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QUASI-NEUTRAL LIMIT OF THE FLOW OF A CHEMICALLY
REACTING GASEOUS MIXTURE FOR IONIC DYNAMICS

YOUNG-SAM KWON

Communicated by Jesus Ildefonso Diaz

ABSTRACT. In this article we consider the quasi-neutral limit of the compress-
ible flow of a chemically reacting gaseous mixture in the periodic domain T3
with the well-prepared initial data. We prove that the weak solution of the
compressible flow of a chemically reacting gaseous mixture converges to the
strong solution of the compressible flow of reacting gaseous mixture as long as
the latter exists.

1. INTRODUCTION

The flow of chemically reacting gaseous mixture arises in sciences and engineering
and is associated with a variety of phenomena and processes: pollutant formation,
biotechnology, fuel droplets in combustion, sprays, astrophysical plasma. Analyzing
the physical regimes associated with various processes unfolds complex chemistry
mechanisms and detailed transport phenomena. Many interesting problems in that
context involve the behavior of solutions to the governing equations for multicom-
ponent reactive flows as certain parameters vanish or become infinity. The objective
of this work is to investigate quasi-neutral limit for such complex flows based on
the relative entropy in the periodic domain.

As a physical model of fluids, we here consider the flow of chemically reacting
gaseous mixture governed by Poisson equations in the periodic domain Q = T3
where T3 is the three dimensional periodic domain:

Oroe + div(peue) = 0, (1.1)

Ot(0cue) + div(peue ® ue) + Vol = pAue + (p+v)Vdivue — 0. VG, (1.2)
9 (0eYe) + div(oeYeue) = dAY: — kocYe, (1.3)

—e2AG. = p. — exp G, (1.4)

where u, is the vector field, v > %, 0c is the density, Y, is the reactant fraction,
and G, is a potential function. Note that we assume that the viscosities u, v, d, k
do not depend on € because of the good regularity of density, velocity, and reactant
fraction.
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The existence of global weak solutions for the compressible flow of chemically
reacting gaseous mixture 7 was proved by Donatelli, Trivisa, Marion, and
Temmam [7], 9] [T9]. Bresch, Desjardins, and Ducomet [I] studied the quasi-neutral
limit for the isentropic compressible Navier-Stokes-Poission system for ions with
capillary effect on T3. They established the existence of global weak solutions of
the model and obtained that the weak solution the primitive model converges to
the weak solutions of the compressible capillary Navier-Stokes equations in the
torus T3. Later, Feireisl and Zhang [I1] studied the quasi-neutral limit of the
compressible Navier-Stokes-Poisson system for ions with an additional damping
term in a bounded domain of R? in the framework of weak solutions. For the
ionic Euler-Poisson system, the quasi-neutral limit was studied, for example, in
3, [13] 12, 20].

If we replace the Poisson equation by

—2AV = o — D(x), (1.5)

where D(z) is a given function, we obtain the corresponding model for electrons and
a few results on the the quasi-neutral limit are available [14] 2] [ 17, 8]. Ju, Li,
and Li [I4] studied the quasi-neutral limit for local strong solutions to the Navier-
Stokes-Fourier-Poisson system on T?. Chen, Donatelli, and Marcati [2] studied the
quasi-neutral limit of a hydrodynamic model for charge-carrier transport in the
framework of weak solutions. In [17], Ju and Li studied the combined quasi-neutral
and zero-electron-mass limit of the Navier-Stokes-Fourier-Poisson system in the
torus T3 and showed the limit is the the incompressible Navier-Stokes equations.
Donatelli and Marcati [5] gave some descriptions on the quasineutral limit for the
full Navier-Stokes-Poisson system in R3. Very recently, Li, Ju, and Xu [I8] improved
the result in [I7] to allow the temperature have a large variation. Also, they are
many results on quasi-neutral limit to the electric Euler-Poisson and Navier-Stokes-
Poisson system, among others, we mention [I5] [T6] 4, 221 2T} 6].

Motivated by the results in [T}, [I1] 14} 17, 18], in this article we want to study the
quasi-neutral limit to the system (1.1)—(1.4). Formally, letting € tend to 0 in (L.4)),
we obtain ¢ = exp(G). Thus, the term pVG in turns to V. Hence we can
expect that, as € tend to 0, the limiting system is the compressible Navier-Stokes
system

Oro + div(pu) = 0, (1.6)
O¢(ou) + div(ou ® u) + VII(p) = pAu+ (u + v)Vdivu, (1.7)
01(0Y) + div(pY'u) = dAY — koY, (1.8)

where II(p) = 07 + 0.

The purpose of this article is to give a rigorous proof of the above formal process
for the well-prepared initial data case.

The remainder of this article is arranged as follows. In section 2 we define the
weak solutions to the primitive system f and state our main results. In
section 3 we give the proof of it.

2. MAIN RESULTS

We now introduce the notion of weak solution of the system 1)
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Definition 2.1. We say that a quantity {g, u, Y} is a weak solution of the flow of a
gaseous mixture supplemented with the initial data {gg, ug, Yo} provided
that the following hold.

e 0 € L®(0,T; (LY + L*)(Q)), the velocity field u € L*(0,T; W2(Q;R?)),
olu|? € L>=(0,T; LY(Q)).

e The density 0 € Cyear([0,7]; L' (2)) and the equation of continuity holds
as a family of integral identities

[ [eretr) = mpt0.]do= [ [ (g0 - Vi)asar 2

for any 7 € [0, 7] and any test function ¢ € C°([0,T] x Q).
e The balance of momentum holds in distributional sense, namely

/QU~¢<T~>dw—/(eu)o-ga(o,-)dx

Q Q
T

:/ /(é)u'8t<5+gu®u:vngrg7 div @ (2.2)
0 Q

—puVu: V@ — (u+v)divadivg — QVG-(,Z) dx dt

for any test function ¢ € D([0,T); R?)).
e The total energy of the system holds,

/(19|u|2+ ! 97+i|VG|2+(G—1)expG)(t ) da
o \2 y—1 2 ’

. (2.3)
+/ / plVu? + (p+ v)(diva)? de dt < Eo
0 Jo
holds for a.e. 7 € (0,T) where
_ 1 9 1, € 9
Ey.= /Q (2go|u0| + - 79 + 5 IVGol* + (G — 1)eXpG> dz.
e The reactant mass fraction Y is a bounded measurable function on (0,7T) x Q,
0<Y(t,z)<1lforae t€(0,T) z€Q, (2.4)
and the integral identity
T
— / / (QYatQO +oYu-Vyp—dV,Y - chp) da dt
0o Ja
. (2.5)
= K/ /QY(pdiL‘ dt+/ 00Yop(0, ) dz,
0o Jo Q
to be satisfied for any test function ¢ € D([0,T") x ), together with
T T
— / o | oB(Y)dxdt +/ Y | dG|V,Y|*dzdt
0 Q 0 Q (2 6)
r OB(Y) '
< / 1/)/ KO dx dt —l—/ 00B(Y)¥(0) dz
0 Q oY Q
for any ¢ € D[0,T), 1 > 0, and any convex B € C?(R?),
B = inf B"(Y).

YeR
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e The chemical energy inequality

T T
1
1/gyzdwm/ /QYdedt—i-d/ /|VY|2dmdt§f/goY02dx (2.7)
2 Ja 0o Ja o Ja 2 Ja

is satisfied in D’(0,T).
e Equation (|1.4) holds in D’((0,00) x ).

Remark 2.2. The existence of weak solutions in (0,7") X 2 to the flow of a chemical
reacting gaseous mixture f can be established by slightly modifying the
arguments in [7} [9]. Since we are mainly interested int the quasi-neutral limit, we
omit the details on existence theory here.

Before stating our main results, we recall the local existence of smooth solutions

to the problem ([1.6)—(1.8). Since the system (1.6)—(1.8) is a parabolic-hyperbolic

one, the results in [23] imply that

Proposition 2.3 ([23]). Let s > 7/2 be an integer and assume that the initial data
(00, Yo, u0) satisfy

00, Yo, up € H*(Q), 0<p < po(), (2.8)

for a positive constant p. Then there exist positive constants T (the mazimal
time interval, 0 < T, < +00), and p, such that (L.6)—(L.8) with initial data
(0, Y,u)|t=0 = (00, Yo, ug) has a unique classical solution (p,Y,u) satisfying

p € C([0,T.), H**7HQ)), wY € CY([0,T.), H**72(Q)), 1 =0, 1;
0<p<p(,t).

Now we state our main results.

Theorem 2.4. Let(oc,ue, Ye, Ge) the global weak solution of (L.1)—(1.4]) with the
initial data (0o, Wo.e, Yo,e, Go.e). Assume that (0o.e, Uo.e, Yo,e; Go,e) satisfy

/ 100.c — 0|2 dz + / Yo — Yol2 de + / exp(Go) — ool dz < Ce,  (2.9)
Q Q Q

” V QO,euo,e - \/Q>Ou0,€‘|%2(ﬂ) S CE, (21())
€||VG(),€H%2(Q) S C, (211)

where (9o, Yo, o) satisfy the conditions (2.8). Then, for 0 < T < T* (defined in
Proposition , one has
l|0c = oll Lo (0,7y(L2+L7)) (@) < CVe, (
Ve =Yl 0m:22(02)) < CVe, (
[voeue — oull L= (o,r;22(0)) < CVe, (2.14
[Vexp(Ve) = Vol L= 1:2(0)) < CVe. (

Here (p,Y,u) is the solution to the system (1.6)—(L.8)) constructed in Proposition
23
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3. PROOF OF THEOREM [2.4]

In this section we give a rigorous proof of Theorem[2.4] by applying and modifying
the relative entropy method. The main difficulty here is that the target system is
the flow of a chemical reacting gaseous mixture. Thus, we need to pay more an
attention on construct the modified energy inequality and deal with the remainders.

Step I. Let us set

h(o.) = (0] — 0" — 70" (0e — 0)),

v—1

and define the relative entropy:

1 1 1
Ee(r) = /Q (§Qe|ue —ul> +h(o) + FolYe - Y2+ 562\VG6|2
(3.1)
Me
+ m¢In (?> — me + g) dz,

with me = exp Ge where (o, Ye, ue, Ge) is a solution of (I.I){1.4 and (o,Y,u) is a

solution of (|1.6])

We remark that in (3.1]), we have used

/(G6 —1)expG.dz = /(m6 Inm. —m,)dz
Q Q

and

/meln(l/g)daﬁ:/mo,gln(l/go)dx—/ /meatlngdxdt
Q Q 0o Ja

+e/ /atAGeln(l/Q)dxdt—i—/ /Qeue-vmgdxdt,
0o Ja 0 Jo

(3.2)
where we have used (|1.3]).
Let us observe that

//ge(u—uﬁ)-Vandxdt
/ /meu Vlng—e/ /AGu Vinpdzdt (3.3)
/ /ggu6 Vinpdzdt.

Using (3.3)), (3.2) we have

/meln(l/g)dx

Q

:/mo,eln(l/go)dx—/ /meatlngdxdt
Q o Ja

+e/ /8tAGeln(1/Q)dxdt+/ /Qe(u—u€)~V1ngdxdt
0o Ja 0o Ja

—/ /meu-Van—l—e/ /AGeu-Vlngdxdt.
o Ja 0o Ja

(3.4)
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Taking §|ul” and p'() with p(e) = ~1707 as a test function in ([2.1), we obtain

1, 1
5 Qe dr = 5 €
/929 i /929‘”

and

1 1 T
/*er’(g) dw:/ fQo,ep’(Qo)der/ / (Qeatp'(@)JrQeuan’(g)) dxdt. (3.6)
Q 2 Q 2 0 Q

We choose u as a test function to the moment equation (1.2)); it provides

- [ (e s

= - / (QO,euo,e) + Ug dx — / / OeUg 6tlld{L' dt
Q 0 Q

_/ /(geu6®u5:Vu—i—gzdivu—,uVue:Vu—(ﬂ—i—y)divuedivu)dxdt
0o Ja

u0|2dx+/ /(g6u~8tu+g6u€-Vu~u> dzdt (3.5)
o Ja

T 2
- / / (me divu — &2Du : (VG ® VG.) — %|VG42 div u) da dt,
0 Q

(3.7
where Du = 1(Vu + V7u) while the equation (I.4) together with using the inte-
gration by parts provides

7/ /QEVGE-udzdt
0o Ja

= —/ /(m6 — E2AG)VG, -udzdt
o Ja

T T 1
= / / medivude dt — 62/ / (Du 1 (VG ® VG,) + =|VG|* div u) dz dt.
0 Jo o Ja 2

We also obtain
p'(0)o —plo) = 0"
Thus, we deduce, after adding (2.3)), (2.7) (3.2)), (3.3), (3.5), , and (3.7)), the
inequality
1 1 1
[ (Gecue = aP o+ ple) = 0/ (@) + Goul¥e - Y+ 5EIVG
Q
+ meln (%) —me—l—g) dx
o
+/ / (,u|Vu6 —Vul? + (p + v)| divu, — div u|2) dzdt
o Ja

1 1
< / (590,4‘10,6 —uo|? + p(eo,e) — 00,0 () + 562|VG0,6|2
Q

0,€

m
+mg,In (
Q0

[ [ (e@utuc v (=) dear

+u/ /Vu:V(u—uE)dwdt—i-(,u—l—V)/ /divu(divu—divuﬁ)dmdt
o Jo 0 Jo

) — mp,e + Qo) dx
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—/ /(geatp(g)—I—Qeuﬁ-Vp'(g))dxdt—/ /gzdivudxdt
0o Ja 0o Ja
—/ /meatlngdxdt—i—e/ /8tAGsln(1/g)dscdt
o Ja o Ja
+/ /Qe(u—ué)-vmgdxdt—/ /meu-VIngdxdt
o Ja o Jo
e/ /AGEu~V1ngdmdt
0o Ja

T 2
—/ /(medivu—GQDu:(VGE®VGE)—%\VG€|2divu) da dt
0 Q

1 1
+f/g5Y2da:+f/goer025da:—/ o Y Y dx
2 Ja 2 Ja ’ Q

—d/ /|VY€|2da:dt—k/ /geYedxdt. (3.8)
0 Q 0 Q

Note that

/dex—/ dx—/ /(“)tg”dxdt
Q

(3.9)
/ / 00’ (0) + oV (o) - u+g”divu) dx dt.
Using (3.9)), the relative entropy in (3.8]) can be written as
{5 / / p|Vu, — Vul? + (p+v)| div u, — div u] ) drdt < ZA (3.10)

j=1

where

Ai:/ /(ge(atu+u€~Vu+V1ng)-(u—ue))dxdt
0 Jo
Az:,u/ /Vu:V(u—ue)dxdt—i—(u—i—y)/ /divu(divu—divue)dxdt
0 Ja
// (0 — 0e)0p (0) + VD' (0) - (gu—geue)—divu(g?—g”))dxdt
At =— / /m6 Olnpo+divu+u-Vinpg)dzdt
Agze/ /&AGEln(l/g)dwdt—i-e/ /AGEu.Vlngdxdt
0 Jo 0 Jo

T 2
= / / (EQDU 1 (VG ® VG,) + 65|VG€|2 div u) dz dt
Q

1 1
AZ = 5/ 0. Y?dx + 5/ Qo,gYO%6 d:z:f/ oY Y dx
Q Q Q

Af:—d/ |VYE|2dxdt—k;/ /QeYedmdt.
o Ja o Ja
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Step II. We introduce a result of the convex function h as follows:

C(K)(‘Qe - Q|2)7 lf Qe S K
Mdz{amu+@x if o, € (0,00) \ K (8.11)

for any compact subset K C (0,00) and some C(K) > 0. The following notation
will be used later:

[h]ess = h19/2<gg<2ga h = [h]ess + [h]re5~

We first compute the residue and essential part which will be used later. From
Holler’s inequality, we obtain

![j&_ﬁmﬂw»mfmwﬂsm&—%gmmm

0
< C(O)E(T) +0[|uc — u||2L6(Q)

H(u)

||L3(Q)Hue - 11||L6(Q)

(3.12)
where H(u) = pAu+ (p + v)V divu. We also obtain
Qe — 0
| / [ JresH (1) - (ue — u) dx|
Q 0
H(u
< e oozl 2 ooy B (e — W)z (313)

+ [[Wresll 2 1 H (@) || 3 (@) [ae — ulls(q)
< C(0)E(7) + Ol|ue — ullfo(q)-

We next control the velocity term in Al and the first term can be written as

//ge(atquue-Vu+V1ng)(u—u€)dxdt

0 Ja

:/ /Qe(u*ue)@)(ufue):Vu dx dt

e (3.14)

+/ /Qe(U—ue)'(8tu+u~Vu+V1ng)dxdt
0o Ja

SC/ 5€(t)dt+/ /Qe(u—ue)~(8tu+u-Vu+Vlng)da:dt.
0 0 Jo
Using (3.12) and (3.13), we rewrite (3.14) as
/ /ge(u—ue)-(8tu+u~Vu+V1ng)dxdt
0 Jo

| [ auc )@ aear
+/OT/QQ€QQ(u—u€)-(uAu+(u+z/)Vdivu)> dedt
+/OT/Q(u—u€)- (MAu—i-(u—i—V)Vdivu) dx dt

:ATAQE(ue—u)~Vp’(Q)dxdt
+/OT/Q {L;Q(u—ué)- (uAu—&—(u—l—u)Vdivu)} de dt

€ss
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+/OT/Q [Lg_g(u—ue)- (MAu—&—(u—i-u)Vdivu)} dx dt

res

+/ /(u—ue)- (uAu-i— (u—l—u)Vdivu) dzdt
0 Q
gC(e)/ Se(t)dt—ke/ e — 2o dt

0 0

+/ / uV(ue —u) - Vu+ (g + v)div(u. — u) divu + g (ue — u) - Vp'(o) dz dt
0 Jo

where we have here used Hollder’s inequality, integration by parts, and the property

in (3.11). Thus, we obtain

//ge(atu+u€~Vu+Vlng)(ufu5)dxdt

0 Jo

S/ /uV(ue—u)~Vu—|—(,u—|—1/)div(u€—u)divu—l—ge(ue—u)-Vp’(g)dxdt
0 Jo

+9/ e — ul2eq, dt+0(9)/ £.(t) dt,
0 0

(3.15)
which implies

Al < / / uV(ue —u) - Vu+ (g + v)div(u. — u) divu + ge(ue — u) - Vp'(o) dz dt
0 Jo

+0 [ [V(ue —)|[72qydt +C(0) | Ec(t)dt
0 0
(3.16)

where we have here used the Poincare’s inequality.

From ([3.16)), we obtain

AL+ A2 4 AP <0V (u — )| sy + C6) /0 E.(t)dt
- / / diVU(QZ — 0" =70 (o - 9)) da dt (3.17)
0 JQ

<019 (u, — )2 s, + C(@)A £.(t)dt
while

/OT/Q(Q — 0080 (0) + V' (0) - u) dz dt = —/OT/Qdiv u(o. — 0)y0" "t dz dt.

Step III. In the continuity equation (|1.6)), dividing by o gives
O¢lnp+divu+u-Ving =0,

which implies A% = 0.
The terms of A%, A8, can be estimated as follows:

A2 <Ce||eVGell L (0,7:12(02)) (||V(u -V Ino)| g 0,1:22(02))
(3.18)
+ || 1In Q||W1v°°(O,T;H1(Q)))
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and

AS < C€||€VG5 ||%OQ(07T;L2(Q)) ||vu||Loo(0’T;Loo(Q)) . (319)

Step IV. Finally, it remains to estimate A7, A%. Using Y as a test function to the
equation ([2.5]), we obtain the following weak formulation of the equation (2.5)),

- / oYY d

/QOEYOEYde—/ /QEYatdedt—kd/ /VY VY dzdt (3.20)

/ /QEYUE Vdedt—l—m/ /QGYYdl'dt

We also use 7|Y|2 as a test function to the continuity equation (|1.1)) to deduce that

1 1 T
7/ oY P dx = f/ Qo,e|Y0\2d$+/ /QEYﬁtYdmdt
2 Ja 2 Ja 0o JQ
+/ /Qeué-YVdedt.
0 JQ

Adding the above two equations (3.7)) and (3.21) and using , the sum of A7
and A? yield that

(3.21)

3

AT+ A3 <) " BI (3.22)
j=1
where equation (|1.8)) provides
11 2
Bl =5 [ o0V~ Yo da
2 Ja

Bf:—d/ /(|VYE|2—VYE-VY+&(YE—Y)AY)dxdt
0 JO Y

Bf:fn/ /gé(Ye—Y)zdxdt.
0 Q

It is easily seen to show that
B! + B3 < &.(0) + C/ E(t)dt
0

For the term of B2, we have to estimate

/ / (Y. —Y)AY dz dt
Q
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which can be divided as follows:

// (Y. — Y)AY dzdt
Q
//Qe* (Y, — Y)AdedtJr//Y Y)AY da dt
:// 979@ (Y, — YAYd:r,dH—// € es(Ye — Y)AY dz dt
0 Q es

+/ /(}Q—Y)Adedt
0 Q

< 0(9)/0 E(t)dt + 0|V (Ye =YV 710,102 +/0 /Q(Ye —Y)AY dz dt

(3.23)
while

//Qe Joss (Ye — Y)AY da dt

< C/ IAY (| 23y ll[2e — Olessll 2@ Ye = Y Loy dt
0
<) [ £ at+ 01V~ VI rsia

0) [ &) at+ 01V = V)R sz

// € s (Ve — Y)Adedt<C// ge r,SSJF[]YES)dmu

< c/ E.(t) dt.
0

an

Using (3.23)), we obtain
B% < 0(9)/ Ec(t)dt — (d—a)/ / V(Y. - Y)[*dzdt
0 0 Q

for small 6 > 0.
Summing up all estimates in Step II, Step III, and Step IV and taking a small
suitable 6 > 0, we obtain the relative entropy

E(r)+ C/ / (1|Vue = Vu> + (p+ v)|divu, — divul?) dzdt

L0 e (3.24)

+C/ / VY. — VY|?dz dt < CE(0) + Ce.
0o Ja

Step V. Complete the proof. For the estimates of the initial data, we use the

assumptions (2.9))-(2.11) to obtain
/ 00.e|ug,e — w2 da < C/ |\/00,eU0,c — w|* dz + C/ [\/00,e — \/Qo|2 dx
Q Q Q

< C/ |\/00.c00,c — Uo|* dz + C/ |00, — 00> dz < Cé,
Q Q
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/ QO,e|YO,e - }/0|2 dz S /(00,6 - QO)|YO,6 - YO|2 dx +/ QO|YO,E - YO|2 dz S CG,
Q Q Q
/ h(QO,e) dz S 067
Q

/ [exp ‘/O,e In (eXp VO,E/QO) — €Xp ‘/076 + QO] dz S /(exp %,e - 90)2 < Ce.
Q Q
Thus we obtain
E(0) < Ce
and the Gronwall inequality gives the results (?7)—(??) in Theorem Indeed,

/ |\/0cu, — /ou|? dz < C/ Oclue — u|2dx+C/ |\/0c — Vo|* dz < Ce,
Q Q Q
[ (o= g+l di) do < [ he)de < ce
Q Q
/ |vexp V. — ol> dz < Ce,
Q

then we obtain

/ Y. - Y|?dx

Q

<C [ (o= o)V~ YPdo+ [ oV~ VP da
Q Q

= C/ [Q - Qe]essD/e - )/|2 dz + O/ [Q - Qe]resnfe - Y|2 dx +/ Qe‘}/e - Y|2dﬂl‘
Q Q Q
<cO)( [lo-oude+ [ o= ofuds) +0 [ V.- VP
Q Q Q

+/ o Y. = Y*dx
Q
which implies
/ YV, - Y|*dz < Ce
Q
by taking small suitable number # > 0. Hence the proof of Theorem [2.4]is complete.
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