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ASYMPTOTIC BEHAVIOR OF COOPERATIVE SYSTEMS
INVOLVING p-LAPLACIAN OPERATORS

PABLO ALVAREZ-CAUDEVILLA

ABSTRACT. This work is devoted to the analysis of the asymptotic behavior
of a parameter dependent quasilinear cooperative eigenvalue system when a
parameter in front of some non-negative potentials approaches infinity. In
particular we consider operators of p-Laplacian type. We prove that the eigen-
functions concentrate on the subdomains where those potentials vanish at the
limit, while the eigenvalue approaches an upper bound that will depend on
those subdomains. We also show several properties for the unusual limiting
problems.

1. INTRODUCTION
1.1. Models and preliminaries. In this article we study the asymptotic behavior
of the elliptic cooperative eigenvalue problem with potential terms
(—A, + AaluP~2)u — bu|*tulv|Po = T|uP~?u,

1.1
(=A, + M|v]9 2w — clul*ulv|’ Lo = 7]v]7 20, 1)

for (u,v) € WyP(Q) x Wy*(€) and when the parameter A € R approaches infinity.
Moreover,  is a smooth bounded domain of RN, N > 1, with smooth boundary
09, for example of class C? or Lipschitz. Also, we consider o, 5 > 0 and p,q > 1
satisfying the relation

atl B+1_

D q
Moreover, the operator —A,, stands for the so called p-Laplacian operator so that

~Apu = —div(|Vu[P"2Vu),

and similarly for —A, as a g-Laplacian operator. To simplify the notation we might
write the eigenvalue problem (|1.1)) in matrix form

N N T P O
S, 12) (v) T (—c|uauv5_1v (—Ay+Va)v ) T lv]9=2v )~ (1.3)
In particular, for V3 = Aa|u[P=2 and Va = Ad|v|?~? we denote S(Vi, Va) as

Sy = S(\alulP72 Ad[v|7?) and S = S(0,0). (1.4)

The exponent of the p-Laplacian (respectively the g-Laplacian) and the rest of
the terms in each equation must be consistent so that relation (1.2]) is satisfied.

1. (1.2)
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Otherwise the system does not have the proper structure of an eigenvalue problem
(further details in [I7]).
Furthermore, we denote by

Tl[S(Vl,VQ),Q] (15)

the principal eigenvalue of the operator under homogeneous Dirichlet bound-
ary conditions and (¢1,1;)7 the principal eigenfunction associated with the prin-
cipal eigenvalue denoted by . We will show that such a principal eigenvalue
corresponds to the one with an associated positive eigenfunction (¢1,1)7, in the
sense that ¢1 > 0, ¢1 > 0 and 1 # 0, Y1 # 0. Indeed, the positive eigenfunction
will belong to the positive cone K with positive functions in the interior of the
domain 2 and strictly negative outward normal derivatives on the boundary, i.e.

dp(x)

on
where n stands for the unitary outward normal vector to the boundary 092. In
particular, for the eigenvalue problem we have that

m1(A) = 71 [S(AaluP72, Ad|v]172), O,

K= {‘P e WhP(Q) : p(z) > 0 for x € Q, < 0 for x on 89},

as the principal eigenvalue under homogeneous Dirichlet boundary conditions, as-
sociated with the principal eigenfunction (py,4x)7.

Thus, we are interested in understanding the limit limy_, o, 71(\), under certain
assumptions established for the problem . In particular, we will assume that
a,d are potentials as defined in [I], i.e. as Borel functions

a,d:Q — R such that a,d € Q(Q),

with Q(Q) representing the sets of potentials so that the following two properties
hold:

(1) sup, g a(z) < +o0, sup, g d(z) < +0o0;
(2) Wy P(Q)) = {u € WyP(Q); u=0ae. onQ%}, with g = a,d,
Moreover, those potentials ¢ and d are going to be non-negative so that, a > 0,

d > 0 and we denote the open sets/subdomains of 2 where the potentials a and d
vanish, as

Q={recQ:a(x)=0}, Q:={recQ:d(x)=0}. (1.6)
Also, we denote

Q=00 =N Q¢ = {z € Q:a(z) =d(z) =0},
so that the following subdomains come into play

QL ={reQ:a(x) >0} =0\08, Q¢ :={zecQ:dx)>0}=0\0f,
and, there exists a subdomain of §2
Qp ={x € Q:a(x)+d(z) >0},
which is also an open set, with Q, C Q. Then, we consider a compact set
Ko=(a+d)*0)=0Q\9Q,.

Note that, the compact set K consists of two compact subsets in RY so that

Q8 =Tnt(K§) # 0, Qf =Int(KJ) # 0, (1.7)
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and the subdomains Q2 and Q¢ may not be connected, but with a finite number of
components. However, we suppose that they are Lipschitz domains on the bound-
ary. Maybe these regularity assumptions on the boundary might be relaxed with
extra care on the analysis but for our purposes Lipschitz boundary conditions are
sufficient.

We also suppose that b,c € C(Q) and is strongly cooperative in the sense
that

b(z) > 0 and c(z) >0, forall z € Q.

1.2. Motivation. Most of previous results rely on the variational structure of the
problem, for example [16] 20].

Furthermore, focusing on cooperative systems, there are previous works analyz-
ing similar quasilinear systems to (see for example [I7] and references therein)
where the proofs were based on variational techniques and assuming the partic-
ular case when the cooperative terms are equal, i.e. b = ¢ in multiplied by
the proper coefficients depending on the exponents of the coupling terms. Indeed,
assuming that those off-diagonal couple terms are the same having the proper vari-
ational structure, there are several additional works. We would like to stress the
work done by Bozhkov & Mitidieri [7] for a variational system of the form

—Apu = (a+ 1)e(z)|u]* tulv|v + Xa(z)[ulP~?u, in Q,
—Av = (B + Ve(x)|u|*ulv|’~ v 4+ pb(x) v %0, in Q, (1.8)
(u,v) = (0,0), on 09,

where some results of existence and multiplicity of solutions were obtained via the
fibering method. This methodology was introduced by Pohozaev in the 1970s [21]
22], as a convenient generalization of previous versions by Clark [9] and Rabinowitz
[23] of variational approaches, and further developed by Drébek and Pohozaev [14]
and others in the 1980’s to ascertain the existence and multiplicity of solutions
for equations with a variational form (in particular and relevant for our work,
the p-Laplacian) associated with such equation, i.e. potential operator equations,
alternatively with other methods such as bifurcation theory, critical point theory
and so on.

However, for non-variational systems such as there are only a few results
involving pg-Laplacian operators. In this case we would like to emphasize the
work done by Clément, Fleckinger, Mitidieri and Thélin [I0] where they proved the
existence of radial positive solutions for a quasilinear elliptic system

—Apu = [u|®v|?, inQ,
—Agv = |u"|v]°, inQ,

(u,v) = (0,0), on 09,

where the exponents «, 3, §, v are non-negative and imposing the condition g~ > 0,
which maintains the system coupled.

As one of the main motivations to study these kinds of problems, system is
an extension of a similar system assuming the Laplacian operators, which represents
the steady states of a parabolic cooperative problem of the form

Ju

i Au = du+ b(x)v — a(x) f(z,u)u, in Q x (0,00),
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% — Av =c(z)u+ I —d(x)g(z,v)v, in Q x (0,00),

(u,v)" = (0,0)"  on 9Q x (0,00),
(u(-,0),v(-,0NT = (ug,v0)” > (0,007 in Q,

where v € CH(Q), for all v € {a,b,c,d} and some u € (0,1], such that a,d > 0
and b,c > 0 in 2, X\ is a real parameter and the nonlinear functions f,g €
CHIFT1(Q x [0, 00)) satisfy that for any h € {f, g}, h(x,0) = 0 and 9, h(z,u) > 0 for
all z € Q and u > 0. This model arises in population dynamics for the analysis of
cooperative species where the environments are heterogeneous (see [4] for further
details). In those parabolic models the principal eigenvalue of the linearised asso-
ciated elliptic problem seems to be crucial in ascertaining the long time behaviour
of the population, i.e. the linear eigenvalue problem

—Au+ Aau — bv = Tu,

—Av+ Adv — cu = T, (1.9)

for (u,v)T € HL(Q) x HE(2), Indeed, there are several works analyzing that as-
ymptotic behavior, when A goes to infinity, assuming spatial heterogeneities for the
potentials in front of the parameter A, for one single equation such as [3], and for
cooperative systems as well such as [2}[12], or for very general spatial heterogeneities
conditions [I].

Thus, the problem under consideration here might represent the steady state
solutions of the parabolic problem

% + (A, + AalulP~2)u — blu|*tulvPo = T|uP2u,  in Q x (0, 00),
v -2 o, |, (B—1 -2 :
ET (—Ag 4+ Md[v|T™*)v — clu|ulv|" v = 7|v]T" %,  in Q x (0, 00), (1.10)

(u,v)” = (0,0)"  on 9N x (0,00),
(u(-,0),v(-,0NT = (ug,v0)* > (0,007 in Q,

where, again, the principal eigenvalue of the elliptic problem will play an
important role in the dynamical behavior of the model. In relation to the con-
vergence of similar problems, however assuming fractional operators, in [19] the
authors obtained some multiplicity results and the convergence of those solutions
when a parameter is passed to the limit to a limiting problem with infinitely many
solutions.

1.3. Main results. Here, as mentioned above, we assume a non-variational cooper-
ative system assuming that the off-diagonal terms b and c of the pg-Laplacian
system are different, so considering a non-self-adjoint operator of the form
with
b(z) # c(x), forallx € Q,

and, then, obtaining the convergence of the principal eigenvalue under the very
general heterogenous assumptions (1) and (2) for the non-negative potentials a and
d set up above, and under a less restrictive system as the one assumed in [I7]. In
[17] the authors obtained such a convergence for a system with the same coop-
erative coefficients, applying variational arguments and under several constraints.
Consequently, the analysis shown here is completely different from the previous
works.
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Although, our methods will depend on certain convergences, other important
elements are based on operator theory that will provide us with several important
properties of the principal eigenvalue of our problem.

Indeed, these properties will play a crucial role in obtaining the asymptotic
behavior of problem , as well as having their own interest since they have
never been proved before. Especially due to the non-variational nature of problem
. Indeed, despite the fact that our problem lacks such a variational structure we
are able to prove the following crucial issue: the principal eigenvalue is the smallest,
simple, positive eigenvalue and, also, isolated. To do so we use different approaches
for linear problems that we adapt for the nonlinear system as well as some
arguments shown in [I5]. Note that those properties for the eigenvalue problem
might be established as well for the unusual limiting problem obtained here;
see details below.

Consequently, under the assumptions established above we state the main result
of this paper.

Theorem 1.1. Let Q C RY be an open set and assume that a and d are two
potentials for which conditions (1) and (2) are fulfilled. Then

i = 1.11
A_l)ffooﬁ()\) 1, (1.11)

where T1(\) is the principal eigenvalue of the pg-Laplacian system (1.1)), and the
limiting principal eigenvalue 71 is the one corresponding to the limiting pq-Laplacian

system
—Apu = blul*ulPofPv = 7 [uPu, (1.12)
— Ay — c|Pul*Pulv|P~1v = 1 |v]7 0, '

for (u,v)T € WP (Q8) x Wy (Q4) and where P stands for the projection on the
subdomain where both potentials vanish at the same time, i.e.

Pw = Xqanasw, with w = u,v.

In fact, if the intersection of the subdomains where the potentials a and d vanish
were empty

Nt =10,

P is defined to be zero and the limiting principal eigenvalue T, will be the infimum
among the principal eigenvalues corresponding to the uncoupled system

—Apu =T |ulP?u in QF,
Y , ’ (1.13)
—Agv=mv[T v in Qf,
under homogeneous Dirichlet boundary conditions and such that
7 = inf{ri[—A,, ], 11 [-Aq, ]}

In addition, any sequence of normalized eigenfunctions {(px,¥x)T} associated with
71(\) admits a subsequence that converges strongly in Wy P (Q) x Wy (Q) to the
normalized eigenfunction (p., )T in LP(Q) x L9(Q) associated with 11, in the

sense that
Lo+ [ 1wdr=1
Q Q
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Remark 1.2. The principal eigenvalue 71(¢) is simple, isolated and positive (see
details below) so the whole sequence {(¢x,%x)7} converges strongly in W, () x
Wy%(2) to the corresponding normalized eigenfunction (p.,1.)7 € WyP(Q8) x
Wy ?(22) (e.g. [2]). We will prove this fact as part of Theorem

Moreover, we cannot forget that for this quasilinear system (1.1)) we have the
possibility of existence of semi-trivial solutions.

We define the spaces VVO1 P(E) for a measurable set E C RY in terms of the
capacity. In other words,

WyP(E) == {u € W'P(RY) so that u = 0 q.e. on R¥\E}, (1.14)

where q.e. means “quasi everywhere” (with respect to a set of capacity zero), £ C
RY is any measurable subset (not necessarily open). Observe, that particularly for
any open set 2 C R¥ there is a nice characterization of WO1 P(Q) using capacity
(see for instance [8, Theorem 4.1.2] or [24]), namely we have

ue WyP(Q) < (ue WHP(RY) and uw = 0 q.e. on RV\Q).

Note that W, P(E) is a closed subspace of W1P(RN) and inherits its structure.
Consequently, the imbedding VVO1 P(E) into LP(FE) remains compact. Notice also
that according to our definition T/VO1 P(E) is never empty, because it always contains
the function identically equal to 0. That could be also deduced from the condition
(7). 1t is also clear from the definition that VVO1 P(E) = {0} when the capacity of
FE is zero.

However, when the potentials are continuous functions we must recall that the
definition for the space W, *(§2) denoted above by (T.14) is equivalent to

Wol’p(Q) ={ue Wl’p(RN) so that u =0 a.e. on RN\Q},

since the set ) will be open and the zero set has capacity zero. This implies that
part of the zero set of the potentials a and d with measure zero could be inside Q¢
and Q% respectively. Thus, under hypothesis (1.6) we know that

WOLP(Ka) = Wl’p(RN) N{u=0qe. in RN \ K.}
=WHPRY) N {u=0ae in RY\ K,}.

Indeed, the only kind of regularity assumption that is contained in condition (2)
which can be understood as a stability-type property for WO1 P (resp. VVO1 ).

2. p-LAPLACIAN EIGENVALUE PROBLEM

We assume that the Banach space Wol’p(Q) with 1 < p < oo, for a bounded
domain Q in RV, is equipped with the norm

1/p
lullgriy = [ 19ur) ™.

Thanks to Poincaré’s inequality this norm is equivalent to the standard one for the
Sobolev spaces W, *(£2) in bounded domains. The pair (u, v)T € Wy P (Q)xWy4(Q)
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is called a weak solution of the problem (1.1)) if the following integral identities hold
/ |Vu|P~2VuV, + )\/ alulP"2uvy — / blu|*|v|P 1y
Q Q Q
= 7-()\)/ |ulP~2u vy,
Q
/ |Vo|T2V oV, —1-)\/ dlv|T 20 vy — / clul*T )Py
Q Q Q

:T()\)/ |v|q_2vug7
Q

for any (v1,12)7 € WyP(Q) x Wy?(€). In addition, a real number 7 is called
an eigenvalue under homogeneous Dirichlet boundary conditions and (u,v)7 is its
associated eigenfunction of the system

—Apu — blu*tulv|’v = T|uP2u, in Q,
—Agv — clu|®ulv|? v = 7p[1 %0, in Q, (2.2)
(u,v) = (0,0), on 09,
if
/Q |Vu|P~2VuVy, + /Q |Vo|972 VoV,

:T(/ ful"urs + / o7 on) + / blual o] vy + / clul™ ol vs,
Q Q Q Q

for every (v1,2)T € Wy (Q) x W 4(Q).

(2.3)

2.1. Operator properties. We first obtain the semicontinuity and monotonicity
of the operators for the single equation (2.8)). Indeed, assuming the problem
(=A, + Xa|ulP?)u=f, inQ,

2.4
u=0, on 9Q, (24)

for p > 1 and f in the dual space of Y = Wol’p(Q), denoted by Y/ = W—1# ()
with 1 = % + p—l, we obtain the following result.
Lemma 2.1. Let f € W1+ (Q) be for problem (2.4). Then, the operator

B() = =Ap(-) + Aal - [P72(), (2.5)

is continuous and monotone.

Proof. Take a bounded sequence {u,} in Wy (Q). Then, because of the compact-
ness we can find a subsequence, again labeled {u,}, which converges weakly in
WyP(€) and strongly in LP(Q) to a certain u. Moreover,

(B(un) = B(u), h)[ly

1B(un) = B(w)may = sup |
Inlly <1

= sup || /Q[|Vun\p_2Vun — |Vu|P~2Vu] - Vh

lAlly <1

+ )\/ a[|un|p72un — |u\p72u}h||y,
Q
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with M(Y) denoting the space of bounded operators from Y to Y. Applying
Hoélder’s inequality yields

[1B(un) — B(u)l| am(v)

< (/Q VPV, — |Vup_2vu‘p/>l/p,</ th|p>1/p

+A(/Q]a[|un|”‘ = [ufP~u /p /| " /,, (2.6)

B K[(/Q [IVun]?™*Vien = \vu|P—QVu|p )

+ Z(/Q ’a[|un|p_2un — |u\p_2u}|p/)1/p,}.

1 1

-4 = =1, sothat p’:i.

pop p—1
Thus, we find that (2.6) certainly converges to zero because of the convergence of
the sequence {u,} in LP(2) and, also, by the continuity of the Nemytski operator

M(s) = |s[P=2s, from LP(Q) to L” ().

Note that

)

Now, we see that the operator B is also a monotone operator. Indeed, for u # v
(B(u) — B(v),u —v)
= / [[VuP~2Vu — |[Vu|P~2Vo] - (Vu — Vo)
Q

+ )\/Qa[|u|p_2u — [u[P~%0](u — v)

2/ \Vu|p—/ \Vv|p_2Vv-Vu+/ \Vv|p—/ |Vu|P~2Vu - Vo
Q Q Q Q
, 1/p 1/
z/ Vup - /|w|p ’ (/ vap) "
Q
1/p 1/
+ [rwap = ([ wur) ([ wor) ™
Q

= ("= =l ="l = floll} > 0,

since s + |s|P~1 is an increasing function on (0, +00). Therefore, the operator B is
monotone and continuous. O

Remark 2.2. Consequently, by Lemma we have the existence of solutions for
a problem of the form ([2.4]) from Browder’s Theorem [I3] Th. 5.3.22], since the
operator is also semicontinuous, bounded and coercive.

The conclusions established above for the operators B (2.5)) corresponding to the
single equation (2.4) can be extended to a pg-Laplacian cooperative system

(—=A, + alulP~2)u — blu|* tulv/fv = f, inQ,
—Ay 4 M7 — cjuluv|/f v =g, inQ, (2.7)
q
u=v=0, on0f,
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for p > 1, ¢ > 1. Thus, we prove, following similar arguments and under certain
extra assumptions, that the operator corresponding to the cooperative system is
continuous. However, in general, we must stress that for large cooperative terms b
and ¢ the monotonicity is not true. Hence, only the continuity can be obtained.

Lemma 2.3. Assume a cooperative system of the form (2.7) such that f belongs
to the dual space of Y1 = Wy*(Q) denoted by

, 11
Y/ =W P (Q) with 1= P

12 )
g belongs to the dual space of Yo = Wol"q(Q) denoted by

/ 1 1
Yy =W h(Q) with 1==+ =,
qa g
and condition (1.2)) is also satisfied. Then, the operator Sy acting in (1.3) is con-
tinuous.

Proof. Taking a bounded sequence
{(un,v02) T} € WoP(2) x Wy (),

by compactness we can find a subsequence, again labeled {(u,,,v,)?}, which con-
verges weakly in W, P(€2) x W, '%(Q) and strongly in LP(€2) x L(2) to a certain
(u,v)T. Moreover,

I (2 = () Lo
< (s (ZD R (Z) ’ <Zlg> >Hw
3 2

=1,

= sup H / [[Vun P2V, — |VulP~2Vu] - Vi,
Ihilly, <17 JQ
i=1,2

+ / [V, |92V, — |Vo|?2Vu] - Vhy
Q
* A(/ al un [P — [ul?~%u] hy + / dllon] =20, — [0]"~20] 2
Q Q

—/b|u|a*1u|v|ﬁvh1—/c|u\o‘u\v\5*1vh2H ,
Q Q w

where W := Y] x Yy = WP (Q) x W3 4(Q). It is now clear that it converges to zero,

once we apply the Holder’s inequality and the cooperative character of the system.
Indeed,

HSA (Z:) — S Cj) HM(W)

([ ) ()

(v, - welr2vel ) ( / Vhol) "
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" A(/Q el 22 ) /Q )"
+A(/Q |d[|vn] " 20, — u|q2v]|q’>1/q'</ﬂ|h2|q>1/q
= K((/Q [V |P >V, — |vu‘pfzvu|pf> /p
' A(/" el |u|p2"”p,)l/pl(/g V01290, — [Fol2vof ) "

+e(/Q |d[[vn |92, — |u|q*%]|q')1/q/).

Therefore, the operator Sy is continuous. O

2.2. Principal eigenvalue properties. In this section we establish a result which
is a counterpart of the already existent one corresponding to the single equation
(see e.g. [5[6] [20]) of the form

— Apu = TlulP %, (2.8)

under homogeneous Dirichlet boundary conditions. For which it is known that
it admits, a unique positive first eigenvalue 7 with a non-negative eigenfunction.
Moreover, the principal eigenvalue of problem (2.8)) is also isolated and simple as a
consequence of its variational characterization.
For cooperative systems we can consider the variational cooperative eigenvalue

problem

—Apu — (o + 1) Blu|*ulv]Pv = molulP%u, in Q,

—Agv — (B +1)Blul*ulv]* v = molv]T 2, in Q, (2.9)

(u,v) = (0,0) on 09,

where 19 = 79[S, ] stands for the principal eigenvalue for the symmetric operator

So (%) = —Apu B —(a + 1) Blu|* tulv|fov .
v — (B + 1)Blu|®ulv|®~tv —A

Furthermore, since problem (2.9)) has a variational structure, in this case we have
an expression for the first eigenvalue based on the Rayleigh quotient, i.e.

= it Jo IVulP + [ V|1 = (a+ B +2) [, B|u|“+1|v\5+1.

ueW,?(9), Jouwr + Jo vt
vEW, ()

(2.10)

Hence, applying the results obtained by Kawohl & Lindqvist [16] and Lindqvist [20]
we can find that the first eigenvalue of the problem is unique, positive and
isolated for any arbitrary domain 2 in RY. Moreover, its associated eigenfunction is
unique and positive in 2 and with maximal regularity C1:%(Q), for some 0 < a < 1
by elliptic regularity. Those facts can be proved following the arguments nicely
shown in [16] for problem (2.9); see also [17, Lemma 2.3].

Thus, we state a similar result for the cooperative system of the form prov-
ing that there is no positive eigenvalue below 71 (denoting the smallest eigenvalue)
as well as to being an isolated eigenvalue from above, associated with a positive
cigenfunction (p1,11)7 € Wy (Q) x Wy 9(Q), so that ¢; > 0 and ¢ > 0, with
negative outward normal derivatives on the boundary. However, we must note that
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our problem is not variational so a different approach must be followed. The results
actually rely on the strong maximum principle for p-Laplacian problems.
To do so we introduce the following notation

—Apu — blu*tulv|Pv = Ajw,  —Agv — clu*ulv]’rv = Ayw,

where w = (u,v) and A;, for i = 1,2 the operator involved in each equation so that

(2.2) becomes
Ajw = 7(Dw);,

Asw = 7(Dw)s. (2.11)

with
TuP~?u = 7(Dw)1, 7Iv|? %0 = 7(Dw)s.
According to Lemma [2.3] the operator S is continuous in the positive cone K cor-

responding to the Banach space W, (Q) x Wy*(€2). From condition (T.2) on the
exponents we find that

either p—l<a+f+1<qg-—1,

2.12
or ¢—1l<a+p+1<p—1, (2.12)

depending on the assumption of p < g or ¢ < p. Then assuming (2.12)) we introduce
a “pseudo-homogenous” condition for the operator S saying that

S(tw) > t""1S(w), (2.13)

where w = (u,v)T, with » = p or r = ¢, depending on the different possible
situations, and if ¢ > 0. In particular, it follows that

Ay (tW) > 7574_1./41W7 Ag(tw) > tr_l.AQW.
The last property is similar to the equivalent one for linear operators

L(pw) = pL(w),

which means that the operator is homogeneous of degree one or simply homoge-
neous.

Furthermore, thanks to [I5, Lemma 5.5] and we actually have that weak
solutions are uniformly bounded in L () x L°°(€2). Thus, due to [I8, Theorem
1, page 1203] the solutions of system belong to C1:*(Q) x C1(Q), for some
O<ax<l

It is important to point out that the next result is also valid for the limiting
problem under the heterogenous assumptions established at the beginning of
this work.

Lemma 2.4. Let 11 be the smallest eigenvalue of the problem (2.2), under homo-
geneous Dirichlet boundary conditions and denoted by

1 :=7S,9Q].

Moreover, 11 is algebraically simple, isolated and it possesses a unique positive
eigenfunction (up to a multiplicative constant), denoted by (o1,11)T. Further-
more, (¢1,11)7 is strictly positive and there is not any other eigenvalue T of
satisfying T < T1.
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Proof. Positivity of the first eigenvalue. To prove this we claim that if it exists
(u,v)T € K\ {0} so that
u |ulP~2u

s(o) zm(ler).

with > 0, then, there is 71 > p and (p1,%1)7 € K\ {0} such that
©1 lp1]P~ %1
S = )
(2/11) Tl (¢1|q2¢1

In other words, the topological degree on the positive cone K for the operator

1 u
i p—2 9=2,) _ —
(dine(lu=2uolr=20) - 15 (%)),

in the unit ball changes. Hence, the problem

) <L () e (I
(fees) = 3s () e (0022): 219
)T

has no solution in K if ¢ > 0. To prove this, assume that if (u,v)* is a solution of

(2.14) in £\ {0} we have that
lu[P~2u [ ulP=2u o 2 (ler P20
> >
() e () e (fess) 27 (e
where £ = 577! is the maximum among all the t’s. Then
IUI”‘2U> 1 (ﬂm) (I%I”‘Qw)
_ > =S|: +1 _ )
<|’Uq v po \t1 9]~
and, hence, since by (2.13]) and assuming (2.12)),
tor ar—1 Y1
S|+ >35S ,
<ﬁ/}1) - <1/)1
and, by definition of (¢1,11)7, we find that
ufP~2u 87 (e P e o1 [P~ %1
_ > _ +t _
(|v|q 2v) = T P\ Jwle 2y 19724
; lp1[P~ %01
=+t B ,
@0 (o
which is a contradiction with the maximality of . Therefore, there is no solution
to equation (2.14]) if ¢ > 0 or the topological degree on the positive cone K of the

operator
: -2 -2 1 U
(dlag(\u|p u, |v|T ) — =8 ),
) v

in the unit ball is zero if ¢ > 0. Consequently, ¢ = 0 and, hence,

either, there exists a positive solution, or the topological degree on
the positive cone K changes.

In the first situation, we have that the eigenvalue is positive. On the other hand, for
the second situation we have that the degree is 1 and we find a positive eigenvalue.
Also, the degree is 1 if 7y = 0. However, if that is the case we will find that if there

exists A € [0, ;] such that
ulP~2y
(Iear) =250,
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where w = (u,v)?, with normalized w € K, w = (u,v)”, then we actually have
that A = 1. To prove it, let us take a sequence \,, — i, as n — oo and w,, positive
solutions so that

W, = A S(wy), with w, — wp, as n — oo,

where wq is a positive solution. Thus,
1 1
Wi = AnS(wa) = S(w) + (An - ;)S(Wn).

Therefore, passing to the limit we obtain only positive solutions if A = 1/, proving
that the first eigenvalue is strictly positive.

Non-existence of positive eigenvalue smaller (or bigger) than 7;. Next
we prove that there is no other positive eigenvalue smaller than 77, assuming that
for the first eigenvalue its associated eigenfunction (¢1,%1)? has both components
non-negative, i.e.

p—2 1
(Iiﬂﬂii) =S (221) . where (p1,41)7 € K.

Subsequently, to prove that 71 is the smallest positive eigenvalue we argue by con-
tradiction. Thus, let us assume that there exists a positive eigenfunction (u,v)” so
that v > 0 and v > 0 and satisfying the eigenvalue problem (2.2)), i.e.

-2
(|up u) = lS <:}L) ., where (u,v)T € K, (2.15)

o) 7

and with 0 < 7 < 77. In other words, there is another positive eigenvalue smaller
than 7 with an associated positive eigenfunction. Then, by definition we have that

lulP=?u _ 1o (u) _ 1 o(u 1 1 u
(|’U|q2’0 o TS v) 7'18 v + (’7’ 7'1)8 v
g (u), (L Ly, (e
o TTS <v) + (; E)T (v|q2v
1 U TN (ulP~2u
s (o) + =27 ().

T .
0<1——<1, since 7<Ty.
1

Y

Note that

Next, we show that for a certain k (to be determined below) it follows that

u kpy
s()=s (). 210
To prove so we use the weak formulation of the eigenvalue problem (2.3)) i.e.

/\Vu|p72Vu~Vz/1—kp*1/ \V(pl\pﬂVsm'VV1—/b|U|a‘U|B+1V1
Q Q Q

+ka+ﬁ+l/b|<p1|a|l/}1|’6+ll/1
Q

= T/ ulP"Pury — kp_l/ 1Py 11,
Q Q
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/ |Vu|72Vv - Vg — kqﬂ/ |Vapr |12V - Vg — / clu|*F ol Py
Q o Q
Rt g P
o

= T/ w70, — kq*l/ 11|74y v,
Q Q

for a test function (v, v2)7. Since the eigenfunctions are positive and the system
is cooperative (b(xz) > 0 and ¢(x) > 0) taking

B = max{b(z), c(x)},
EASY)

we have that (we also add o 4 1 in the first equation and b+ 1 in the second, for
the coupling terms)

/\Vu|p*2Vu~Vu1—k”’1/ \chl\p’QVgal~V1/1—/b|u|°‘\v|ﬂ+11/1
Q Q Q
+ka+ﬁ+1/b|<p1|a|wl|ﬂ+1yl
Q
2/ |VulP~2Vu - Vi
Q
~ (a4 1) [ Bl -kt [ [T Ve Vi
Q Q
/|W|q—2w~w2—kq—1/ |v¢1|q—2w1.vu2—/ clu|*T | Py
Q Q Q
L T AL
Q
2/ |V|972Vu - Vi
Q
—(B—I—l)/ B|u\a+1|v|51/2—k‘q_l/ |V1]772V 9y - V.
Q Q

Thanks to the variational cooperative eigenvalue problem (2.9) and the Rayleigh
quotient of the first eigenvalue 7y (2.10)) it follows that

/\Vu|p_2Vu-Vu1—kp_1/ \V(pl\p_QVgol-Vl/l—/b|u|°‘\v|ﬂ+11/1
Q Q Q
T el TS A G

Q
27’0/ JulP~%u 1y —k”_l/ V1 P2V 1 - Vi,

Q Q

/|vu|q*2w.vy2—wl/ |v¢1|q*2w1-vy2—/ el ™[]y
Q Q Q
+ka+5+1/6|€01|a“\¢1|ﬁ'/2

Q

ZTO/ |U|q72UV27k'q71/ |v¢)1|q72v1/}1'VV2.
Q Q
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Hence, to arrive at the inequality (2.16)) we need that

. o fo lulPPun v 7o Jo "oy i
k< , . (217
= mm{( o V1P~V - vyl) ( o [Vb1 |42V, - v:/g) } @17)

with u, 1,01 € Wy (Q) and v, 41,5 € Wy %(€2). The maximal value for k that
satisfies (2.17)) is denoted by

R = kmax-
In particular, expression (2.17)) provides us with the condition
(=, [0]720)" > &7 (|01 P21, 91177 2400) T, (2.18)

with the appropriate r = p or r = ¢ depending on (2.12)). Consequently, thanks to

(2.15) and (2.18)) we find that
|ulP~2u 1./(u ( T >7'—1 |ulP~2u
> _
(|U|q_2v - 718 ) F ! T1 v]?2
1 )T71KT71 |17 ~2¢1
T T 11|97 %
r—1 <P1|p2§01) ( T )T71 r—1 (|<p1p2(p1)
K _ +(1—— K _
<|1/11|q 21y 1 |9h1]7 24
r—1 R W A e eh
= | K + (1 — *) K ) ( — )
( T |1]77 24y

which contradicts the maximality of x"~! and proving that there is no positive
eigenvalue below 7.

Similar arguments show that there is no eigenvalue bigger that 71 which has a
positive associated eigenfunction.

Y

\
N
3 =
S
N———

+
/N

—_

|

| =

Simplicity. To show that the principal eigenvalue 7 is a simple eigenvalue we
assume that, apart from the eigenfunction (¢1,11)7 € K, there exists another
eigenfunction (u,v)? € K. Arguing as above we arrive at (u,v)T > Kj(p1,91)T
and, also, the opposite inequality (u,v)” < Ko(p1,%1)7, so that K1 K; = 1, show-
ing that both eigenfunctions are proportional. Therefore, the principal eigenvalue
is simple.

Isolated principal eigenvalue 7;. To prove it, we assume a sequence of eigen-
values {7,} of problem such that 7, — 71, as n — oo. Moreover, the se-
quence of eigenfunctions {(un,v,)T} belongs to the positive cone K, normalized
I, 'Un)T”Leo(QXLOC(Q) = 1. Thanks to regularity theory and maximal principles
we actually have that the sequence is bounded in C1:®, with « € (0,1). Hence, we
have the convergence of such a sequence in C1®, up to a subsequence, i.e.

(tn, Un)T — (1, %)T

where (¢1,11)7 is the associated eigenfunction with the principal eigenvalue 7.
Therefore, since the elements of the sequence will belong to the positive cone, and
71 is the only eigenvalue with a positive eigenfunction we arrive at a contradiction,
proving that such an eigenvalue is isolated. O

, asmn — o0,

Remark 2.5. Lemma[2.4]is also true for the system with
(—=A, + alu[P~H)u — blu|*ulv|Pv = A (M)w,
(—=A, + M[v|9 v — clu|*ulv]P v = Ay (N w.
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Also, thanks to the monotonicity of the principal eigenvalue with respect to the
potential and with respect to the domain we know that the function 71 (\) is con-
tinuous and increasing with respect to the operator S(V1, V) denoted by (1.3)) (cf.
[T7]) so that the limit limy_,o, 71 () exists. Indeed, under the spatial heterogenous
conditions for the potentials a and d this limit is bounded above. Otherwise the
limit could be possibly +oo.
Furthermore, for the limiting system we consider the problem

—Apu — blul*tulvPo = 7 [ulP 2,

— A — clu|ulv|? v = 7 |v|9 2,
for (u,v)” € WP (Q8) x Wy9(Qd). We say that (u,v)” is a solution of this system
when each equation is satisfied in the sense/framework

(—Aput AalulfP " u=f, ue Wy (A),

so that A satisfies the spatial heterogeneous conditions under consideration in this
paper and f in the dual space W 1P (A)

3. PROOF OF THE MAIN RESULTS
To prove Theorem[I.1] we do the follow in 3 steps. First we prove the convergence
of the eigenfunctions in W, (Q) x W, 4(9Q).

Step 1. Convergence of the eigenfunctions {(¢x, %)} in X 1= WP (Q)x W, 9(Q).
Let {¢,,}n>1 be any increasing unbounded sequence, i.e. 0 < A, < A, if n < m,
and lim,, o £, = co. Then, for every n > 1 we consider a sequence {(¢x, , %, )T}
of normalized solutions in Y := LP(Q) x L%(Q)) for system in the sense that

Lrosp+ [onlr=1
Q Q

associated with 71(\,) for problem (I.1]). Then, multiplying (1.1} by (ox,,¥a, )T
and integrating by parts yields

/ Von P + / Vn 7+ A / (alioa, [P + dliin, |9
Q Q Q

= () + / (b4 S)leon, [** [hn, [P+,

It is now clear that by Holder’s inequality, condition (1.2), and the cooperative
assumptions on the coefficients b and ¢, we find that
a+1

Lo+ tenten 7 <o 1on) T ([ onr) 7

for a positive constant C' > 0, so that by construction we have

/Q Ver P < K, /Q Vir 1 <K, A, /Q (g +dl) <K, (31)

for a positive constant K. We point out that the principal eigenvalue 7y (\) is
bounded above, thanks to the monotonicity of the principal eigenvalue with re-
spect to the domain, by the principal eigenvalue for the operator S under Dirichlet
homogeneous boundary conditions in the subdomain 2y and denoted by (1.4)), i.e.

7'1()\) S Tl[S;QQ].
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Hence, the sequence {(px,,%,)T} is bounded in X := Wy (Q) x W, 9(Q). As
the imbedding Wol’T(Q) — L"(Q2) with » = p, r = g, is compact, we can extract a
subsequence, again labeled {(¢x,, %, )T }, weakly convergent in X and strongly in
Y to some function (p.,¥.) € Y, ie.

Jim (a0 0,07 = (e 0) Ty =0, Y = IP(2) x LA(Q),

In fact, we will prove in the sequel that the sequence {(¢y, %, )T} is actually a
Cauchy sequence in X. In other words, we have the strong convergence of that
subsequence in U, this implies that

T [, i, )"~ (pera)lx =0, X = WOP(Q) x W39(0).
with (., %4)T € X and such that

[ler+ [ s =1
Q Q

Subsequently, fix n < m so that 0 < A\, < A, and set

Dy = /Q V(on, — o )" + /Q IV (6a, —r,.)

To obtain the convergence we consider the so-called Clarkson’s inequality i.e.

7 (3.2)

lup —uglP  |uy +ugfP
2r—1 2r—1

< ur? + [ua?. (3.3)
Also, thanks to the strict convexity of the mapping u +— |ul? it follows that

lug|P > |u1|P + plut|P~2uy (ug — uy), for points in RY and uy # ug, p > 1. (3.4)
Hence, according to for uy + us,

w1 + ug|P 1 _
% Z "LL1|p + §p|u1|p 2U1(’LL2 — Ul). (35)
Consequently, combining both inequalities (3.3), (3.5) we find that
lur — ua|”

51 < JualP = Juy P — plua [P~ ua (ug — uy),

and, hence, if V(px, — @x,,) = up — ug it yields

IVior, — Vo, [P
2r—1

< |Ver, [P = IVerIP = pIVer, P2Ven, - (Ver,, — Vea,).

Indeed, integrating ver €2,

1
= / IVer, = Ver, [”
Q

S/ IVwmlp—/ \anl”—/plvwnl””vwn-(Vwm —Ven,)-
Q Q Q

Then

Dy < / Vo, IP / Vor, P - / PIVor, P 2Ves, - (Vor, — Vir,)
Q Q Q

q _ q __ q—2 . _
+ /Q Vi, | /Q Vb, | /Q AV, 172V, - (Viba,, — Vibn,).
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Now, applying the weak formulation ([2.1)) for the eigenvalue problem (1.1]) with the
principal eigenfunctions {(px,,¥x, )T} (respectively {(¢x,., ¥z, )T }) and rearrang-
ing terms we find that

D,

<7i(A / lox 1P / alpx,, [P / bloa,,

7 / al? = [ 1+ [ clon, T o,

+0=D[n0) [ onl = [ alonl+ [ blon, o, ]
a= 1[0 [ 1ol = [ diin, 1+ [ el i, 1]

—p (A /Iw P on, — An /alw i 1<mm+/b\<mn| (92,17 o ]

—q{ﬁ( )/ a1 0N, — An /a|7/}/\n‘q711/))\m+/QC|§0A“‘Q+1|¢/\n|ﬁ¢Am}-

Therefore,

Do <1O)( [ lonal+ [ 10,17) =m0 ( [ on.P+ [ o I7)
+5m00) [ a7 n, = on) +anOhn) [ 9,07 W, = n,)
oA /Q alon P~ (o, — or.) + T /Q dlion, [ (6, — r,)

+>‘n/ alox, P — Am/ a|§0>\m|p+)‘n/ d|ix, |* — )‘m/ d|x,,|?
Q Q Q Q
p/gblwnlalwnlﬁ“(mn —ox) +q/ﬂc|w,,\a“|wn\5(wn — )

a—&—llw)\’ B+1

For the terms involving the non-negative potentials a and d and thanks to the
convexity property (3.4), it follows that

An / aloa P + pAn / aloa, P (@ — @a) = Am / alox, P
Q Q Q

< (= Am) / alga, P <0,
Q

and

M / N / A, 17 (Wor,, — Dr.) — Am / dlia, |°
Q Q Q
< (= Am) / dlipa, |7 < 0,
Q

since, by construction n < m and, then A\, < A,,. Hence, after adding and sub-
tracting some appropriate terms it yields

Dn,m < (7—1<)\ - 7—1 / |50)\m|p / |/(/))\m|
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A\, p_ P q_ q

O [ Gonal = lon P+ [ (17 = o, 1)

om0 [ ToaP M eon, = on,) + aniOn) [ o, 0, ~ )
Q Q

+p / blos, 1%,
Q

For the second term we use again the convexity property E, thus

([ Gonl” = 1o l) < nOp [ 100, P o0 (on = 02,
Tl()\n)(/ﬂ(|wm|q*|%n| <7i(A /WJA 7729, (¥r,, — ¥a,,)-

Consequently, applying Holder’s inequality and the fact that the eigenfunctions are
bounded in Y = LP(Q) x LI(2) to the different terms we have that for a positive
constant C,

1O = O [ lonal+ [ 10,1)

10 [ (onP = lonP) < nOp [ lon, 2o, (on, = o0,)
< Clloa, = eanllir @),

0 < riOa [ [0 = )
< OlYa,, — Uaallza)s

p—1 ’ l/p/ 1/p
0w [ learHen, = on) <€ [ o) ([ len, = o)
Q Q Q
< Cller, = eanlle@),

) [ 1o, =m0 <O [ 1onl?) " ([ 1on, = on,)”
< Cllda, v,

Also, for the terms with the cooperative coeflicients b and ¢, we have

p /Q blon, [*1on, [P (0r, — on,) and g / clon [ o, 1P (n, — a)-
Q

we will apply Young’s and Hélder’s inequalities. Indeed, by Young’s inequality and
assuming the cooperative term b(z) is bounded in €, we find that

p/ﬂb|<mn|a|%n|5+1(<mn — Prn)

51 (o, — o) +4 / lon " i, [P (., — a)-
Q

< C(11(Am) — 11 (M),

Tl()\n)/g(\%m\q — ¥,

La(Q)-

a+1 B+
<0 [ (E5 e ¥+ 11 (on, - o1,
Q p
Moreover, thanks to Holder’s inequality,

a+1 B8+1
| (= ton 3+ 22 ) (01, = 2,)
alp=1) 1) 1/p’ 1/p
<c / a5 ([ 1o, = onl?)




20 P. ALVAREZ-CAUDEVILLA EJDE-2022/50

+C</Q |¢An|qpl)1/p/(/g|%n —%m|p)1/p~

Thus, by [11, Lemma 2] it follows that

lon %, < ¢ /Q Vo, |9 + M, /Q Wl I,

for € > 0, a positive constant M, depending on € and a bounded positive weight w.
Then, we finally have that

p / b|mn|a|wn|ﬁ+l<wn — o)
alp—1) 1) '
< C |<PA | ToFT ||90An —©oan e

+C 6/ |V7/f,\n|q+Me/w|¢,\n|q>||<P>\n —©anllLe)-
Q Q

Similarly, for the term with the cooperative coefficient ¢ we find that

g / cmnw*l\won(wn )

<o [t =) ([ 1on, = vn,le)”

1/q
vfe [ 1Von oM [ wlon ) ([ s, =0, 17) "
Q Q Q

supposing that

ol << [ 1Von,P + M. [ wles, 7
Hence, since the eigenfunctions are bounded in Y = LP(2) x L9(£2),

a(p—1) Bla—1)
a+1 B+1
and thanks to (3.1)) we finally obtain that

p /Q blon, % [1n, 1P (ox, — @) < Cllon, — oan o),

<p and < q,

Q/QC|<PM|&H|1//A”|ﬁ(¢An = ¥a,) S Clla, — ¥ llLa@)-

Therefore, by the previous inequalities we find that there exists a positive constant
C such that

LV = el + [ 96, =i
Q

< C(ri(Am) = 11(An)) + Cllpa, — e + Cllvn, —¥a,,

Thus, thanks to the convergence of the sequence {¢y, } in LP, the sequence {¢, }
in L7 and the fact that the function 71(\) is convergent, since it is an increasing
function in A and bounded above, by the monotonicity of the principal eigenvalue
with respect to the potential and the domain, we actually have that the sequence
{(¢x, >, )T} is a Cauchy sequence in X so that the limit (., 1. )7 satisfies that

(perths) > (0,0), and /Q\so*|P+/Q\w*|q=1

La(Q)-

P
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Step 2. {(¢«,%.)T} belongs to the functional space W, *(28) x W, (Qd). First
thanks to we have that the sequence {(px,, %, )T} is bounded in X. Then,
as performed above we can extract a subsequence, again labeled {(px,, ¥z, )T},
weakly convergent in X and strongly in LP(Q2) x L?(£2) to some function (¢.,1.)T €
LP(Q) x L9(£2). Actually, we have proved that the sequence converges strongly in
WP () x Wid(Q).

Furthermore, according to it follows that

/\n/ a(pin < K and )\n/ dq/)?\n < K.
Q Q

Then, since {(px,,¥z, )T} converges strongly in LP(Q) x L4(Q) to (., ¥s)T €
LP(Q2) x L9(R2). Indeed,

lim [ apf =0 and lim / dy§ =0,
Q

n—oo Q n—oo

from which we easily deduce that p. = 0 a.e. in Q% and, ¥ = 0 a.e. in Qi.
Consequently, we can conclude that

(W*,l/f*)T € WOLP(QS) 2 Wolyq(Qg)'

Step 3. (., 4.)7T eigenfunction of the limiting problem in Wy (Q§) x W, 4(Qd).
As a consequence of Step 1 it follows that

71 (An)loa, P2 0n, + bloan | on, [Ua, P,

71 (An)[9A, 177200, + cloa, | “on, a7 0,

converge strongly in LP(Q) x L1(f) to
TLoa "2 0n + blou | P and Tl T + el 01T e,

respectively. Therefore, from the assumptions on the potentials a and d and Step 2
we find that up to a subsequence, {(¢x, %, )7} converges strongly in W, () x
Wy %(2) and the limit
(00T € Wy P (95) x Wy *(25),

is a solution of the eigenvalue problem

—Apps — b‘90|a_1§0*|P'l/’*|ﬂ’P¢* = T1Px

—Ags — C|P@*|Q’P§0*‘w*|ﬂ_1¢* = T1¢x
for (., 1.)T € Wy P(Q8) x Wy ?(Q4) and where P stands for the projection on the
subdomain where both potentials vanish at the same time, i.e.

Po= XngQg¢a with ¢ = ¢, s

Thus, P is defined to be zero if the intersection is null, Q& N Q¢ = (). Furthermore,
by the uniqueness of the principal eigenvalue of a singular p-Laplacian equation the
sequence converges to the eigenfunction associated with the principal eigenvalue 7
for the uncoupled system , i.e. the principal eigenfunction whose components
are the corresponding eigenfunctions for each equation in . Actually, we

(3.6)



22 P. ALVAREZ-CAUDEVILLA EJDE-2022/50

observe that if that was the case the limiting eigenvalue would be the infimum
between the corresponding eigenvalues of the following uncoupled system

~Apps = TP 20y in QF,
~ Aty = T[T, in QF
under homogeneous boundary conditions and such that

71 = inf{r[—A,, Q) 71 [-A,, Q).
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