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VISCOSITY SOLUTIONS TO DEGENERATE DIFFUSION
PROBLEMS

ZU-CHI CHEN, YAN-YAN ZHAO

ABSTRACT. This paper concerns the weak solutions to a Cauchy problem in
RN for a degenerate nonlinear parabolic equation. We obtain the Holder
regularity of the weak solutions to this problem.

1. INTRODUCTION

We consider the Cauchy problem

1
uy = o’ Au + agu?w, w = i\Vu\Q, (z,t) € RN x R (1)

u(z,0) = ug(z), x€RN

where a1, as, 31, B2 are constants and ug is a bounded continuous and nonnegative
function on RY, denote Q = RV x RY.

Problem degenerates at the points where u vanishes. Therefore, in general,
it has no classical solutions and we have to consider its weak solutions. The weak
solution is defined as follows.

Definition 1.1. A function u € L>®(Q) N L ([0, +00); H.

loc loc

solution of (1.1)) if w > 0 a.e. in Q and for all T > 0,

/ uot(0)dx + / ua—w — a1V - V() + aou®? |Vul?) dx dt = 0
RN RN x(0,1) Ot

(RM)) is called a weak

for all ¢ € CHH(RY x [0,T]) with the compact support in RY x [0, T).

Let uc(x,t) > 0 be the classical solution of the problem

1
Uer = auP* Aue + apu®w,,  we = §|Vu6\2, (z,t) € RN x RF (1.2)
uc(2,0) = up(x) +¢, xRN

By the maximum principle u.(z,t) is decreasing with respect to €, thus

u(z,t) = liné ue(x, t)
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is well defined in Q. The function u is a weak solution of (I.I}). Because wuq is
bounded, using the maximum principle in problem (|1.2)), u. is bounded and {ue }e—o
is uniformly bounded.

Definition 1.2. The weak solution defined above is called a viscosity solution of

(D).

As its special cases, Bertsh, Passo, Ughi and Lu had considered the equation
uy = uAu — y|Vul? in [1-6]. When ay = m, 1 = m — 1, ag = 2m(m — 1),
B2 = 1 — 1, problem (1.1]) is the porous medium equation, the well known case.

2. MAIN RESULT
Theorem 2.1. If oy > 0,0 = B1 — 1, there exists a constant s such that

2003 — 20 — sag + 25(s + 1)y + Nay 57 <0

and

V(g )| < M
for a nonnegative constant M. Then the viscosity solution u of (1.1) satisfies
IV(ult2)] < M in Q.

Proof. In the definition of the viscosity solution, we let u. > 0 be the classical

solution of (1.2). Then

u(z,t) = lin%) ue(z,t)

is the viscosity solution of (|1.1f). In the following we use the notation u.  to denote
the derivative of function u. with respect to its independent variables. At first, we
have

1 N
We,t = (§‘Vu€|2)t = Zue,wi (e )t
i=1
N
— Z Ue,z; (alu'fl Au, + OLQU§2 We z;

1=1
N
—1
= § Ue,z; (alﬁlue,miuel Aue —|—O(1’U,fl Aue@z‘
=1

—1
+ g fBotte o, u? w4 aguPrw, ;)

N
-1
= 2a1ﬂ1u§1 we A, +a1ufl g Ue,z; AU 7,
i=1
N
-1,.2
+ 2042521/'562 we + a2u§2 E Ue,x; We,x;
i=1
N
= 201 f1u” T w Aue + o uPr Aw, — aqut g uf$%
ij=1
N

-1,.2 § :
+ 26“262“’562 we + a2ueﬂ2 ué,ziwe,xi .
=1
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Let
Ze = USWe, (2.1)
then
— S S
Zet = Iu’g tWe +u e We,t
= sau TP Aue + saputtPrw? 4 200 B1ut TP T w Aue + auttP Aw,

N N
s+ 2 s+062—1, 2 s+
—aqul & g (L + 209 Foul B2 w? + aou; B2 g Ue,z; We ;-
Q=1 i=1

From and (2.2 .,

—1
Zey = Ul Az + (apu?® — 2sau’ ) E Ue,z; Ze,z;

(2.2)

+ (20202 — sg)u2 =571 4 25(s + 1)a1u51 5722 (2.3)
N
—|—2a1ﬂ1ufl L2 Aue — oqu”ﬁ1 Z u?

€, LTy "
2,j=1

Ifﬁz = 61 —1,a7 >0, then

-1
Zet = aluflAze + (ag — 2sa7)u E Ue z; Ze,m;

+ [(20282 — sa) + 2s(s + 1)a1]u€ﬂl =22
N
4'2041ﬁ1u’f1 Lz Au, —a1u9+61 Z u?

€,TiTj"
i,j=1

Since

it follows that
Zet galuflAze + (g — 2sa7)u -1 Z Ue,z; Ze,m

+ [(2a281 — 202 — sa) + 25(3 + Doy ]uf B1—s—2 22

+ 201 B Tz A — —us"’ﬁ1 Au)?
€ € €

N
(2.4)

= a1 Az + (s — 2saq )u, -1 uE z: %
€ i i

B1—s—2

s+8
—( %ue z Aue — B/ Noque 2 z)?

+ [(20281 — 202 — sa2) + 2s(s + 1)y + Nalﬁf]ufl_s_sz

By the condition
20031 — 2a9 — sas + 25(s + D)ag + Nalﬁf <0
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and (2.4]), we obtain

N
-1
Zet < aluflAzE + (g — 250[1)u5ﬁl E Ue,z; Ze,as -
i=1

Using the maximum principle, we obtain
[1zelloo < ll20loo-
Because z. = ufwe = $uf|Vu|?, thus

[ [Vue?lloo < llug|Vuol*[lo < M +e.

. 145, . :
Since V(ue  ?) is continuous,

IV (ue 2 < M +e. (2.5)

Because u(z,t) = lim_,o ue(z,t), then
V@it < M. (2.6)
O

Theorem 2.2. Suppose a1, oz, (1, B2,ug are as in Theorem 2.1, if there exists a
nonpositive constant s # —2 satisfying

20031 — 2009 — s003 4+ 25(s + 1)ay + Nay 52 < 0,
then the viscosity solution u(x,t) of problem (1.1)) is Lipschitz continuous in x and

Hélder continuous in t with exponent 1/2 in €.

Proof. Because {u,}c—o is uniformly bounded, u(z,t) = lim,_¢ u,, so there exists
a constant M; such that |u| < M;. By Theorem |V(u'*3)| < M, then

[Vl < [+ 517 M| < L4 57 MM T

Therefore, u is Lipschitz continuous with respect to z. Hence, we get directly from
[7] that u is Holder continuous in ¢ with exponent 1/2 in . O

3. EXAMPLES
Example 3.1. Consider the problem
up = ulu —y|Vul?,  (2,t) € Q
u(z,0) = up(x), = e€RY
If v > /N —1 (N # 10), and there are constants
3 VNT
5

l—y—2r /222N +2-12r— (3-)
§ = +
2T 2T

satisfying |Vug(1+%)\ < M, then the viscosity solution of (3.1]) is Lipschitz contin-
uous in z and Holder continuous in ¢ with exponent 1/2 in Q.
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Proof. Set ve = u?. From problem (3.1)), we obtain
Vet = TOAU — T'yuzfl|Vu€|2
N 1 14 =1 1 1_ 9
=TV » (208 Vew,)s, — TV |=0 Vo
" T T
i=1
N

1 1 1_9 1
= v Ave + v, Z(f — e Uixi - zvg |Voe|?
T T
1=1
1 1—~v— 1_
= vd Av, + #vg 1|Vv6|2.
T

In problem (L.1)), with oy =1, 51 = %, g = 72_23_277 B2 = 1 — 1, we have
2050 — 20 — sag + 25(s + 1)ay + Nay 52

41—~ — 41—~ - 25(1 — v — N
T T T T
l—v-21, (1-v-271)2 4(1-~y-7) 4(1-v-7) N
:2 —_ — —_ —
(s 27 ) 272 * 72 T =
_ IL—y—271, 1 2 2
=2(s 5 ) +272[ v+ (47 — 6)y +47° — 127 + 2N 4 7]
= 0.

From Theorem [2.1| we get |V (u™(1*2))| < M. Because 7(1 + §) — 1 < 0, we have
[Vl < |71+ 5) 7 M < M.
We get the Holder continuity of w with respect to ¢ from [7] directly. O

Remark 3.2. For the case N = 10, we take 7 as a positive number, say d, then
similar to the above arguments we can get the result that when v > 20 — 3 +
V2(26 —3)2 +2N — 2 and |Vug(1+%)| < M, then wu is Lipschitz continuous in z
and Holder continuous in ¢ with exponent 1/2 in Q. Since ¢ is any positive number
which can be taken small enough so our conclusion for the parameter - is that when
v > +/N — 1 the solution is Lipschitz continuous in x and Hdélder continuous in ¢
with exponent 1/2 in Q. It is a improved result of the one in [9].

Remark 3.3. Let 7 =1 in Example we could get the result as v > v2N — 1.
It is the main result in [3].

Example 3.4. The initial problem for the porous medium equation

ug = AW™), (z,t) €Q

3.2
u(x,0) = up(z), =RV (3:2)
m+2
If m > 0, % NEE2N < m < % AGE2N and |V(ug * )| < M, then the

viscosity solution u(x,t) is Lipschitz continuous in x and Hoélder continuous in t
with exponent 1/2 in .

Proof. In Theorem let oy =m, fr=m—1,as =2m(m—1), fo = 1 — 1,

s = mT_Q Then the result follows. O
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Example 3.5. Consider the initial-value problem for the singular equation
[Vul?
um
u(z,0) = ug(z) xRN
where m > 0. If [Vug| < M, then u(x,t) is Lipschitz continuous in x and Hélder
continuous in t with exponent 1/2 in €.

Proof. As the proof in Theorem In problem (1.1]), we take oy = 1, 51 = 0,
ag =2, B3 = —m. From (2.3)),

uy = Au +

(z,t) € (3.3)

N
Zer < Aze+ (2u;™ —2sut) Z Ue w, Zezs +[(—4m—28)u. ™ +25(s+1)]22u 2.
i=1

Let s = 0, then
N

Ze,t S Aze + 2ue_m Z Ue,x; Ze,x; -
i=1
Thus [|ze[oo < [[20]lo0 and so |[Vu| < M. As in the proof in Theorem 2.2 u is

Lipschitz continuous in # and Holder continuous in ¢ with exponent 1/2 in Q. O
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