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EXISTENCE OF POSITIVE SOLUTIONS FOR A NONLINEAR
QUADRATIC INTEGRAL EQUATION

CHU-HANG WANG, HUI-SHENG DING, GASTON M. NGUEREKATA

ABSTRACT. In this article, we study the existence of positive solutions for the
nonlinear quadratic integral equation

t
z(t) = g(t, z(t)) /_ a(t,t —s)f(s,z(s))ds, teR.

By using fixed point theory on cones, we prove the existence and uniqueness
of bounded and continuous solution with positive infimum. An example illus-
trates the abstract result.

1. INTRODUCTION

The direct impetus of this paper comes from two sources. The first source is the
literature on the existence of positive solutions for the equation

z(t) = /ti f(s,z(s))ds, teR, (1.1)

which is a model for the spread of some infectious disease (cf. [0]). In fact, many
authors have studied the existence of positive solutions, especially periodic and
almost periodic solutions, of and its variants (see, e.g., [1, 21 3[4, 51 [1T], 12| T4
19, 22] and references therein). There are several interesting works on generalized
variants of equation . For example, Torrejon [22] studied the integral equation

x(t):/ti L J(saNds (e

where the delay is state-dependent. Ait Dads and Ezzinbi [I] considered the neutral
integral equation

2(t) = vzt — ) + (1 — ) /t_ f(s,x(s))ds, tER. (1.2)

Ait Dads and Ezzinbi [2] investigated the infinite delay integral equation

x(t)z[ alt — $)f(s,2(s))ds, t€R. (1.3)
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Afterwards, Ait Dads, Cieutat, and Lhachimi [4] generalized equation (1.3)), i.e.,
they discussed the following more general infinite delay integral equation

x(t) = / a(t,t —s)f(s,z(s))ds, teR. (1.4)

—0o0

In fact, (1.1)) is also a special case of (1.4). This is because, if

1, sel0,7], teR,
a(t,s) =
0, s>71,teR,

then equation recovers equation . In fact, it is still of great interest for
several authors to work on this direction (see, e.g., [I1, 5]). As noted in [4] and [5],
these variants of include many important integral and functional equations
that arise in biomathematics.

The second source of this paper comes from the fact that quadratic functional
integral equations are one of the most attractive and interesting research area of
integral equations and functional integral equations. In fact, as noted in some earlier
literature (see, e.g., [20] and references therein), the nonlinear quadratic functional
integral equations has been applied to, for example, the theory of radiative transfer,
kinetic theory of gases, the theory of neutron transport, the traffic theory, plasma
physics, and numerous branches of mathematical physics. There is a lot of literature
on the existence of solutions for quadratic functional integral equations. We refer
the reader to [20, [I8] 10 21], [, 17, [7, [16], [13] for some of recent results.

Motivated by the above works, in this paper, we study the nonlinear quadratic
integral equation

t

x(t) = g(t, x(t))/ a(t,t —s)f(s,xz(s))ds, teR, (1.5)

— 00

where f, g, a satisfy some conditions stated in Section 3.

2. PRELIMINARIES

Let E and F be two metric spaces. We denote by C'(E, F') the space of continuous
functions, and by BC(E, F) the space of continuous and bounded functions defined
on F with values in F. Let R the set of real numbers, R the set of positive real
numbers, and RT the set of nonnegative real numbers. In the case £ = R and
F =R, for every z,y € BC(R,RT"), we denote the distance between z and y by

ll = yll = sup |2(t) — y(t)|.
teR

We denote by L*(R™) the space of Lebesgue measurable functions on R with norm

+oo
el ) = / e (8) dt.

Now, we recall some basic notation about cone (for more details see [9]). Let X
be a real Banach space, and 6 be the zero element in X. A closed convex set K in
X is called a cone if the following conditions are satisfied:

(1) if x € K, then Az € K for any A > 0,
(2) ifx € K and —z € K, then z = 6.
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A cone K induces a partial ordering < in X by
r<ysy—zec kK
For any given u,v € K with u < v,
[u,v] ={x € X :u<z<wv}
A cone K is called normal if there exists a constant k£ > 0 such that
0 <z<y= |zl <yl

where || - || is the norm on X. We denote by K° the interior of K. A cone K is
called a solid cone if K° # (.

Lemma 2.1 ([4]). Suppose that the function t — a(t,-) is in BC(R, L*(R")) and
f € BC(R,R). Then F € BC(R,R), where

t
F(t) = / alt,t— 5)f(s)ds, tER
Theorem 2.2 ([I1]). Let K be a normal solid cone in a real Banach space X,
D : K — K be a linear operator, and A, B be two operators from K° x K° x K° to
K° with
A(z,y,2) = B(z,y,2) + D(x), x,y,z€ K"
Assume that the following conditions hold:
(1) for every x,y,z € K°, B(-,y, z) is increasing in K°, B(x,-, z) is decreasing
in K°, and B(z,y,-) is decreasing in K°;
(2) there exists a function ¢ : (0,1) x K° x K° — (0,4+00) such that for every
x,y,z € K° and t € (0,1),p(t,z,y) >t and

Btz t™'y, 2) > ¢(t,z,y)B(z,y, 2);

(3) there exist xg,yo € K° with xo < yo, A(zo, Yo, x0) > o and A(yo, xo,yo) <
yo such that

inf ot x,y) >t (2.1)
z,y€[20,yo]

for allt € (0,1);
(4) there exists a constant L > 0 such that for all x,y, 21,20 € K° with 21 > 2o,
B(l’, Y, Zl) - B(l’, Y, ZZ) Z _L(Zl - Z?)~
Then A has a unique fived point x* € [xg,yol, i-e., A(x*, x*, x*) = x*. In addition,
if (2.1) is strengthened to the case for all u,v € K° with u < v,

inf ot z,y) >t
z,y€u,v]

for allt € (0,1). Then x* is the unique fived point of A in K°.
In this paper, we utilize the following corollary of Theorem

Corollary 2.3. Let K be a normal solid cone in a real Banach space X and A be
an operator from K° to K° satisfying the following conditions:

(1) A is increasing in K°;

(2) there exists a function ¢ : (0,1) — (0,00) such that for every x € K° and

A€ (0,1),0(A) > A and
A(Az) = p(A)A();
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(3) there emist xp,yo € K° with xg < yo such that A(xg) > xo and A(yo) < yo-
Then A has a unique fized point x* in K°.

3. MAIN RESULTS

In this section, we study the nonlinear integral equation
t

x(t):g(t,x(t))/ a(t,t— 8)f(s,2(s))ds, tER (3.1)

under the following assumptions:
(H1) f € BC(R x RT,R™) such that for every s € R, f(s,-) is increasing in RT.
(H2) There exists a € (0,1) such that
Fls, ) = A f(5,)

for all x > 0, A € (0,1) and s € R.
(H3) a is a function from R x RT to R, and the function ¢t — af(t,-) is in
BC (R, LY(RT)).
(H4) g € BC(R x R, R*) such that for every ¢t € R, g(t,-) is increasing in RT.
(H5) There exists Ly > 0 such that

lg(t,z1) — g(t, x2)| < Lg|w1 — 2]
for all t € R and 1,22 € RT.
(H6) There exists 8 € (0,1 — «) such that
g(t, Az) > Ng(t, )

forall z > 0,A € (0,1) and t € R.
(H7) There exists a constant ¢ > 0 such that

¢
i — >
tlggg(t,O) / _ a(t,t —s)f(s,c)ds > c.

Theorem 3.1. Let (H1)-(H7) hold and LyM;D < 1, where

+oo
M; =sup{|f(t,z)|: teR, z e RT}, D= sup/ la(t, s)|ds.
ter Jo

Then equation (3.1) has a unique solution with positive infimum in BC(R,RT).
Proof. Let
K ={y € BC(R,R") : y(t) > 0,Vt € R}.
Then
K° ={y € BC(R,R") : there exists ¢ > 0 such that y(t) > £,Vt € R}.
It is easy to verify that K is a normal and solid cone in BC(R,R™).
For y € BC(R,R"), define an operator A, on BC(R,R") by

t

(Ayz)(t) = g(t,x(t))/ a(t,t —s)f(s,y(s))ds, =€ BO(R,R"), teR. (3.2)

—o00
It is not difficult to verify that A, is an operator from BC(R,R") into itself.
Moreover, by a direct calculations, for every x1, 7o € BC(R,R"), we can get

[Ay (1) = Ay(z2)|| < LMy Dl|zy — 5.
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Thus, by the classical Banach contraction principle, we conclude that A, has a
unique fixed point, which we denote by z,,, in BC(R,R*).
Now, we define an operator A on BC(R,R*") by
t

(Ay)(t) = 2y (t) = (Ayy)(t) = g(t, 2, (1)) / alt,t — 5)f(s,y(s))ds, t € R,

— 00

where z,, is the unique fixed point of A,. Next, let us show that A satisfies all the
assumptions of Corollary We divide the remaining of the proof into four steps.

Step 1. A is an operator from K° to K°. It is easy to verify that A is an operator
from K° to BC(R,R"). Fix y € K°. There exists £ > 0 such that y(t) > £ for all
t € R. Thus, we have

t

inf (A9)(0) = int g(t. (1) [ alt.t~ 5)f(s.y()ds

tER o
t

> inf g(1,0) / alt,t — 3) (s, €)ds.

—0o0
Using (H7), there exists a constant ¢ > 0 such that

t
tirelﬂgg(t,O)/ a(t,t —s)f(s,c)ds > c.

— 00
If £ > ¢, we deduce that

t

inf g(t,0) /t a(t,t —s)f(s,&)ds > tigﬂf@g(t,())/ a(t,t —s)f(s,c)ds > ¢ > 0.

teR 0o —00

If 0 < £ < ¢, we obtain
t

9(t,0) /_ a(t,t —s)f(s,&)ds = g(t,0) /_ a(t,t —s)f(s, % -c)ds

> Erge0) [ altt-9)f(s.0ds

— 00

> Sg0) [ ; alt,t — 5)f(s, c)ds.
Then
t t
infa(t,0) [ attt =565 > S int o(0.0) [ttt =) f(s.c)ds
> ¢ cc=¢>0.
C

Thus, we conclude that

inf (Ay) () > 0.

By the above proof, we know that A is an operator from K° to K°.

Step 2. A is increasing in K°. Let y1,y2 € K° and y; < yo. By the property of
partial ordering of cone K, we have A(y;) < A(y2) & A(y2) — A(y1) € K. Thus, to
prove that A is increasing in K°, we only need to prove that A(ys) — A(y1) € K.
It is easy to know that A(y2) — A(y1) € BO(R,R™).



6 C.-H. WANG, H.-S. DING, G. M. NGUEREKATA EJDE-2019/79

By Step 1, we know that A,, and A,, are both contraction mappings satisfying
HAyl(xl)_Ayz(xQ)H SLngDH-Tl _‘T2H7 =12,

for all 21,25 € BC(R,RT). Fix an arbitrary 79 € BC(R,R") and define two
sequences {7.} and {72} in BC(R,R") as follows

=Apv0, Y=Auvi_, n=2,3,..;

'le = Ay, "0, fyZ = Ay2772hl, n=23,....
Note that z,, and z,, are fixed points of A,, and A,,, respectively, we conclude
that

lim ~! =z lim 72 = x,,.
n— o0 fY’n, Y1 n— o0 ’Yn vz

For each t € R, by (3.2), (H1) and (H4), we have
t

71 (8) = (Aye70)(8) = g(t,70(1)) /_ alt,t —s)f(s,ya2(s))ds

> gt (t)) / alt,t — 3) (5,51 (s))ds

= (4y,70)(t) =M (1),

and
t

2B (t) = (A 2)(8) = g(t.3(1)) / alt,t — 3)f(s,y2(s))ds

—0o0

= (4y,71) (1) =0;% t), teR.

By induction, we can deduce that 42 > ~L n=1,2,..., and thus

> g1 (1)) / alt,t — 3)f(s,51(s))ds

Ty, = lim 95 > lim 7y, =y, (33)

Then, by (H1), (H3), (H4) and (3.3), we obtain
Aly2)(t) — A(yr)(?)

— glt.2,() | t

—o0
t

a(t,t —s)f(s,y2(s))ds — g(t, xy, (t))/_ a(t,t —s)f(s,y1(s))ds

a(t,t —s)f(s,y2(s))ds — g(t, xy, (t))/ a(t,t —s)f(s,y2(s))ds

—00

~gltan®) [

t t

a(t,t —s)f(s,y2(s))ds — g(t, xy, (t))/ a(t,t —s)f(s,y1(s))ds

—00

+oltiny, (1) [

— lo(t.2,(8) ~ (t., )] | at.t =) (s, a5))ds
Foltn, (0) [ altet = 9)[(s,02(5)) - Fs31(9))ds

>0, teR.

Therefore, we infer that A(ys) — A(y1) € K, which means that A is increasing in
K°.
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Step 3. A satisfies assumption (2) in Corollary Fix y € K° and \ € (0,1).
Taking an arbitrary 79 € BC(R,R"), we define two sequences {v,} and {v,} as
follows

’Yl:Ay’Ym ’Yn:Ay’)/nfl» n=23,...,
'Yi :A)\y’}/(% 7;1 :A/\y’Y;L—la n:273a""
As in to step2, we have

lim v, ==z lim ~ = zy,.
n— oo Tn L n— 00 Tn v

Using (3.2), (H2) and (H6), for t € R, we have
t

(1) = (Asg10)(£) = gt 70 (1)) / alt,t — 5)f (s, My (s))ds

> A (t,70(t)) / alt,t — 5)f(s,y(s))ds

= A%(Ay0) () = A (t),
ie., v} > A%y;. Moreover, we have
t

() = (At} (8) = (7 (1)) / alt,t — 5)f (s, My (s))ds

— 00

t

> A9t A(0) [ altt -9 f(s.(s)ds

— 00

> ANty (1)) / alt,t —s)f(s,y(s))ds

— 00

= XA, ) (1) = X+ Dy(),

ie., 74 > X2(+8)~,  We also have
t

A4() = (A ) () = (75 (0)) / alt,t — 5)f (s, My (s))ds

> )\a)\ozﬁ(l-l-ﬁ)g(t’f}/z(t))/ a(t,t —s)f(s,y(s))ds

—00
= X (A 32) (1)

2
= A\HA+5%) 1o (1),

ie., v4 > A*(+B+5%) 1, In general, we have

Y 2 KRBT NSy, 2 AT

which yields
Tyy = lim 7, > ATF lim Yn = ATo7 Ty
n—oo n— oo

Then, for every t € R, we have
t

AAy)(t) = g(t,arxy(t))/ a(t,t —s)f(s, Ay(s))ds

— 00

= AN gty (1) [ altit = ) F (s y(o)ds

— 00
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= AT (Ay) (1),
ie., A(\y) > ATF Ay. In addition, it is easy to verify that
ATE >\, A e (0,1),

since 5 € (0,1 — o).
Step 4. A satisfies assumption (3) of Corollary Applying (H7), there exists a
constant ¢ > 0 such that

inf g(t, O)/ a(t,t —s)f(s,c)ds > c. (3.4)

teRr o

Letting xo(t) = c for all t € R, we have xg € K°. By (3.4), we have

t

Alzo) () = g(t, 200 (1)) / alt,t — 8)f(s, zo(s))ds

—00

> g(t, 0)/_ a(t,t —s)f(s,c)ds

> inf g(t,O)/ a(t,t —s)f(s,c)ds

teR e
ZCZxO(t)7 tGR,
ie., A(xo) > zo. Moreover, let yo(t) = max{M,M;D,c} for all t € R, where
M, =sup{|g(t,z)| : t € R, x € RT}. We have
t

Alo) (1) = g(t, 2,0 (1)) [ alt,t — )£(s,yo(s))ds
< MyM; /t a(t,t — s)ds

— 00

“+oo
= Mg]\/[f/ a(t, s)ds
0

+oo
< MgM; sup/ a(t, s)ds
tek Jo

:MngDSyO(t)v teRa
i.e., A(yo) S Yo-
Now, all conditions of Corollary are satisfied and thus A has a unique fixed

point y in K°, which means that (3.1]) has a unique solution with positive infimum
in BC(R,RT). |

4. AN EXAMPLE

In this section, we present an example to illustrate our main result obtained in
the previous Section.

Example 4.1. Let
(sins 4 2)(z'/3 + 1)
zl/3 42

f(s,x) =
for all s € R and = € R,
(sint + 2)[(x +1)Y/2 + 2]
Ir[(z +1)1/2 + 3]

g(t,x) =
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forallt € R and z € RT, and

a(t,s) =

1+ 52

forallt € R and s € RT.
Now, we show that f, a and g satisfy assumptions (H1)—(H7). It is easy to see
that f € BO(R x R* RT). Moreover,

(sins 4 2)(z'/3 + 1)
z1/3 +2

< (sins 4 2)(2'/3 +2)

- xl/3 42

=sins+2<3

0< f(s,z) =

for all s € R and z € R, which means that Me < 3.
Letting 0 < 7 < 9, we have

i /3 ; 1/3
f(S 3’,‘1) — f(S Ig) _ (SIHS + 2)(1‘1/ + 1) B (Sll’ls + 2)(.1?2/ + 1)
2" +2 A
RYC I Ve
= (sins +2)[ 7 3 ]<o

(z1/3 +2)(22/® + 2)

Thus, f(s,-) is increasing in RT for all s € R. So (H1) holds.
There exists o = 1/3 € (0, 1) such that

(sins + 2)(A\Y321/3 +1) sins + 2)(AY3z1/3 4 \1/3)

_ ( 13
f(s7 Ax) - )\1/3x1/3 + 2 Z 33‘1/3 + 2 - >\ f(sﬂx)
for all x > 0,A € (0,1) and s € R. Obviously, A/3 > X\, Thus, the assumption
(H2) holds.

For each ¢t € R, we have
too g T
——ds == < .
/0 ;2= <t

Therefore, a(t,-) € L*(RT). Tt is not difficult to see that the map ¢ + af(t,-) is in
BC(R, L*(R4)). Thus, (H3) holds. Also, we have

teo ™
D= ——ds = —.
et
We have g € BC(R x RT,R™), and for 0 < z; < x5,

_ (sint+2)[(@+ D2 +2]  (sint +2)[(zs + DV + 2]
g(t, 1) — g(t, 22) = Onl(ei + V23] Onl(ms+ 1)/2 1 3]
sint + 2 (z1+1)1/2f(x2+1)1/2

<0.
o = D72 28+ DV 18]
Thus, g(t,-) is increasing in R™ for all ¢t € R and (H4) holds.
The value Ly = 1/3w satisfies LyM ;D < 1, and

(it + D@ D242 (sint+2l(wa+ D242

On(z1 + 1)/2 + 3] On[(ws +1)1/2 + 3]

|g(t,l’1) - g(t7x2)| =
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1w+ )2 42 (g + 1)1 42
T3z +1)YV2 43 (m24+1)Y2+3

1
< gl + )2~ (@2 4+ 1))

<1 |
_37T.’171 Tal.

for all t € R and z1, 22 € RT. Thus, (H5) holds.
Letting 8 =1/2 € (0,1 — «), we have

(sint + 2)[(\x + 1)1/2 + 2]
9r[(Ax +1)1/2 + 3]

S (sint + 2)[(\x + \)1/2 4 2A1/2]

- Ir((x + 1)1/2 4 3]

for all z > 0,A € (0,1) and t € R. Thus, (H6) holds.
When ¢ = 75 & 0.020833 > 0 we have

g(t, \x) =

= A2g(t, )

g(t,0) /_ a(t,t —s)f(s,c)ds

sin ¢ sin s ct/3
- (1;7—:2)/00(1+(t15)2)(( ;/23)(+2 +1))d‘9

_ (sint+2)(cl/3 + 1) /+°° sin(t—s)—|—2ds
0

127 cl/3 +2 1+ s2
i(clm +1) /+oo $d5 _ /341
T 12n\c3 42/ ), 1482 24cl/3 + 48
for all ¢ € R. Thus, we have
inf ¢(¢,0) /t a(t,t —s)f(s,c)ds > & ~ 0.023353 > ¢,
teR = 24c¢1/3 + 48

i.e., (H7) holds. Thus, Theorem yields that the quadratic integral equation

£(t) = (sint 4 2)[(z(t) + 1)/2 4+ 2]
 9n[(z(t) + 1)1/2 4 3

! sin s x(s))1/3
[ () (2 s,

— 00

for ¢ € R, has a unique solution with positive infimum in BC(R x R*).
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