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DIFFERENTIAL EQUATIONS WITH A DIFFERENCE
QUOTIENT

BRIAN STREET

ABSTRACT. The purpose of this paper is to study a class of ill-posed differential
equations. In some settings, these differential equations exhibit uniqueness but
not existence, while in others they exhibit existence but not uniqueness. An
example of such a differential equation is, for a polynomial P and continuous
functions f(t,z) : [0,1] x [0,1] — R,

9 _ P(f(t,z)) — P(f(t,0)

*f (t7 :B) -

ot T
These differential equations are related to inverse problems.

, x>0

1. INTRODUCTION

The purpose of this paper is to study a family of ill-posed differential equations.
In some instances, these equations exhibit existence, but not uniqueness. In other
instances, they exhibit uniqueness, but not existence. The questions studied here
can be seen as a family of forward and inverse problems, which in special cases
become well-known examples from the literature. This is discussed more below and
detailed in Section [3

In this introduction, we informally state the main results, and present their
relationship to inverse problems. However, before we enter into the results in full
generality, to help the reader understand our somewhat technical results, we give
some very simple special cases, where some of the basic ideas already appear in a
simple form:

Example 1.1 (Existence without uniqueness). Fix €1,e9 > 0. We consider the
differential equation, defined for functions f(¢,z) € C([0, 1] x [0, €0]) by
0 f(t,O)—f(t,.’E)
— f(t = - ° . 1.1
2 §(t.2) REAULIRRY (1)
We claim that (1.1)) has existence: i.e., given fo(z) € C([0,€p]), there exists a
solution f(t,z) to (1.1) with f(0,2) = fo(x). Indeed, given a(t) € C([0,€;1]) with
a(0) = fo(0) set
—t/x 1t (s—t)/x d
fitx) = {e fo(ﬂC)-i-sze a(s)ds, x>0,

a(t) x =0. (1.2)
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It is immediate to verify that f(t,z) € C([0,€1] x [0, €0]) and satisfies (1.1)). Fur-
thermore, this is the unique solution, f(¢,x), to with f(0,2) = fo(x) and
f(t,0) = a(t)ﬂ Thus, to uniquely determine the solution to one needs to give
both f(0,z) and f(t,0). We call this existence without uniqueness, since there are
many solutions corresponding to any initial condition f(0, z)-one for each choice of

a(t).

Example 1.2 (Uniqueness without existence). Fix €1,eg > 0. We consider the
differential equation, defined for functions f(¢,z) € C([0, €] x [0, €0]) by

D o LR I00) e
We claim that has uniqueness: i.e., if f(¢,2),g(t,x) € C([0,€1] x [0, €0]) both
satisfy and f(0,z) = ¢(0,z), for all =, then f(t,x) = g(t,x), for all t,z.
Indeed, suppose f(t,x) satisfies . Then, by reversing time, treating f(e1, ) as
our initial condition, and treating a(t) := f(¢,0) as a given function, we may solve
the differential equation , for x > 0, to see

f0,2) = e /7 fey, 2) + i /061 e~ a(u)du, x> 0. (1.4)

From (1.4 uniqueness follows. Indeed, if f(¢,x) and g(¢,x) are two solutions to
(1.3) with f(0,z) = ¢g(0,z) for all z, then (1.4) shows
1 [« 1 [«
L) o= [ e g0 du+ O
0 0

X

It then follows (see Corollary that f(t,0) = g¢(¢,0) for all ¢. With f(¢,0) =
¢(t,0) in hand, is a standard ODE for x > 0 and it follows that f(t,z) = g(¢, x)
for all ¢,z. This proves uniqueness. Furthermore, shows that does not
have existence: not every initial condition gives rise to a solution. In fact, every
initial condition that does give rise to a solution must be of the form given by (L.4)),
for some continuous functions a(t) and f(e1,x). Le., the initial condition must be
of Laplace transform type, modulo an appropriate error. Furthermore, it is easy
to see that for such an initial condition, there exists a solution. Hence, we have
exactly characterized the initial conditions which give rise to a solution to .

The goal of this paper is to extend the above ideas to a nonlinear setting. Con-
sider the following simplified example.

Example 1.3. Let P(y) = Z;‘D:1 c¢jy’ be a polynomial without constant term.
Consider the differential equation, defined for functions f(¢,z) € C([0,€1] x [0, €o)),

given by
0 P(f(t — P(f(¢t,0
e (Uniqueness without existence) If we restrict our attention to solutions
f(t,z) with P'(f(¢,0)) > 0 for all ¢ and we insist that f(¢,0) € C?([0,€1]),
then (1.5) has uniqueness (but not existence). Le., if f(t,x),g(t,z) €
C([0, €] x [0, 60]) are two solutions to with f(0,z) = ¢(0,z) for all
x, P'(f(t,0)), P'(g(¢,0)) > 0 for all ¢, and f(t 0),9(t,0) € C%([0,€1]), then
t

f(t,x) = g(t,z) for all t, z. However, not every initial condition gives rise to

1Uniqueness is immediate here, since for @ > 0, if f(t,0) is assumed to be a(t), then (L.1) is a
standard ODE and standard uniqueness theorems apply.
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a solution. See Section This generalizesﬂ Example where P(y) =y
and therefore P'(y) =1 > 0.
e (Existence without uniqueness) Given fy(x) € C([0, €o]) and a(t) € C2([0, €1])
with a(0) = fo(0) and P’(a(t)) < 0 for all ¢, there exists § > 0 and a
unique solution f(¢,z) € C([0, €1] x [0,0]) to satisfying f(0,2) = fo(x)
and f(t,0) = a(t). See Section This generalizes Example [I.1] where
P(y) = —y and therefore P'(y) = —1 < 0.
In short, if one has P’(f(¢,0)) > 0 for all ¢, one has uniqueness but not existence,
and if one has P'(f(¢,0)) < 0 for all ¢, one has existence but not uniqueness.

We now turn to the more general setting of our main results. Fix m € N and
€0,€1 > 0. For t € [0,¢€1], z € [0, €], and y, z € R™, let P(t,z,y, z) be a polynomial
in y given by

m
P(t,xz,y,z) = Z Z Ca,j(t, x, 2)y%e;,

J=lla|<D
where e; € R™ denotes the jth standard basis element. For f(t,z) € C([0,e] X
[0, €0]; R™) we consider the differential equation
o’ z
We state our assumptions more rigorously in Section [2| but we assume:

, >0 (1.6)

o ¢ (tx,z) = %fooo e’w/xbad(t,w,z) dw, where the b, ;(t,w, z) have a cer-
tain prescribed level of smoothness.

e We consider only solutions f(¢,z) € C([0, €1]X[0, €o]; R™) such that f(¢,0) €
C?([0, e1]; R™).

e Fory € R™, set M, (t) :=d,P(t,0,y,y), so that M, (t) is an m x m matrix.
We consider only solutions f(t, z) such that there exists an invertible matrix
R(t) which is C' in ¢ and such that R(t)Mq0)(t)R(t)"" is a diagonal
matrix. When m = 1, this is automatic.

Under the above assumptions, we prove the following:

¢ (Uniqueness without existence) Under the above hypotheses, if M s (%)
is assumed to have all strictly positive eigenvalues, then has unique-
ness, but not existence. Le., if f(t,z),g(t,z) € C([0,€e1] x [0, 0]; R™) are
solutions to which satisfy all of the above hypothesis and such that
the eigenvalues of M« 0)(t) and M 0)(t) are strictly positive, for all ¢,
then if f(0,2) = ¢(0,z) for all =, we have f(¢t,z) = g(¢t,z) for all ¢,z. Fur-
thermore, in this situation we prove stability estimates. Finally, in analogy
to Example we will see that only certain initial conditions give rise to
solutions. See Section 2.2l

o (Existence without uniqueness) Suppose fo(x) € C([0, €]; R™) and A(t) €
C?([0,e1];R™) are given such that fo(0) = A(0) and My (t) has all
strictly negative eigenvalues. Suppose further that there exists an invert-
ible matrix R(t), which is C* in ¢ such that R(¢t)M ) R(t)~" is a diagonal
matrix. Then we show that there exists 6 > 0 and a unique function

2Since we insisted f(t,0) € C?, this is not strictly a generalization of Example however it
does generalize the basic ideas of Example[T.2] A similar remark holds for the next part where
we discuss existence without uniqueness.
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f(t,z) € C([0,€1] x [O 0];R™) such that f(0,z) = fo(x), f(t,0) = A(t),
and f(t,x) solves . See Section [2.1]

The main 1dea is the followmg If f(t,x) were assumed to be of Laplace trans-
form type, f(t,r) = 1 fo *“’/"’/’A (t,w) dw, then can be restated as a partial
differential equatlon on A(t,w)—and this partial dlfferential equation is much easier
to study. As exemplified in Examples and not every solution is of Laplace
transform type. However, we will show (under the above discussed hypotheses)
that every solution is of Laplace transform type modulo an error which can be
controlled. Once this is done, the above results follow.

1.1. Motivation and relation to inverse problems. It is likely that the meth-
ods of this paper are the most interesting aspect. The differential equations in this
paper seem to not fall under any current methods (the equations are too unstable),
and the methods in this paper are largely new. Moreover, as we will see, special
cases of the above appear in some inverse problems. Furthermore, there are other
(harder) inverse problems where differential equations similar to (but more com-
plicated than) the ones studied in this paper appear. For example, we will see in
Section that the anisotropic version of the famous Calderén problem involves a
“non-commutative” version of some of these differential equations. We hope that
the ideas in this paper might shed light on such questions—and, indeed, one of our
motivation for these results is as a simpler model case for full anisotropic version
of the Calderén problem.

We briefly outline the relationship between these results and inverse problems;
these ideas are discussed in greater detail in Section We begin by explaining
that the results in this paper can be thought of as a class of forward and inverse
problems. For simplicity, consider the setting in Example with ¢g = €1 = 1.
Thus, we are given a polynomial without constant term, P(y) = Ele cjy’. We
consider the differential equation, for functions f(¢,z), given by

9 P(f(t,x)) — P(f(t,0))

g (t,x) = - , x>0. (1.7)

Forward Problem: Given a function fo(z) € C([0,1]) and a(t) € C?([0,1]) with
P’(a(t)) < 0, for all ¢t and f,(0) = a(0), the results below imply that there exists
d > 0 and a unique solution f(¢,x) € C([0,1] x [0,4]) to (1.7) with f(0,z) = fo(x)
and f(t,0) = a(t).

The forward problem is the map (fo(-),a(:)) — f(1,-).

Inverse Problem: The inverse problem is given f(1,-), as above, to find fy(-) and
a(+).

To see how the inverse problem relates to the main results of the paper, let
f(t,z) be the solution as above. Set g(t,z) = f(1 —t,z). If Q(y) = —P(y), then
g(t,0) = a(1 —t) and g(t, x) satisfies

0 t - t,0

9 stox) = Ql(t,2) —Q(t.0) (1.8)

ot T
Also, Q'(g(¢,0)) > 0, for all t. The main results of this paper imply (1.8) has
uniqueness in this setting: ¢(0,z) € C([0, d]) uniquely determines g(t, z) € C([0, 1] x
[0,6]). Since g(t,x) = f(1 —t,z), f(1,2) € C([0,0]) uniquely determines both
f0’[0 4] and a(t). Thus, the inverse problem has uniqueness. In short, the map
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(fo|[0’5](-), a(-)) — f(1,-) is injective (though it is far from surjective as we explain
below).
We go further than just proving existence and uniqueness, though. We have:

e In the forward problem, we do the following (see Section [2.1)):

— Beyond just proving existence, we show that every solution f(t,z)
must be of Laplace transform type, modulo an appropriate error, for
every t > 0. This is despite the fact that the initial condition, f(0,z) =
fo(x), can be any continuous function with P’(fy(0)) < 0.

— We reduce the problem to a more stable PDE, so that solutions can
be more easily studied.

e In the inverse problem, we do the following (see Section :

— We characterize the initial conditions g(0,2) which give rise to solu-
tions to . In other words, we characterize the image of the map
(fo(-),a(-)) — f(1,-). We see that all such functions are of Laplace
transform type, modulo an appropriate error.

— We give a procedure to reconstruct a(t) and f0|[076] from f(1,-). This

is necessarily unstable, but we reduce the instability to the instability
of the Laplace transform, which is well understood.

— We prove a kind of stability for the inverse problem. Namely if one has
two solutions g (¢, z) and go(t, ) to such that ¢1(0,z) — g2(0, x)
vanishes sufficiently quickly as x | 0, then ¢ (¢,0) = g2(¢,0) on a neigh-
borhood of 0 (the size of the neighborhood depends on how quickly
91(0,z) — g2(0, z) vanishes in a way which is made precise). In other
words if one only knows f(1,2) modulo functions which vanish suffi-
ciently quickly at 0, one can still reconstruct a(t) on a neighborhood
of t =1, in a way which we make quantitative.

Some special cases of the main results in this paper can be interpreted as some
standard inverse problems in the following way:

e When P(y) = —y, we saw in Examples and that the forward prob-
lem is essentially taking the Laplace transform, and the inverse problem is
essentially taking the inverse Laplace transform. See Section for more
details on this. As a consequence, the results in this paper can be inter-
preted as nonlinear analogs of the Laplace transform.

e In our main results, we allow the coefficients of the polynomial to be func-
tions of x. We will see in Section that the special case of P(z,y) =
—y — 2%y? is closely related to Simon’s approach [22] to the theorem of
Borg [] and Marcenko [I8] that the principal m-function for a finite inter-
val or half-line Schrodinger operator determines the potential.

e In our main results, we allow f to be vector valued, and also allow the
coefficients to depend on f(¢,0). By doing this, we see in Section that
the translation invariant version of the anisotropic version of Calderén’s
inverse problem can be seen in this framework.

Thus, the results in this paper can be viewed as a family of inverse problems
which generalize and unify the above examples, and for which we have good re-
sults on uniqueness, characterization of solutions, a reconstruction procedure, and
stability estimates.
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Furthermore, as argued in Section a non-commutative analog? of these equa-
tions arise in the full anisotropic version of the Calderén problem. Thus, a special
case of results in this paper can be seen as a simplified model case for the full
Calder6n problem. Moreover, by replacing functions in our results with pseudodif-
ferential operators, one gives rise to an entire family of conjectures which generalize
the Calderén problem.

1.2. Selected notation.

All functions take their values in real vector spaces or spaces of real matri-
ces. Other than in Section [8] there are no complex numbers in this paper.
Let €1,e3 > 0. For ny,ny € N, we write b(t,w) € C""2([0, €] x [0, e2]) if
for 0 <j <nq, 0 <k <mny, gt, awkb(t w) € C([0,€1] x [0,€2]). If U C R™
is open, and n3 € N, we write c(t, w, z) € C™"2:"3([0, €1] % [0, e2] x U) if for
0<j<ni0<k<ng and 0 < |a| < ng, we have %%%c(t,w,z) €
C([0,€1] x [0,€e2] x U). We define the norms

ny N2

e :—Zzsup\ - 8 b(t,w))
7=0 k=
ShE A
HCHC"l ng,n3 —]ZOkZm Z: Supz atj 8U}k aza (t,w,z)‘.

If V C R" is open, and U C R™, we write C7(V;U) to be the usual space
of C7 functions on V taking values in U. We use the norm

aoz
||g||Cj(V;U) = Z Sllp ‘aza (Z)’
ol <5
We write M™*™ to be the space of m x n real matrices. We write GL,, to
be the space of m x m real, invertible matrices.
For a(w), b(w) € C([0, e2]) we write

(a*b)(w) := /Ow a(w —r)b(r) dr € C([0, e2]). (1.9)

Note that % is commutative and associative.
If A(w) € C([0,e2];R™) and a = (aq,. .., ) € N™ is a multi-index, we
write

FYA = AR FA R R A RAE R A R A, .

—_—— _ —_———
a1 terms a; terms o, terms

and with a slight abuse of notation, if |a| = 0 and b(w) is another function,
we write bx(¥*A) = b.

o If A(t,w) is a function of ¢ and w, we write A = ng and A’ = -2 A.
e For A\j,..., A\, € R, we write dlag()\l, .« +y Am) to denote the m x m diagonal

matrix with diagonal entries A1, ..., A

We write A < B to mean A < CB, where C depends only on certain
parameters. It will always be clear from context what C' depends on.

We write a A b to mean min{a, b}.

3 Achieved by replacing functions with pseudodifferential operators: here the frequency plays
the role that z—! plays in our main results.
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2. STATEMENT OF RESULTS

Fix m € N, €p,€1,€e2 € (0,00), U C R™ open, and D € N. For j € {1,...,m},
o € N a multi-index with |a| < D, let

bavj(t,w,z) S CO’B’O([O,El] X [0,62] X U),

with ba;(£,0,2), (:2ba.;) (£,0,2) € CH([0,61] x U). Define cq ;(t, z,2) € C([0, &1] x
[0760] X U) by

1 [
Ca,j(t,x,2) == ;/ e/ by i(t,w, 2) dw.
0

We assume there is a Cy < oo with

16, llco:3.0((0,e1] x[0,e2] x 1) > 1bev sl (0,611 %05 [1Pa i1l €1 ([0,e2)x ) < Co-

Example 2.1. Because 1 [ e’“’/“f—!l dw = z' 4+ e=2/*G(x), with G € C([0, >0)),
any polynomial in « can be written in the form covered by the ¢, ;, modulo error
terms of the form e~“2/*G(x), G € C(]0,00)). The results below are invariant under
such error terms, so polynomials in = can be considered as a special case of the c, ;.

Define P(t,z,y,z) := (P1(t,z,y,2),..., Pn(t,z,y,2)), where for y € R™,

Pj(taxvyaz): Z Ca,j(t71',z)ya~

la|<D

Let V. C R™ be an open set with U C V. Let G(t,z,y,2) € C([0,€1] x [0,€0] x
V x U;R™) be such that for every v € (0,€e2), G(t,z,y,2) = e_V/wGW(t,x,y,z),
where G4 (t,z,y,2) € C([0,€1] X [0,€e0] x V x U;R™) satisfies for any compact sets
KieU, KyeV,

sup |G’y(tax7ylvz)_G’Y(tax7y27z)| < .

t€[0,e1],2€[0,60],2€ K1 |y1 - y2|
Y1,Y2 € K2,y17£Yy2

We will be considering the differential equation, defined for f(t,x) € C([0, €1] x
[O’ 60]; V) with f(tv O) € C([O? 61]; U)a

Dt gy = P62 f(62), £(1,0)) = P(5,0, f(1,0), £(£,0))
o x (2.1)
+G(t,fl?,f(t,’l,‘),f(t,0)), x> 0.

Corresponding to P(t,x,y, z), for § € (0,e] and A € C1([0,5]; R™), we define
P(t, A(), 2) () = (Pult, AC), 2)(w), .., Pt AC), 2) (w) )
a\a|+1

Pi(t, A(), 2)(w) = Y et (ot 2)F(374) (w).

la|<D
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2.1. Existence without uniqueness.

Theorem 2.2. Suppose fo(z) € C([0,¢0]; V) and Ao(t) € C?([0,€1];U) are given,
with fo(0) = Ag(0). Set M(t) := —dyP(t,O,Ao(t),Ao(t))ﬁ We suppose that there
ezists R(t) € C([0, e1]; GLyy,) with

ROMB)R(t)™ = diag(Ai(t), ..., An(t)),

where X\j(t) > 0 for all j,t. Then, there exists 0g > 0 and a unique solution f(t,x) €
C([0,&1] x [0,00; R™) to (2.1), satisfying f(0,x) = fo(x) and f(t,0) = Ao(t).

Remark 2.3. As in the introduction, we call this existence without uniqueness
because one has to specify both f(0,z) and f(¢,0) (as opposed to just f(0,x)).

Beyond proving existence, we can show that the solution given in Theorem
is of Laplace transform type, modulo an appropriate error, as shown in the next
theorem.

Theorem 2.4. Assume the same assumptions as in Theorem (2.2, and let f(t,x)
be the unique solution guaranteed by Theorem [2.3. Take cy,Ci,C2,C5,Cy > 0
such that ming ; \;(t) > co > 0, |[R]|cr < Ch, |[R7Yor < Oy, (M7 Yer < Cs,
[Aollcz < C4. Then, there exists &6 = d(m,D,co,Co,C1,C5,C3,Cy) > 0 and
A(t,w) € C%%(]0,€1] X [0,8 A €2]; R™) such that

O Alt,w) = P, A, ), A 0) (), A(1,0) = Ao(r),

and such that if Ao(t) = min; A;(¢t), then for all v € [0,1),

1 dNeg X
flt,xr) = 7/ e*w/“‘A(L w) dw + 0(6*7(5/\62)/90 + e (/%) J3 2o(s) ds)’ (2.2)
T Jo

for x € (0,dp], where the implicit constant in the O in (2.2)) does not depend on
(t,z) € [0,e1] x (0,00]. Furthermore, the representatio is unique in the
following sense. Fixty € [0,€1]. Suppose there exists 0 < ¢’ < dNea A ( foto Ao(s) ds)
and B € C([0,8']; R™) with

1 [ ,
f(to, x) :;/ e_“’/zB(w)dw—i—O(e_‘s /f), asx | 0.
0

Then, A(to, w) = B(w), for all w € [0,¢'].

2.2. Uniqueness without Existence. In addition to the above assumptions, for
the next result we assume for every compact set K € U,

sup |ba,j(taw7zl) _ba,j(t7w722)|

te[0,e1],weE[0,e2] |Zl - Z?|
21,22€K,z1#22

sup |%ba,j(t7w7zl) - %ba7j(t7w722)| < o0
t€[0,e1],weE0,€2] |Zl - Z2|
21,22€K,z1#22

(2.3)

4Notice the minus sign in the definition of M(t). This is in contrast to the notation in the
introduction, which lacked the minus sign.
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Theorem 2.5. Suppose fi(t,x), f2(t,z) € C([0,e1] x [0,e0); V) satisfy f;(t,0) €
C?([0,e1];U), both satisfy , and f1(0,2) = f2(0,2), for all x € [0,e9]. Set
Mi(t) :=dyP(t,0, fr(t,0), fx(t,0)). We suppose that there exists

Ry (t) € C1([0,€1]; GLy,) with

Ri(t)My(t)Ri(8) ™" = diag(A{ (1), ..., AR, (1),

where N¥(t) >0, for all j € {1,...,m}, t € [0,e1]. Then fi(t,z) = fo(t,x), for all
te [0,61}, x € [0,60].

Theorem [2.5] shows uniqueness, but we will show more. We will further investi-
gate the following questions:

e Stability: If f1(0,2) — f2(0,z) vanishes sufficiently quickly at 0, and under
the hypotheses of T heorem we will prove that f1(¢,0) and f>(¢,0) agree
for small ¢, and we will make this quantitative. See Theorem [2.10]

e Reconstruction: Given the initial condition f(0,z) for , and under the
hypotheses of Theorem we will show how to reconstruct the solution
f(t,x), for all ¢t. This is an unstable process, but we will reduce the insta-
bility to that of inverting the Laplace transform, which is well understood.
See Remark 2.9

e Characterization: We will show that if f(¢,z) is a solution to (2.I), and
under the hypotheses of Theorem then f(¢,2) must be of Laplace
transform type, modulo an appropriate error term. In particular, only
initial conditions f(0,2) which are of Laplace transform type modulo an
appropriate error give rise to solutions. See Theorem and Remark

We now turn to making these ideas more precise.

2.2.1. Stability, Reconstruction, and characterization. For our first result, we take
P as in the start of this section, but we drop the assumption (2.3)).

Theorem 2.6 (Charaterization). Suppose f(t,z) € C([0,€1] x [0, 0]; R™) is such
that for all v € [0, €3),
o Pt z, f(t,z), f(t,0)) — P(t,0, f(£,0), f(¢,0))

0
Gif(te) = ; +O(eT1), e [0,co)

where the implicit constant in O is independent of t,x. We suppose
o J(1,0) € C2((0,e1]: V).
o Set M(t) := d,P(t,0, f(t,0), f(t,0)). We suppose there exists R(t) €
CL([0, €1]; GL,y,) with
ROM(R() ™! = diag(M(2), .., A1),
where A;(t) > 0, for all j,t.
Take cg, Cy,Csy,Cs,Cy > 0 such that minm /\j(t) >co >0, ||RH01 < (4, ||R_1H01 <
Co, M7 Yo < Cs, ||£(+,0)]lc2 < Cy. Then, there exist
6 = 5(m, D, Co, CQ, Cl, CQ, 03, C4) > 0 and A(t,w) S CO’Q([O, 61] X [0,5 A 62];Rm)
such that

O A(tw) = P AL ), AW0)), A(0) = f(1,0), (2.4
and such that if A\o(t) = min; \;(t), then for all v € (0,1),

1 ONe€g e1—t
flt,x) =— / e~0/T At w) dw + 0(6—7(5/\62)/I 4+ e~ O/8) J' T M) ds)7 (2.5)
T Jo
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where the implicit constant in O is independent of t,x. Furthermore, the represen-
tation in (2.5)) of f(t,x) is unique in the following sense. Fix to € [0, €q]. Suppose
there exists 0 < &' < J A ey A foel_to A(s)ds and B € C([0,']; R™) with

1 [ :
f(to, x) :;/ e_“’/”:B(w)dw—i—O(e_‘s /z), asx | 0.
0

Then, A(tg, w) = B(w), for all w € [0,¢'].

Remark 2.7. By taking ¢t =0 in , we see that f(0,z) is of Laplace transform
type, modulo an error: for all v € (0,1),
1 dNeo o
FO.0) =1 / =/ A(0, w) duw + O(e*W(‘s/\@)/I 4 o= G/2) [51 2o(s) ds),
0

Thus, under the hypotheses of Theorem [2.6] the only initial conditions that give
rise to a solution are of Laplace transform type, modulo an appropriate error.
Furthermore, by taking ¢y = 0 in the last conclusion of Theorem we see that
£(0,x) uniquely determines A(0, w).

For the remainder of the results in this section, we assume ({2.3)).

Proposition 2.8. The differential equation (2.4]) has uniqueness in the following
sense. Let &' >0 and A(t,w), B(t,w) € C%%([0,e1] x [0,8];R™) satisfy
0

aA(t’ w) = ﬁ(tv A(tv ')v A(ta 0))(’[1}), %B(tv w) = ﬁ(tv B(tu '), B(tv 0))(w)7 (2'6)

and A(0,w) = B(0,w) for w € [0,d']. Set Ao(t) = A(t,0), and suppose Ay(t) €
C%([0,e2]; R™) and set M(t) = d,P(t,0, Ao(t), Ao(t)). Suppose there exists R(t) €
CL([0, €1]; GL,,) with

R()M()R(t)™" = diag(A(t), ..., Am(t)),
where A;(t) > 0 for all j,t. Set vo(t) := max; fot Aj(s)ds, and

S = {%1(5/% if vo(e1) >0,
0=

€1, else.
Then, A(t,0) = B(t,0) fort € [0, o).

Remark 2.9 (Reconstruction). Proposition leads us to the reconstruction pro-
cedure, which is as follows:

(i) Given a solution f(¢,z) to , satisfying the assumptions of Theorem
we use Theorem to see that f(¢,x) can be written in the form . In
particular, as discussed in Remark £(0,2) uniquely determines A(0,w).
Extracting A(0,w) from f(0, ) involves taking an inverse Laplace transform,
and this step therefore inherits any instability inherent in the inverse Laplace
transform.

(ii) With A(0,w) in hand, and with the knowledge that A(t,w) satisfies (2.4)),
Proposition shows that A(0,w) uniquely determines A(t,0) = f(¢,0) for
0<t<¢, for some §'.

(iii) With f(¢,0) in hand, for x > 0 is a standard ODE, and so uniquely
determines f(t,x) for 0 <t < ¢'.

(iv) Iterating his procedure gives f(t,x), for all ¢.
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The above procedure reduces the reconstruction of f(¢,z) from f(0,z) to the re-
construction of A(t,w) from A(0,w). As we will see in the proof of Proposition
the differential equation satisfied by A is much more stable than that satisfied
by f. In particular, we will be able to prove Proposition by a straightforward
application of Gronwall’s inequality.

Theorem 2.10 (Stability). Suppose fi(t,z), f2(t,xz) € C([0,€1] x [0, €0]; R™) sat-
isfy, for k=1,2, for all v € (0,¢€2),
_ P(ta &€, fk(t, lL’), fk(ta O)) - P(tv 0, fk(t, 0)7 fk(ta O))

0
afk(t,l’) = - +O(67'Y/z)7

for x € (0,¢], where the implicit constant in O may depend on v, but not on t or
x. Suppose, further, for some r >0 and all s € [0,7),
f1(0,2) = f2(0,2) + O(efs/"”). (2.7)
We assume the following for k =1,2:
° fk(t, O) S 02([0, 61}; U)
o Set My (t) :==d,P(t,0, fr(t,0), fr(t,0)). We suppose that there exists Ry(t)
in C([0, €1]; GL,,) with
Re()My (1) Ryo(t) 1 = diag( AT (1), .., A%, (1)),
where /\?(t) > 0 for all j,t.
Take co,C1,Ca,C3,Cyq > 0 such that for k =1,2, min, ; )\?(t) >¢o >0, ||Rillor <
Cr. IR ler < Co, MG Hler < Cs, |1 fi(-50) ]2 < Cy. Set
t
Yo(t) := max/ Aj(s) ds, A (t) = min /\;?(t).
J 0 J

Then there exists § = §(m, D, cg,Co,C1,C2,C3,Cy) > 0 such that the following
holds. Define

€1 €1
§ =58Ne /\/ Ag(s)dsA/ M\(s)ds >0,
0 0
and set

5 {vo‘l(mé’), if yoler) > 1 A,
0=

€1, otherwise.

Then, f1(t,0) = fa(t,0) fort € [0, dp].

3. FORWARD PROBLEMS, INVERSE PROBLEMS, AND PAST WORK

The results in this paper can be seen as studying a class of nonlinear forward
and inverse problems. Indeed, suppose we have the same setup as described at the
start of Section 2

Forward Problem. Given fo(z) € C([0,e1];V) and Ay(t) € C*([0,61];U) with
fo(0) = Ap(0). Let M(t) be as in Theorem [2.2] Suppose there exists R(t) €
C*([0,€1]; GL,,) with R()M () R(t)~* = diag(A\1(t), - .., Am(t)), and \;(t) > 0, for
all t. Let f(t,x) be the solution to described in Theorem with f(0,z) =
folx), f(t,0) = Ag(t). The forward problem is the map:

(fo, Ao) = fler,-).
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Inverse Problem: The inverse problem is, given f(e1,-) as described above, find
fo and Ap. Note that if f(¢, ) is the function described above, f(t,z) = f(e1 —t, )
satisfies all the hypotheses of Theorem (here we assume ([2.3))). We have the
following:

e The map (fo, Ao) — f(€1,) is injective—Theorem 2.5

e The map (fo, Ag) — f(e1,-) is not surjective. In fact, the only functions
in the image of are Laplace transform type, modulo an appropriate error
term—Theorem 2.4l

e The inverse map f(e1,:) — (fo,Ao) is unstable, but we do have some
stability results. Indeed, if one only knows f(e1,z) up to error terms of
the form O(e~"/®), then f(e1,-) determines Ag(t) for t € [6p — €1, €1], where
do is described in Theorem [2.10]

e We have a procedure to reconstruct Ao(t) and fo(z) from f(e1, x)-Remark

23

The above class of inverse problems has, as special cases, some already well
understood inverse problems. We next describe two of these. For these problems,
we reverse time in the above discussion since we are focusing on the inverse problem.
In addition, the results in this paper are related to the famous Calderén problem,
and we describe this connection in Section [0l

3.1. Laplace Transform. As see in Examples and the Laplace transform
is closely related to the case P(t,z,y,z) = y studied in this paper. In fact, the
following proposition makes this even more explicit. For a € L*°([0,00)) define the
Laplace transform:
L(a)(x) = l/ e /% q(w) dw.
T Jo

Proposition 3.1. Let a € C([0,00)) N L>®([0,00)). For each © > 0 there is a
unique solution to the differential equation

ft,z) — a(t)
— f(t _ JA\»r) P\
o f(t,0) = {22 ell)
such that sup,sq | f(t, )| < oo. Forto,t > 0 define ay,(t) = a(to+1). This solution

t,
f(t,x) is given by f(t,x) = L(at)(x). Furthermore, f(t,z) extends to a continuous
function f € C(]0,00) x [0,00)) by setting f(t,0) = a(t).

(3.1)

Proof. If we set

f(t,z) = L{ay)(x) = 1 /000 e ¥/Ta(t +s)ds = 1 /OO et/ 4(s) ds,

x x Jy

then it is clear that f satisfies (3.1)), supys¢ | f(f,#)| < oo, and that f extends to a
continuous function f € C([0,00) x [0,00)) by setting f(t,0) = a(t).

Suppose ¢(t,x) is another solution to such that sup,s |g(t,z)| < co. Let

h = f—g. Then h(t,z) satisfies 2Zh(t,z) = h(t,z)/z, sup;>q |h(t, x)| < oo. This

implies that h(t,z) = €//h(0,z) and we conclude h(0,2) = 0 = h(t,z), for all t.

Thus f(t,x) = g(t, z), proving uniqueness. a

In light of Proposition one may define £(a) (at least for a € C([0,00)) N
L>(]|0,00))) in another way: there is a unique f(¢t,z) € C([0,00) X [0,00)) with
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sup,>q | f(t, )| < 0o and satisfying

9 f(t,z) — f(t,0)
—fta) =12 t,0) = a(t).
o f(t2) OO 10,00 = atr)
L(a)(z) is then defined to be L(a)(x) = f(0,z). Thus, the well known fact that
a +— L(a) is injective follows from uniqueness for the differential equation
f(t,.’l?) — f(t,O)
—fta) =12
ot (t,2) T
Example 3.2. The above discussion leads naturally to the following “nonlinear
inverse Laplace transform”. Indeed, let P(y) be a polynomial in y € R. Let
fl(tax)va(tax) € C([Ovel} X [0760]) satisty, for j = 1,2,
0 P(f;i(t,z)) — P(f;(t,0
2 0y = LD = PU0) g

T

Suppose:

o f1(0,2) = f2(0,x), for all z € [0, €].

o fi(t,0) € C*([0,e1]), j = 1,2.

o P'(f;(t,0)) >0, fort € [0,e], j =1,2.
Then, by Theorem[2.5] f1(¢,z) = fo(t, z) for (t,z) € [0,€1] %[0, €9]. When P(y) =y,
this amounts to the inverse Laplace transform as discussed above.

3.2. Inverse spectral theory. In this section, we describe the results due to
Simon in the influential work [22], where he gave a new approach to the theorem
of Borg-Marcenko that the principal m-function for a finite interval or half-line
Schrédinger operator determines the potential. As we will show, this is closely
related to the special case P(t,z,y,2) = x?y? + y of the results studied in this
paper. We will contrast our theorems and methods with those of Simon.

Let g € Lj, ([0, 00)) with sup, g fyyH q(t)V0dt < oo, and consider the Schrédin-

loc

ger operator f% +4q(t). For each z € C\ [B, 00) (with — sufficiently large), there
is a unique solution (up to multiplication by a constant) u(-,2) € L?([0,00)) of
—1i + qu = zu. The principal m-function is defined by
_ult,2)
Cou(t,2)
It is a theorem of Borg [4] and Marcenko [18] that m(0,z) uniquely determines
g—Simon [22] saw this as an instance of uniqueness for a generalized differential
equation, which we now explain in the framework of this paper.

Indeed, it is easy to see that m satisfies the Riccati equation

m(t,z) = q(t) — z —mf(t, 2)?, (3.2)

m(t, z)

and well-known that m has the asymptotics m(t, —x?) = —k — %t) +o(k71), as
k T co. Thus, ¢(t) can be obtained from m(t,-) and is a differential equation
involving only m. Thus, if the equation has uniqueness, then m(0, z) uniquely
determines ¢(t).

However, one does not need to full power of uniqueness for . In fact,
one needs only know uniqueness under the additional assumption that m(t, z)
is a principal m-function: i.e., if mq(¢,2) and ma(t, z) both satisfy with
m1(0,-) = m2(0,-) and are both principal m-functions, then m4(t, z) = ma(t, 2),
for all ¢, z. Simon proceeds via this weaker statement.
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At this point, we rephrase these ideas into the language used in this paper. For
x>0,y € R define P(x,y) = v2y> + y. Note that P is of the form covered in this
paper (Example and d,P(0,y) = 1. Given a principal m-function as above,
define for x > 0 small,

—L (m(t,—(22)72) + (22)~ 1), ifx >0,
g, = { (M= H 0T (33)
q(t), ifz=0.
It is easy to see from the above discussion that f satisfies
P t - P t

Furthermore, if ¢ is continuous then f is continuous as well. Thus to show m(t, 2)
uniquely determines ¢(t) it suffices to show that has uniqueness.

In this context, our results and the results of [22] are closely related but have a
few differences:

e Asdiscussed above, [22] only considers solutions to which are principal
m-functions. This forces f(t,-) in to be exactly of Laplace transform
type, for all t. As we have seen, not all solutions to are exactly of
Laplace transform type. In this way, our results are stronger than [22] in
that we prove uniqueness when the initial condition is not necessarily of
Laplace transform type—we do not even require any sort of analyticityﬂ

e We require ¢ € C?2, while [22] requires no additional regularity on gq.

e The constant 0 in Theorems and is taken to be oo in [22].

e Our results work for much more general polynomials than P.

The reason for the differences above is that, once m is assumed to be a principal
m-function, one is able to use many theorems regarding Schrodinger equations to
deduce the stronger results, which we did not obtain in our more general setting.

That we assumed g € C? is likely not essential. For the specific case discussed in
this section, our methods do yield results for ¢ with lower regularity than C?, though
we chose to not pursue this. Moreover, even for the more general setting of our main
results, it seems likely that a more detailed study of the partial differential equations
which arise in this paper would lead to lower regularity requirements, though this
would require some new ideas. That J is assumed small in Theorems and
seems much more essential-this has to do with the fact that the equations studied
in this paper are non-linear in nature, unlike the results in [22] which rested on the
underlying linear theory of the Schrodinger equation.

Remark 3.3. Many works followed [22], some of which dealt with m taking values
in square matrices; e.g., [§]. All of the above discussion applies to these cases as
well.

4. CONVOLUTION

In this section, we record several results on the commutative and associative
operation % defined in . In Section we distill the consequences of these
results into the form in which they will be used in the rest of the paper—and the
reader may wish to skip straight to those results on a first reading. For this section,
fix some € > 0.

5We learn a posteriori, in Theorem |2.6] that the initial condition must be of Laplace transform
type modulo an error, but this is not assumed.
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Lemma 4.1. Let a € C([0,€]), b € C([0,€]). Then —,(a*b)( ) = a(w)b(0) +
(axb')(w). In particular, if b(0) = 0, then %(a%b)( ) = (a¥b')(w).

The proof of the above lemma is immediate from the definitions.

Lemma 4.2. Let | > —1 and let a € C([0,€]), b € C'TL([0,¢]). Suppose for 0 <
§<1=1, 2-b(0) = 0. Then a%b € C'H1([0,€]) and for 0 < j <1, 2 (a%b)(0) = 0.
Furthermore, if a € C1([0,¢€]), then a¥b € C'F2([0, €]).

Proof. By repeated applications of Lemma for0<j <1, 2 an (a*b) = a% 66:;3 b,
and this expression clearly vanishes at 0. Applylng Lemma [4.1] again, we see
%(a%b) =2(a Naiz b) = a(w)%(O) + (a% ~8‘?;+1 b). This expression is continu-
ous, so a¥b € C**1. Furthermore, if a € C?!, it follows from one more application
of Lemmathat %(a%b) = % (a(w)%(ﬂ) + (a* 3‘11“ b)) is continuous, and
therefore a%b € C'*2. O

For the next few results, suppose ay,...,ar € C1([0,€]) are given. For J =
{j1,--,Jk} €{1,..., L}, we define
>T<j€Ja = (Lj1>T<~-->T<ajk.
With an abuse of notation, for b € C([0,€]), we define b%(%;cpa) = b.
Lemma 4.3. For eachn € {1,...,L}, a1%---%a, € C"([0,¢]) and if0 < j <n-—2,
d (a1%---%a,) (0) = 0.

0
owI

Proof. For n = 1, the result is trivial. We prove the result by induction on n, the
base case being n = 2 which follows from Lemma We assume the result for
n — 1 and prove it for n. By the inductive hypothesis, a % - - - %¥a,_, € C"~! and
vanishes to order n — 3 at 0. From here, the result follows from Lemma [£.2] with
l=n-2. ([

Define

Ir(ay,...,ar) = Z (Haj(())) (;ke‘]ca%),

and let Iy = 0.
Lemma 4.4.
aLfl
W(aﬁk. -¥ar) (Haj )aL+[L_1(a1,...,aL_1)>T<aL, (4.1)
or -
W(ap«-waﬂ:IL(al,...,aL). (4.2)

Proof. We prove the result by induction on by induction on L. The base case,
L =1, is trivial. We assume and . ) for L — 1 and prove them for L. We
have, using repeated apphcatlons of Lemmas [4.1] and [£.3]
8L_1 ~ ~ o aL—Z
o) = 5o (G
8L_2 ~ ~ 8L_1 ~ _ _
= (m(al* e *aL—l)) (O)CLL =+ (W(al* ce . *aL_l)*G,L

a1>T< s >T<CLL_1>;IV<CLL>
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Using our inductive hypothesis for (4.1) and the fact that (b%c)(0) = 0 for any b, ¢,

(%(auﬁ e ;a[ﬁl)) (0)ar, = [ﬁaj(O)}aL,

and using our inductive hypothesis for (4.2)),

aLfl
(W(ali e %aL_l))%aL =1I51(a1,...,ar—1)%ar,.
Combining the above equations yields (4.1). Taking % of (4.1) and applying
Lemma (4.2) follows, completing the proof. O
Corollary 4.5. Let A € C([0,€);R™), b € C*([0,¢]). Then, for a multi-index
ae N,
a|o¢\+1 o a
=Y <g> b(0)A0)° (3P4 + 3 <Z)A(0)f’ (b’%(%o“ﬁA’)).
BLla B<La
1B1<|al

The above corollary follows immediately from Lemma [4:4]

Lemma 4.6. Let by,..., by, c1,...,cp € C([0,€]). Then,

bk Fbp —erkeFep = Y (=D (Ries (b — @) F (igab)
0£IC{1,...,L}

The proof of the above lemma is standard, uses only the multilinearity of %, and
can be proved using a simple induction.

Lemma 4.7. Suppose ay,...,ar € C?([0,¢]). Then,

8(?; (a1%---*a)
= ( l_fal(O))alL + (Ll ( ak(O))aE(O))aL
=1 I=1 1<k<L-1

—1

L
(X2 (TTwo) () (ugpa) + o (ugei) ) o

=1 JC{1,..,.L—1} jeJ

l=min J¢
Proof. Using Lemmas [{.1] and [£.4] we have
or -
W(al* <o *(ZL)

P
= %« H aj(U))aL + 1 _1(as,.. ~7aL71)>~kaL>
j=1

L—-1
0 -
= ( H aj(()))ai =+ IL—l(ala R aL_l)(O)aL + (TawIL_l(al, - ,aL_1)>>kaL
Jj=1
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Since (b%c)(0) = 0 for any b, ¢,

L—1
Lo na)©) =3 (O TT a(0))ai(0).
I=1 1<k<L-1
=
Using Lemma [4.1]
0
%IL—l(ala ) aL—l)
L—1
= Z Z ( H aj(O)) (aﬁ(()) (’T‘keJCa;c) +a'% (;keﬁa%))
I=1 JC{1,..L—1} jE€J kel k#l
l=min J*
Combining the above equations yields the result. ([l
Corollary 4.8. Let ay,...,ar, € C?([0,¢]).
aL L-1
S an - Fap)(w) = ([ au(0))ay(w) + Fiw), (4.3)
=1
aL
8W(aliw-wFaL)(w) = Fh(w), (4.4)

where

[Fi(w)] S sup far(r)];
0<r<w

F2()] £ (laz )]+ sup las()]) A ()] + sup Jaz(r)])

where the implicit constants may depend on L, and upper bounds for € and ||a;||c2,
1<j <L

Proof. The bound for F follows immediately from Lemma [£.7] The bound for Fb
follows from (4.3]) and the bound for F;. O

Lemma 4.9. Let a,b € C([0,€]). Let f(z) = L [5e "/"a(w)dw and g(z) =

L[5 e7/b(w) dw. Then, there exists G € C([0,00)) such that

flalgta) = 1 [ el 2@ w) du + eI Go) (45)

T
Also,

M - l /06 e*w/mﬁ(w) dw — %efe/ia(G)- (4.6)

T T ow

Proof. A straightforward computation shows

1 ‘ —u/x “
F@ge) = o5 [ e [ atwn)otu = wn)dusdu
0 0
1 2¢ €
+— e /e / a(wy)b(u — wy) dwy du.
€ € u—e
We have
1 2e
2 J.

e/ / a(wy)b(u — wy) dwy du
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1 ¢ ¢ 1
= —26_5/'7” / e U/ / a(w)b(u+ € —wy) dwy du =: fe_E/IGl(x),
x o w x
where G; € C(]0, e]) Also, using that (a%b)(0) = 0,

_“/1/ a(w1)b(u — wy) dwy du

=—— ( “/f”) (a%b)(
T Jo
0

= @) () + - / /" Z (k) (u) du.

ou

Combining the above equations yields (4.5)).

We have
1 [ 0 1 1 1 €
5/0 e_w/wi(w) dw = ;e‘g/xa(e) - Ea(O) + ?/0 e /% q(w) dw
— f(x) _f(O) + e—e/ma(e)’
x x
which proves (4.6). O

Lemma 4.10. Let ay,...,a, € C'([0,€]). Define fj(z) = L [T e "/%a;(w) dw.
Then, there are continuous functions G1,Gs € C([0,00)) such that

awnfl

[L5@ =7 [ e i o) w) o+ 1o Gt (07)

[1j— fi (@) —TT5=, £5(0)
v (4.8)
:l/o efw/ri(alg...;an)( )dw+ e /Gy ().

T own

Proof. We prove (4.7) by induction on n. n =1 is trivial and n = 2 is contained in
Lemma [£.9] We assume the result for n — 1 and prove it for n. Thus, we assume

n—1 1 € an_g

H fi(z) = 2/, W(al* ckap—p)(w) dw + %e‘e/rél(z‘), (4.9)

where G, € C([0,00)). By Lemma a1%- - - %a,_1 € C™ ! and vanishes to order
n — 3 at 0. Using this, and repeated applications Lemma [£.1] we have

an—Q _ _ _ an_g ~ )
(W(%* e *an71))*an = W(al* e Eag).
Using this and Lemma |4.9| we have, for some G5 € C([0, 00)),

€ an72 B _
(; ; W(a1*"’*an1)(w)dw> fn(2)

_ 1/066—w/w‘9 < > (ali-..anl)%an>( )dw—|— e /*Ga(x)  (4.10)

T Oow \ dwn—2

1ot 1 .~
ey Gt (¥ Fan)(w) + —e /Gy ().



EJDE-2017/227 DIFFERENTIAL EQUATIONS WITH A DIFFERENCE QUOTIENT 19

Combining (4.9) with (4.10), we have
& 1 <ot z z 1 —e/T Y 1 —e/x Y
L5 =1 [ o (and - Fan)(w) + e/ Gale) + Lo~ /*Cr(w) fala),
j=1

x Jo Own!
which proves (4.7).
We turn to (4.8)). Using (4.6) and (4.7]), we have
IT— fi(@) = ITj—, £3(0)

T

1 ‘ —w/x an ot o 1 —€/T
:EA e v/ W(al*---*an)(w)dw—&—ﬁe TGy (z)
1m0 |
xT Own 1 lw=e¢

Since ai* - - - *a, € C™ (by Lemma, this completes the proof. (I

(ar% -« - Fap)(w).

4.1. Smoothing. The operation * has smoothing properties, and this section is
devoted to discussing the instances of these smoothing properties which are used
in this paper. Fix m € N, €1,¢e5 > 0.

Definition 4.11. For L > 0, n > 1, and increasing functions G1, G2, G35 : (0,00) —
(0,00), we say

G : CUL([0, 1] x [0, €2); R™) — COE(]0,€1] x [0, €2]; R™)
is an (L, G1, G2, G3) operation if:

e G(A)(t,w) depends only on the values of A(¢,r) for r € [0, w]. As a result,
for § € (0, €2], G defines a map

G : CYE([0,€e1] x [0,0];R™) — C%L([0,¢1] x [0, 6]; R™).

e For 0 < k < L—1, there are functions G* : C([0, ¢,]; R™)*+1 — C([0, €1]; R™)
such that

Gk . CL([O,el];Rm) X CL_l([O,el];Rm) X oo X CL_l([O,el];Rm)
— CL_k_l([O,El];Rn),

and

k k
G| =G (A0, 55600, 55 6,0) 0

e The following holds for all M € (0,00), § € (0, eq].
— for all A € CYL([0,¢1] x [0,6]; R™) with ||Al|co.r < M, [|G(A)|cor <
G1(M).
— for all 4, B € C%([0,€1] x [0,8]; R™) with ||A]lco.z, || Bl|cor < M,
[G(A) — G(B)||cor < Go(M)||A— Blco.r.
— For 0 < k < L-—1,and gi,...,gr with g; € CE79([0,¢];R™) and
lgillcr-s < M,
||gk(gl7 cee 7gk)HCL*’“*1 < G3(M)

Below we use % to construct several examples, in the case n = 1, of (2, Gy, G2, G3)
operations.

w=
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Lemma 4.12. Let o« € N™ be a multi-index with |o| > 2, and let b(t,w) €
C([0,€1] x [0,€a]). For A € C%2([0, 1] x [0, €2]; R™) set

G(A)(t, w) = (b(t, )& K A'(t, ) (w).
Then, G is a (2,G1,Ge,G3) operation, where the functions G1, Ga, and G3 can be
chosen to depend only on a, m, and upper bounds for eo and ||b||co.
Proof. Let k1 = min{l : oy # 0} and ko = min{l : (o — e, ); # 0}. Using Lemma
[41] we have

ig(A)(t,w) = A} (£,0) (b(t, )% (x* 7+ A'(t,"))) (w)

ow
+ (b(t, )FAY (8, )F (R A (L, ) (w),
and

H? -

2Dt w) = T (,0) A% (t,O)(( DE(FT TR AL, ) (w)
+ A}, (£,0) (b(t, )FAY, (t, )% (307 7R A/(8, 1)) (w)
+ Aj, (£,0) (b(t, )RAY (8, )% (x* 72 A/(t,4))) (w)
+ (bt )FAY, (8, )AL, (8, )% (307 M=% A'(t, ) (w).

For any c1, ca, we have (c1%c2)(0) = 0, we may therefore take G° = 0 and G' = 0.
Using the above formulas, combined with Lemma the result follows. (Il

Lemma 4.13. Suppose |a| = 1 and b(t,w) € CO([0,e1] x [0,€]). For A €
C°2([0, 1] x [0, €2]; R™) set

Gt w) = (b(t, ) (R A'(1, ) (w).

Then G is a (2,G1, G2, G3) operation, where the functions G1, Ga, and G3 can be
chosen to depend only on m and upper bounds for €3 and ||b]|go.1.

Proof. Without loss of generality we take o = eq, so that G(A)(t,w) =
(b(t,-)*A}(t,-))(w). Using Lemma [4.1 we have

a%Q(A)(t, w) = Ay (£, 0)b(t, w) + (b(t, )*AY(t, ) (w),

%Q(A)(t, w) = AL (t, w)V' (t,w) + b(t,0) A (t,w) + (V' (¢, )* A (¢, ) (w).

In particular,

GAL0) =0, | GA)1w) = A4(1,0)b(t.0).
ow lw=0
Using the above formulas, the result follows easily. ]

Lemma 4.14. Suppose |a| > 2 and b(t) € C([0,e1]). For A € C%%(]0,€1] x
[0, e2]; R™) set

G(A)(t,w) = b(t) (F* A (L, ")) (w).
Then, G is a (2,G1,Ge,G3) operation, where the functions G1, G2, and G3 can be
chosen to depend only on m and upper bounds for ea and ||b||co.
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Proof. Let ky = min{l : oy # 0} and ko = min{l : (o — e, ); # 0}. Using Lemma
[4.1] we have

a%Q(A)(t,w) = b(t) A}, (t,0) (3> A'(L,-)) (w)
+b(t) (AF (t, )% (07 A(t, 1)) (w),
and
%Q(A)(t, w) = b(t) Ay, (t,0) A, (t,0) (317 A(t, ) (w)
+b(t) Ay, (1,0) (AL, (¢, )F (37 7P A'(t, 1)) (w)
+b(t) AL, (£,0) (AF, (¢, )% (377 72 A'(2, 1)) (w)

+ b(t) (Af, (t, )RAY ()% (34772 AL, 1)) (w).
In particular,
0 0, if |a| > 2,
ol ew =iy
w lw=0 b(t) Ay, (t,0)A}, (,0), if [a] = 2.
Using the above formulas, combined with Lemma the result follows easily. [

Lemma 4.15. Suppose d € C%2([0,¢1] % [0, €2]) is such that d(t,0) € C([0,€1]).
For A € C%2([0,€1] x [0, e2); R™) set

G(A)(t,w) := d(t,w).

Then, G is a (2,G1, G2, G3) operation, where the functions G1, Ga, and G5 can be
chosen to depend only on upper bounds for ||d||co.2 and ||d(-,0)| .

g(A) (tv O) = 0,

The above lemma follows immediately from the definitions.
Lemma 4.16. Suppose G : C%L([0,¢1] x [0, e2]; R™) — CO%L([0,€1] x [0, €2]) is an
(L, G1,G2,G3) operation. Let § € N™ be a multi-index, and define
G(A)(t,w) == A(t,0)°G(A)(t, w).
Then, G is an (L,él,ég,ég) operation, where él, ég, and ég can be chosen to
depend only on G1, G2, G3, L, and (3.
The above lemma follows immediately from the definitions.
4.2. Polynomials. For this section, we take all the same notation and assump-
tions as in the beginning of Section Thus, we have by j, ¢a,j, P(t,x,y, 2), and
P(t, A(), z)(w) as described in that section.
Lemma 4.17. Let § € (0, €3] and A(t,w) € C%1([0,€1] x [0,6]; R™) with A(t,0) €
C([07 61]; U) Deﬁne f(t,l') € C([Oa 61] X [O? 60];Rm) by
1 6
flt,x) = f/ e YT At w) dw.
T Jo
Then
P(tv €, f(tv ZL'), f(ta 0)) — P(tv Oa f(t7 0)7 f(tv 0))
x

1 [ ~ 1
_ ;/ e~/ Bt A(t, ), A(1,0)) () duw + —e =Gt ),
0

where G(t,x) € C([0, e1] x [0, o]; R™).
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The above lemma follows from Lemma [4.10} using the fact that f(¢,0) = A(¢,0).
Proposition 4.18. Let § € (0,€]. For A € C%2([0,€1] x [0,];R™) and Ao(t) €
CL([0,e];R™),

P(t, A(t,-), Ao(t)) (w) = dy P(£,0, A(,0), Ag(£)) A'(t,w) + Ga, (A) (¢, w),

where QA CO2 0 61 [0 62} Rm) 002([0 61] [0 62] Rm) s a (2 Gl,G27G3)
opemtwrﬁ The functzons G1, Ga, and G3 can be chosen to depend only on Cy, m,
DD and upper bounds for es and ||Ao||c1-

Proof. By linearity, it suffices to prove the result for P a monomial in y. I.e.,
P(t,x,y,2) = ca;(t @, 2)y ey,
for some j € {1,...,m}, & € N with |o| < D. In this case,
~ lel+1
P(t, A(t, "), 2)(w) = ol (ba,j(t, -, 2)% (3*A(t,-))) (w)e;. (4.11)
Using Corollary and the fact that b, ;(¢,0,2) = cq,;(¢,0, 2),

P(t, A(t,-), Ag(t)) (w)

= aba,;(t, 0, Ag(t) A(t,0)°~“ Aj(t, w)e;

=1

+ Z (;)ba,j(t,O,Ao(t))A(t 07 (34 (1,) (we, (4.12)

81<7al 1
+3 ( ) (b' (t,-, Ag(t))F (%Q‘BA’(tw))) (w)e;
B<a
Note that

Zalbw (t,0, Ao (t))A(t,0)*~ Aj(t, w)e; = dy P(t,0, A(t,0), Ag(t)) A’ (t, w).
=1

Thus, it remains to show the final two terms on the right hand side of (4.12) are
a (2,G1,Go,G3) operation. This follows from Lemmas [4.12] [4.13] [4.14] [4.15] and
4.16] completing the proof. (Il

Proposition 4.19. In addition to the other assumptions of this section, we assume
[2.3). Let 6 € (0,e2] and let A, B € C%2([0, €1] x [0, 5]; R™). Set g(t,w) = A(t,w) —
B(t,w). Then

P(t, A(t, ), A(t,0))(w) — P(t, B(t, -), B(t,0))(w)

=d,P(t,0, A(,0), A(t, 0))9/( s w) + F(t,w),
where there exists a constant C' with

|F(t,w)| < C sup |g(t, )], Vit w.

0<r<w

Here, C is allowed to depend on any of the ingredients in the proposition, including
A and B.

6See Definition m for the definition of a (2,G1, G2, G3) operation.
"See Section [2| for the definitions of these various constants.
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Proof. By linearity, it suffices to prove the result for P a monomial in y. I.e.,
P(t,z,y,2) = ca j(t,x, 2)y" e,

for some j € {1,...,m} and @ € N™ with || < D. In this case P is given by

(4.11)). Using Lemma

ﬁ(ta A(ta ')a A(ta 0))(1[)) - ﬁ(ta B(tv ')7 B(ta O))

m Jae|+1
= Z al% (boévj (t, ‘y A(t, 0))>~i<gl(t, )>T< (;Q_EZA(t, ))) (w)ej

+ ) (-l <g> a‘?jxl (bt A, 007 (F9(t,)) # (77 A, )) ) (w)e;

B<a
1B81=2

|a|+1
+ % ((baj(t,+ A(t,0)) = ba,j(t,, B(t,0))) % (3*B(t,-))) (w)e;

= (I) + (II) + (II1).

We study the three terms on the right hand side of the above equation separately.
Applying (4.3) to each term of the sum in (I), with g; playing the role of ar, and
using the fact that b, ;(t,0,2) = cq;(t,0, 2),

(I) =) ouba,j(t,0, A(t,0)) A(t,0)*“ g (t,0)e; + Fi(t, w)
=1
= d,P(t,0,A(t,0), A(t,0))g'(¢,0) + Fi(t,w),

where |Fy(t,w)| < Supg<,<,, |9(t,7)|. Turning to (II), we note that in each term in
the sum defining (IT), |3| > 2, and so there are at least two coordinates (counting
repetitions) of g(t,-) in the convolution. Applying to each term of the sum,
with these two coordinates of g(¢,-) playing the roles of ay, and ay,_1, we see (1) =
Fy(t,w) where |Fy(t,w)| < supg<,<qy |9(t,7)]. Finally, for (I11), we use that as ¢
varies over [0, €;], A(t,0) and B(t,0) range over a compact subset of U. Applying
with by (¢, -, A(t,0)) —ba,; (¢, -, B(t,0)) playing the role of ar,, and using ,
we see (IIT) = F3(t,w), where
|F3(t,w)| < sup |ba,;(t,r, A(t,0)) — ba,;(t,, B(t,0))]|
0<r<
+ |bla,j (ta w, A(ta 0)) - b:x,j (tv w, B(tv O))|

Sl 0)l s sup [g(t,r)].
0<r<w
Summing the above three estimates completes the proof. [

5. ORDINARY DIFFERENTIAL EQUATIONS

In this section, we prove some auxiliary results concerning ODEs which are
needed in the remainder of the paper.

5.1. Chronological Calculus. Let m € N and let J = [a, ] for some a < b. Let
M(t) : J — M™*™ be locally bounded and measurable.
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Definition 5.1. For ¢t € J, we define

t
%(/ A(s) ds) — E(t),
to be the unique solution F : J — M™*™ to the differential equation
E(t) = AWE(), E(a)=1,
where I denotes the m x m identity matrix.
For the rest of this section, fix ¢y > 0.

Proposition 5.2. Let M(t,z) € C(J x [0,€]; M™*™) be such that there ezists
R(t) € C1(J; GLy,) with RE)M(t,0)R(t)~! = diag(A\1 (1), ..., Am(t)), with \;(t) >
0 for all t. Set A\o(t) = mini<;<m A;(t). Then, for all § € [0,1), Fzo € (0, €], for
all z € (0,xq), for allt € J,

1 t (5 t
&pl — = < -1 - — .
e (-~ / M(s,)ds)| < RO 1R exp (= / No(s) ds)
To prove Proposition we introduce the following lemma.

Lemma 5.3. Let M(t,z) € C(J x [0,€]; M™*™) and set 2Xo(t) to be the least
eigenvalue of M(t,0)T + M(t,0). We assume \o(t) > 0, for all t € J. Then, for
all 6 € [0,1), there exists xo € (0, ¢€g], such that for all x € (0, 0],

Hé?p(—al:/(lt/\/l(&x)ds)H <exp<—i/at)\0(s)ds).

Proof. Let N(t,xz) = M(t,z) — M(t,0) so that N'(t,z) € C(J x [0, €g]; M™*™) and
N(t,0) = 0. Fix § € [0,1) and take zq € (0, €] so small for all (¢,2) € J x [0, z0],
[IN(t, z)|| <infser(1—0)Ao(s).

Let 6y € R™ and set 0(t,z) := éﬂ)( - %f;/\/l(s,m) ds)90. Then

%\0(t,z)|2 = —(0(t,x), (%M(t,I)T + éM(t,x))G(t,x»

(O(t,z), (M(t,0)" +M(t,0)) (t, z))

NEING | —&|-

O(t,2), (N(t,z)T + N(t,2)) 0(t,z))

IN
|

Xo(8)0(t,2)|* + ;IW(M)IIWGJ)\

< —;5>\0(t)|9(t,x)|2.

By Gronwall’s inequality, we have

25 [*
(1. 2)[? < 00 exp ( - ;/a No(s) ds).
Taking square roots yields the result. (I
Proof of Proposition[5.3 Let A(t) = diag(A1(t),..., An(t)) = R(E)M(t,0)R(t)~ .
For 6y € R™, set 0(t,z) = éﬁ)( - %fat/\/l(s,x) ds) 0o. Let y(t,z) = R(t)0(t,x). v
satisfies

=t 2) = *%R(t)M(t, 2)R(t) 'y (t,x) + ROR(E)(t x)
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:_%Mmmwmw,

where M(t,z) = A(t) + R(t) (M(t,x) — M(t,0)) R(t)~* — zR(t)R(t)~". In partic-
ular, note M(t,0) = A(t). It follows that v(t,z) = é?p( - %M(s,m) ds)’y(a,x).

Fix 6 € [0,1). By Lemma[5.3] there exists zg € (0, €] (independent of 6) such
that for z € (0, z],

||(eX_p(— ;/at/\?(s,x)ds)n < exp(— i/at Ao($) ds).

Hence, for z € (0, z],
0(t, )| < |[R@E) ] [4(t, )]

<|[lRr(®)” 1Hexr)

H\oz

/at)\o ds |’ya x)|
< 1RO NiR@ e (=S [ 2o(s)ds) ook

The result follows. |

5.2. A basic existence result. Fix €;,¢g > 0 and let W C R™ be an open
neighborhood of 0 € R™. Suppose M(¢,z,y) € C([0,€1] x [0, € ] x W;M™>™) be
such that for every compact set K € W,

t — t
sup ||M( 7x7y1) M( axayQ)” < 00
t€[0,e1],2€[0,€0] ly1 — yo
y1,y2 € K,y1#y2
Let G(t,z,y) € C([0,€e1] x [0,e0] X W;R™) be such that for every compact set
KeWw,

G(t -Gt
sup | ( 7x,y1) ( ,$,y2)| < 00
t€[0,e1],2€[0,¢0] ly1 — yo
y1,92€ K, y17y2
Let go € C([0, €0); R™) have go(0) = 0. The goal of this section is to study the

differential equation

%g(t,w) = —%M(t,x,g(t,:ﬁ))g(t,x) +G(t,x,g(t,x)), x>0 (5.1)

with the initial condition ¢(0,z) = go(z). The main result is the following.

Proposition 5.4. Set My(t) = M(t,0,0). We suppose that there exists R(t) €
CL([0,e1]; GL,y,) such that

R(t)Mo(t)R(t)™" = diag(Mi(t),- .., Am(1))
and \j(t) > 0, for all j,t. Then, there exists dg € (0,€0] and a function g(t,z) €
C([0,€1] x [0,60]; W) such that g(0,z) = go(z) for all x € [0,00], g(¢,0) =0 for all
t € [0,€1], and g satisfies (5.1]).

To prove Proposition we need two lemmas. As in Proposition set
My(t) = M(¢,0,0). For these lemmas, instead of assuming the existence of R(t)
as in Proposition we let 2)\(t) be the least eigenvalue of Mg ()" + My(t) and
we assume Ag(t) > 0, for all ¢ € [0, €1].
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Lemma 5.5. Under the the assumption \o(t) > 0 for all t, the following holds.
For all € > 0, there exists 6 > 0 such that for all xg € (0,0], there exists a unique
solution g= (t) € C1([0,€e1]; B™(e) N W) to the differential equation

0 1
597 (1) = _;(]M(t’xovg“(t))g“ (t) + G(t, 0,9 (1)), g™ (0) = go(xo)-
In the above, B™(e) = {y € R™ : |y| < €}.

Proof. Fix € > 0. Set N(t,z,y) := M(t,z,y) — Mo(t), so that N'(¢,0,0) = 0.
Fix r > 0 so small B™(r) C W. Take v > 0 so small that if z,|y| < 7,
SUPiefo,e,) IN (2, y)|| < 3 infie(0,e,] Ao(t). Without loss of generality, we assume
e <rA~. Let

C = sup |G(t7 xz, y)' < 0.
t€[0,e1],2€(0,e0]
ly|<r

Take 6 € (0,7] so small that

€ inf Xo(t) >2C, sup |go(z)| < e

d te[0,e1) 2€[0,6]
Fix z¢ € (0,6]. The Picard-Lindel6f theorem shows that the solution g*°(t) exists
and is unique for ¢ in some interval [0, s], where s € (0,€1]. We will show that for
t €[0,s], |g*(t)| < e. By iterating this process, it follows that we do not have blow
up in small time, and can take s = €.

Thus, we wish to show that for all ¢ € [0,s], |[¢™°(¢)] < e. Suppose, for con-

tradiction, there is ¢y € [0, s] with |g™ (to)| > e. Take the least such ty. Since
lg®0(0)| = |go(z0)| < €, to > 0. Hence, |g* (ty)| = € and

8 o 2
ol =0 (5:2)
But, for ¢ € [0, %], |g7°(¢)] < e < r A+, and therefore,
a o 2
21y )
1
= —;0<9I0(t)7 (Mo(t) " + Mo(t)) g™ (1))
1
- 370<£1‘”° (t), (N (t, 20,9 (1)) " + N (t,20,9™ (1)) g*°(t))

+2(g" (), G(t, 20, 9™ (1))
< —xioﬂo(tﬂg“ (1) + Q%OIW(IZ 0,9 (t) g™ ()
+2|G(t, xo, g™ (1)[|g™ ()]

1 1
< —;0/\0(t)|9$° (O +2C]g™ ()] < —SAO(tNg“(tW +2Cg™ ().
Hence,

0 2o (12 €

a‘t:t0|g (t)| S —FAO(tO)+2C€<O7
contradicting ([5.2)) and completing the proof. O
Lemma 5.6. Under the the assumption \o(t) > 0 for all t, there exists oy € (0, €]
and a function g(t,z) € C([0,€1] x [0,00]; W) such that g(0,x) = go(z) for all
x € 0,00, g(t,0) =0 for allt € [0,€1], and g satisfies (5.1]).
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Proof. Let 8y > 0 be the § guaranteed by Lemma [5.5| with e = 1. For x € (0, ],
set g(t,x) = ¢g*(t), where ¢g*(t) is the unique solution from Lemma Standard
theorems from ODEs show g(t,z) : [0,€1] X (0,89] — R™ is continuous. All that
remains to show is that g(¢, ) extends to a continuous function at x = 0 by setting
g(t,0) = 0. This follows immediately from Lemma O

Proof of Proposition|5.4]. Set
M(t,:my) = —zR(OR() " + R(OM(t, 2, R(t)"'y)R(t)

and G(t, z,y) = R(t)G(t,z, R(t)~y). Note that M(t,0,0) = diag(A1(t), ..., Am(t))-
Lemma shows that there exists dg € (0,¢] and and a function h(t,z) €
C(]0, €1] x [0, dp]; W) such that h(0,x) = R(0)go(x) for all x € [0, do], h(t,0) = 0 for
all t € [0, €], and h satisfies

%h(t,w) = f%/f\/lv(t,x, h(t,z))h(t, x) + G(t, z, h(t,z)), x> 0.

Setting g(¢,x) = R(t)~'h(t, ) gives the desired solution, and completes the proof.
O

6. EXISTENCE

In this section, we prove Theorems 2.2 and 2.4] The key result needed for these,
which is also useful for proving Theorem is the next proposition. For it, we
take all the same notation and assumptions as in the beginning of Section [2| Thus,
we have m € N, €g,€1,€2 € (0,00), U C R™ open, D € N, and b, j, ¢q,j, Co, P,
and P as described in that section.

Proposition 6.1. Let Ag(t) € C*([0,e1];U) and M(t) := —d, P(t,0, Ap(t), Ao(t)).
Suppose there exists R(t) € C1([0,€1]; GL,y,) with R(E)ME)R()™ =
diag(Ai (%), ..., Am(2)), where A;(t) > 0, for all t,j. Take cy,C1,Ca,C3,Cy > 0
such that mint’j )\J(t) Z co > 0, HR”cl S Cl, ||R71||Cl S CQ, HM71”C1 S Cg,
lAollcz < Cy. Then, there exists 6 = 6(m,D,co,Co, C1,Ca,C5,Cy4) > 0 and
A(t,w) € C%2(]0,€1] X [0,8 A €2]; R™) such that

0

oA w) = P(t, A(t,-), A(t,0))(w), A(t,0) = Ag(t). (6.1)
Moreover, if we set
B fMeQ e~/ A(t,w) dw, if x>0,
f(t,a:)—{Ao( 5, Fo =0, (6.2)

then f(t,z) € C([0,e1] X [0, e0]; R™) and there exists G(t,x) € C(]0, 1] x [0, €0]; R™)
such that

D bt ) = P2 I (6:2), £(,0) = P(t,0,£(1,0), £(£,0)
o\ = ”

1 ~
+ g G ), (63)
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Finally, if 6, € [0,e2 A 8) and f(t,z) € C([0,€e1] x [0, 0]; R™) satisfies
z),

9 z P(t,x, f(t,x), (t,0)) — P(t,0, f(t,0), f(t, 0 | ope=ti/a
gl o) = e O™ (6.4
f(t,0) = Ao(2),
then if Ao(t) = mini<;<m A;(t), we have that for all v € [0, 1),
f(tw) = fit,2) + 00/ 4 em3 iR ds),

In the above, the implicit constants in O are independent of (t,z) € [0, €1] x [0, €].

Without loss of generality, we may assume ez < 1 in Proposition and we
assume this for the rest of the section. The heart of Proposition is an abstract
existence result, which we now present.

Proposition 6.2. Fiz L > 0. Suppose G : C%L([0,e1] x [0, e2]; R™) — COL([0, €1] x
[0,e2]; R™) is an (L,G1,G2,G3) operation (see Definition [{.11). Let M(t) €
C(Lfl)vo([o,el];mem) be such that there exists R(t) € C'([0,¢€1]; GL,,) satis-
fying ROM()R(E)™! = diag(A1(t), ..., An(t)), where X\j(t) > 0, for all j,t. Fix
Ag € CE([0,€1];R™) and take 60,01702,03,C4 > 0 such that ming ; \;(t) > ¢o > 0,
||R||Cq S Cl, ||R 1||C1 S CQ, ||./\/l ||C(L 1)vo S 03, ||A0||CL S C4 Then there ex-
ists § = (L, m,G1, Ga,G3, ¢, C1,Cq,C5,Cy) > 0 such that there exists a solution
A(t,w) € COE([0, 1] % [0,0 A €2]; R™) to the equation
0

9
At w) = —M(1) 5

We prove Proposition by induction on L. We begin with the inductive step,
which is contained in the next lemma.

Lemma 6.3. Let L > 1, and G, Ay, M, and C4 be as in Proposition [6.3.  For
B(t,w) € C’O’L_l([(),el] x [0,0); R™) let I(Ag, B) = Ag(t) + [ B(t,r)dr, and
set Ga,(B)(t,w) = g( (Ao, B))(t,w), and let By(t) = ./\/l(t) [ A(i()

GO(Ao)(t)] € CL~ 1([0 e1; R™) (here G° is as in Deﬁmtzon Then, Ga, is

an (L —1 Gl,Gg,Gg) operation, where Gl, G3, and G3 can be chosen to depend
only on G1, Ga, G3, and Cy. Furthermore, consider the differential equation

A(t,w) +G(A)(Hw),  A(t,0) = Ao(t).  (6.5)

%B(t,w) = —M(t)%B(t,w) +Ga,(B)(t,w), B(t,0) = By(t). (6.6)

Then, solutions to and are in bijective correspondence in the following
sense:
(i) If A(t,w) € C%L([0,€1] x [0,0];R™) is a solution to (6.5), then B(t,w) =
A'(t,w) € COL=1([0, 1] x [0,8); R™) is a solution to (6.6).
(ii) If B(t,w) € C*L=1([0,¢€1] x [0,6];R™) is a solution to (6.6), then A(t,w) =
I(Ag, B)(t,w) € C%L([0, 1] x [0,0]; R™) is a solution to .

Proof. That QAO is an (L — 1,G1,Ga, G3) operation follows immediately from the
definitions. Suppose A(t,w) € C%L([0,¢] x [0,6];R™) is a solution to (6.5) and
set B(t,w) = A'(t,w) € C%L~1([0,¢] x [0,8);R™). Putting w = 0 in and
solving for B(t,0) shows B(t,0) = By(t). Taking % of and writing A(t,w) =
Z(Ap, B)(t,w) shows B satisfies %B(t,w) = fM(t)%B(t,w)+§Ao (B)(t,w). This
proves ().
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Suppose B(t,w) € C%L=1([0,€e1] x [0,6]);R™) is a solution to (6.6) and set
A(t,w) = Z(Ag, B)(t,w) € C*L([0,€1] x [0,5); R™). We wish to sho holds.
Clearly, A(t,0) = Ao(t). At w = 0, is equivalent to Ag(t) + M(t)By(t) —
GY(Ap)(t) = 0, and this follows from the choice of By(t). Thus, follows if:

g [0 0
o {&A(t, w) + M(E) 5o Altw) Q(A)(t,w)] 0. (6.7)
But is exactly (6.6), completing the proof. O

In light of Lemma[6.3] it suffices to prove Proposition in the case L = 0. The
next lemma reduces this to the case when M(¢) is diagonal and R(t) = I.

Lemma 6.4. Let L = 0, and G, Ag, M, A1,..., A\, and R be as in Proposi-
tion . For B € C([0,€1] x [0, e2]; R™), set G(B)(t,w) := R(t)R(t)" B(t,w) +
R(t)G(R(-)"!B)(t,w). Then, Gisa (O,él,ég,ég) operation, where Gy, G, and
G5 can be chosen to depend only on Gi, G2, Gs, C1, and Cy. Set By(t) :=
R(t)Ao(t), and consider the differential equation

%B(t, w) = —diag(\1(t),. .., Am(t))a%B(t, w) + G(B)(t,w),

B(t,0) = Bo(t).

Then, solutions to (6.5) and are in bijective correspondence in the sense that
A(t,w) satisfies (6.5) if and only if B(t,w) = R(t)A(t,w) satisfies (6.8).

The above lemma is immediate from the definitions.

Proof of Proposition[6.4 In light of Lemmas and it suffices to prove the
result when L = 0, M(t) = diag(A1(t),. .., An(1)).
Write G(A)(t,w) = (G1(A)(t,w),...,Gm(A)(t,w)), then (6.5) can be written as the
system of differential equations
0 0

Here, Ao(t) € C(]0,€1];R™), and the goal is to find a solution A(t,w) € C([0, €;1] x
[0,0 A e2]; R™) to for some 6 > 0. The condition A(t,0) = Ag(t) does not
uniquely specify the solution to (6.9). We will prove the existence of a solution to
that, in addition, satisfies A(0,w) = Ag(0).

Let § > 0, to be chosen later, and set do = d A e2. We consider (¢,w) in
[0,€1] x [0,d¢]. For each j € {1,...,m}, let V; := % + )\j(t)a%. For u > 0, let
Gju(v) = fu+" A;(r) dr and define

¢j_’i(r), if f;l Aj(s)ds >,
€1, if [ (s)ds <.

(6.8)

Vju(r) =

V; foliates [0, €1] x [0, do] into integral curves. We parameterize these integral curves
by u € [—dp, €1]: when u < 0 we use the integral curve starting at (0, —u) and when
u > 0 we use the integral curve starting at (u,0).

More precisely, set

Uejhéo = {(u,v) : u € [0y, 1], and if u < 0 then v € [0, ;,0(60 + u)],
and if u > 0 then v € [0, ;,.(0)]}.
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Note that for (u,v) € U 592 V< 00/co < 0/co. Define H; U — [0, €1] x [0, do]
by

H(uv) = (v, u—l—fo j(r)dr), ifu <0,
e —&-vfquv (r)dr), ifu>0.

Then, for each u € [—dp, €1], Hj(u, -) parameterizes and integral curve of V;: when
u < 0, it parameterizes the curve starting at (0, —u) and when u > 0, it param-
eterizes the curve starting at (u,0). As such, H; : Uejl,éo — [0,€1] x [0,00] is a
homeomorphism.

Define Ly € C([—dp,€1]; R™) by Lo(u) = Ao(u) for v > 0 and Lo(u) = Ap(0)
for v < 0. We consider L = (L1, ..., Ly,) with L;(u,v) € C’(Uiyéo). We related L
and A by the correspondence L;(u,v) = A; o H;(u,v). We consider the system of
differential equations

%Lj(u,v) =G;(LioH ", ..., Ly o HY)(Hj(u,v)), Lj(u,0)= Lo (u), (6.10)

where Lo = (Lo 1,...,Lom). Note that if L satisfies , then A satisfies
and has A(0,w) = Ap(0). Thus, we complete the proof by finding § > 0 such
that there is a solution to . To do this, we utilize the contraction mapping
principle.

For M > 0, let

Faterdo =L = (Ln,..., Lj) : Lj € O(UY, 5.), [ Ljlleo < M3,

and we give Fp ¢, s, the metric p(L, E) = maxi<;<m || Lj — szCo, making Fas,e, .5,
into a complete metric space.

For L € Fip e, 5y, define T(L) = (Ty(L), ..., Tm(L)), where T;(L) € C(U7, 50) is
defined by

T;(L)(u,v) == Lo j(u /g] (LyoHy'y ..o Ly o Hy Y (Hj(u,v')) dv'.

We wish to pick M and § so that 7 : Fare; 50 — F,es,5, 1S a strict contraction.
First, we pick M and 6 so that 7 : Fis,e,.60 — FM,e1,5,- Indeed, we have

(L) ()] < Aol + / "G (VimM) dr

1)
= || Aollco + vG1(vmM) < Cy + %Gl(ﬁM),

where in the last step we have used v < %, as noted earlier. Set M = 2C}, then if
0 < C()C4G1(\/THM)_1, we have T : .7:1\/[751750 — .7:]\/[,61750.

We now wish to show that if we make ¢ sufficiently small, 7 is a strict contraction.
Consider, for L, L € FMer,5, we have

T ) = Do) < | Go (ML D) dr < S Ga(mMp(L D),
where we have again used v < 2. Thus, p(7 (L), T (L)) < 2Ga(v/mM)p(L,L).

Thus, if § = (%CoGQ(\/EM)il) A (600401(\/EM)71), T -7:M,51,60 — -7:M,e1,60 is
a strict contraction.
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The contraction mapping principle applies to show that there is a fixed point
L € Fare, 5 with T(L) = L. This L is the desired solution to (6.10]), which
completes the proof. O

Proof of Proposition[6.1. We begin with the existence of § > 0 and A(t,w) €
C°%2([0,€e1] x [0,0 A €2]; R™) satisfying . Proposition shows that (6.1))
is of the form covered by the case L = 2 of Proposition [6.2} Thus, the existence of
6 and A follow from Proposition

Let f be given by , so that for x > 0,

0 1

dNex -
() = / e~/ Bt A(t, ), A(t,0)) duw.
L 0

From here, follows from Lemma

Finally, suppose f is as in the statement of the proposition and set g(t x) =
f(t,z) — f(t,x). Since f(t,0) = f(t,0) = Ag(t), combining (6.3) with ( shows
that there exists a bounded function G(t, ) : [0, e1] x (0,60] — R™ Such that for
x € (0, €],

T

olt.z) = P(t,z, f(t,x), Ao(t)) — P(t, =, f(t,x), Ao(t)) G
o’ 1 v (6.11)
= —*M(t,a:) + eiél/zé(t,x),

where M(t,z) = —fo dyP(t,z,sf(t,z) + (1 — s) ( x), Ao(t))ds. In particular,
note that M(t,0) = M(t), since f(t,0) = f(t,0) = Ao(t). Solving (6 we have

1 t
olt.2) = 55 ( — 1 [ Mis.a)ds)g(0.
¢ 1t R
+e_51/””/ éﬁ)(——/ /\/l(r,x)dr)G(s,x)ds
0 T Js

Applying Proposition we have for all y € [0,1),
t
9l0,2)] 5 e300 1g(0,2)| e~ [ =2 g

0
_ O<€751/:L’ + 67% fot Ao (s) ds)’
completing the proof. O

Proof of Theorem[2.3. Let f(t,x) € C([0,€1] x [0,€0]; R™) be the function f(t,x)
from Proposition Thus, f satisfies (6.3) for some function G(t,z) € C([0,€1] x
[0, 60]; Rm).

For some 0y > 0, we will construct f(¢t,z) € C(]0,€1] x [0,dp]; R™) as in the
statement of the theorem. We do this by considering f(t,z) of the form f(¢,z) =
f(t,z) + g(t, z), where g(t,x) € C(]0, €1] x [0, do]; R™). Notice that f(t,x) satisfies
the conclusions of the theorem if g(¢, x) satisfies the following:

® g(t,0) =0, for all t € [0, 1] (so that f(¢,0) = F(t,0) = Ag(t)).
e g(0,z) = go(x), where go(z) = fo(x) — f(0,2) € C([0,€]; R™). Since
fo(0) = Ao(0) = £(0,0), we have go(0) = 0.
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I (t l‘) _ P(t,x,f(t,:z:) —|—g(t,$),A0(t)) _ P(t’xvf(t7$)aA0(t))
a9\ = T (6.12)
+ G1(t,z, g(t,x)),

where G (t,z, g(t, x)) = G(t,z, f(t,z)+g(t, x), Ag(t)) — e~ /G (t, z)
and 0 is as in Proposition [6.1}

Set

1
R(t2,2) = = [ (@, P)t, Flt,) + 52 Ao(0) d,

0
so that

M(t,z,2)2 = P(t,x, f(t,2), Ao(t)) — P(t,x, f(t,x) + 2, Ao(1)).
Using this, can be re-written as
0 1~

ag(tv l‘) = _EM(ta x,g(t, J)))g(t, Z‘) + Gl(t7 €Z, g(t7 .’L‘))

Also note note that M(t,0,0) = M(t), where M(t) is as in the statement of the the-
orem. From here, the existence of g(t,z) follows from Proposition completing
the proof. 0

Proof of Theorem[2.], The representation (2.2)) follows by applying Proposition [6.]
with f playing the role f, and §y playing the role of ¢y. The uniqueness of the
representation follows from Corollary [8:4] O

7. UNIQUENESS

The purpose of this section is to prove Theorems Proposition [2.8], and
Theorem [2.10[ The main remaining ingredient needed is an abstract uniqueness
result, which we present first.

7.1. An abstract uniqueness result.

Proposition 7.1. Letm > 1, e1,e2 > 0. Let M(t) € C([0, e1]; M™*™) be such that
there exists R(t) € C1([0,€1); GLy,) with R(E)M(t)R(t)! = diag(A1(t), ..., Am(t))
where each A\;(t) > 0, for all t € [0,€e1]. Suppose g(t,w) € C([0,€e1] x [0, e2]; R™)
satisfies the differential equation

0 ]
Dol w) = M) g
where F(t,w) satisfies | F(t, w)| < C'suPg<y<ry lg(t, )|
Set yo(t) = maxi<j<m fot Aj(s)ds, and

5o i {70_1(62)a if vo(e1) > €2,
0=

€1, otherwise.

(t,w) + F(t,w), g(0,w) =0,Vw,

Then g(t,0) =0 for 0 <t < dy.

Proof. We begin by showing that it suffices to prove the result in the case when
M(t) = diag(A1(t), ..., Am(t)). Indeed, if g(t, w) is as above and h(t,w) = R(t)g(t, w),
then h(t,w) satisfies

%h(t, w) = diag(A(2), .. ., )\m(t))%h(t, w) + R(F(t,w) + RE)RE) " h(t, w),
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h(0,w) = 0, Vw.

Thus, if we have the result for h, the result for g follows.

For the rest of the proof, we assume M(t) = diag(A1(t),..., A (t)). Write
g(t,w) = (g1(t,w),...,gm(t,w)) and F(t,w) = (F1(t,w),..., Fn(t,w)). Thus we
are interested in the system of equations

O giltw) = X (gt w) 4 Fytw), g0 =0, (7)

under the hypothesis |F;(t,w)| < C'supg<,<,, |9(t,7)|. For each j € {1,...,m}, set
t N v

vi(t) = [y Aj(s)ds, and let Y; = & — \;(t)2. Let Hj(u,v) = (v,u— [, \;(s)ds)

(we will be more precise about the domain of H; in a moment). Note that H; is

invertible with H;l(v, r) = (r+ [y Aj(s)ds,v). Finally set

5 v He2), ifyi(er) > e,
7 €1, otherwise.

For 0 <j<m,set W, :={(t,w):0<t<6;,0<w < e—~,(t)}, and note that
for j € {1,...,m}, Wy € W,. Furthermore, for j € {1,...,m}, Y; foliates W; into
the integral curves of Y. Indeed, for u € [0, €2, define

—1 .
: f >
ri(u) == {% " %(61.) =
€1, otherwise.

Note that r;(e2) = 6;. As v ranges from 0 to r;(u), H;(u,v) parameterizes the
integral curve of Y; in W; which starts at (0,u). Let U; := {(u,v) : u € [0,€2],v €
[0,7;(v)]}. By the above discussion, H; : U; — W; is a homeomorphism. Set
V= H;{(Wy) C U

For v € [0, do], we define

E(v) :=sup{|g(v,w)| : (v,w) € Wy} = sup{|g(v,w)| : w € [0,e2 — yo(v)]}.

Clearly E(0) = 0, since g(0,w) = 0. We will show E(v) = 0 for v € [0, Jp], which
will complete the proof.

We claim that if (u,v) € Vj;, then for all ' € [0,v], (u,v’) € V;. Indeed, note
that

(u,v) € V; & v € 0,5 andoguf/ Aj(S)dSSGQ*Hl]?X/ Ak () ds.
0 0

So if (u,v) € V; and v’ € [0,v], then clearly v’ € [0,60] and adding [}, A;(s) ds to
the above equation, we see

’

Og/ )\j(s)dsguf/ Aj(s)ds
v 0

’

’

v v v’
<€y — méix/ Ai(s)ds +/ Aj(s)ds < e — m’?x/ i (s) ds.
0 v 0

Thus, (u,v") € Vj, proving the claim.
Set Ij(u,v) = g; o Hj(u,v). Then (7.1) shows that

aglj(u,v) = F;oHj(u,v), 1;j(u,0)=g;(0,u)=0.
v

Hence, I;(u,v) = [ Fj o H;(u,v') dv'.
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For (u,v) € V;, Hj(u,v) € Wy and therefore u— [ A;(s) ds < €2 —o(v). Hence,
for (u,v) €'V},
FroHwols  sw  lgenl< s g = B).
0<r<u— fo j(s)ds 0<r<ea—vo(v)

Thus, for (u,v) € Vj, ifv' € [O v] we have (u,v’) € V} and therefore |FjoH;(u,v")| <
E(v"). We conclude, for (u,v) € V},

uv\—’/FOH u, v dv‘</E

Therefore, for v € [0, Jp],
sup{|g; (v, w)| : (v,w) € Wo} = sup{[l;(u,v)| : (u,v) € V;} 5/ E(v') dv,
0

and so E(v) < [ E(v') dv’. Gronwall’s inequality implies E(v) = 0 for v € [0, 6],
completing the proof. O

7.2. Completion of proofs.

Proof of Theorem[2.6, Set f(t,x) = f(ex — t, ), Ag(t) = f(ex —t,0) = f(t,0),
ﬁ(t,x,y,z) = —P(e; —t,x,y,2). f satisfies, for all v € [0,€2),

9z - Pt f(te), [(t,0) = P(t0,f(t0), f(t,0) /2
o’ " x +0(E"),

F(t,0) = Ao (t).

By the hypotheses of the theorem, P and 4, satisfy all the hypotheses of P and Ag
in Proposition Here, \;(t () =X(e1—1) plays the role of A; in that proposition.
Thus, let ¢ be as in Proposition and A € C%2([0, €] x [0, (5] ") be A from
Proposition E 1| when applied to P and Aj. Proposition shows that for all
v e [0,1), if Ao(t) = mini<j<m )\j(t)7

1 dNea -
,/ e~/ A(t,w) dw = f(t,z) + O( “r(@n)fe =3 f do()d ) (7.2)
0

x
Define A(t,z) := A(e; — t, ). Replacing ¢ with €; — ¢ in and using that A

satisfies (6.1]) (with P and A replaced by P and AO) (12.4) and follow. Finally,
the stated uniqueness of (2.5 . ) follows from Corollary [8.4 O

Proof of Proposition[2.8 Let g(t,w) = A(t,w) — B(t,w). (2.6) combined with
Proposition shows

0 0
—alt _ ) —
It w) = M(t) 5 g
where [F(t, w)| S supg<,<, [9(t,7)]. M(t) and g(t,w) satisfy all the hypotheses of
Theorem (with e replaced by §), and the result follows from Theorem O

Proof of Theorem[2.10, Applying Theorem[2.6to f1 and fo we see that there exists
6 = 6(m,D,CO,CO,Cl,CQ703,C4) > 0 and Ay, Ay € 00’2([0761] X [076 A 62];Rm)
such that for k = 1,2, 2 Ay (t,w) = P(t, Ay(t,-), A(1,0))(w), Ax(t,0) = f4(t,0),
and for all v € [0,1),

1

INeg o
fu(0,z) = —/ e/ A3.(0,w) dw+0( —y(re2)/w | o= %[5 A5 ()d ) ,
T Jo

(tv U}) + F(tv w)v g(oa w) =0,
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The uniqueness of this representation as described in Theorem [2.6] combined with
([2.7), shows that A; (0, w) = As(0,w) for w € [0,8" Ar].

From here, Proposition shows that A;(t,0) = Aa(¢,0) for t € [0,d0]. Since
Ag(t,0) = fr(t,0), the result follows. O

Proof of Theorem[2.5 This follows from the reconstruction procedure discussed in
Remark 2.9 O

8. APPENDIX: LAPLACE TRANSFORM

The purpose of this section is to discuss the following Paley-Wiener type theorem
for the Laplace transform, which is presented in [22].

Theorem 8.1 ([22, Theorem A.2.2]). Fiz € > 0 and suppose f,g € L'([0,€]) and
for some s € [0, ¢,

/Ee*“f(t) dy = / e Mg(t)dy +O(e™™), as A1 oo,
0 0

Then f =g on[0,s).

In this section, we offer a discussion of this result, along with two proofs. The
first is closely related to the proof in [22], though may be somewhat simpler. This
first proof uses complex analysis. The second proof uses only real analysis and is
more constructive.

Lemma 8.2. Fiz ¢ > 0 and suppose a € L*([0,€]). For each A > 1, let F(\) :=
Jo e Ma(t) dt. Suppose |F(N)| = O(e™*) as A T oo. Then, a = 0.

Proof. For A € C, set G(\) = [; el“""*a(t) dt = e“*F(X). We have:

(a) G is entire.

(b) supyer |G(iN)] < 0.

(¢) SUPyepo,00) IG(A)] < 0o (this is a restatement of the fact that [F(\)] = O(e™)).
(d) SUPxe(—oo,0 [G(A)] < 00

(e) |G(N)] < CeM | for all A € C.

Ttem @ shows that we may apply the Phragmén-Lindel6f principle in sectors of
angle less than 7. (B), (c), and (d) show |G())] is bounded on each coordinate axis,
and so the Phragmén-Lindel6f principle shows that G is bounded in each quadrant.
We conclude that G is a bounded entire function and therefore Liouville’s theorem
implies that G is constant. Since limy_,_., G(A) = 0, we see that G(A) = 0 for
all \. Thus, 0 = F(\) = [; e "a(t)dt for all . Standard theorems now show
a=0. (]

Proof of Theorem[8.1. This follows immediately from Lemma [8.2 O

In this paper, we use Theorem and Lemma [8.2] via the next corollary.

Corollary 8.3. Suppose a € C([0,€]) satisfies |\ [ e "a(t)dt| = O(e™), as
AT oo. Then, a=0.

The above corollary follows immediately from Lemma [8.2
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Corollary 8.4. Let e, ¢’ > 0 and suppose a,b € C([0,€']) satisfy

1 /¢ 1 [
,/ e~/ " a(w) dw = */ e /"b(w) dw + O(e™/") as x | 0.
0 0

x x
Then, a(w) = b(w) for w € [0,e A€].

The above corollary follows from Corollary by setting A = %

It is interesting to note that Lemma (and therefore Theorem can be
easily proved without complex analysis, and we present this next. Thus, all of the

results in this paper can be proved without complex analysis. First, we note that
Corollary [8.3] actually implies Lemma, [8.2

Proof of Lemma[8.9 given Corollary[8.3 Suppose that a € L*([0,€]) and that
Jo e Ma(t) dt = O(e=**); we wish to show a = 0. Integration by parts shows

€ € t €
efk/ a(s)ds + )\/ efM/ a(s)dsdt = / e Ma(t)dt = O(e™).
0 0 0 0

Thus A [ e fot a(s)dsdt = O(e~), and Corollary [8.3| shows fot a(s)ds = 0, for
all t. Thus, a = 0, as desired. ([l

Hence, to prove Lemma|8.2| using only real analysis, it suffices to prove Corollary
[8-3] using only real analysis, to which we now turn.

Proposition 8.5. Fiz e >0, and let a € C([0,¢€]). Suppose
sup ’n/ e™a(t) dt| < oo.
neN 0

Then, a = 0.

Remark 8.6. Two remarks are in order:

o If fOE e™a(t)dt = 0, for all n € N, then the classical Weierstrass approxima-

tion easily yields that a = 0. It therefore makes sense to consider Theorem
B.5 a “quantitative Weierstrass approximation theorem.”
e By replacing a(t) with a(e — t), Theorem implies Corollary

Lemma 8.7. Fiz e > 0, and let a € C([0,€]). Suppose

€
sup ’n/ e"af(t) dt’ < 00.
neN 0

Then, a(0) = 0.
Proof of Theorem 8.5 given Lemma[87]
Let § € [0,¢), and set C = sup,,cy |0 [, €"'a(t) dt|. Then, we have

€ € 4
’n/ e™a(t) dt| < |n/ e™a(t) dt| + |n/ e™a(t) dt|
5 0 0

s
<C+ ( sup |a(t)|>n/ e dt < De™,
t€0,6] 0

for some constant D which does not depend on n. Multiplying both sides of the
above inequality by e~™® and applying the change of variables s =t — ¢, we have

€—4
‘n/ e"a(s +9) ds| <D, vVneN
0
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Lemma now implies a(5) = 0. As § € [0,€) was arbitrary, this completes the
proof. ([

We close this appendix with a proof of Lemma [8.7] Fix ¢ > 0. For j,N € N,
define

00 4 eeN 4
A ::/ v le Y dy, Ijn ::/ v le Y dy,
1 1
so that A; < Aj4, and limy_.o I; v = A;. Set

N
fin(t) = ——eNiteme™
Ijn

Lemma 8.8. f] ~ has the following properties.
[ ] fO f] N dt =1.
e Forj ﬁxed limy oo fj,n(z) = 0 uniformly on compact subsets of (0, €.
o Forac C([0,€]), imy_c [y fin(t)a(t) dt = a(0).

Proof. The last property follows from the first two. The second property is imme-
diate from the definitions. We prove the first property. Applying the change of
variables y = e™N*, we have

€
/ fin( e Vdy =1.

JNO
O

Proof of Lemma[8.7] Let a be as in the statement of the lemma, and set C' :=
sup,, ey |1 [ €™a(t) dt| < oo. Using Lemma we have

|a(0)\:Nlim |/ fin ()a(t) dt| <hm1nf—2|/ Njelze )" t)dt|
—oo ! Jo »

N C
< liminf -
}?E?OINZNHJ k) A Z k+j

Taking the limit of the above equation as j — oo shows a(O) = 0, completing the
proof. ([

9. APPENDIX: PSEUDODIFFERENTIAL OPERATORS AND THE CALDERON
PROBLEM

The results in this paper can serve as a model case for a more difficult (and still
open) problem involving pseudodifferential operators, which arises in the famous
Calder6n problem.

Let N be a smooth manifold of dimension n > 2, and let ¥DO?® denote the
space of standard pseudodifferential operators on N of order s € R. We use = to
denote points in N. For T' € UYDO?®, let o(T) denote the principal symbol of T'.
Let t — I'(t) be a smooth map [0, e;] — UDO such that I'(¢) is elliptic for all ¢,
and such that

o (®)(w.§) = (lofa.1) DD Jeats)

where go (-, t) is a Riemannian metric on N for each t € [0, €], |g(z,t)| denotes
detgq g(x,t), and £ denotes the frequency variable. In what follows, we suppress the
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dependance on z. By taking principal symbols, the function I'(t) — |g(t)|g®?(t)
is well defined. Also, det(|glg®?®) = |g|"~!, so (since n > 2), T'(t) — |g(t)] is
well-defined. We conclude that I'(t) — g, 5(t) is well defined.

Let Ay denote the Laplace-Beltrami operator associated to g(t) (with the
convention that A,y is a negative operator). We consider the following, well-
known, differential equation:

210y = loP (lg0720w)” — (19012800 ). (9.1)

Since g(t) is a function of T'(¢), (9.1) can be considered as a differential equation
involving only T'(¢).

Conjecture 9.1. If N is compact and without boundary, the differential equation
(9.1) has uniqueness. Le., if T1(t) and T'2(t) are as above and both satisfy (9.1)
and T'1(0) = T'2(0), then T'1(t) = Ta(t), for all t.

Note that the left hand side of is in WDO?, while the right hand side is a
difference of two elements of W¥DO?, but this is possible since the principal symbols
of the two terms on the right hand side cancel. This makes this equation similar to
the ones studied in this paper, as we discuss next.

Remark 9.2. Other than this cancelation, as far as the methods in this paper
are concerned, there seems to be nothing particularly special about the form of
(9.1) and one could state many other versions of Conjecture using different
polynomials. We will see in Section and as is well-known, arises naturally
in the Calderén problem. Thus, if one replaces with a more general polynomial
differential equation, one creates a class of conjectures which “generalize” part of
the Calderén problem. These generalizations move beyond the setting where any
ingredient in the problem is linear.

9.1. Translation invariant operators. When N = R", n > 2, if one replaces
composition of pseudodifferential operators with multiplication of their symbols,
then is of the form covered by our main theorems. Another way of saying this
is that if the operators were all assumed to be translation invariant on R™, then the
equation is of the form covered by our main theorems—and we describe this
next. Thus, Conjecture(9.1| can be viewed as a noncommutative analog of Theorem

Let T'(t) be as described in the previous section, satisfying and assume that
T'(t) is translation invariant. Thus, g(t) does not depend on x and T'(t) is given by
a multiplier:

L()f(€) = M(t,€)f(©),
and M satisfies the differential equation

DM€ = oM g Y ks, (02)

a,B
and satisfies

M6 = (l90) Y 0™ 0ats)” +001), as ¢ — o,
o,
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For 1 < a < n, let e, denote the ath standard basis element. For a positive
definite quadratic form

B(&) =131 ) 5" ¢ats,
o,
where g is a positive definite matrix, associate to B the vector v indexed by 1 <

a < <n with v4 3 = \/B(eq + €3). Note that v = (vs,3) uniquely determines g,
and therefore B, and the function F(v) := |§|~'/? is well-defined and smooth (here
we have used n > 2 and argued as in the previous section).

For 1 <a<@<nandzx >0, we define

M (t, L(ea +ep)) if x>0,

fap(t, ) =
6o {\/g(t)(g""“(t)+29avﬁ(t)+gﬁvﬁ(t)) if z = 0.

Rewriting (9.2) in terms of fo 3 we see f, 3 satisfies the system of differential
equations

g2 fa,p(t,2)* — |g(t)| /2 fa,p(2, 0)?
0 ) (9.3)
F(f(ta 0))fa,ﬁ(tv CL’) — f(f(t, 0))fa,ﬁ(ta 0)
x
Note that, by the assumption that g(¢) is positive definite, f, g(t,0) > 0, for all ¢.
It follows that (9.3)) is of the form covered by Theorem where we have used the
polynomial P = (P, 3), where

Pa,ﬁ(tvxaya Z) = f(z)yi,ﬁ'

Thus, under the restriction that I'(¢) is translation invariant, Conjecture follows
from Theorem 2.5

0
afoz,ﬂ(twr) -

Remark 9.3. It is not difficult to simplify the above equation using Liouville trans-
formations to reduce the problem to considering, for instance, the case P (¢, x,y, z) =
y?. However, the generality of our approach lets us avoid such reductions.

9.2. Calderén problem. In this section, we describe how arises in the
Calderén problem—which is well-known to experts. Let M be a smooth, compact
Riemannian manifold with boundary of dimension n +1 > 3. Let G denote the
metric on M. The Dirichet-to-Neumann map Ag : C®(OM) — C*(OM) is de-
fined as follows. Given f € C*°(OM), let u € C°°(M) be the unique solution to
Agu=00on M, u|aM = f. Ag is then defined as Ag f = a%f’aM, where v denotes
the outward unit normal to @M. The inverse problem is to construct G given Ag.
There is one obvious obstruction: if ¥ : M — M is a diffeomorphism which fixes
OM, then Ag = Ag~¢ (where ¥*G denotes the pull back of G via \I/)ﬁ Calderén’s
problem then asks if this is the only obstruction.

Anisotropic Calderén Conjecture: Suppose Ag, = Ag,. Then there is a dif-
feomorphism W : M — M, which fixes the boundary, such that G; = U*G,.

The above conjecture remains open, and has attracted a great deal of attention.
It began with work of Calderén [6]. When M C R™*! and in the so-called isotropic
setting: G j(x) = c¢(x)d; ;, the problem is well understood [9), 12, [14] 13} 23] 24, 25,
211, 19, 10, 1.

8This obstruction was noted by Luc Tartar.
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Moving to the general (anisotropic) setting, much less is known. In the real
analytic category, the result is known in the affirmative [16, [I7, [I5]. In the smooth
category, little progress has been made on the full anisotropic question. In a big step
forward, recent work of Dos Santos Ferreira, Kenig, Salo, and Uhlmann [7, [TT] have
given some of the first results in this setting. However, they still require a special
form of the metric G, and even then do not answer the full Calderén question.

Remark 9.4. When n + 1 = 2, the problem takes a slightly different form, and is
very well understood [20], 27, 26] B, 2, [3]. Because of this, our main interest is the
case n +1 > 3.

Following [16], we use boundary normal coordinates on a neighborhood of OM.
This sees a neighborhood of M in the form OM x [0, €). We use coordinates (z,t) €
OM % [0,€). M has dimension n + 1 and M has dimension n. In what follows,
«, 3 range over the numbers 1,...,n while 7, j index the numbers 1,...,n+ 1. In
boundary normal coordinates, G; ; satisfies Gp11,n+1 =1, Gny1,8 = 0, Go nt1 = 0.
Let go.5(z,t) = Go gz, t); in particular, g, g(x,t) is an n x n matrix and satisfies
det g g(z,t) = det G, j(z, t).

For each ty € [0,€), we shrink the manifold M but cutting off the part of the
manifold [0, tp) x OM (in boundary normal coordinates), yielding a new Riemannian
manifold My,. Let Gy, denote the metric on My, (given by restricting G to My,).
For each tg € [0,¢€), we think of g(z,%p) as a metric on OM = dM;, (where we
identify OM with 0My, in the obvious way). We sometimes suppress the variable
x and write g(tg) to denote the metric, which depends smoothly on tg.

For each to we define the map I'(tg) : C*°(OM) — C*>°(0M) as follows. Let uy,
solve AGtO uy, = 0 in My, with Ut0|31\/[t0 = f (here we are again identifying M,

with OM in the obvious way). Then define

D(to) 1) = o0 |, et 2). (9.4

Note that T'(0) = |g(0)|'/2A¢. Because it is well-known that Ag uniquely deter-
mines G on M, the Calderén problem can be equivalently stated with Ag replaced
by I'(0).
We have
B = Dy + 1ol 07 g, )2 2
el g(t) ag\x, ot g\x, ot
Differentiating with respect to ¢, using the above formula for Ag, and using
Ag,, ut, = 0, we see that I'() satisfies the differential equation (©3).
Hence, if Conjecturevvere true, it would follow that I'(0) uniquely determines
g(t). Le., that Ag uniquely determines G' on a neighborhood of the boundary in
boundary normal coordinates.

Remark 9.5. In the real analytic category, differential equations always have
uniqueness, and the above argument shows that, for a real analytic manifold, Ag
uniquely determines GG on a neighborhood of the boundary, in boundary normal
coordinates. This is equivalent to the first step of [16], where the same ideas are
used to determine the Taylor series of g in the t-variable, centered at ¢ = 0.

9.3. Acknowledgments. This research was partially supported by NSF DMS-
1401671.
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