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WELL-POSEDNESS OF A POROUS MEDIUM FLOW WITH
FRACTIONAL PRESSURE IN SOBOLEV SPACES

XUHUAN ZHOU, WEILIANG XIAO

ABSTRACT. We prove the existence of a non-negative solution for a linear
degenerate diffusion transport equation from which we derive the existence
and uniqueness of the solution for the fractional porous medium equation in
Sobolev spaces H* with nonnegative initial data, o > % + 1. We also correct
a mistake in our previous paper [14].

1. INTRODUCTION

We consider the porous medium type equation
Ou=V-(uVp), p=(-A)""u, 0<s<1, ux,0) >0, (1.1)

where z € R”, n > 2, and ¢ > 0 and the fractional Laplacian (—A)%/2 := A® is
given by the psuedo differential operator with symbol |£|®, that is:

(—A)2f =N f = F e FL.

Using the Riesz potential, one can also define this operator as

(82 () = A f(a) = e | LD IWg,
re |y[mte

This model is based on Darcy’s law with pressure, p, is given by an inverse
fractional Laplacian operator. It was first introduced by Caffarelli and Vézquez [4],
in which they proved the existence of a weak solution when ug is a bounded function
with exponential decay at infinity. For a = -2, Caffarelli, Soria and Vazquez
[3] proved that the bounded nonnegative solutions are C* continuous in a strip of
space-time for s # 1/2. And same conclusion for the index s = 1/2 was proved by
Caffarelli and Vazquez in [5]. [7, 6 [13] give a detailed description of the large-time
asymptotic behaviour of the solutions of (L.1)). [2, 2] consider degenerate cases
and show the existence and properties of self-similar solutions. Allen, Caffarelli
and Vasseur [I] study the equation with fractional time derivative, and proved the
Holder continuity for its weak solutions.

In this paper, we study the existence and uniqueness of solutions of in
Sobolev spaces. Unlike considering the existence of weak solution in L*° or con-
structing approximate solutions of linear transport systems, we solve equation
by constructing solutions to a linear degenerate diffusion transport systems. The
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well-posedness and properties of the linear degenerate diffusion transport are inter-
esting results by themselves and lead us to proving that for s € [%, 1), a> % + 1,
ug € H*(R™) nonnegative, and some Ty > 0, the equation in R™ x [0, 7] has
a unique solutions. Besides, using the methods and results in this paper, we correct
a mistake in our previous paper [14].

2. PRELIMINARIES
Define p € C°(R™) by

co exp(fﬁ), lz] < 1,
pla) =
0,|x| > 1,

where ¢ is selected such that [ p(x)dz = 1. Let J, be defined by
Jew = pexu=e"p(=) *u.
€

This operator satisfies the following properties.

Proposition 2.1. (1) A°Ju = JA°u, s € R.
(2) For allu e LP(R™), ve H*(R™), with £ + 1 =1, [(Jef)g = [ [(Jeg)-
(3) For allu € H*(R™),

liH(l) | Jew — ul| o = 0, HII(I) lJew — ul|ga-1 < C|lullgeo-
(4) For allue H*(R™), s€ R, k € ZU {0}, then

Cak
Gk

Ck
| Jeul| grasr < lulle, | JeD*ulle < =5 lullge
ezt

The following propositions can be found in [, [9].

Proposition 2.2. Suppose that s >0 and 1 < p < oo. If f,g € S, the Schwartz
class, then we have
1A*(fg) = fA°gllLe < |V fllLonllgll go—1ma + cllglliora |1 gops
IA°(Fo)lle < cllfllzeallgl gome + cllgllLea 1 gevs

with pa,p3 € (1,+00) such that % = p% + p% = p% + p%.

Proposition 2.3. If0 < s <2, f € S(R"), then

2f(x)AS f(x) > ASf2(x)  for all x € R™.

Proposition 2.4. Let a; and as be two real numbers such that oy < %, ay < %

and a1 + ag > 0. Then there exists a constant C = Cly, o, > 0 such that for all
feH™ and g € H*2,

1f9llzre < ClFN o gl e

wherea:al—i—ag—%.
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3. MAIN RESULTS
Theorem 3.1. If s € [1/2,1], T > 0, a > § + 1, ug € H*(R"), v > 0 and
v € C([0,T]; H*(R™)), then the linear initial-value problem
Opu = Vu - V(=A) v — v(=A) "5,

u(z,0) = up.

has a unique solution w € C([0,T]; H*(R™)). If the initial data ug > 0, then
u>0,(z,t) € R" x [0,T).

(3.1)

Proof. For any € > 0, we consider the linear problem
Ous = Fe(uf) = J(VJu - V(=A) %) — J(v(—A) "% Ju),
u(z,0) = up.

By Propositions and and by s > % we can estimate

[Fe(ui) — Fe(ud)| e

= [[Je(VJe(u§ = us) - V(=A) ") = Je(v(=A) " Je(uf — ug) || o

< O(e ol ae)llus — uslme.
Using Picard iterations, for any o > & 4 1,€ > 0, there exists a T, = Tc(u,) > 0,
problem has a unique solution u¢ € C*([0,T:); H*). By Propositions and

23

1d

§£||U€H%2 = /VJeuE -V(=A)"PvJuf — /v(—A)l_“”JEuEJeuE

IN

1 1
§/V|J6u5\2-V(—A)_Sv—5/1}(—A)1_S\J€u6\2

1 1
<5 [ParPeay=o -3 [lap-ay-o=o,
Moreover, for any a > 0,
1d
2dt
- / AV T - V(= A)0)J. A — / A (=AY T YA T e

A

I w7

< O[[A%, V(= A) 0]V Jeus| 2 | A%uE| 2 +/V(7A)’SUA°‘VJ€UEAQJEUG

+ C||[A%, ) (= A) = Jeu| 2 | A% 2 — /vAa(fA)lfsJEuer‘Jsue.
By Proposition and Sobolev embeddings,
I[A%, V(=A) 0]V T 2
< CI(=A) "] Lo ATV T [ 12 + |V (=A) 70| o |V Teu £

< Clfollgallu|| e,
A%, ) (=A) = Teus| 2
< ClIVollpoe [(=A) 7 Teu| fra-s + 0]l o [ (=2) '~ Jeus]|

< Clloll o lu -
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By Proposition 2.3

/V(—A)*SvAO‘VJEueAO‘Jeu6 —/vAO‘(—A)lfsJeuEAo‘Jeu6

< %/V(fA)*SvV(A‘”‘Jéue)2 — %/v(fA)lfs(A"‘Jeue)2

< Cllol o e
Combining the above estimates,

d € €
e Gl < Cllvllge l[ullze.

By Gronwall’s inequality,

[uC, D)l e < luoll e exp(C sup {[v][ze).
0<t<T
Such the solution u* exists on [0,T]. Similarly,
d
G Ollga— < Cllollaalluge < C(lvllme, Juollze, T).

By Aubin compactness theorem [I1], there is a subsequence of {u },>; that con-
vergence strongly to u in C([0,T]; H*). If o > % +1, H* — C', so u is a solution
of (3.3).
If w and @ are two solutions of problem (3.3), then w = u — 4 satisfies
Opw = Vw - V(—=A) 50 — v(—A) ~*w,
w(z,0) = 0.

||l e ||w] . By Gronwall’s inequality, u(x,t) =0, (x,t) € R™ x [0,T].

Since ug > 0 then if there exists a first time ¢y where for some point xg we
have u(xg,tg) = 0, then (z0,to) will correspond to a minimum point and therefore
Vu(xg,to) = 0, and

Similarly, we get %||lw|z2 < 0 and L|w|ga < |vllgelw]|ge, ie, &|w|ge <

(—=A) " Su(z) = c/ Mdy <0.

|y t2—2s
Hence 4| (z,,t9) > 0. So u(x,t) > 0 for all (x,t) € R" x [0, T7. O
Theorem 3.2. Letn >2, s € [3,1), a > 2+ 1, ug € H*(R"), and up > 0. Then
there the linear initial value problem
Ou =V - (uV(=A)"%u),
u(z,0) = up.

has a unique solution u € C*([0,To], H*(R™)). If the initial data ug > 0, then
u>0,(z,t) € R™ x [0,Tp].

Proof. Set u' = ug. Note that dyu = V - (uV(=A)"*u) = Vu - V(=A) 5u —
w(—A)5u, and let {u™} be the sequence defined by

atun+1 _ Vun+1 . V(*A)isun _ un(iA)lfsu(n+1)’

u™ M (z,0) = up. (3:3)
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By Theorem [3.1} u? € C([0,T); H*), for all T < oo, satisfies u> > 0 and

sup [|u®|| e < |luoll g exp(Cllu' || gaT).
0<t<T

If exp(2C ||uy || raTp) < 2, for example Ty = we have

In2
2C(1+{Juol e )’

sup [|u®|| e < 2]l e
0<t<T,
By the standard induction argument, if u™ € C([0, To]; H®), u™ > 0 is a solution of
(B-3) with |[u™|| e < 2||uo||sre. By Theorem [3.1] u"*! € C([0, Tp]; H*) , u™* >0
and
sup 4" 110 < [Juoll e exp(C " - T0) < 211
0<t<T
d

il s < Cllu™[lae [l e < Clluolra

By Aubin compactness theorem [I1], there is a subsequence of u™ that convergence
strongly to w in C([0,T]; H¥). If u > 0,4 > 0 are two solutions of problem (3.3),
then w = u — 4 satisfies

Ow =V - (wV(=A)"%u) + V- (aV(-A)"*w),

w(z,0) = 0.
By Proposition 2.2
1d
§%||w||%2 = /wV (wV(—=A)"%u) + /wVﬂ -V(=A)"w— /wﬂ(—A)l_sw
=: Il + 12 + 13.
Note that
1
I = /wVw -V(=A)Pu= §/Vw2 -V(=A)"%u
1 —S
=5 [ WA < Clule
1 [ s 1 -
Isy<—5 /u(*A)1 wt = /*5(*A)1 - w? < Cllullme|wlZs.
When s > 1/2,

IQ S C”’LUHLzHVU . V(—A)is’w”Lz
< Cllwl 2 [Vl g ger-2: [V(=2) "0 graes < Clluf| gra||w]| 72

When s = 1/2, the above estimates are still valid. Combining the above esti-

mates we have %HWHL? < C|lw|| g2 ||u| gre. By Gronwall’s inequality we can deduce
w(z,t) =0 on [0, Tp]. O

4. CORRECTION

In [T4], trying to establish the well-posedness of (|1.1)) in Besov spaces the authors
incurred in a mistake in page 9 when estimating the term Jj in equation [14} (4.5)].
To correct the mistake, we modify our proof the following way.

[14, Theorem 1.1] Let n > 2,s € [1,1],a > n + 1. If the initial data uo €
Bf ., then there exists T = T'(||ug||pe _) such that (I.1)) has a unique solution in
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[0, 7] x R™. Such a solution belongs to C*([0, T}; B{L2*%) N L>=([0,T]; By ), with
B€ela+2s—2ql

Proof. First we construct the approximate equation

UER—H) _ vu(nJrl) . v(iA)fsu(n) . u(n)(f&)lfsu(rrkl).
‘ ‘ ’ (4.1)
uV0) = o xug,  uY = o % .

By the argument in section 2, there exists a sequence u(™) that solves the linear
systems (4.1). Assuming that ug > 0, we prove that w1 > 0. Inspired by [4],
we assume that zo is a point of minimum of v(®*t1) at time t = to. This indicates
that Vu(™+1)(z9) = 0, and

s (n u(xg) — u(y
(- o) = W dy < 0.

Thus we deduce that %u(”+1)|t:t > 0, and by induction we have u("t1) > 0.
Arguing as in [I4], taking A, on (4.1), we obtain
QA ul™) =[N 0:(—0) " uM0um T+ 0i(—A) T ulM A (9"
— [y, )~ A) O A (~A) T,

. . . At
Multiplying both sides by m,
J
corresponding part in the right side by Ji, J3, J%, J}, respectively. We obtain the

estimates,

and integrating over R, then denote the

J < CQ*ja”u(nJrl)“B?w||u(n)||B?+1_25
Jp < C2 ul D g || g
Jh < CTMHU(MHB?,M||U(n+1)||3;ﬁ;}*25-

The estimate for the term Jj is now replaced by

. A,
= [ a R
J

< [umn)-elaun )

IN

_ /(_A)l—su(n)lAu(n-‘rl)‘

S 2_ja|‘un“]3;ﬁ—25

u(n+l)HBﬁm'
Here r > d is any real number. The first inequality uses the following pointwise
estimate.
Proposition 4.1 ([I0)). If0 <« <2, p > 1, then
plf(@)[P~2 f(2) A f () > A% f ()P
for any f € S(RY)
Taking r such that r + 2 — 2s < «, e.g. set r = a — 1, we conclude

d n n n
[ PR (7 PR [l PR
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The other parts of the proof need no modification. ([
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