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FRACTIONAL SCHRODINGER EQUATIONS WITH NEW
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ABSTRACT. In this article, we study the nonlinear fractional Schrodinger equa-
tion
(-A)u+V(z)u = f(z,u)
u € HYR™,R),

where (—A)*(a € (0,1)) stands for the fractional Laplacian of order a, z € R™,
V € C(R",R) may change sign and f is only locally defined near the origin
with respect to u. Under some new assumptions on V' and f, we show that the
above system has infinitely many solutions near the origin. Some examples
are also given to illustrate our main theoretical result.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

This article concerns the existence of infinitely many solutions for the fractional
Schrodinger equation
(=A)%u+V(z)u = f(z,u),
u € H*(R"™,R),

where n > 2, a € (0,1), z € R", V € C(R", R) satisfying some new conditions, and
f is only locally defined near the origin with respect to u.
Problem (L.1)) is related to the existence of standing wave solutions for fractional
Schrodinger equations of the form
O o
i = (A + (V@) + ) — () (12)
where i is the imaginary unit, a € (0,1), w is a constant, (—A)® is the fractional
Laplacian operator of order a and v : R? x [0,+00) — C. We are interested in
looking for a standing wave, namely, waves of the form

(@, t) = e u(x),

where u is a real-valued function, and f is assumed to satisfy f(z,e™“'u) =

e~ f(z,u). Clearly, 1 (x,t) solves (1.2) if and only if u(z) solves (L.1)).

(1.1)
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2 A. BENHASSINE EJDE-2018/05

The fractional Schrodinger equation is a fundamental equation of fractional quan-
tum mechanics. It was discovered by Nick Laskin [27, 28] as a result of extending the
Feynman path integral, from the Brownian-like to Lévy-like quantumn mechanical
paths. Equations involving the fractional Laplacian have attracted much atten-
tion in recent years, appear in several areas such as optimization, finance, phase
transitions, stratified material, crystal dislocation, flame propagation, conservation
laws, ultra-relativistic limits of quantum, material science, and water waves, see
e.g. |4, 7, [14, 17] for an introduction to these topics and their applications.

When a =1, becomes the classical Schrédinger equation

—Au+V(x)u= f(z,u)
ue H'(R",R).
There has been a a lot of studies on existence and multiplicity of solutions of
problem under various hypotheses on the potential V' (z) and the nonlinearity
f(z,u), see [3, 211, B0, BI] and the references therein. The body of literature for
is huge and we do not even try to collect here a detailed bibliography.

Nonlinear equation involves the fractional Laplacian (—A)%, 0 < a < 1,
which is a nonlocal operator. A common approach to deal with this problem was
proposed by Caffarelli and Silvestre in [9], see also [4I], allowing to transform
problem into a local problem via the Dirichlet-Neumann map. That is, for
u € H*(R™) one considers the problem

—div(y'?*Vo) =0 in R}

v(z,0) =u, onR"

(1.3)

from where the fractional Laplacian is obtained as

_ e _ . 1—2«
(—A)u(z) = —by yli,%l+y Uy

where b,, is a suitable constant. With the aid of the extended techniques [9], some
existence and nonexistence results for Dirichlet problem involving the fractional
Laplacian on bounded domain are obtained, see e.g. [10, 44] and the references
therein. Using the equivalence definition of fractional operator (—A)® (see Sec-
tion 2), Servadei and Valdinoci [34), B5] also introduced a variational principle and
studied the existence and multiplicity of solutions for non-local equations of elliptic
type.

There have been many results appeared in the literature for problem . For
example, Cheng [12] studied problem when f(x,u) = |ulP~lu with 1 < p <
470‘ + 1, and found the ground states under a stronger assumption on the potential
V, ie., limy o V(z) = co. Dipierro et al. [I§] studied problem when the
potential V(z) = 1 and f(z,u) = |uP"'u, with 1 < p < —22_: in this case, they
established the existence of positive and spherically symmetric solution. Felmer et
al. [2I] studied a similar class of equations, in which V' (z) = 1, and the nonlinearity
satisfies suitable assumptions, using variational methods, classical positive solutions
are found. Secchi [36] proved some existence results for fractional Schrédinger
equations, under the assumption that the nonlinearity is either of perturbative
type or satisfies the Ambrosetti-Rabinowitz condition. Recently, Teng [44] obtained
infinitely many small energy solutions of by variant of the fountain theorem
in [51]. More precisely, they use the following assumptions:

(A1) V € C(R™,R) and infgn V > 0.
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(A2) For any M > 0 there exists dg > 0 such that
lim meas({z € R" : |[x —y| < dp,V(z) < M}) =0,

ly|—o0

where meas denotes the Lebesgue measure in R™.
(A3) f € C(R xR™R), f(z,u)u > 0 for all (z,u) € R" x R, and there exists a
constant v € (1,2) such that

If(z,u)] < alz)(1+ |u)"")V(z,u) e R" xR

with a positive function a(z) € L%(R”).
A4) There exists o € [1,v) such that liminf),|_ F(x’au) > d > 0 uniformly for
|l [u] y

x € R", where where F(z,u) = [} f(z,s)ds.
(A5) f(x, fu) —f(x,u) for all (x,u) e R™ x R.
Very recently, Torres [46] studied problem (1.1)) and proved the existence of at least
one solutions of equation ([1.1)) under the assumptions:

(A6) V(z) = Mv(z) where X > 0 is a parameter and v € C(R™),v(x) > 0 on R™;
(A7) there exists a constant b > 0 such that the set {v < b} :={z € R”/v( ) <

1

b} is nonempty and has finite Lebesgue measure and |[{v < b}| E < oo

where ¢y« is the Sobolev constant (see Lemma [2 ;
(A8) f € C(R™ x R,R) and there exists p € (2,2*) such that

0 < pF(z,u) < f(z,u)u Yu e R\{0}.
Remark 1.1. There are functions V and F not satisfying the corresponding as-
sumptions of the above papers. For example:
((P* +1)%(Jz| =p) + o), ifp <l|a] <p+ H,
Viz)=< p*+1)+ co, 1fp—&—p_‘_1<|J:\<p—|—p_i_17
P> +1)*(p+1—|z]) + o, ifp+Fg <|z]<p+1,
cos |z||ul®*sin 2=, if 0 < |u| <1,
F(z,u) = ful® ]
0, ifu=0,
where p € Ny¢g € R,e € (0,1) and s € (1 +¢,2). Obviously, F is locally defined

near the origin.

Inspired by the above results, we investigate the situation where the potential V'
and F satisfies new assumptions different from those studied previously and covered
some examples as in remark [[.I] Precisely, we suppose that

(A9) There exists a constant ag > 0 such that V(x)+ao > 1, and [,

00.
(A10) F € CY*(R"™ x (—p, p)) is even, and there exists a constant a; > 0 such that

[f(z,u0)] <ay, VY(z,u) € R" x (—p,p),

1
V(xz)+ao dr <

where p > 0.
(A11) There exist 29 € R™, two sequences of positives numbers ¢, — 0, M,, — oo
as n — oo and constants as, e, > 0 such that

F(z,u) > e:M,, for|r—xo| <dand |ul=¢,

F(x,u) > —agu?, for |z — x| < 6 and |u| < e.
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Now we give our main results.

Theorem 1.2. Assume that (A9)—(All) are satisfied. Then, equation (1.1)) pos-
sesses a sequence of solutions (uy) such that

fe () — ()2 2 )
/n /n |(E — Z|Tl+2a dzdx + V( )uk)dx - . F($7Uk)dx — 0

as k — oo.

Corollary 1.3. Assume that (A9), (A10) are satisfied and
(A11’) there exist xo € R and a constant 6 > 0, such that
liminf inf F(x,Qu) ,
lul=0 [e—zo|<s  |u
F(z,u)

limsup inf =
|u|—0 |w—z0]|<6 |U|2

Then, equation (1.1) possesses a sequence of solutions (uy) such that

Jur (@) —ur(2)? > _
// |x—z|”+20‘ dzdx +V(zx )uk>daj—/ F(z,ug)dx — 0

n

as k — oo.

The remainder part of this article is organized as follows. Some preliminary
results are presented in Section 2. In Section 3, we give the proofs of our main
results.

2. VARIATIONAL SETTING AND PRELIMINARIES

In this section, we recall some preliminary results which will be useful in this
article. First, we will give some facts of the fractional order Sobolev spaces. For
any 0 < a < 1, the fractional Sobolev space H*(R") is defined by

HR") = {u e I2(R") |T(j |Z‘+(i)| € L*(R" xR")},

endowed with the natural norm

u(z)[”
||uHi:/ )| dm—&—/n /n |1:—z|”+20‘ dzdx.

For the reader’s convenience, we review the main embedding result for this class of
fractional Sobolev spaces.

Lemma 2.1 ([I7]). Let 0 < o < 1 such that 2 < n. Then there exists a constant
2, such that
ull 25 (R™) < cox [lulla (2.1)

for every u € H*(R™), where 2}, = nzga is the fractional critical exponent. More-

over, the embedding H*(R™) C LP(R™) is continuous for any p € [2,2%] and is
locally compact whenever p € [2,2%).

Remark 2.2. Counsider the fractional Schrédinger equation

(—=A)u+ V(z)u = f(z,u)
u € H*(R™,R),
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where V() = V(z) +ag and F(z,u) = F(z,u) + “u®. Then is equivalent to
and it easy to check that the hypotheses (A9) and (A10), (All) still hold for
V and F provided that those hold for V and F'. Hence, in what follows we always
assume without loss of generality that V' (x) > 1 for all z € R” and fR" dac < 00.

In view of Remark we consider the space

Hy(R") = {u e HYR") /n/ |x_z|n+2a dz dx

+ /n V(2)|u(z)|*dx < —i—oo};

equipped with the norm

2
= [ [ B d ek [ VP

and the inner product

(u,v)y = / / |x — i%igﬁl_ v(z)] dzdx + / V(z)u(z)v(z)de.

Then H{(R™) is a Hilbert space with this inner product.
Lemma 2.3. [46] If V satisfies (A9), then HE is continuously embedded in H*(R).
Lemma 2.4. If V satisfies (A9), then H is continuously embedded in L.

Proof. By (A9) and Hélder’s inequality, for all uw € H{ we have

[ tulat= [ 10 @) @) s
< [ V@) V@) ulds
< (/RR(V(:E))_ldt)l/z(/n V(x)u2dx)1/2
< ([ wey ) k.

(2.3)

Lemma 2.5. If V satisfies (A9) then HS is compactly embedded in L*.
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Proof. Let (u,) C H{ be a bounded sequence such that w,, — w in H. We will
show that u, — u in L'. By Holder inequality, we have

/ |y, — uldx
= / |y, — uldz + / |y, — uldx
lz|<R lz|>R

< 2r( /MSR =)+ [ @)V @) 2 —

|z|>R

IN
Do

R(/x|<R fun = u|2d$) v + / V(@) "2 |(V(2)Y?(ty, — u)|dz (2.4)

< |ul>R
1/2
2R(/ |wn, — u|2dm)
lz|<R

+( /x>R(V(m))_1dx)l/2 ( /| V(oo u205)

z|>R

< 2R</$|§R iy — u|2dat)1/2 + (/

z|>R

IN

V) ) s~ ully.

where R > 0. Since the embedding is compact on bounded domain then, by (A9)
and (2.4), we have u,, — u in L. O

3. PROOFS OF MAIN RESUTLS

The aim of this section is to establish the proofs of Theorem [I.2] and Corollary
For this purpose, we need to modify F(z,u) for u outside a neighborhood of
the origin to get a globally defined F(z,u) as follows: Choose a constant to € (0, 2)
and define a cut-off function x € C*(R*,RT) satisfying

(t) = 1 if0<t<ty
o ift> 2t (3.1)

2
- <xX'(t) <0 fortg <t < 2t.
0

Let F(z,u) = x(Ju|)F(z,u), for all(z,u) € R" x R. By (3.1) and (A10) we have,
for all (z,u) € R™ x R,

|F(z,u)| < calul,  |f(z,u)] < ea. (3.2)
Now we consider the modified fractional Schrédinger equation
(—A)%u+V(z)u = f(z,u),
u € H*(R",R),
Define the functional I : HY — R associated with by

// fule |2dzdm—|— V(x)|u(x)|2dx)
n Jrn x—z\"‘*‘%‘ Rr

- /n F(z,u(z))dz (3.4)
= sllal = [ P u(w)d

(3.3)
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Then, by (A9), (A10) and (3.2)), we see that I is a continuously Fréchet-differentiable
functional defined on Hg; i.e., I € C1(HE,R). Moreover, we have

N [u(2) — u@@)]lvo(@) —0vG)] z)u(z)o(x)d
I(“)”_/n/n . dzdr + | V(x)u(z)v(z)d

_ n+2a
d R (3.5)

— [ [z ulx))o(z)de,

R
for all uw,v € H{}. According to [46], we know that in order to find solutions of

(3.3), it suffices to obtain the critical points of I. For this purpose we recall the
following definitions and results (see [26, [30]).

Definition 3.1. Let E be a real Banach space and ¢ € C*(E,R).

e ¢ is said to satisfy the (PS) condition if any sequence (xy) C E for which
(¢(xr)) is bounded and ¢’ (zx) — 0 as k — 400, possesses a convergent subsequence
in .

e Set ¥ = {A C E\{0} : A is closed and symmetric with respect to the origin}.
For A € ¥, we say genus of A is n (denoted by k(A) = n), if there is an odd map
v € C(A,R™\{0}), and n is the smallest integer with this property.

Lemma 3.2 (|26, Theorem 1]). Let ¢ be an even C* functional on E with $(0) = 0.
Suppose that ¢ satisfies the (PS) condition and

(1) ¢ is bounded from below.
(2) For each k € N, there exists an Ay € ¥y, such that sup,¢ 4, () < 0, where
Yr={Ae¥ k(A >k}
Then either (i) or (ii) below holds.

(i) There exists a sequence (xy) of critical point such that ¢(xy) < 0 and
limk_,oo T = 0.

(ii) There exists two sequences of critical points (xy) and (yx) such that ¢(xy) =
0,z # 0, limg_ooxr = 0, d(yr) < 0,limg_ &(yr) = 0, and (yx) con-
verges to a non-zero limit.

Lemma 3.3. If (A9), (A10) are satisfied, then I is bounded from below and satisfies
the (PS) condition.

Proof. By (A10), (2.3), (3.2) and the Hélder inequality, we have, for all v € H{,

1
1) 2 gl ~es [ fulds
R n

>l = o [ v@)tas) "l

Then it follows that I is bounded from below. Moreover, if we take (u,) C H be
a (PS)-sequence, then by (3.2) and (3.4), we have

1 B 1/2
2 llunlly — s [ (i) tde) v
R'n,

(3.6)

This implies that (u,) is bounded in H{}. Thus there exists a subsequence (uy,)
such that u,, — ug as k — oo for some ug € H{}. By Lemma[2.5] it holds that

Up, — ug in L' as k — oo.
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This together with (3.2]) yields

‘ (f(m7unk) - f(xvuO))(unk - UO)dJ}’ S CG/ |'U/nk — U0|dl‘ — 0 (37)
R™ Rn

as k — oo.
Noting that (u,) is a bounded (PS)-sequence, we have

(I' (un,,) — I'(ug)) (un, —ug) — 0 as k — oo. (3.8)
Combining (3.5)), (3.7) and (3.8)), we obtain

i, = w0l = (1'(tn) = I' (o)), — )
[ (F) = T w0):(n, — )z =0,
(I

Proof of Theorem[I.3. For simplicity, we assume that zo = 0 in (A11). For r > 0,
let
D(r) == {(z1,22,23,...,20) : 0<m; <r,i=1,2,3,...,n}.

Fix r > 0 small enough such that D(r) C B(0,0), where § is the constant given in
(A11). For arbitrary k € N, we construct an Ay € ), satisfying sup,¢ 4, I(u) <O0.
Indeed, we follow the idea of dealing with elliptic problems in Kajikiya [26]. Let
m € N be the smallest integer such that m™ > k. We divide D(r) equally into m”
small cubes by planes parallel to each face of D(r) and denote them by D; with
1 <4< m" We consider a cube E; C D; (i = 1,2,...,k) such that E; has the
same center as that of D;, the faces of E; and D; are parallel and the edge of E;
has length . Define £ € C§°(R, [0, 1]) such that £(t) = 1 for t € [%,32], £(t) =0
for t € (—o0,0] U [a, +00). Define

C(x) = &(z1)E(x2)E(x3) . . . E(2p), (1, T2, X3, . . ., Tp) € R™.

Then supp ¢ C [0,a]™. Now for each 1 < i < k, we can choose a suitable y; € R"
and define

Ci(x) =C(x—y;), forall zeR"

such that

supp ¢; C Di, supp G Nsupp ¢ =0 (i # j), (3.9)
and

¢Git)=1, VxeE;, 0<i(x) <1, Vx eR"
Set

= k. | =
@kf{(ll,lg,...,lk)ER ’121%)(k|lz| 1},

k (3.10)
Si={ Yo UG (blas - 1) € 1.
i=1

Then O}, is homeomorphic to the unit sphere in R¥ by an odd mapping. Thus
k(Ok) = k. If we define the following odd and homeomorphic mapping: 1 : O —
Sk by

k
'(/)(ll,ZQ,...,l]g):ZliCi, v(llal27"'alk)€@k)a
i=1
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Then k(Sk) = k(O)) = k. Moreover, it is evident that Sj is compact and hence
there is a constant A, > 0 such that

||’ILHV <Ak, Yuce Sk. (31].)

For any s € (0,¢), u = Zle 1;¢; € Si and by (3.2) and (3.4), we have
< k
§||:c||%, — / F(x, s Zli(i)dx
R i=1
22 b
< 2k fZ/D F(x,sl;¢;)dz.
i=1 " Di

By (3.10), there exists an integer ig € [1, k] such that |/;,| = 1. Then it follows that

i/D F(:U,slig)dx—/Eio
+ Z/Di F(z,sl;¢;)dz.

iio

I(su)

IN

(3.12)

F(z,sl;, G, )dx +/ F(z,sl;, G, )dx
Dio\Fio (3.13)

Noting that |l;,| =1, ¢, = 1 on Ey,, and F(x,u) is even in u, we get

[E F(z, sliyCiy )da = / F(z, s)dz. (3.14)

i E;,
By (A10),
/ F(z, sliyCip)dx + Z/ F(x,8l;¢)dr > —cps®. (3.15)
Dig\Eig i#ig D;
Here ¢;, > 0 depends only on k. Combining (3.11)-(3.15]), one has

s2A2 9
I(su) < 5 + cps® — F(z,s)dx.
E

i0

Substituting s = £, and using (A1l), we obtain
242

I(epu) < ei(s 2/\k + o — (%)QM,,)

Since &, — 07 and M,, — oo, we choose ng large enough such that the right side
of the last inequality is negative. Define

A = {en,u;u € S}

Then, we have
k(Ag) =k(Sy) =k and sup I(z) <O.
TxEAL

Consequently, by Lemma [3:3] there exist a sequence of nontrivial critical points
(ug) of I such that I(ug) <0 for all k € N and up — 0 in H{} as kK — oco. Hence,
(ux) is a sequence of solutions of (3.3)). Therefore, for k large enough, they are

solutions of (|L.1J). O
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Proof of Corollary[1.3 By (A11’), there exist a constant zo € R", two sequences
of positives numbers ¢, — 0, M,, — oo as n — oo and constants as,e,d > 0 such
that

F(x,u) > e>M,, for |t — x| <6 and |u| = ¢,,
F(x,u) > —agu?, for |z — x| < ¢ and |u| < ¢,

which implies the condition (A11). An easy application of Theorem [L.2| shows that
Corollary [T-3] holds. This completes the proof. O
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