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BOUNDS FOR THE SPECTRAL RADIUS OF POSITIVE
OPERATORS

MOHAMMED SAID EL KHANNOUSSI, ABDERRAHIM ZERTITI

ABSTRACT. We use partially ordered spaces to obtain bounds for the spectral
radius of positive linear operators, and to improve the corresponding fixed
point theorems.

1. INTRODUCTION

In [9], methods of partially ordered spaces are used for obtaining bounds for the
spectral radius of positive operators. In Theorem below we present a result
which generalizes those in [9], by weakening the hypothesis that the operator under
consideration is bounded by some wuy with “ug is a quasi-interior element of the
cone”. In Theorem [2.5] we improve a variant of the well known contraction mapping
principle given by Krasnosel’skii and Zabreiko in [9] by requiring only estimates for
the difference of the values of the operator on comparable elements. Also, we use
the previous results to prove that the operator given in Theorem satisfies all
the conditions of the converse to the Banach contraction theorem.

2. MAIN RESULTS

Let (E,| - ||g) be a real Banach space and P be a nonempty closed convex set
in E. P is called a cone if it satisfies the following two conditions:

(i) if z € P and A > 0, then Az € P;
(ii) if z € P and —z € P, then « = 6, where 6 is the zero element in E.

A cone P is said to be reproducing if £ = P — P, i.e., every element x € F can
be represented in the form x = u — v where u,v € P. The cone P defines a linear
ordering in E by

r<y ifandonlyif y—z¢€ P.
The cone P is said to be normal if there exists a constant K > 0 such that
6<a<y— || <Klyl, VayeP

For L : E — E, a bounded linear operator, we define its spectral radius by

o(L) = Iz

lim
n—-+o0o
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The linear operator L is called positive if it transforms the cone P into itself. It
is not hard to see that it follows from x < y for arbitrary elements z,y € E that
Lx < Ly.

Let ug be a non-zero element of P. Following Krasnosel’skii [8], we say that the
positive operator L is ug-bounded above if there exists a natural number m such
that for every non-zero element z € P there exists a positive number 5(z) such
that

L™z < B(x)ug.
Arguing as in [2, Lemma 1.4.2] we have the following result.

Theorem 2.1. Let P be a normal reproducing cone. If the positive linear operator
L is ug-bounded above then there exist constants T > 0 and m > 0 such that for
any x € E there exist an element y € P and a constant B(z) > 0 such that

<y, Lmy<p(xjuo, |yl <7llel,  6@)uoll <7l

Proof. Since P is a reproducing cone, then for x € E there exist y,z € P such that
x =y — z. From the ug-boundedness above of L there exists an integer m > 0
such that L™y < fB(x)ug for some constant S(x) > 0. From which it follows that
E =Uy2 B, where

E, = {z € E : there are y € P and f(z) > 0 such that 2 < y,

L™y < B(@)uo, lyll < nllzll, [B(x)uoll < nll=]l},
forn = 1,2,3,.... By the Baire-Hausdorf’s Theorem (that says nonempty com-
plete metric spaces are second Baire sets) there exist positive integer ny,xz9 € E
and R > r > 0 satisfying

By={ze€eE:r<|z—x0|| <R} CE,,.
Let —x¢ = yo — 2o where yg, 29 € P. Take positive constant By and positive integer
ngy satisfying L™yo < Bouo, ||yo|l < nallzol, and ||Bouol] < nallxo]l.
Let B={x € E :r < ||z|| < R}, and choose some integer ns satisfying

1
n3 > ny + ;(m + ng)||zo]|-

Now we prove that B C E,,. Indeed, for any z € B, we have y = o + = € By,
then there exists a sequence {x;} C E,, such that x; — y as i — oco. Clearly, we
can assume that z; € By for i = 1,2,3,.... Take elements y; € P and constants
B; > 0 such that x; < y;, L™y; < Biug, ||lyill < nalla;]|, and ||Biuol| < na||as||, then
we obtain x; — xg < y; + yo and

19 + yoll < nallzi]| + nalloll

(n1 + na)|lzo | + nalz: — 20|

IN

[E2

A

(n1 +n2)

O 4] — ol
s

nsl|z; — xo||.
On the other hand we have L™ (y; + yo) = L™y; + L™yo < (5; + Bo)uo and
1(Bi + Bo)uol| < nallzill + n2llzoll < nsllzi — zoll,

from which it follows that x; —xg € E,, for n = 1,2,3,.... From the fact that
Ty — o — Y — o as ¢ — oo we obtain x € E,,. Therefore B C E,,,. Clearly, from
x € F,,, we can easily prove that tz € E,,, for all t > 0. Consequently, £ = E,,,.

IA
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Finally, we show that £ = Es,,. Taking z € FE such that = # 6, then there
exists 1 € L, satisfying

1
Iz — ] < 5 el
Since x1 € E,,, there exist y; € P and ;1 > 0 such that
r1 <yi, LMy < Bruo, |l < nsllall,  [Bruoll < nslle]].
Similarly, there exist x4 € E,,,, y2 € P, and 2 > 0 such that
1
lz =21 — 22| < Hllzll, 22 <9,
L™ys < Poug,  |yall < nsllzall,  [|Bauoll < nallz2]-

Inductively, we find sequences {zy} C En,, {yx} C P, and {8} > 0 satisfying

1
lo =@ — @y = —aull < rllzll, - zn < yr,
L™yp < Bruo,  |lykll < nallzill,  ||Bruoll < nsllak|
for k=1,2,3.... Clearly, z = > -, z; and
k—1 k

3
lal < o= S aill + o = Y will < St k=12

i=1 i=1

From which it follows that

o0 o0
D lywll < ms Y llzwll < 3nslz|| < oo,
k=1 k=1

o0 o0
S Bruoll < ng 3 flae] < 3nslla] < oc.
k=1 k=1

Consequently the series Y 27, y, and > p—, Bk converge to and element y € P and
a constant 3 > 0, respectively. Clearly

o0 oo o0
=3 w <> =y Iyl <3 el < 3nslall
k=1 k=1 k=1

On the other hand by using that a linear operator which maps a reproducing cone
into a normal cone must be continuous (see [6]), L™ is continuous. Then

Ly =1 (S ) = 3L <Y Buuo = Buo,
k=1 k=1 k=1

1Buoll < > lIBruoll < 3ns|].

k=1
Therefore, x € Es,,,, which implies that £ = Ej3,,,. O

Our main result reads as follows.

Theorem 2.2. Let (E, P) be an ordered Banach space with normal, reproducing
cone P. Let L : E — E be ug-bounded above positive linear operator. If there exist
a positive integer n and a A > 0 such that L™ug < Aug, then

r(L) < AV"
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Proof. First, suppose that A > 0. By Theorem [2.1] there exist positive constants 7
and m such that for every x € E there exist y € P, S(z) > 0 such that z < y,

L™y < B(x)uo, [lyll < 7llzll, 18(x)uol| < 7|z

Taking z = y — x € P, then by Theorem we can find an element w € P
and a constant 8(z) > 0 such that z < w, L™w < B(2)ug, |w| < 72|, and
1B(2)uo|| < 7l|lz]|- If u=y+ 2z, then —u < 2 < u and

L™= L™y + L™z < Blayuo + B(=)uo.
Since
1B(x)uo + B(z)uoll < [[B(z)uoll + [|B(2)uoll
< 7zl + 7|z
< 7llzll + ()l + [l
< 7llzll + 7 (7ll] + =)
< 7(7+2)[|=]),

there is a constant o > 0 such that for any « € E there exist u(z) € P and §'(z) > 0
such that

—u(z) <z <ulx), LMu(z) <B(x)ug, B (x)uoll < oflz].
Therefore, there is a constant 8 (8 > M) such that for every x € E satisfying
lz]] <1, we can find an element u(x) € P such that

—u(z) <z <wulx) and L"u(z) < Bup.
Hence
—Bug < —L™u(z) < L™z < L™u(z) < Buy,
and inductively, for any p > 1,
—BNPug < —L™ Py (x) < LTy < L™ TPy (x) < BAPug,
from which it follows that
0 < L™"Pg 4 BAPug < 28NPuyg.
Since P is normal we obtain
L2 4+ BAPugl| < 2K BAP uol|,

where K is the normal constant of P. Then for every z € E, satisfying ||z| < 1
and p > 1 we have
L™ P]| < (2K + 1)BAP||uo-
From which it follows that
IL™FP ) < (2K + 1)BAP||uol .
Then

|Lm+ne | e < (2K +1) T 5minp \mtnp l|uo| rEr
Letting p — oo, for all € > 0 there exists N, such that for all p > N, we have
r(L) < |L 4
By letting € — 0 we have

1 1
m+np S )\n + €.

r(L) < Aw.
Now, if A = 0 then for any € > 0 we have L™ug < €"ug and from what has already
been proved we have r(L) < e. This completes the proof. a
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Remark 2.3. Theorem [2.2] generalizes Theorem 2 in Zabreiko, Krasnosel’skii and
Stetsenko [9], where the element ug is supposed to be a “quasi-interior element of
the cone”, a more restrictive condition.

Remark 2.4. If we assume that P is a solid cone and ug is a quasi interior element
of P (as in [9]), then it follows from [2, Theorem 1.4.1] that ug belongs to the
interior of the cone P.

As a consequence of Theorem[2.2] by using a result by Krasnosel’skii and Zabreiko
[6, Theorem 49.3, p. 320] (see also [3] Theorem 3.1.14]), we have the following result.

Theorem 2.5. Let (E,P) be an ordered Banach space with normal reproducing
cone P and A : E — E be an operator. Suppose that there exists an ug-bounded
above linear positive operator L : E — E such that

—L@—y) < Alx) - Aly) < Lx—y), xyek v=y. (2.1)
If L™ug < Aug for some A € [0,1), an integer n and an element uy of P\ {0}
then A has a unique fized point x* in E and for any x¢ € E, if x, = Axp_1(n =
1,2,3,....), then x,, = x* as n — oo.
Proof. 1t follows from Theorem [2.2) that r(L) < 1. O

It should be remarked above that [6, Theorem 49.3, p. 320] remains valid if we

replace condition (2.1)) by the condition

—Li(z—y) < A(z) - A(y) < La(z —y), myek, x>y,
where Ly and Lo are positive linear operators with o(L; + Lg) < 1. Here, we
observe that even if A is a linear operator the latter condition cannot be replaced
by the inequalities 0(L1) < 1 and o(Lz2) < 1 (See the remark after the proof of

[6, Theorem 49.3, p. 320]). By using Theorem we can solve this problem if we
impose new conditions concerning every operators L and Lo as follows.

Corollary 2.6. Let (E,P) be an ordered Banach space with normal reproducing
cone P and A : E — E be an operator. Suppose that there exist linear positive
operators Ly, Lo : E — E such that

—Li(z—y) <Al@) - Aly) < Loz —y), zy€E x>y (2.2)
Assume that L1 4+ Lo is ug-bounded above, then if Liug < A\ug and Loug < Aaug
for some A1, Ao > 0 satisfying 0 < Ay + Ay < 1, then A has a unique fived point x*
in E.
Proof. Tt is easily seen that
—(L1 + Lo)(z —y) < A(z) — A(y) < (L1 + La)(z —y), zy€E, x>y
Then all conditions of Theorem [2.5] are satisfied. O

Remark 2.7. If A satisfies the conditions of any of the theorems above, then for
each y €, the equation z = Ax + y has a unique solution.

Next, we use the following converse to the Banach contraction theorem [5].

Theorem 2.8. Let X be a metrizable topological space and let its topology be gen-
erated by the metric p. Then for each A € (0,1) there exists a metric px on X,
complete if p is complete, such that f is a px- contraction if and only if

(i) for some £ € X, f(§) =&;
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(ii) f™(x) > & asn — oo for all x € X;

(iii) there exists an open neighborhood U of & such that f*(U) — {£}, which
implies that given any neighborhood V' of § there exists an integer n(V) > 0
such that f"(U) CV for alln > n(V).

As a consequence of the previous results we obtain the following statement.

Theorem 2.9. Let (E,P) be an ordered Banach space with normal reproducing
cone P and A : E — FE be an operator. Suppose that there exists an ug-bounded
above linear positive operator L : E — E such that

—Lz—y) < Alx) —Aly) < Lz —y), zyek x>y (2.3)
If Luog < Aug for some X € [0,1), then for every p € (0,1) there exists a metric d,,
such that A is a d,—contraction. This means that for x,y € E,
dN(A(x), A(y)) < )‘du(xay)'

Proof. We shall prove that A satisfies all the hypotheses of Theorem [2.8] Indeed,
the hypotheses (i) and (ii) can easly derived from Theorem Then it remains
for us to prove (iii).

Take U = {z : ||l — || < 1} where & is the unique fixed point of A. Then by
using the same arguments as in the proof of Theorem there exist constants
B > 0 and m > 0 such that for every x € U an element u € P can be found such
that —u < x — £ <w and L™u < PBug. It follows from the inequalities

1 1
> etEou), €2 L(xtE-u)
and from (2.3]) that

L) s A (5, e
SR (B a5, e

By subtracting from , we have
—Lu < A(z) — € < Lu.

By repeating this argument m +n times for any integer n, we obtain the inequality

— LMy < AT (3) — € < L
By using the hypothesis of the theorem we obtain

—BAMug < =Ly < AT (2) — € < L™y < BA™ g,

from which it follows that

JA™ 7 () — €] < (2K + 1)BA - (2.6)
Since A < 1, for any neighborhood V' of & we can choose n(V') so large that for all
n>n(V),

{z: o =&l < 2K+ 1)BA" [[uoll} €V,

which implies by that A™*t"(U) C V. Consequently for every n > n(V) +m
we have A™(U) C V. Thus (iii) is proved. This completes the proof. O

Conclusion. This article generalizes and improves well-known results by Kras-
nosel’skii, Zabreiko and Stetsenko, and other authors. Note that the present results
can be used for generalizing other results in the literature.
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