N, and let p}, be the
fractional Sobolev critical exponent defined by pf = Np/(N — pa). The fractional
Sobolev space WP(RY) is defined by

IV%%RN):{ueL%RN)qmmp<aﬁ,

where [u]qn,, denotes the Gagliardo norm, that is

// )|pd d 1/p
R2N |$— |N+pa v y) ’

and W*P(RY) is equipped with the norm

1/p
ey = (el vy + [ ,) -

As it is well known, WP (RYN) = (W*P(RY), || - yar®~)) is a uniformly convex
Banach space (see also [28]), which implies that it is reflexive.

In the case p = 2, W*2?(RY) := H*(RY) turns out to be a Hilbert space with
scalar product

(s ey = [[| I dray s [ atayoto) o

Theorem 2.1 ([I4, Theorem 6.7]). Let Q € RN be an extension domain for the
space WP(Q). Then there exists a positive constant C = C(N,p,a, Q) such that
for any u € W*P(Q),

[ully @) < Cllullwenr @)
for any v € [p,pl), i.e. the embedding W*P(Qd) — L¥(Q) is continuous for any
v € [p,p3l.

Remark 2.2. By Theorem the embedding WP (RY) — LV(RY) is continuous
for any v € [p,p%], that is, there exists a positive constant C; = C(N,p, «) such
that for any u € WP (RN),

ull v @yy < Crllullwer@yy- (2.1)

We could also obtain that the embedding W?(B(y, R)) — L"(B(y, R)) is con-
tinuous for any v € [p, p¥], where B(y, R) C RY is an open ball with center y and
radius R. Then, there exists a positive constant Co = C(N, p, o, B(y, R)) such that
for any u € W*P(B(y, R)),

lullr By, r)) < Collullwer(By,r))- (2.2)
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In fact, we could modify the proof of [I4], (5.3) in Proposition 2.2] which is important
in the discussion of Theorem and obtain that the constant C depends only on
N, p, o and the radius R.

Theorem 2.3 ([28, Lemma 2.1]). If 1 < v < p%, the embedding W*P(RY) —
LY _(RN) is compact.

loc
To prove the main result, we give the following lemma of Lions type in fractional
Sobolev space.

Lemma 2.4. If {u,}, is bounded in W*P(RN) and

sup / |un ¥ de — 0, asn — oo,
yeRYN J B(y,R)

for some R > 0 and some v satisfying p < v < p%,, then u, — 0 in L*(RN) for any
s with p < s < p}. Furthermore, if v = p},, then u, — 0 in LPa(RN).

Proof. Choose {y;}; € RY such that RY C U, B(y;, R) and each y € RY is
covered by at most N + 1 of such balls. Note that
RZN C ( 7?;1 B(y“R)) X ( ;.il B(y27R)) - U’L] I(B(yZ7R) X B(y]aR))

Then z € R?Y is contained in at most (N + 1)2 of {B(y;, R) x B(y;, R)}:;
We first consider the case p < v < pf. Let m =p+ (1 — p/p)v and k = p/m.
Then, v <m < p}, 0 < kK < 1 and they satisfy the following equation

1 -k K
m v jou
By the Hoélder inequality and (2.2)), we have

un (@) " dw < [l g gy el
< Cg( sup / |un(m)‘Vda:)muin)y”unﬂgwyp(]g(u_ )
y€RN JB(y,R)
Note that

D[ [ —
=1

S(N—i—l)/ |t (2)|P dz + / / dzdy
" Z B(yi,R) J B(y;,R) Iw - yl”“’“

7,7=1

|un () — un(y)[”
<(N+1 W@ dz + (N +1) dz dy,
< (N+ )/ un (@)|P dx + (N + //Rw |m_y‘N+po¢ Y

which implies

n < n d
/RN i ()| Z/(M ()| "

m(l—k) OO
< Cﬁ’( sup / |un($)|ydx) Z o 5,y
B(y,R) =1

yERN

m(1—r)
< C’( sup / |un(x)|udm) Y50, asn— oo.
B(y,R)

yeERN
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(i) If m <'s < pj, take A = % s=m. . Pa then 1 = =2 4+ 2. By the Hélder
inequality and (2.1)), we have

Y
(| Ls@®N) < HunHle(RN ||un||Lpa(RN < C”un”Lm(RN ”“n”I)}Vayp(]RN)

< C”unHLm(RN)?

then y — 0, as n — oo.
_1-A A ]
(ii) pr < s <m, take A = 2=E -1, then 1 = =~ * #» which implies
-
@y < unlE e o vy < Clltnll g
Thus ||un || ps@~) — 0, as n — oo.

Finally, in the case v = p,, we have

pap

/ ‘un(x)‘p:‘dxg ( sup/ |un (2 ‘p"dx> ra (/ ’un(x)|p;dx>ﬁ
B(yi,R) yeRN JB(y,R) B(y:,R)

Then we obtain

n P;d S Oo/ n p:;d
/RN |un ()" da ; - |un ()| da

SC( sup/ ’un(a:)’p;dx) a0,
yERN JB(y,R)

as n — 0o. The lemma is thus proved. ([

3. PROOF OF THEOREM [I.1]

In this section, by using concentration compactness principle, we will show that
the minimizing sequence of problem (1.1)) is relative compactness.
First of all, several technical results will be established. For any a > 0, define

I_o =inf {I(u) + % rue H*(RY)\ {0}, (I'(w),u) = —a}.

Theorem 3.1. For any a > 0, I_, satisfies the following properties:

(1) Io > 0;
(2) foranyb>a>0,1_, >1_,;
(3) I_q, as a function of a, is continuous in a € (0,00).

Proof. (1) In fact, for any uw € N, we have

u(y)|® / 2 /
dx d dx = 9d
//R2N |z — ZU|N+20‘ v RN ful” de RN ful da,

which implies

u(y)[® 2
> 0. .
I(u) = //RQN - |N+2a dx dy + o [ul dx) >0 (3.1)

If Iy = 0, there exists {un}n C N such that I(u,) — 0, as n — oco. Then

|un () = un(y)]? / 2
ded L de — 0,
//RQN |:c— |N+2a xdy + RN|u| T —
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which implies that u,, — 0 in H*(R"Y), as n — oo. By (2.1]), we derive
0= (I"(un), un) :”unH%Ia(lRN) - Hun”%q(RN)

Z”Un”?qa(RN) - Cf”“n”?{a(RN) (3.2)
2
>~ 3o oy,

as n is sufficiently large. That is a contradiction. So, we obtain Iy > 0.
(2) For any b > a > 0, we have that I_, > I_,. In fact, for any ¢t > 0,

2
I'(tu), tu) —t2// )| dx d +t2/ uzdxftq/ u|?dx,
I R2N |$—y\N+2 Y ]RN‘ | ]RN| |

which implies that for any u € H*(RY)\ {0}, there exists 0 < #(u) < 1 such that

(I'(t(u)u), t(u)u) > 0.

Then, for any u € HY(RY) such that (I'(u),u) = —b, there exists t, € (t(u),1)
such that
(I'(tyu), tyu) = —a.

Then we have

I(u )+9 I(tu) — =

1 —t2 )|2 —t2 9
dzx dy d
//RQN ‘Sﬂ — ‘N+2a + 2 /RN |u| v

b a
_ b Tgp o ¢
p /RNM Tty Ty

Denote

_1-# 2 1—12 1—t4
g(t) // u(y)| dx dy—l—i/ |u|2dm—7/ |ul? dz.
R2N |$ - y|N+2O‘ 2 Jrw q Jrv

For any 0 <t < 1,

u(y)|? / 2 _1/
drdy—t dx + t1 9d
//R?N \13 - |N+2a Y RN ful”da:+ RN fuf*dz
= —t(/ |u|? dx — b) —i—tq_l/ |ul? dx
RN RN

< bt,

which implies that g(¢) — 2¢? is decreasing on (0,1). Then

b, b b

ty) — =t 1)— = =—=,

which yields

b a_ b a
I 2 I(teu) — = > 22— 2
() + 5 — I(tuw) — 5 > o2~ &

By the definition of I_,, we obtain

b b b
I()+2>I(tu)+ y22 sy 42 8

2 ' 9= 2w 9 (3.3)
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In addition, we have

(I'(u),u) — I’tu)tu)

2
=(1-1%) u(y)| dzd 1—¢2 / 2d
[ e ) [ it

—a _tg)/ luf? dz
]RN

(3.4)
. ti)(/ jul? ) + (1 1)/ | dz
RN RN
— (¢~ ) [ fultde b1~ )
RN
_b(]- - tZ)v
which implies that —b+ a < —b(1 —¢2). Thus
bt2 > a. (3.5)

Let {u,}, C H*(RY) such that (I'(uy), u,) = —band I(u,)+ 5 — I, asn — oc.
We have

I(uy)

b
un (2) — un(y)]? / 2 1/ b
> - dz d W2 de — = A9d 2
: //Rw \xfywm g ol f
un () — un (y)]? 1/ 2
= dd n d
[@w \x—yw+m Y S
|un(z) = un(y)|? / 2 b
da d 12d b) 2
//R2N |x— |N+2a Yy + |un|® dx + +2

[un (2) — un (y)|? 2
DL, - vt [l )

which means that {u,}, is bounded in H*(R"). Hence, Theorem yields that
{ttn }n is also bounded in LI(RY).

In the following, we will verify that there exists tg € (0,1) such that ¢, — to, as
n — o0. Indeed, if the conclusion is not satisfied, we may assume that there exists
a subsequence, still denoted by {t,,, }n, such that t, — 0. Thus, t,, u, — 0 in
H*(RY). Similar to the discussion of , we obtain a contradiction. By ,
we obtain

(I (un), un) — (I’ (tu, tn),s tu, un) = (tL — tin)/ |tn|? de — b(1 — tin), (3.6)
RN
which gives

a—b>CEtl —t2 )—b(l—t2 ).

If tg = 1, let n — oo, we obtain that a — b > 0, this is absurd.
By (3.6), we have

a—btg = (t& —2) lim [tn]? da.

n—oo [pN
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Given that [y |un|?dz — 0 as n — oo, we can deduce

// [tn () = un ()/* dwdy+/ |w,|? dw — —b < 0,
RN [T — Z/|N+2O‘ RN

which is a contradiction. Therefore, we obtain that bt3 > a.
By (3.3) we obtain

b b a
I(uy, I, +-t2 ——.
(n) + 5> Tat 5t =3
Letting n — oo, we have
b a
Iy > o+ -t2—=>1,.
b = + 5 0 B >

(3) For any a > 0, it suffices to verify that
I_,= lim I_ (atl) = lim 7I_ (a—1)-

n—oo n—oo

For any n € N, using the result in (2), we obtain
I ayay>Ta>1 (4 1. (3.7
Next, we will verify that

I 4= lim I_ (a+21)-

Take {u,}n, C H*(RY) such that (I'(u,),u,) = —a and I(u,) + a/2 — I_,, as
n — oo. Similar to the discussion in (2), {uy,}, is bounded in H*(RY) and there
exists {tn}n C (1,400) such that (I'(t,un), thun) = —(a + 1/n) for any n € N.

Denote v,, = t,u, and s, = 1/t,. We obtain that s, € (0,1), (I'(sp,vn), Sntn) =
—a, (I'(vp),vn) = —(a+1/n) and I(s,v,) + a/2 — I_,, as n — oo. Similar to
, we obtain that (a+1/n)s? > a, which implies that s,, — 1. Then ¢,, — 1 and
{vp}n is bounded in H*(RY). Furthermore, we obtain that I(v,)+a/2 — I_,. As
I(v,) + (a + 1/n)/2 > I_(4+1/n), We obtain that I_, > limsup,, . I_(a41/n)- It
follows from ) that I, = lim, oo I (a41/n)-

Next, we Wlll Verlfy that

I_,= lim I_ ~(a—1)-

n—oo
For any € > 0, there exists u,, € H*(RY) such that

(1 (), ) = —(a = ),

1

a
I,(a,%)+5>l(un)+ 2”.

Then, the sequence {uy,}, is bounded in H*(R") and there exists t,, > 1 such that
(I (tntin), thun) = —a.

Denote v, = t,u, and s, = 1/t,. Thus sn (0, 1) (I'(8nvn), Spn) = —(a — %)
and (I'(v,),v,) = —a. We obtain that as? > a — L1, which implies that s, — 1.
Then ¢, — 1 and {v,}, is bounded in H® (RN). Note that
a 1
2 2
= I(spvp) — % —I(vy) + I(vy) +

I (q 1y+e>I(spvn) +

1
Z I(Snvn) — a._ =

I(vy) + 1 g,
2n (v )+
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we obtain that I, 1)+ > I_o—¢, as n is sufficiently large. It follows from (13-7)
that lim,,_ o I_(a_l) = I_,. Combining with the above discussions, we obtain the
desired result. [l

Based on the following concentration compactness lemma [22] 23], we will prove
the main result.

Lemma 3.2. Let {p,}, be a sequence in L*(RYN) satisfying p, > 0 and

/ pn(z)dz — A >0,
RN

as n — oo. Then there exists a subsequence, still denoted by {pn}n, satisfying one
of the following three possibilities:

(1) (Compactness) There ezists a sequence {xp}n in RY such that {pn}n is
tight, that is, for any € > 0, there exists R > 0 such that

/ pn(x)de > X —e.
B(zn,R)

(2) (Vanishing) For any R > 0,

lim sup / pn(z) dz = 0.
B(y,R)

n—oo yERN
(3) (Dichotomy) There exists § € (0,A) such that for any € > 0, there exist
R >0, {y,}n CRY and R, — oo satisfying: for n sufficiently large,

| pu(@)da— ] < =,
B(yan)

|/ pu(e)dz — (A= B)| < ¢
RN\B(yann)
Proof of Theorem[I.1 Take {u,}, C H*(RY)\ {0} be a minimizing sequence of

(1.1)), i.e.
(I'(up),un) =0 and  I(u,) — Inp >0, (3.8)
as n — oo. It follows from (3.1) that {u,}, is bounded in H*(R"). We assume

that | 2
un (y) 2
//RZN |x - |N+2a dx dy —|—/ [t |* dx — A, (3.9)

as n — oco. Then A > 0.
In the following, we will apply the concentration compactness principle to the
case
|un (@) — un(y)[?
pnly) = /RN de—i— Jun (y)]?

and show that for such {p, }n, the cases “vanishing” and “dichotomy” do not hold.
(1) If the case “vanishing” takes place, by Lemma we obtain

: |un(x) - un(y)|2 2
lim Sup/ (/ —————"dr + |u,(y )dyzO,
n—o crn Jper) NJry |z —y[NT2e fun (@)

for any R > 0. Thus

lim sup / [u,|? dy = 0.
N0 2eRN JB(z,R)
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As 2 < g < 2%, it follows from Lemma that u, — 0 in LY(RN), as n — oo.

Note that
|un () = un(y)|? / 2 /
dxd nl“dr = n|? dx,
S e ey [ alae= [ ot

we obtain u, — 0 in H*(RY). That is a contradiction.
(2) In the case of dichotomy, by Lemma there exists 8 € (0, A) such that for
any ¢ > 0, there exist R > e~ 1, {z,}, CRY, R,, — 0o and ng € N, then

| pu(y) dy — B| <e,
B(vaR)

| pu(y)dy — (A= B)| <e,

RN\ B(zn,Rn)
for n > ng. Since R,, — oo, we assume that R,, > 6R, for n > ng. Note that

/ pn(y) dy
B(2n,R)\B(2n,R)

- / puly) dy — / Py dy — / puly) dy:
RN ]RN\B(vaRn) B(zan)

@) )P,
/(M A (/RN e d ) Ny <z (3.10)

Take ¢,% € C*°(RY,R) such that 0 < ¢ < 1; p(z) = 1 in B(0,1), p(z) =0
in RV \ B(0,2) and 0 < ¢ < 1; ¢(z) = 1 in RY \ B(0,1), ¢(x) = 0 in B(0,1/2).
Define

thus

|z — 2]

ulh) @) = un (o) () = wn (@)pla),

=2l i, ().
‘We have

uld) (@) — ! ()2
/1... |x— T oy
i (@)pr(a) — un (1) Pr(y)P
-JL... |a:— e i

.
 [[ | Beene) e

|£L' _ y|N+2a

2un (2)pr(Y) (un () — un () (Pr(z) — Pr(Y))
+ //RQN dx dy.

|z —y|NV+2e

Since {u,}, is bounded in H¥(RY), by using the Hélder inequality we obtain

] medontt)unte) ~uoly)pute) = put) o,

‘.’E _ |N+2a

L A )
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//RZN |z — y|)N+<2iR(y))2 dx dy) v
< //sz \a: - y|)N+<2paR( O dy)m'

Next we show that

: (z) — or()*
”ILH;O //R2N |:L‘ — y|Nt2e dody =0

11

Note that
RY x RN = (RN \ B(2n,2R)) U B(2n,2R)) x (RN \ B(2n,2R)) U B(2s, 2R))
= (RN \ B(21,,2R)) x (RN \ B(2,,2R))) U (B(zn,2R) x RY)
U ((RY \ B(2n,2R)) % B(2s,2R)) .
(i) If (z,y) € (RN \B(zn,2R)) (RN \ B(zn72R)), then pgr(z) = r(y) = 0.
(ii) (7,y) € B(zn,2R) x RN, If |z — y| < R, then

ly = 2| < |z —yl+ |z — 20| < 3R,
which implies

2 _ 2
[ wf A enlr) —enl)?,
B(zn,2R) {yeRN:|z—y|<R} |"17 - y| o

2 ()| 22—y (2
owf BEITAOMITE,,
B(2n,2R) {y€RN |z —y|<R} |z — y|NF2e

2
<CR™? dx / %dy
B(zn,2R) {yeRN:|z—y|<R} |z -y

= CR_QG/ u? (z)de,
B(zn,2R)

where { = 2 4+ 757 and 7 € (0,1). If [ — y[ > R, then we have

[ i @) on(@) — en)?
_ +2a
B(zn,2R) {y€RN:|z—y|>R} |z -yl

2
=C dz / %d@/
B(zn,2R) { | Y|

yERN |z —y|>R} |z —

= CR”"/ u? ()dz.
B(2n,2R)

(iii) (v,y) € (RN \ B(2n,2R)) x B(zn,2R). If [z — y| < R, then |z — z,| <
|z —y| + |y — 2n| < 3R. Furthermore,

2 B 2
[ i« | Aenl) a0,
RN\B(2n,2R) {yE€B(2n,2R):|e—y| <R} |z — y| N2

2
<CR™ / dx / %dﬂ
B(zn,3R) {y€B(2n,2R):|z—y|<R} |z -y

< CRfQO‘/ u? (z)dz.
B(2n.,3R)
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Notice that there exists £ > 4 such that

(RN \ B(2y,,2R)) x B(2n,2R)

C (B(2n, kR) x B(zn,2R)) U (RN \ B(2n,kR)) x B(z,,,2R)).
If |z — y| > R, we obtain

2 _ 2
/ d.]?/ Uy, (x)(@R(‘r)NJr;’;R(y)) dy
B(2n,kR) {y€B(zn,2R):|z—y|>R} |z — yl

uz ()

<C dx/ T v 4Y
B(2n,kR) (YEB(2n 2R):|o—y|> R} |T — y[N T2

< C’sza/ u? (x)dz.
B(2n,kR)

If (z,y) € (RY \ B(zn, kR)) X B(zy,2R), we obtain

|z —zn| K |z — zn]
—-R-2R> ——
2 + 2 ~ 2

|z =yl > |2 — 2] = |y — 20| >

which implies

2 B 2

[ i« | Aenl) ~ enl)?
RN\ B(2n,kR) {y€B(2n,2R):|z—y|>R} |z — y| N2

us ()

[z — z,[N+2a

<C dm/ dy
RN\ B(z,,,kR) {y€B(zn,2R):|z—y|>R}

Uy ()

< ORN/ — 2 dr
RN\ B(zn,kR) [T — 2n|N 29

. N2/2
< C’k‘N( / () |25 d;c) .
RN\ B(zn,kR)

Since {uy,}, is bounded in H*(RYM), from (i), (ii) and (iii) we have

up (2)(pr(z) — or(y))*
n dxd
J R asa
_( N EAGICHEEFHT)
|z — y|N+2a ray
B(2,,2R) xRN (RN\B(2,,2R)) X B(zn,2R) Y
< C’R_QO‘/ u? (z) daz—l—CR_Qa/ u? (z) dx
B(zn,2R) B(zn,3R)

. 2/2;,
+CR™2 / u? (x) de + Ck™N (/ |y, ()] %= dx)
B(zn,kR) RN\B(zn,kR)

< CR*4+CkN
< Ce? 4+ kN,

which yields

: () — ¢r(y))?
nll»ngo //RQN ‘.’E - |N+2a de dy

o () — ¢r(y))
= lim lim //RZN |x— Sz dx dy = 0.

k— o0 n—00

(3.11)
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Thus

J[ tteleont) —ta@enP oy
RQN

|.T _ y|N+2a

_ // (un(2) — un(y))*0H(Y) dz dy + o(1)
. '

xr — y|N+2a

(3.12)

Hence we obtain

i () — uld (y)[? 1) (2
d d
/]RN (/RN |J}—y|N+2a T+ |7.Ln (y)| ) Y
[un () — un(y)|* 2R (Y) / 9 )
B n 1
//]R?N ootz Ayt | eR@)lun(y)dy +o(1)
2 un () — un(y))? ,
= A ([ DO 4ot ) ay
/B’(zn,zR)\B(sz) R( )( RN |xfy|N+2a | ( )| )

" /B(zn,R) </1RN W dx + |un(y)|2) dy + o(1).

Notice that B(zn,2R) \ B(zn,R) C B(zn, Ry) \ B(zn, R) and ¢%(y) < 1, it
follows from ([3.10) that

2 |un(m) - un(y)|2 2
) ([ da ko)) dy —
/B(zn,2R)\B(zn,R) f ( Ry |z —y|N T2 )

as n — o0o. Then, as n — oo, we have

[ul (z) — ufP ()2
/RN (/RN [z — y|N+2a dx + |U53)(y)|2) dy — 3. (3.13)
Similarly, as n — oo, we obtain
(2) ()7, N2
/RN (/RN | E _) J[N 20 C s + Iug)(y)lz) dy — A= . (3.14)

Note that

/ \un|2dx—/ |u;1)|2dx—/ |ul?)? da

RN RN RN

:/ |un|2dx+/ | |? da
B(2n,2R)\B(2n,R) B(2n,5Rn)\B(2n,2R)

—|—/ |un|2dm—/ |unr|? de
B(Zn7Rn)\B(Zn7%Rn) B(Zn72R)\B(vaR)

- / |uann|2d$'
B(ZruRn)\B(znv%Rn)

Then from (3.10) we deduce that

/ |y, | dm—/ \u,(ll)|2dx—/ [ul?|? de — 0, (3.15)
RN RN RN
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as n — 00. Comblmng 9), (.13) with (3.14) we obtain that as n — oo,

[n (@) = ua(y)® // ut (y)?
//Rw |x—y|N+2a iy =[] \x—y|N+2a de dy

| 2) ()2 (3.16)
Un n Y
dzd 0.
//Rm |x _ |N+2a ray —
Denoting v, = up, — ult) — uf), we obtain
[on(x) = va(y)[
dxzd
//Rw |x_y|N+2o¢ Yy
Jun () — uit) (@) = ul (@) — wn () + ui () + 0l (y) 2
- dz dy
R2N |m — y‘N-‘rQa
1 2
:/ dy/ [un (@) — ufd(2) — i @)
B(zn,R) RN |z — y|V+2e
(3.17)

+ / dy
B(zpn,Rn)\B(zn,R)

y / fun () — ) (2) = us? () = wn(y) + us () + u? WP
€T
RN |z —y|N+2e

1 2
N / gy [ @) - wl@ -l @P
RN\ B(2n,Ran) RN |z — y|N+2e
Note that
1 2
/ gy [ @) —wl@ -l @P
B(zn,R) RN |z — y| N2

2
_ Jun(2) — ut (@) — ul? ()2
- dy N+2a dx
B(zn,R) B(zn,R) lz -yl
Jun(z) — ut (@) — ul (@) 2
+ dy Y dx
B(zn,R) B(2n,Rn)\B(2n,R) |z -y

(D) . (2) 2
. / " / un ) — i ) — D @)
B(zn,R) RN\B(zn,Rn) |z -y
then

1 2
/ @ / fun (@) — ) (2) — u? @)
oy e [ =y T2

fup (z) — ui) (x) — ul? ()2
N+2a dx
B(zn,m Bz R\ B(z0.R) |z —y|

/ / ua(2) — () () — b, (W@
B(znR) Bz Ra)\B(2n.R) |z — y|N+2e

-1 2 2
B(zn,R) B(2n,Rn)\B(2n,R) |z — y[N+2e

2 () |upn (x)]?
+2/ dy/ Vg, ( )|N+(23\ i
B(zn,R) B(zn,Ra\B(zn,R) |Z =l
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_ 2 2
B(zaR)  JB(n,Ra)\B(20,R) |z -yl

_ (1 2 2
of (1= o) = (1= 0, ),
B(zn,R) B(2n,Ru)\B(2n,R) |z —y[NF2e

From (3.11)), we have

_ 2 2
/ dy / (or() @R(%)l%léun(x)l de — 0.
B(zn,R)  JB(2n,Rn)\B(2n,R) |z -y

Similarly, we obtain as n — oo,

_ _ _ 2 2
[ (1 iy (&) — (1= m, ))hun)
B(zn,R) B(zpn,Rn)\B(zn,R)

o =y

Then
(1) (2)

|un(2) — un’ (2) —un ()]
dy dx — 0, 3.18
/B(ZH,R) RN |z —y|NF2e (3.18)

as n — oo. Similarly, we obtain as n — oo,

¢ R ) 2
/ dy/ |un(z) — un (1]‘\);+2 un_ (@) dx — 0. (3.19)
RN\B(zn,Rn)  JRN o =y

‘We have

J i
B(zn,Rn)\B(zn,R)

y / Jun (@) = ufl) (2) — i (@) — un(y) + u @)+ W)
]RN

o —yeee
< 32/ dy
B(ZnaRn)\B(znaR)

1 1 2 2
/ Jun (2) = wn ()P + [un (@) — i ()2 + [us? (@) = ui ()2
RN |z — y| N2

dx

Similar to the discussion of (3.12)), we obtain

1 1
ul) (z) — ub (y)]?
|z — y|N+2

/, "
B(zn,Rn)\B(zn,R) RN

_ P AP
B(zn,Rn)\B(zn,R)  JRN lz =yl

dx

Note that

B 2, 2
/ dy |un (@) U"S@z ¢rY) ;.
B(2n,Rp)\B(2n,R) RN |z —y|NF2e

_ 2
< / dy / lun() — @
B(zn Ra)\B(zn,R) JRN [T =Y

it follows from (3.10) that

ul) (z) — ul) ()2
|£C _ y|N+2a

dy

/ dx — 0,
B(zpn,Rn)\B(2n,R) RN
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as n — o0o. Similarly, we have

@) () _ 4@
B(2n,Rn)\B(2n,R)  JRN Ix - |

which implies as n — oo,

/ g
B(zn,Rn)\B(zn,R)

y / [un (@) — st (@) —ui? (2) = wa(y) + ui (y) +u @)
RN |z —y| N+

dr — 0.

Combining (3.17), (3.18)) and (|3.19|), we obtain

on () — vn(y)?
dzdy — 0
//Rw \w—le“‘* e

as n — o0o. It follows from ([3.10) that

[ k= | o~ D) — P dy
RN B(z,“R,,L)\B(Z",R)

= / 32 (|unl* + [tV ]* + [ ?) dy — 0,
B(zpn,Rn)\B(2n,R)

as n — oo. Then, v, — 0 in H*(RY). Using (2.1)), we obtain v,, — 0 in L4(RY),
as n — 00. We have

/ |t |? da — / |u(1)\qu—/ |ul®)9 da
RN RN RN
= / |t |2 dx—/ |u;1)|qu—/ lulD)9 dz
RN B(2n:R) B(2n,2R)\B(2n,R)
—/ \u,(12)|qu—/ |ul®)9 da
RN\B(zn,Rny) B(2n,Rn)\B(2n,%Rn)

= / |un\qdac—/ |u,(11)|qu
B(zpn,Rn)\B(zn,R) B(zn,2R)\B(zn,R)

-/ W de
B(ZvuR7t)\B(Zn7%Rn)
= / lulH) +vn|qu+/ U] da
B(zpn,2R)\B(zn,R) B(Zn,%Rn)\B(z”QR)

—|—/ |u?) —|—vn|qd:r—/ lulD)9 dz
B(z.,“Rn)\B(zn,%Rn) B(zpn,2R)\B(zn,R)

- / |ul®|? d.
B(Z’7L7Rn)\B(Z7L7%Rn)

Note that

|/ )+ wnft e — | w7 da
B(zn,2R)\B(2n,R) B(zn,2R)\B(2n,R)

<), )+ el ) e
B(zn,2R)\B(2n,R)
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1 —1
<c/ (P19 o] + o) iz
B(zn,2R)\B(2n,R)

ot 1/q
< C(/ |u$})|qu) (/ |vn|qdas)
B(zn,2R)\B(zn,R) B(zn,2R)\B(zn,R)

+ C/ |vn |? d,
B(zn,2R)\B(zn,R)

which implies that, as n — oo,

[ul) + v, |9 dx — / |ulD |9 daz — 0.

/13(zm2R)\B(sz) B(zn,2R)\B(zn,R)

Similarly, we deduce that, as n — oo,

/ [ul® + v, |9 dx — / [ul®|? dz — 0.
B(Znan)\B(znvéRn) B(Znan)\B(znvéRn)

Then
/ |un|qu—/ IU%”VCZV/ u(P|9 dx — 0,
RN RN RN

as n — 0o. Combining (3.15]) and ( -, we obtain

I(up) — I(u() = I(ufP)) — 0, (3.20)
(I' (un), ) — (' (ulD), ulD) = (I'(uP), ulP)) — 0, (3.21)

as n — oo. If (I'(u ¢ )) u%1)> = 0, then I(u%)) > .
We obtain limsup,,_, . I(u (2 )) < 0 and (I'(u (2)) 7(12)> — 0, as n — oo. From

(3.14), we have

Ao ul) () — ul (y) 2
(2) _(Z_ = (2) 2
162 = G- ([, e i R )

{I'(w?), u?)

.

(]

1 1
———)(A - 0,

(G- Ho-9#

which is a contradiction.

In the following, we assume that (I’(ug)) u(1)> = —ap, < 0. Then I(u%l)) +
an/2 > I, > Iy. If a, — 0, then (I’(ug)) uﬁP) — 0. Similar to the above
discussions, we obtain a contradiction. Note that {unl)}n is bounded in H*(RY),
we assume that a,, — a > 0.

Denote (I’ (u (2)) (2)> = b, and define
I, = inf {I(u) — b2 ru € H*(RV)\ {0}, (I'(w),u) = by, }.

It is easy to verify that I, > 0. From (3.21), we have that b, — a. We assume
that b, > 0 as n is sufficiently large. Then, we obtain

n bn
T(ulV) + % + I(u?) — o 2 Ta, + 1, 2 Ia,,
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which implies Iy > lim,,—o I_4, = I_4 > Ip. This is a contradiction. Therefore,
by Lemma the case “compactness” holds. There exists {2, }, C RY such that
for any € > 0, there exists R > 0, then

|un(x) *un(y)|2 )
e dr + |un(y)|7 ) dy > X —e.
/B(zn,R) (/RN |;c — |N+20¢ | ( )| )

Denote vy, () = u,(x + zn) using and (3.9)), we obtain as n — oo,

// fta(z) = Sl )|2 dx dy+/ [on (y)|* dy — A,
R2N |37 — ‘N-&-Qa RN (322)
I(vy,) — Iy and (I'(vy,),v,) = 0.

Thus, {v,}, is bounded in H*(R"). Up to a subsequence, still denoted by {v, }n,
we assume that v, — v weakly in H%(R™). Moreover, using Theoremwe obtain
that v, — v in LY(B,(0)), for any r > 0. Passing to a subsequence, still denoted
by {vn}n, a diagonal process enables us to assume that v,(r) — v(z) a.e.in RV,
as n — 0o. Note that

|’Un($> _Un(y)|2 )
s dr + |vn(y dy
/B(O,R) (/]RN |z — y|N+2e [on (y)] )
[t (2 + 2n) — n(y + 2n)|? .
/B(O,R) (/]RN \a: _ y|N+2a x + |un(y + Zn)| ) y

[ (@) = vn(y)[? ,
= P da + un(y )dyZ)\_&
/B(zn,R) </sz |z — y[N+2a |t ()]
it follows from ([3.22) that

[on (@) = vn(v) P )
o Ngza dr +fon(y dy — A
/B(o,R) (/RN | _y|N+2a [vn ()] )

|vn (@) — va(y)? 2
bon) — 0 gy 410, 3)2) iy — 01
/RN\B(QR) (/]RN |z — y| N2
Using Theorem we obtain

/ o7 dzz — 0,
RN\B(O,R)

as n — o0o. Thus, by the Fatou Lemma we have

/ |v|?dx = 0,
RN\ B(0,R)

which implies that v = 0 a.e. in RN \ B(0, R). As v, — v in LY(Bg(0)), it follows
that

Then,

/ |vp, —v|fdz — 0, asn — oo,
RN

i.e. v, — v in LY(RY). Then

Iy = hm I(vy)

= (5 [ O gy L [ L [ i)
n—oo R2N |93— |N+2a 2 Jrw q Jry
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. [ () = vn (y)]? 1/ 5 1/
= lim dr d — n dy) — — 9d
nLOC //RZN |x — |N+2a T ay + 2 Jon ] 3/) 7 Jon lv(y)|? dy

u(y)? 1/ ) 1/
dx d — dy — = 9 .
Y RS Y NIy W

Thus,
Iy > I(v). (3.23)

Furthermore, we will prove that (I’(v),v) =0, i.e.

o) / )
9dx = dx d dx. 3.24
/RNM 2 = // |m_y|N+%, vt [ IoP ds (3.24)

Bearing in mind that

_ v (2) = vn(y)? 2
/}R |v, | dx = //RzN |x—y|N+2 dz:der |vn| dx,
v(y)? / 5
9dx > dx d dx.
[z [[ R s [
/ _ )|2 2
—(I'(v),v) —/ |v|? dx — //RZN |x—y|N+20‘ dx dy — /RN |v|* da.

If @ > 0, then we obtain

. [vn(2) — v (y)? / 2
1 dx d n|”d
n1—>H(;lo //]R2N |JC — y|N+2°‘ Ty + RN ‘U | {E)

we have

Denote

= lim |Un\qd:c—/ [v|? dx (3.25)
n—oo RN
// )|2d dy+/ |v|> dz + a.
R2N |3?— |N+2a RN
Note that
a

|Un vn (y)? 1/ 2 1/
dx d — nl® dx — — nl?d
//R?N \x— ‘NHO‘ Y3 ]RN‘v| Ty ]RN|U‘ :
)|2 1/ 9 1/ a
- dedy — do+ = 4y — &
//Rm |.’E—y|N+2O‘ V-5 RN|U| x+q ]RN|U| T3

which implies that Iy — I(v) —a/2 =0. Thus Iy = I(v) +a/2 > I_, > Iy. That is
a contradiction.

It follows from (3.23) and (3.24) that v € N and satisfies I(v) = inf,epn I(u).
Thus, the proof is complete. Il
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