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EXISTENCE OF QUASI-PERIODIC INVARIANT TORI FOR
COUPLED VAN DER POL EQUATIONS

LIN LU, SHUJUAN LIU, JUN WU

ABSTRACT. This work focuses on the existence of quasi-periodic invariant tori
for coupled van der Pol equations. Using averaging method, a series of re-
versible transformations and KAM techniques, we prove that there exist quasi-
periodic invariant tori for most parameters. The results in this article can be
regarded as a generalization of those in [22].

1. INTRODUCTION

The van der Pol oscillators have been investigated by the authors in the areas of
mechanics [15], 24] and biology [29] [33] B5], and were extensively discussed as a host
of a rich class of dynamical behavior [8 31l 36} [38] [39, [42]. Feng and Gao studied
the first integrals of the Duffing-van der Pol equations in [I0} 111 [14]. By homotopy
perturbation method, Chen and Jiang [5] investigated the periodic solution of the
Duffing-van der Pol oscillator. Hirano and Rybicki [16], by S*-degree theory, dis-
cussed the existence of limit cycles of coupled van der Pol system. Pastor et al. [2§]
analyzed the ordered and chaotic behavior of two coupled van der Pol equations.
Rand and Holmes [34], by perturbation methods, considered the bifurcations of
phase-locked periodic motions in two weakly coupled van der Pol oscillators. Dieci
et al. [9] presented the numerical results for two weakly linearly coupled van der
Pol systems. Gilsinn [I3] constructed the invariant tori for two weakly nonlinearly
coupled van der Pol equations. Beregov and Melkikh [2] considered two inductively
coupled van der Pol generators and established the presence of metastable chaos, a
strange non-chaotic attractor, and several stable limiting cycles. Zhang and Gu [42]
investigated the dynamics of two weakly coupled van der Pol equations with time
delay, and derived the explicit expression for determining the direction of the Hopf
bifurcations and the stability of the bifurcating periodic solutions by the theory of
normal form and the center manifold theorem.

In this article, we consider the coupled van der Pol equations

i1 +e(a? — Dy +bry = a(ry — x2) + p(a? — 23), 1

3'&2—}—6(90%—1)3’32—1-1):52:a(xg—xl)—i-/x(xg—x‘;’), (L.1)
where the dot denotes the derivative with respect to the time ¢, € and p are small
parameters, a and b are linear couple parameters, b > 2a and b > 0.
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Many authors have considered some special forms of . For the case of
a = p =0 and b = 1, Equation has been studied in [37]. When p = 0 and
b =1, using a perturbation method, Storti and Rand [35] studied the steady state
behavior of the strongly coupled van der Pol equations

i 4 e(x? = Diy + 2 = a(xy — x2),
To + e(xg — Do 4+ zo = a(xe — 1) + Axo,

where ¢ < 1, a and A are small parameters. When ¢ = 0 and b = 1, Nohara and
Arimoto [27] considered the existence of the out-of-phase and in-phase solutions of
the coupled system . Recently, by the homotopy analysis method (HAM), Li
et al. [22] further discussed series solutions of with b = 1, and obtained that
there exist either in-phase or out-of-phase periodic solutions.

Since a periodic motion is a special case of a quasi-periodic one, possessing just
one basic frequency, inspired by the above works, we can speculate that should
have quasi-periodic solutions with frequency depending on some parameters. Our
aim is, by Kolmogorov-Arnold-Moser (KAM) theory, theoretically to prove that
has quasi-periodic solutions with the frequency depending on the parameters
a and b. The above result can be regarded as a generalization of [22]. Since p is
a small real parameter, we may set p = 2. With i again denoted by p, letting
T = x3, To = x4, We can easily write (|1.1) as

Ty = w3,
i3 = (a—b)wy + ews — axy + > p(a} — x3) — ewza?,

b — (1.2)
iy = —azry + (a — b)wy + exy + 2 pu(xl — 2}) — exya3,

and prove that for sufficiently small ¢, the autonomous system has quasi-
periodic solutions (i.e., invariant tori) for most values of the parameters a and b.

It is well known that KAM theory can be used to study quasi-periodic motions
in nearly integrable Hamiltonian Systems [23, [32] [40], dissipative systems [} [7]
17, [41] and mapping systems [3} 12]. By now KAM theory has blossomed into
an enormous and somewhat complicated collection of ideas and methods where
small divisors, degeneracy, reducibility, quasi-periodicity and invariant tori are the
critical concepts. For instance, Li, Llave and Yuan considered the existence of
quasi-periodic solutions of delay differential equations in [19] 20]. Several general
surveys on the degenerate KAM theory were presented in [T}, 6] 25]. Li [21] discussed
the persistence of quasi-periodic invariant 2-tori and 3-tori for the double Hopf
bifurcation and obtained that under appropriate conditions, the full system has
quasi-periodic invariant 2-tori and 3-tori for most of the parameters in a sufficiently
small neighborhood of the bifurcation point. The reducibility of nonlinear systems
under quasi-periodic perturbations was studied by Jorba and Simo [15] for the
case of suitable hypothesis of analyticity, non-resonance and non-degeneracy with
respect to a small real parameter ¢.

In this context, we shall write equation as a quasi-periodic system un-
der small perturbations, where frequencies are non-degenerate and depend on pa-
rameters a and b. Then we obtain quasi-periodic solutions by KAM techniques.
Some ideas seeking for the quasi-periodic solutions in this paper could be found in
[7, [18], 20}, 41].
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This paper is arranged as follows. In Section 2, by a series of transformations, the
system is changed into the normal form, some ideas of KAM steps and main
result are outlined. Section 3 contains an iterative lemma which is very important
in the proof of KAM theory. We present a KAM theorem in Section 4, which is
devoted to obtaining the quasi-periodic solutions of . Some technical lemmas
are provided in the appendix.

2. NORMAL FORM AND MAIN RESULT

2.1. Normal form. Let

0 1 0 0
a—b ¢ —a 0
A= 0 0 0 1
—a 0 a—-0b ¢
Since the eigenvalues of A are
€ 1v/4b— 8a — €2 e iV4b—8a — &2
M=gt——— Ry 5
e iv4b—g? € iV4b—g?
Mgt T M=y Ty

we can make a complex linear transformation such that the coefficient matrix A is
diagonal. Let

X -1 -1 1 1 Y1
3| | =AM A A3 Mg Y2
To | 1 1 1 1 Y3
T4 A1 A2 A3 N\ Ya

Then system (1.2} is transformed into

= My + 91(Y1, Y2, Y3, Ya)s
Y2 = Aay2 + 92(Y1, Y2, Y3, Ya),
= A3y3 + 93(Y1, Y2, Y3, Ya),
Ys = Aaya + 9a(y1, Y2, Y3, va),

where

91(y1,y2,Y3,y4) = | — 2¢° p(yr + 2,12)‘3 6e” M(yl +y2)(y3 + y4)2

+e(My1 + Aay2)(y1 +y2)?
+2e(A3y3 + Aaya) (Y1 + y2) (Y3 + ya)
(

+e(Ay1 + A2y2) (Y3 + ya) }(/\2 )7

92(Y1, Y2, Y3, ya) = [25 w1+ y2)® 4+ 622 u(y1 + y2) (ys + ya)?

—e(My1 + Aaye2) (y1 + y2)?
— 2e(A3y3 + Aaya) (y1 + y2)(y3 + ya)

—e(Ayr + Aaya) (Y3 +ya)? | (M2 — A1) 7,
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93(y1, Y2, Y3, ya) = {26(291 +y2) (May1 + A2w2) (Y3 + ya) + €(Asys + Aaya) (1 + 12)°
+ e(Asys + Aaya)(ys + y4)2} (A —A3)7 1,
94(Y1, Y2, Y3, Y4)
= [ —2e(y1 + y2) (May1 + Aaw2) (ys + ya) — e(Asys + Aava) (1 + 92)°

— 2(Nays + Aaya) (v + ya)] (Aa = As) .

We set ‘ ‘
y=re" =71, ys=re’™, yi =75 (22)
Then (2.1)) can be expressed as

ri(1—72 —2r2)

71 =eAq(r,0,e,a,b) =¢ +efi(r,0,e,a,b),

2
1— 2 _ 2 2
79 = eAy(r,0,¢,a,b) = 5% +efa(r,0,¢,a,b),
01 = +eBi(r,0,¢,a,b) (2.3)
32 — 1262 32 — 1262
=0 + o r? 20, ra +efs(r,0,¢,a,b),

32 3e2
c 2+irf+£f4(r,97a7a,b),

0y = Qo + By (r, 0 b) =y + —
2 2+E 2(7", , €, Q, ) 2+492r2 292
where
V4b — 8a — €2 Vb — €2
o= Y2 0= Y
r=(ry,m2), 0 = (01,02), fi(r,0,¢,a,b) satisfies f;(r,0,¢,a,b) = O(r®) and
1 27 27
— i(r,0,e,a,b)df dfy =0, i=1,2,3,4.
(27T)2/00f(r €,a,b)df1db, =0, 1 3

Here O(r*) denotes a function which is analytic in 7 and 6, sufficiently smooth in
parameters a and b in some bounded closed set and vanishes with r-derivatives up
to order k — 1 for r = 0.

Obviously, the averaged system of is

r(1—1r? —2r2)

r =€ 9 ’
by — 67‘2(1 -2 — 27‘%),
’ (2.4)
: 3e? — 122 3e? — 122 :
0, = + r? 4+ ra,
te 40, 1 20, 2
. 3e? 3e2
6y =) = 2 == 2,
2=t g, T o,

It is easy to see that system (2.4) has an equilibrium solution r; = r5 = v/3/3, and
that

=

To =

“[&elS
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g2 — 4¢? g2 — 4¢?
01 =610+ (21 + Py M)t’

40, 2
82 82
92—920+(QQ+4Q +TQ2)

are quasi-periodic solutions of , where 019 and 65 represent initial values.
We want to look for quasi-periodic solutions of the perturbed system using
KAM theory. To do this, we have to introduce some notation. We shall denote
by C a universal positive constant which is independent of the KAM iteration and
may be different in different places.
(i) Let T2 = R?/(2nZ)? and T2 = C2/(2rZ)2;
(ii) For ¢ > 0 and s > 0, let

m2
= : = i| <
Ulo) ={p € T": |Imp| == max [Ime;| < o},
W(s,0) = {(h,¢) € C* x T : |h| < s, |Tmy| < o};

(iii) Let IT C R? be a parameter set with positive Lebesgue measure. Define
" = {¢€ € R? : dist(&, 1) < n};

(iv) For given 0 < ¢ < 1, if a map F : W(s,0) x II" — C? is real analytic in
(h,p) € W(s,0) and C'-smooth in £ € 11", and satisfies

s, i= MAX_ sup |8éF(h7¢=§)| < Ce,
=0,1 W (s,o)x 17

then we write F' = Og 4 ,(¢), where the notation J¢ denotes the partial
derivative with respect to &;
(v) If amap H : W(s,o) x I[I" — C? is real analytic in (h, p) € W(s,o) and
C'-smooth in & € TI7, vanishes with its h-derivative for h = 0, and satisfies
sup [ OLH(h,,6)| <C, i=0,1,j=0,1,2,
W (s,0)xIIn
then we write H = O, ,,,(h?).
Let
a=&, b=&, &=(&,&)" (2.5)
Since b > 2a and b > 0, we can assume that (£1,&2) € [1,2] x [5, 6] := II without
loss of generality.

We expand A;(p, ¢, ,€) and B;(p, ¢, ,&) into Fourier series in ¢ and truncate
them by the operator I'k,:

TioAilp g, ) = > Ai(k)(p,e,&)ev 1),
|k|<Ko
Tk, Bi(p,p.e.6) = > Bi(k)(p.e, eV 19 i=172,
[kI<Ko
where k € Z2, |k| = |k1| + |ka| and Kj is a suitable positive integer satisfying
”(Id - FKU)Ai([), $, &, g)HS, < Ck,

b0 =
H(Id_FKo)Bi(paspagvg)Hs < 057

(2.6)

/
1 %0
0,110

here s{, o, and 7o are positive constants, Id denotes the identity operator.
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Using the transformation

r1 = p1+eur(p, @, €,§),
r2 = p2 + euz(p, ¢, ¢, §), 2.7)
01 = p1 +ewi(p, v, €, §), '
b2 = @ + ewz(p, ¢, ¢,8)
in , we deduce the homological equations
Dpui - w = Tic, Ai(ps o, €,€) — Ai(0)(p, &, ), 28)

3¢w¢'w:FKOB¢(p,<p,€,f)féi(())(p,e,f), 1= 1527

where w = (Q1,22)7, p = (p1, p2), © = (¢1,2), and “T’ represents the transposi-

tion of a vector ‘-’. Note that there is a small divisor in . Letting

My = {€ € T1: | (k,w(€))| > — 0<|k|<K0}

k[
where 0 # k € Z? and 7 > 3, by Lemma we have
meas ITp = measII — O(7).
Solving equation , we obtain the estimates
il | a0g 1no < Cy || Aillsy o0 1170,

So»—z o
1950l o oo < OV Al
ol g < OV 1Bl -
|‘6wwi‘|567%7H30 = C"}’ 2||B ||‘)’0,c7'07 1170

19ptill , soy 1o < Cy 2110 Aill s g 1170
o

10l s, a0 < C1 2100 Bill .-

0 H’!]O —

Similar homological equatlons will be solved in Lemma From ({2.3]), we obtain
Ai(pa<p7€7£) :O(p)a Bi(p,<ﬂ7€7§) :O(p2)7

Bi(o)(pagag) :0(5)7 Bz(o)(paeag) :O(p2)a i= 172

Using 1) and Taylor’s formula, we can rewrite equation (2.3) as

8 ouy , ou duy
(1—|—58—p1)p1—|— 3 1p2+88<p1( Ql)+€3cp (P2 — Qo)

= 5A1( )(pvgug) +€[A1(p+ eu, Y +507€v§) - Al(ﬂa%&f)
+ (Id — Tk, ) A1 (p, 0,6, 6)]
= EAl(O)(p757£) + EZAgl)(p7 307575)7

uz .,

(2.10)

U Ous
71@) Q1)+5&p (2 — 22)

= €A2(0>(p7 € 6) + E[AZ(P +eu, 2 +ev,¢, é-) - AQ(p, ®, €, 6)
+ (Id - FK0>A2(p7 @Y, &, 6)]
=i eA5(0)(p,2,€) + 2245 (p, 0,5, 6),
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g%m + E%ﬁz +(1+ s%)(% —M) + a%(@ — k)

=eB1(0)(p,e,&) +e[Bi(p+eu, 0 +ev,,£) — Bilp, ¢,€,€)
+(Id — Tk,)Bi(p, ¢,€,8)]

= eB1(0)(p, 2, &) + 2B (p, 0,2, €),

Eaajfp.l +€a1:22ﬂ2 + 8%(‘?1 - Q)+ (1+ Egzz)(‘ﬁ? — )

=eB5(0)(p,€,€) +[Ba(p + eu, o + £v,¢,€) — Ba(p, 0, ¢, )

+ (Id = 'y ) Ba(p, ¢, €, €)]
=1 eB2(0)(p.<,€) + "B (p,p,2.),
where
AV (p.p.e,6)=0(p), BM(p.g.c,€) =00, i=12
Solving the above equations, we obtain
pr=eAi(0)(p, e, €) + 2 X1 (p, ¢, 5, ),
p2 = eAs(0)(p, e, €) + €2 Xa(p, ¢, ¢, ),

(2.11)
L)bl = Ql + €2Y1(p’807€a€)a
952 = +52Y2(P79075a§)7
where X;(p, p,€,£) = O(p), Yi(p,p,€,§) = O(pZ)a i=1,2. Let
V3 1/3 1/3 V3 1/3 1/3
pL=—5 "¢ L1 +¢e/° Lo, 02—?4-6 Ly +¢&7/°Ly, (2.12)

h=(Li,L2)", ¢ = (p1,02)".

Using (2.9) and Taylor’s formula and dropping the parameter e from functions for

simplicity, we can rewrite as
h=e[Ah+ M(p,€) + Q(w, b+ F(h, 0, )], 2.15)
b= w(&) + PN, €) + Glh 9, )], |

where
T . . 1
W(S) = (Ql7 92) 3 A = dlag ()\1, )\2) = dlag (57 _1)’
M= 000,770 (51/6)7 Q = anmo (51/6)’ N = an,no(El/G)a
= 51/6050700,’00 (h2)7 G = 51/6030,007770 (h)7

where sp and o( are constants satisfying so > 0 and oo = 0(,/2.

2.2. Outline of KAM steps. To obtain quasi-periodic solutions of (2.13]), we
perform some changes to simplify by Newton iteration and KAM techniques.
Firstly, the terms M(p, &), Q(p,&) and N(p,§) will be eliminated by means of
a family of quasi-periodic changes of variables. More precisely, substituting the
change of variables

h=hy 4+ v1(¢1,8) +v2(h1,§)h1, ¢ = ¢1 4 v3(d1,¢) (2.14)
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into (2.13)) and dropping the parameter £ from functions for simplicity, we obtain

(Id + ’Ug)hl
= E[Afh + Avi + Avahy + M(¢1 + vs) + Q(d1 + v3)hi + Q(d1 + v3)v
+ Q(¢1 + v3)vahy + F(hy 4 v1 + v2hy, 1 + v3) (2.15)
— g, 01 - b1 — O, v2 - P1ha,
(Id + 9, v3) 1 = w + >3 [N (1 + v3) + G(h1 + v1 + vahy, d1 + v3)].
Denote by Q¥ (¢1) (i,7 = 1,2) the matrix elements of operator Q(¢1). Denote by
Q"(k) (i = 1,2) and N (k) the kth-Fourier coefficient of Q*(¢1) and N(¢1), respec-

tively. Then the transformation (2.14) will be obtained by solving the homological
equations

8¢1U1 'w=€(FKM+AU1), (216)
Bg, 09 - w = £[Avy — v2A + T M — diag (Q'1(0), Q%%(0))], (2.17)
9,03 -w =3 [Tx N — N(0)]. (2.18)

Once equations (2.16)—(2.18) are solved, using Taylor’s formula for F(h; + v1 +
vahy, @1 + v3) and G(hy + v1 + va2h, @1 + v3), we can rewrite the system (2.15) as

hy = e[A1(§)h1 + Mi(¢1,8) + Qu(¢1,§)h1 + Fi(ha, ¢1,8)],
b1 = w1 (&) + %P [N1(41,) + Gi(h1, 61,8))],

where

~

wi(§) = w(§) +£72N(0),
Ni(¢1,€) = (Id + 9g,v3) " [ — 85,v3N(0) 4 (Id = T )N

A1() = A+ diag (Q(0), Q*(0) )

+ G(v1, 1 +v3) + Ny +v3) — N}
Gi(h1, ¢1,€) = (Id + 9p,v3) " G (h1 + v1 + v2hy, ¢1 + v3) — G(v1, 1 + v3)],
Mi(61,€) = (14 + v2) ™! |(1d = T )M + M(61 + v3) = M+ Q(61 + va)n
— 2395, 01 (N(0) + Ny) + F(v1, 1 + vg)} ,
Qu(1,€) = (1 +v3) " [(14 = Ti)Q = va(Ar — A) + Q[ +v5) — Q
+ Q1 + v3)va — €220, v2(N(0) + N1) + Op F(v1, 61 + v3)(Id + v2)
— e300y (Id + D, v3) " O G(v1, b1 + v3)(Id + UQ)} ,



EJDE-2019/88 EXISTENCE OF QUASI-PERIODIC INVARIANT TORI 9

Fi(hi, ¢1,6)
= (Id + 02),1{ — &30, v1(1d + 9y, v3) ! [G(h1 + v1 + v2ha, d1 + v3)
— G(v1,¢1 +v3) — OG(v1, 1 + v3)(Id + ’Uz)hl}
— %305, v2(1d + 9y, v3) "' [G(h1 + v1 + vahy, ¢1 + v3) — G(v1, b1 + v3) |y
+ F(h1 +v1 + vohi, ¢1 + v3) — F(v1, 1 + v3)
— O F(v1, é1 + v3)(Id + vQ)hl}.
In this way, after n steps, becomes

by = e[An ()P + My (0, ) + Qu(bn, )ha + Fr(hany b, )],
bn = wn(€) + %3Ny (60, €) + G (hny b, E)]-

If the norms of M,,, @, and N,, tend to zero with a super-exponential velocity, then
the composition of transformations is convergent, and the above equation converges
to the form

h = e[Ass (&) + Fao(h, ,€)),
J) = Weo (5) + 55/3Goo(]~17 J)a 5))

where Fi (h, ¢, &) = /%0 (h?) and Gog(h, ¢, £) = €'/50(h). Obviously, h = 0, ¢ =
s +woo (§)t is a trivial solution of the above equation, where ¢, represents an initial
value. It means that for the original system , there exists a quasi-periodic
solution with the frequency we(&).

2.3. Main result. The small divisor conditions

V=1 (k,w(€)) — eXs()| > ﬁ i=1,2,
V=T (k,w(€)) + eM(€) — eha(6)| > ﬁ

(k)| =

are needed in the process of solving equations 7, respectively, where
0 # k € Z% and 7 > 3. Hence, we need to take out some small (in the sense of
Lebesgue measure) parameter sets and control the measure of the resonant sets on
each step of the iteration. Moreover, to estimate the measure of the resonant sets,
we require that the frequency w() satisfies the following non-degeneracy condition.

Definition 2.1. Assume that w(£) is continuously differentiable in ¢ € IT C R2.
We say that w(€) satisfies the non-degeneracy condition on the set IT, if there exists
a constant x > 0 such that

. ow
€121fj|det a—£| > X.

With these preliminaries, we state the main result in this article.
Theorem 2.2. Suppose that & = (a,b) € [1,2] x [5,6] = II. Then for given

0 < v < 1, there is a sufficiently small positive number e (e = O(y°*), s« > 29),
such that if 0 < € < g, then there is a Cantorian subset 1, C II with Lebesgue
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measure 1 —O(7), and for any £ € T, the equation (2.13)) possesses a real analytic
quasi-periodic solution with the frequency ws(§) satisfying

Sup [|wo (§) — w(§)]| = O(*/24).

genoo
Moreover, system (1.2)) also possesses a real analytic quasi-periodic solution with
the frequency weo (&) for £ € Tly.

Remark 2.3. Equation could not be dealt with Moser theorem [26] directly,
although some ideas are similar to it. Based on modifying terms method and keep-
ing frequencies fixed, Moser [26] discussed the existence of quasi-periodic solutions.
However, the present proofs rest on measure estimates method originated by Poschel
[30]. We need introduce parameter £ to the system and the frequency wa,(§) of the
quasi-periodic solution we obtained satisfies supgcqr_ [[weo(§) — w(§)| = O(e31)
compared with [26].

3. ITERATIVE LEMMA

Theorem is proved using an iterative procedure. To state and prove the
iterative lemma, we first introduce some iterative constants and notation. Let
00, S0, X0, Co, €0, dg and 7 be positive constants and 7 > 3. For all m > 1,

(1) eo=¢, em = sfr{fl (em bounds the size of the perturbation after the m-th
iteration);
(2) v=0,v,= (1—2 4+ m_2)/(2 Z;ilj_Q)S
(3) om = (1 —vm)oo (om measures the size of the analytic domain in the angle
variables after the mth iteration);
(4) sm = (1 —vm)so (s, measures the size of the analytic domain in the action
variable after the mth iteration);
(5) Xm =x0—¢€"/? Z;i_ol 53/8 (Xm > x0/2 if € is sufficiently small);
(6) Cm = Co+ ZZZ_OI 63/8 (G < 2( if € is sufficiently small);
(7) em=co— z;’:ol 53/8 (cm > /2 if € is sufficiently small);
(8) dp =do + 357" et/® (dy < 24y if eoois sufficiently small);
(9) fim = 3(0m = Omr1) = 00/[6(m +1)* 3277, 777);
10) Ky = —5-(m+1)?2""2Ine (K,, determines the number of Fourier coef-
ficients we must consider at the mth step of the iteration);
(11) ym =/(m+1)%, 70 =7, €5 = O(y>), 54 > 29;
12) 1y, = ==t (n,, is used to extend the closed parameter set I, to a
adorg 1\
0B m
small neighborhood at the mth step of the iteration);

Lemma 3.1. Suppose that there is a sequence of closed parameter sets R? D Iy D
II; D -+ D II; and a family of equations defined on W (sy,, 0m) X I for m =
0,1,...,0, by (Eq)m:

P = €0[Am (E)han + My (s €) + Qun(Prns ) him + Fon(Biy G, €)1,
b = wm (&) + 0" [N (Dms €) + G (B, b E)],

where A, (€) = diag (AT*(£), A7(£)) and wy, (&) = (w(€), w&”({))T Assume that
form =0,1,...,1 the following conditions are satisfied:

(3.1)
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(A1) for & € ™, the frequency wy,(§) satisfies the non-degeneracy conditions

m
0wy,

23

: Ow . 1
inf | det 8—;} > X0, ol | det 2] > xm > 5 X0, (3:2)

i
£ell?

and wm (§) and NT'(§) satisfy
lwo(€)llne < do,  Nlwn(E)ln,,, < dim < 2do,

1
N =A@ 2 00 2 geo IO - M Ol SCu S0 5y

. m 1 m .
N2 en 2 seo IO € Cn €20, 512

(A2) the terms My, (dm, &), Qm(dm, &) and Ny (dm, &) are real analytic in ¢, €
U(om) and Ct-smooth in € € I and satisfy the following estimates

m

M = Oo,, ., (5717{6)a Qm = Og,, 4., (61171/8)7 Nm = Oc,, 1 (61171/8)5 (3.4)

(A3) the terms Fyy(hpm, &m, &) and Gy (hun, Om, &) are real analytic in (R, dm) €
W (8m,0m) and Cl-smooth in &€ € I and satisfy the following estimates

Fm = 63/605'r7170'm77lm (h2)’ Gm = Eé/GOSnuUm/’]m (h)7 (35)
(A4) there is a constant Cy > 0 such that the Lebesque measure of I, satisfies
meas I, 11 > measIl,, (1 — Covim).- (3.6)

Then there exists a closed subset 11,11 C II; and a change of variables W (841, 0141) X

H?fll — W (si,01) x II]" of the form T;:

hi = hier + 03 (G141, &) + 05 (d1g1, i1, b1 = b1 +vh(dig1, ), E=E&, (3.7)

where hi11 and ¢i41 are new variables, vé— (j = 1,2,3) are real analytic in ¢i11 €

U(o141) and Ct-smooth in & € H?fll, and satisfy the following estimates

51/6 81/8
I _ l I _ l
v = OUL+17771+1 ( 2 2743 )7 Vg = OUZ+17"71+1 ( 2 2743 )’
Tkt Tkt

5/3 1/8

l 50/ 51/

V3 = Oo’z+1,771+1 2 2743 )
Vi Ky

(3.8)

such that by the change of variable T;, equation (Eq); is transformed into equation
(Eq)i41:

hit1 = eo[Ars1(E)his1 + Mit1 (G141, €) + Qi1 (drs1, i + Fipa (hugr, dis1, )],

b1 = w1 (€) + 0 *Nig1 (6141, €) + Groa(huga, dryr, )],
(3.9
and conditions (A1)-(A4) are satisfied when replacing m by 1 + 1.

Proof. To simplify notation, we denote quantities referring to [ 4+ 1 such as M4
by My, 0141 by o4, and those referring to [ without the [ such as N; by N, g; by
0. By a little abuse of notation, we also denote h;11 = h1 and ¢;+1 = ¢1 and drop
the parameter £ from functions whenever there is no confusion.
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Substituting in with m = [, we have
(Id 4 vg)hy
= eo[Ah1 + Avy + Avohy + M(h1 + v3) + Q(é1 + v3)hi + Q(d1 + v3)v1
+ Q(¢1 + v3)v2h1 + F(h1 + v1 + vahy, ¢1 + v3)] — O, v1 - b1 — D, v2 - drha,
(Id + 8, v3)1 = w + e *[N(¢1 + v3) + Gl + v1 + vah1, b1 +v3)].

Suppose that the transformation can be solved with the homological equgi.cl)gg
O0p,v1 - w =eo(T g M + Avy), (3.11)

Dpy v - w =€ [Avy — vaA + T Q — diag(Q"1(0), @22(0))], (3.12)

O0p, V3 - w = 50/3[ kN — JV(O)] (3.13)

Plugging (3.11))—(3.13) in (3.10]) and using Taylor’s formula for F'(hy+wv1+vah, 1+
v3) and G(hy + v1 + vahy, ¢1 + v3), we rewrite (3.10) as

hi = eo[Ar(E)h1 + My (61,€) + Q4 (61, E)h1 + Fy(h1, ¢1,8)],
Q.Sl = WJr(f) + 63/3[N+(¢17§) + GJr(hlv(blvf)]v

(3.14)

where

A+ (§) = A() + diag (Q1(0),Q2(0)) . wa(§) =w(©) +=°N(0),  (3.15)

N (61,€) = (10 + p,09) [ = D, 03N (0) + (1d = )N

(3.16)
+ G(v1, 61+ v5) + N1 +vs) = N|
G+(h1,¢1,§)
(3.17)
= (Id + 9, v3) ' [G(hy + v1 + v2hy, 1 + v3) — G(v1, b1 + v3)],
M (61,6) = (Id + vg) ! [(Id Tw)M + M(é1 +v3) — M + Q(r + v3)0n o1
3.18
- 50 %09, v1(N(0) + Ny) + F(v1, 1 + Us)}
Q+(¢17§)
— (1d+02) 7! [(1d = Ti)Q = va(As = A) + Q61+ v5) — @
N 3.19
+ Qo1 +v3)vp — €(2)/36¢1U2(N(0) + Ni) + OpF(v1, 01 + v3)(Id + v2) (319)
— 5(2)/38¢101 (Id + 8¢103)_18hG(v1, (]51 + 1)3)(1(21 + ’()2)} R
Fi(hi,¢1,8)
= (Id + 02)_1{ - 5(2)/33¢1U1(Id + 0p,v3) " [G(hy + v1 4 vahy, ¢1 + v3)
— G(v1, ¢1 + v3) — OG(v1, ¢1 + vs3)(Id + v2) 1
(3.20)

- 53/38%”2(1‘1 + 0p,v3) " [G(hy + v1 4 vohy, @1 + v3)
— G(v1, 01 4 v3)|h1 + F(hy +v1 4 vahy, 1 + v3) — F(v1, ¢1 + v3)

- 8hF(vl, ¢)1 + ’Ug)(Id + Ug)hl}.
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To make the proof coherent, we divide the proof of Lemma [3.1]into several parts,
with each part containing several computations and estimates that are based on
the same idea.

3.1. Solutions of (3.11)—(3.13)) and estimates. We first solve the equation (3.13]).
Let N and vs; (i = 1,2) be the ith element of N and v3, respectively. Expand N*

and vs; into Fourier series in ¢; and truncate them by operator I'k:
PN = Z Ni(k)eV=1ko0) - Dpeyy; = Z i (k)eV T (R1)

|k|<K 0<|k|<K

where k € Z2, the Fourier coefficients N (k) and ¥3;(k) rely on the parameter £.

Then from ([3.13)), we obtain
\/—1(k,w)’

Since N(¢1) is real analytic in ¢; € U(o) and C'-smooth in & € 117, we have

1732(l<:) = 0< ‘]{1| <K,i=1,2. (321)

|8§Zvl( )| < Imax 51)1pH |8§N1|e_‘k|", s=0,1. (3.22)
xTIn

Let

H+={§eH:\(kw)|> , 0< k] < K}.

[k]7”

For every ¢ € II'[", there is a £° € I1 such that [¢ —&°| <7y, and for 0 < |k| < K,
we have

(b, w(&))] = I(k w(€”)) + (k, w(é)) = (k,w(€”)]

—2don+ K >
W ok 2 g

by (3.3). Differentiating (|3 in £ and using (3.3]) again, we obtain
max |9¢05 (k)| < Cep’* max |8§NZ< NPT /77 < Ceg* [N lo e 7|k /97,
for ¢ € II'7". Hence, by (3.4) with m = and Lemma we have

HUBHU Kyn4 < Z m%u% bup ‘651}3( )|)e|k‘(‘7*ﬁ)

|k|<K 561'1
< Oy [ Nlow S e F|k[27H1 /52 (3.23)
keZ?

< 06(5)/381/877257(%%).

By using the Cauchy inequality, it follows that
Og,v3 = O, . (e0/Pe /3y~ 25= 7Y, (3.24)

Next we solve ([3.12). Let Q7 and v¥ (i,j = 1,2) be the elements of Q and vs,
respectively. Expand Q% and vy into Fourier series in ¢; and truncate them by
operator ['k:

PQ = 3 QU (k)Y TR0, Tyl = 37 5 (k)eV 00,

|k|<K |k|<K
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where k € Z2, the Fourier coefficients Q% (k) and 5 (k) rely on the parameter .
Then by (3.12), we obtain

c0Q% (k) e
@\;j (k}) _ EoAiiEo)\iJr\/jl(k,w) ’ if 4 ;é J (325)
e, if k#£0, 0=

for |k| < K. Since g9, A; and Ay are real, Q(¢1) and N(¢;1) are real analytic in
¢1 € U(o), from (3.4) and (3.15) it follows that A\], A\J and w are real and satisfy
condition (A1) with m =1+ 1. Obviously, for £ € II;, 0 < |k| < K, we obtain

V=1(k,w(€)) + oM (&) — coha(§)] > |(k,w(©)] >

|k|T'
Similarly, for £ € H:’f, 0 < |k| < K, by (3.3) we have

IV=1(k,w(€)) + oM (€) — cora(€)] > ﬁ

Differentiating (3.25)) in £ and using (3.3)), we obtain
ma (0375 () < O mavs [02Q7 (R)K7 /7

s=0 s=0. (3.26)
< Ceol| QY e ™ M7 [K[P™H /52,

for £ € HT. Hence, by (3.3) and (3.4) with m = I, (3.25) and Lemma again,

we have
[v2 = 02(0)[|o—r,ny < (max sup |00 (k)[)e!FI0=)
+ 3
k=i~ eent
< CeollQlloy Y, e MR |E[PTH /42
kez? (3.27)
§C€08 ’y 2/€—(2T+3)
H(U2||a'7n,n+ < ||)\Q(O§\ H + Cf‘: 5 ,7 2H7(27.+3) < 051/8772/{/*(27‘#3).
1— A2

Then by the Cauchy inequality, it follows that
Oy v2 = O, n, (c0e" /By =2k~ CTHD), (3.28)

Finally, we solve (3.11). Let M* and v1; (i = 1,2) be the i-th elements of M and
v1, respectively. Expand M? and vy; into Fourier series in ¢; and truncate them
by operator I'g,

M = Z Mi(k)eﬁ(k,¢1)7 T vy = Z Dy (k)eV TR0
k| <K k| <K

where k € 72, the Fourier coefficients M (k) and ©y;(k) rely on the parameter .
Then by (3.11)), we obtain

eoMi(k)

i}\h(k) - Mjl(k,w) — 80)\1"

k| < K, i=1,2. (3.29)
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By similar estimates for equation (3.12)), we obtain

[or =01 (0)llo—r,p, = max — sup [Jzoi]
5= U(zrfke)xl_lnJr

< Z (max sup [0y (k )|)elFlle=r)

=0,1 n
[k|<K ger "

< Ceol|M oy Y e MF[RPPTH /42
keZ?

<CE()E 'Y 2:‘{/ (2‘1’-‘,—3)7

M(0)
g

(3.30)

4 06061/6772,{7(2#3)

lo1llo 5., < max|| [
< 061/67—%—(27%)_
Using the Cauchy inequality, we obtain
Opv1 = O, i, (02" /Oy~ 25~CTHD), (3.31)

Obviously, the transformation 7; maps W(sy,o4) into W(s — k,0) C W(s, o) by
estimates (3.8)) when we choose gq sufficiently small.

3.2. Estimates for perturbations (3.16)-(3.20). Since (Id + vg)~! = Id — vy +

v3 —v3 + ..., we obtain

101+ v2) "o <D lloally, o, <C (3.32)
=0

by (3.8). Similarly, we have
||(Id =+ 84)1@3) HU+,77+ = Z ||8¢1U3HU+ n+ = (333)

From (3.5) with m =1, (3.8), (3.17), (]3.20[), (]3.28|) and (3.31)), it is easy to see that
G4 and F satisfy the condition (A3) with m =1+ 1, and

1/6 1/6 —2 (27
IG (161 +03)llos i, = 20" O pn, (0a])) = O, <eo/ £y R BT (3.34)
From the Cauchy inequality, (3.4) with m = [ and , it follows that

[N(¢1+v3) = Nlloy i, < CH’IIINHonIIve,Hu 0y
< C55/3 1/4 -2 7(2r+4)

(3.35)

[M(¢1+vs3) = Moy ny < CK_1\|M||anHU3||o+,n+
< 055/3 7/247_2*@_(2“—4)
”Q(¢1 + U3) - Q||<7+,n+ < CK_1|‘Q||UH||U3||U+,H+ < 055/3 1/47_2”_(2T+4)~ (3 37)

Now we estimate N, (1, &), M+(¢1,§) and Q4 (¢1,€). By (3.4) with m =1, (3.16),
(13-24), (3.33)—(3.35) and Lemma L we obtain

1N lloy e < 1A+ 8g,v3) oy s || — Doy v3N(0) + (Id = D) N
+ G(or, é1 + v3) + N(dy +v3) = N
< C(Ha¢1v3||0+m+||NHU+J7+ + ”(Id a FK)NH‘“N’”
+IN(¢1 +v3) = Nlloy s + IG(01, 61 + )|, )

(3.36)
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5/3_1/4 1/6 c1/6
€ € 2 —kK |, €o

S C(Vz 577 TN llom, Ko + 2 527+3>

< ai/g.

Using (3.5) with m = [, we obtain

1/6
IF (o1, 61+ v3)llos iy = €0/ °Oory iy (01112, ,1,) 3.35)
=04, 1. (53/651/3 —4 7(4T+6))
1/6
||ahF('U1,¢l + v3)||0'+771+ - 50/ OU+777+(||U1||0'+ 7]+) (3 39)

—0,,. n+(5(1)/6€1/6’)/ 2,.— (2T+3))

From with m =1, (3.8), (3.18), (3:31), (3.32). (3.36), (3.38), Lemma [4.3] and

||N+||U+J7+ it follows that

1M o

< 110+ 02) oy (10 = TR)M oy + 1M (61 +v5) = Mo,
+ 0 196,01 (N (0) + Nl + Q1 + v3)01llo s
+IF @, 61+ 28) o, )

1/6
£7/24 50/ c1/3

72273 T A ARATHE )

< O (1M g, K25 +

< 51/6.

Slmllarly, by (3.4) and (3.5) with m =1, 8.8), (3.19), (3:28), (3.31)-(3-33), (3.37).
and Lemma | we obtaln

||Q+||a+,n+

= 10+ 02) " oy (2571100, v1.(1d + 0, 08) " ORG (01, 61+ v5) (1 + 2)
10 = T)Qlos e + o2 (A = Moy iy + QD1 +v3) = Qllos s
+ Q61+ v3)v2llo my + €0 1106, v2(N (0) + N )llor,
+ [|On F'(v1, 1 + v3)(Id + U2)||o+,n+)

< 5/381/6 T cl/4 63/661/6
A2R27+ e+ N2R2TH8 T 2273
1/8
<e/.

Thus, we verify condition (A2) with m =1+ 1.

3.3. Non-degeneracy condition and measure of the non-resonant set. From

(3.4) and (3.15)), it follows that

mf | det — 5‘w+ | =

&uo /3 8N 1
det(—= ‘ > >

-2

the non—degeneracy condltlon is held with m = l + 1 Let
sz{feﬂz\(k7w)|< 0<|k|<K} R = Ugy i<k Bi-

L
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Then
I, = II\R.
By (A1) with m = [ and Lemma we obtain

4y
meas R, < W measIT,

4
meas R < —~ymeas]l Z |k|~+Y < Cyy measTI.
X0 0#k€eZ?
Therefore,

meas Il > measIl — meas R > measII(1 — Cy7),

and the condition (A4) is satisfied with m = [ 4+ 1. The proof of Lemma is
complete. 0

4. A KAM THEOREM AND PROOF OF THEOREM

Theorem 4.1. Suppose that

ho = 0[Ao(€)ho + Mo(¢o, &) + Qoo E)ho + Fo(ho, ¢o, )],
bo = wo(€) + 6(5)/3[1\70(%,5) + Go(ho, ¢0,&)]

satisfy conditions (A1)-(A4) in Lemma with m = 0. Then for any given 0 <
v K 1, there ezists a sufficiently small positive number ef = O(v**) with s, > 29,
such that if 0 < e < €, then there exists a Cantorian closed subset I, C Il
with measl,, = measIly — O(y) such that for any & € Ty, by the coordinate
transformation

T: ho=h+Vi(¢,€) + Vald, )b, o=+ Vs(,6), =€

in which V1, Vo, V3 are real analytic in (E € U(%) and Lipschitz in § € I, equation
(4.1) can be transformed into

(4.1)

b = eo[Ac(E)F + Foo (R, &, )],

B o (4.2)
¢ = woo(€) + 202G oo (h, 6, 6),

where

Foo(h,§,6) = €y/°0n 20 1 (1?),  Goo(h,,€) = £/°0s0 o0 (),
sup [|A0(€) = A ()] < Cet/®, sup [Jwo(€) — weo(€)]| < Ceg®/*.
1318 gell

oo

Moreover, h= 0, (; = ¢y + Woo (&)t is a trivial solution of (4.2), here ¢, represents
an initial value of angle variables. It means that

ho = Vl<¢* +woo(€)ta§>7 Do = O« +Wm(£)t + V3(¢* + ww(f)tvg)

is a real analytic quasi-periodic solution of (4.1). Meanwhile, the functions Vi ((ZNS, §),
Va(o, &) and Vs(¢,&) satisfy the estimates

sup- Vil < ced’, s IVal| < Cei/™®, s IVl < Ceg' /.
T2

Moo
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Proof. Since conditions (Al)—(A4) with m = 0 are satisfied for equation (4.1)), we
obtain a sequence of domains

W (so,00) D W(s1,01) D - D W(st,00) D - DW(—, =)
by induction, a sequence of closed subsets
Iy>I >---2IL D ...
and a sequence of transformations 7; such that (Fq); o T, = (Eq)i41.
For given integer [ > 1, using , we obtain
A41(€) = Ao(€) + diag(Qp'(0), Q5%(0)) + -~ + diag(Q}(0), Q7*(0)),
wie1() = wo(&) + g No(0) + 5/ *N1(0) + -+ + £ Ny(0).

From (3.4)), it follows that {A;(£)} and {w;(§)} are uniformly convergent on Il
and

l oo
sup [|Ao(6) — A (€)l <0 Y el® <0 S e)f < 0,

£€llo i=0 i=0

l oo
S0 [leo(§) —wia (€)] < Ce* S el <oegP Y el < ey
ello i=0 1=0

Taking the limit as [ — oo, we obtain

1/8 43/24
sup [Ao() — Awe(€)l| < Ceg/®,  sup [|wo(§) — wo(§)]| < C=p*/*.
§€llo E€llo
Next we prove that the composition of the transformation (3.7)) is convergent.

For £ € H?fll, if € is sufficiently small, then by (3.7) and (3.8)) we can easily verify
that 7; maps U(oy41) into U(oy), the composite transformation 7~7 =TgoTi0:---0T]

maps U(o;41) into U(op) and can be explicitly written as

ho = b1 + ?711(¢z+17§) + 5&(¢z+1,§)hz+1, ¢o = P41+ UZ,(@H@), §=¢,

where

-1 m
o (@01,6) = f(61.6) + 3 { (TLd +vh(911,€) )0 (B2 ) },
m=0 =0
N l | i o (4.3)
vh(pry1,€) = H(Id +05(Gi11,€)) —Id,  vi(dr41,6) = Z”§(¢z‘+17f)-
i=0 i=0
Using (3.23)), (3.27), (3.30), (3.32)) and (4.3]), we obtain
~ L1/ _1/6 L1/6
swp okl < O( s + s + o+ o)
U(oi41)xT1, L4 kot VikTt VK * (4.4)
1_2 2
< Cgy ™ < Cef,
1/8 1/8 1/8
~ € €] g
swp okl < O ez + s+t )
U(ora)x1) Y550 N VikT * 712“1 N (4.5)

1 2

3
< Cey ™ <Cef?,
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N 5/3.1/8  5/3.1/8 g2/3.1/8
1 0o %o 0 &1 0 &
sup " ||U3H < C( 2,.27+3 + 2,€27+3 +ot 2 2r+3)
U(orn) I} Toko M Tk (4.6)

< 0534 S < C 41/24
where v}, v and v} are real analytic in ¢;11 € U(0;41) and Cl-smooth in & € H?jff.

Let

Vi = lim o, V= lim T - lim W,
—00 —00 —00
~ (4.7)
T=1lim 7, e =n2_yI,y
l—o00

Then v}, v and v} converge uniformly to V3, Va and Vs, respectively, and

2
sup [Vl = Ceg?, - sup IVl < Cei¥, sup V3] < Cetl/?t,
T2 X T2 T2 %I,

By (3.6), we obtain
meas I, = lim measIl; = measIly — O(y).
l—o0

Now we prove that V7, V5 and V3 are Lipschitz in £ € I1,. Aslim;_, 511/1677;:1 =

0, there ex1sts a constant C such that ¢, /wnljrll < C. For & €2 € I 4, if |€1 - €2

21141, from we obtain
sup o5 (dig1,€Y) — v5(dig1, 67|
¢141€U(0141)

< 088/36;/8 1_2 —(2743) < Ce 5/3 1/16%_2 —(2743) €l — €2,

\Y

if |61 — €2| < 2m41, by (3.8) and the mean value theorem, we obtain
sup Hvé(aﬁwufl)—Ué(¢z+1,€2)ll
¢141€U(0141)
l 5/3 1/16 — (2743
< ||v3||crz+1,m+1|§1 *f2| < CEO/ 51/ Y K ( ! )|§1 52|
Thus, vé is Lipschitz with respect to & € II;44. Slmllarly, by (3.8) again, we can
obtain that v} and v} are Lipschitz with respect to ¢ € II; ;. Therefore, by (4.3)

and , it implies that V7, V5 and V3 are Lipschitz with respect to £ € II,. Then
equation (4.1]) can be changed into

ﬁ:E‘o[Aoo(f)E‘i’F (%7$7§)]a

0 = weo(€) + 2 Goo(h, 6,)

by the transformation 7, where Fi(h, ¢, &) = 5(1)/6 Oz 70 11, (h2), Goo(h, 0,€) =
68/60%0707071—100 (h). In particular, h = 0, ¢ = ¢, + wee (&)t is a trivial solution of
above equation, and

ho = V1(¢* + woo(f)tvg)a ¢0 = ¢* + Woo(g)t + Vv3(¢* =+ woo(g)tag)
is a real analytic quasi-periodic solution of (4.1J). O

Proof of Theorem[2.3. We only need to prove Theorem for equation (2.13)).
Suppose that & = (a,b) € [1,2] x [5,6], wo = (21, 2)7,

Ao = diag (39, 9) = diag (5, 1),
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V4b — 8a — &2 V4b — 2
O = — Qg = —

Then there exist positive constants cg, (y, dy and xg such that
. . 8w0
inf (€)= A = co, AT = Adllyy <o inf | det 2| > xg
genge gempe 0¢

lwo(€)llny < do,  nf NI =co, [AJllng < oo 5=1,2

getg®
for € € I[°. Hence, the system ([2.13) satisfies conditions (A1)—(A4) with m = 0.
By Theorem we obtain the result in Theorem O

sectionAppendix

Lemma 4.2 ([3| [41]). For § >0 and > 0, it holds
N A n
Ze |k‘l S(e> 5#+n(1+e) .
kezm

Lemma 4.3 ([30]). Denote by A* the space of all functions on T™ bounded and
analytic in the strip {¢ : |[Im¢| < s}. If v € A* and Ko > 1, then

|(Id = Tg)v|s—o < CK™e 5| vls, 0 <0 <5,

where the constant C' depends only on n.

Lemma 4.4. Suppose that II C R™ is a bounded closed set with positive Lebesgue
measure and that TI" is a neighborhood of 11, f(x) is continuously differentiable in
x € II". If there are two positive constants a and b such that

inf
xelln

of of
detggl 20 sup If@I <t sup 500 <0

then
ameas T < meas f{IT} < bmeasIl.

Proof of results similar to the one above can be found in [3, [19].
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