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UNIQUENESS THEOREMS FOR STURM-LIOUVILLE
OPERATORS WITH INTERIOR TWIN-DENSE NODAL SET

YU PING WANG

ABSTRACT. We study Inverse problems for the Sturm-Liouville operator with
Robin boundary conditions. We establish two uniqueness theorems from the
twin-dense nodal subset Wg( %, %}), 0 < & < 1, together with parts of
either one spectrum, or the minimal nodal subset {x}L}Z":I on the interval
[0, %} In particular, if one spectrum is given a priori, then the potential g on
1—¢
2

the whole interval [0, 1] can be uniquely determined by W ([
S and arbitrarily small €.

, %]) for any

1. INTRODUCTION

Consider the Sturm-Liouville operator L := L(q, h, H) defined by

—u" +q(x)u=Au, z€(0,1) (1.1)

with boundary conditions
Up(u) :=u'(0,\) — hu(0,\) =0, (1.2)
Up(u) :==u'(1,\) + Hu(1,)) = 0, (1.3)

where h, HE R, g(z) is a real-valued function and ¢ € L'[0, 1].

The inverse nodal problem is to reconstruct this operator from the given nodal
points(zeros) of its eigenfunctions. Inverse nodal problems for differential operators
have many applications in many areas, such as mathematics, physics, engineering,
ete (see [T, 21 3] [4, [5] [8 (11, (15 16l 18], 211, 22] 25| 27, 28] (29, [30] and the references
therein). Inverse spectral problems for — consist in recovering this operator
from the given data (refer to [6l [7, 10 [12] T3] 14, 17, 19} 20, 23], 24 26, B1] and
other works). In particular, McLaughlin [I8] discussed the inverse nodal problem
for — and showed that a dense subset of nodal points of its eigenfunctions is
sufficient to determine the potential g up to its mean value and coefficients h, H of
boundary conditions. From the physical point of view this corresponds to finding,
e.g., the density of a string or a beam from the zero-amplitude positions of their
eigenvibrations. Later, X.F. Yang [29] presented an interesting theorem for -
(1.3) and showed that the s-dense nodal subset on the interval [0, b], % <b<1,
is sufficient to determine the potential ¢ up to its mean value and coefficients h, H
of boundary conditions by the Gesztesy-Simon theorem [7]. Then Cheng et al [4]
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improved the Yang’s theorem by the twin-dense nodal subset (Similar to definition
instead of the s-dense nodal subset. Yang [27] presented a counterexample,
which illustrates that two operators have the same spectrum and in the subinterval
[0,1_70‘] U [H'To‘,l} for any «,0 < a < 1, their nodal points are the same, but
q(z) # G(z) on the interval (152, 2). In [8, 9], Guo and Wei showed that only
the twin-dense nodal data on a small interval [a, b] containing the midpoint % suffices
to determine the differential operator (potential functions plus boundary constants
h and H) uniquely. Their method is inspired by analysis of Weyl m-functions in
the work of Gesztesy-Simon[7]. The result of Guo-Wei is a big step forward from
those in [29] 4], where nodal data on more that half of the interval are needed.

In this note, we plan to follow the method of Guo-Wei to show two uniqueness
results. We shall concentrate on the situation when only information of the twin-
dense nodal subset Ws([a, 1]) on the left portion [a, 3], still an interior subinterval.
As discussed in [§], this is not enough. We add some more information (part of the
eigenvalues \,,, or the sequence of first nodal point x}Lk) They suffice to guarantee
the uniqueness of the potential function. There are four types of boundary condi-
tions, we shall only concentrate on Case IV: h, H € R in [§]. Moreover we shall
simplify part of their proof (cf. proof of Lemma below).

This article is organized as follows. In Section 2, we present preliminaries. We
introduce our main results in Section 3, which will be proved in Section 4.

2. PRELIMINARIES

Let S(z,\), C(z, A), u—_(x, ) and u4(z, X) be solutions of (|1.1)) with the initial
conditions:

S(0,\) =0, S'(0,\)=1,C(0,\) =1,C"(0,)) =0,
u_(0,A) =1, v (0,A)=h, up(L,\)=1, v/ (1,\)=-H.
Clearly, Up(u—) = Uy (u4) = 0 and
u_(z,\) = C(x,\) + hS(z, \),
ug(z, A) = U (S)C(z, A) — U (C)S(z, A).
Denote A = p? and 7 = [Imp|. We have the asymptotic formulae (see [31]).

u_(z,\) = cos px + (h + % /096 q(t)dt)

u_(z,\) = —psinpr + 0(e™"), 0<xz<1, (2.2)

T

T L), o<a<l (21)
p

1 1 : 1— T(l1—x)
ug(z,\) =cosp(l—z)+ (H+ 5/ q(t)dt) smp(p 2) +o(e 5 )
for0<z<1
ul, (z,0) = psinp(l —z) + 0™~ 0<z <1

The following formula is called the Green’s formula

/O (yL(2) = 2L(y)) = [y, 2](1) — [y, 2](0), (2.3)

where [y, z](x) := y(z)2' () — y'(z)z(x) is the Wronskian of y and z.
Denote
AR = [, u_(z, N).
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Then A()N) does not depend on z and
AA) = Ur(u-) = =Uo(uy4),
which is called the characteristic function of L. Hence
A(X) = —psinp + O(e"). (2.4)

Let o(L) := {A\,}52, be the set of all eigenvalues of (1.1)-(1.3). It is well known
that all zeros A, of A()A) are real and simple. For sufficiently large n, we have

asymptotic formula for eigenvalues A, of ([1.1))-(1.3)
w 1

VA= — — 2.5

n = NI+ e + 0( ), (2.5)

n

where w = h + H + %fol q(t)dt. Denote G5 := {p : |p — kx| > 6,k € Z}. For
sufficiently small §, then there exists a constant Cs such that for sufficiently large
AL,

AN > Cilole”, Vo€ Gs. (2.
We define the Weyl m-function m (z, A) by
ul (z,A)
AN)=t+——=.
m:l:(xa ) ui(377 )\)
From [I7, [7], we get the following asymptotic formulae:
1 ) 1
my(z,\) =ip+o0(l), —F—— = —1+0(—2) (2.7)

m(z,A) p p
uniformly in « € [0,1 — §] for my(z, ) (resp., z € [4,1] for m_(x, X)), 6 > 0 as
|A] = oo in any sector e < arg(A) < m — ¢ for € > 0.

Let u_(z, A,) be the eigenfunction corresponding to the n-th eigenvalue A, of
eqrefE1.1-(L.3) and zJ, be the nodal points of the eigenfunction u_(z,\,), i.e.,
u_(xd,\,) =0, where 0 < 2z}, < 22 < -+~ <) <. <2 <1,n > 1. Denote
22 = 0 and 27! = 1. Additionally, for j = 0,7, let IJ be the nodal interval by
I) = (2, 23%1) and ) be the nodal length of the interval IJ by I} = 2+l — 2J.
Denote X := {z} be the set of nodal points of (I.1)-(L.3)), where j = j(n),j = 0,n.

For sufficiently large n, we have asymptotic formulae for zeros a7, of the eigen-

function u_(z, A,) of (L.1)-(1.3)) (see [22])
. 1 zJ
. J)— 5 1 n
J — 2 92
2l =—2+ 2(n7r)2( h+/0 q(t)dt)

@(m - /01 q(t) 005(2"7”5)(”) + O(%)'

(2.8)

 2n3n2
Let Ng = NU{0}, No = N\{1}, and S := {ny € Ny : n, < ngy1,k=1,2,...,00}.

Definition 2.1. Take a € [0, 1). We call Ws([a, 3]) a left twin-dense nodal subset
on the interval [a, ] if

(1) Ws((a, 1)) € X 1 [a, 1] -

(2) For all ny, € S, there exists ji such that both % 271 € Wy([a, 3]).

ng? Nk
(3) The set Ws([a, 3]) is dense on [a, 3], i.e. Ws([a, 3]) = [a, 3].
In the same way, we define a right twin-dense nodal subset Wg([3,b]) on the
interval [%,b] for some b, 2 < b < 1.
The following two lemmas are important for proofs of our main results.
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Lemma 2.2 ([I7]). Let my(a, A) (resp.,m_(1 —a,A)),a € [0,1), be the Weyl m-
function of the problem —. Then my (a, A) (resp. m—(1 — a, \)) uniquely
determines coefficient H (resp. h) of the boundary condition as well as q on the
interval [a, 1] (resp. [0,1 — a]).
Lemma 2.3 ([19, Proposition B.6]). Let f(z) be an entire function such that

(1) supp, =g, |f(2)| < Crexp(CoRY) for some 0 < v < 1, some sequence Ry —

oo as k — oo and Cy,Cy > 0.

Then f = 0.

3. MAIN RESULTS

With L we consider here and in the sequel a boundary value problem L =
L(@,ﬁ, H ) of the same form but with different coefficients. If a certain symbol ~y
denotes an object related to L, then the corresponding symbol 4 with tilde denotes
the analogous object related to L, and 4 = v — 5. The so-called Ws([a,b]) =
W ([a,b]) means that for any 23k € W([a,b]), then at least one of and
holds. i.e.

e — e+l — iktl
alh =3 and aprT =TT, or (3.1)
jk _ "’3}9 jk—l _ NEk_l
iy =ay  and @)t =ap (3.2)

where 2757 € Ws([a,b]) and Bt ¢ Wg([a, b]) in this paper. i.e., for each fixed

ny
(nk, jx ), there exists (ng, jr) such that (3.1), or (3.2). Next, we present the following
Lemma (see [29, [4] [§]), however we prove it by an improved method.

Lemma 3.1. If Ws([155,1]) = Wg([%, 11), then

1—-¢ 1
2 72

Any — Xﬁk =20 for allng €S,

ng = ng except for a finite number of natural numbers k.

q(z) — q(x) =20 a.e. on| I, (3.3)

Adding the condition (3.6]), we establish the following uniqueness theorem.

Theorem 3.2. Suppose that the following two conditions are satisfied:
(1) Ws([%5%, 3]) = W5([}55. 3]), and

3e—1
H{npeS:ny<n}>(1—-e)n+ 52 (3.5)
for sufficiently large integer n > 0.
(2) For the infinite set No\S,
An = Ans 1€ N\S. (3.6)

Then _ B
qg(z) =q(z) ae onl0,1], h=h and H=H.

Remark 3.3. (1) For either case (h,H) = (o0, H), or (h,00), or (00,00), if we
modify the condition (3.5|) suitably, then one obtains a similar results.
(2) We obtain an analogous results with the right twin-dense nodal subset on

the interval [%, %] instead of the left twin-dense nodal subset in Theorem
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We have the following corollary from Theorem [3.2] i.e. if one spectrum is given
a priori, then potential ¢ on the whole interval [0, 1] can be uniquely determined by
Ws([155, 4]) for any S and any arbitrarily small e.
Corollary 3.4. If one spectrum o(L) is given a priori, then the potential ¢ and
coefficients h, H can be uniquely determined by the left twin-dense nodal subset

Ws([155, 4]) for any S and arbitrarily small .

For any n € N, let 1, and 2" be the minimal and maximal nodal point of the
corresponding eigenvalue A,,, respectively. From the Sturm’s oscillation theorem
(see [29, Lemma 1.1.4, pp. 18]), we see that if 0 < ] < 1, then 0 < 2}, < % for
alln > 1 and if £ <} <1, then § <27 < 1 for all n > 1. Adding the condition
0<at< % and , we obtain the following uniqueness theorem.

Theorem 3.5. If the following three conditions are satisfied:

(1) H=H and 0 < z1 < %,
(2) Ws([*55, 5)) = W5([*35, 5)) and holds.
(3) For alln € N\S,

T = T: (3.7)

n n?

then
q(z) — /0 q(t)dt = q(x) — /o qt)dt a.e. on[0,1], and h = h.

4. PROOFS OF MAIN RESULTS

In this section, we present proofs of our main results. Firstly, we prove Lemma
[3:1] by the improved method.

Proof of Lemma[3-1} For each fixed z € [15%, 1], we choose zd: € Wg([155,1])

such that limy o 27 = x. From (2.8)), we have
1
. Jk— 3
lim =2 =g
k—oo N

By using the Riemann-Lebesgue lemma together with (2.8), we get

@) = Jim_ [2mmall, = 2nn (i~ 3)]

arlh o1 1
= lim [Qh Jr/ ’ q(t)dt — k3 (Qw - / q(t) cos(?nmrt)dt)
k—oc0 0 Nk 0

+ 0(1)}

:/ q(t)dt + 2h — 2wz, =€ ]
0

(4.1)

1—¢ 1]

2 727
Since [; q(t)dt+2h—x fol q(t)dt (a.e. on @ € [152, 3]) with respect to « is differen-
tiable, f(x) with respect to x is also differentiable. By taking derivatives for (4.1)),
we obtain

() =q(z) —2w a.e. on [%, %]
Since e 1 4
WS([TEa 5]) = Wg([Tea 5})7
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it follows that f(z) = f(z) for z € [15£, 1], Therefore

~ 1-¢1
! /! —
f(z)=f'(z) ae. on | 5 ,2].
This implies
1—-¢1

=) (4.2)

2 72
Consider two Dirichlet boundary value problems defined on the interval [/ |k +1] C

q(xz) —q(x) =20 a.e. on |

ne Tny, 1S
25 3)
—u" (2, A\ny,) + q(@)u_ (2, A\pny) = A u— (2, Ay ) (4.3)
U_ (xn’“k,/\ BE (fokH,/\nk) =0,
and
— (2, Xsy) + @) (2, Nsy) = A T (7, A ), (4.5)
U (@0 As,) = U (22t H X5,) = 0. (4.6)

Multiplying (4.3) by u_(=z, )\nk) an ) by u_(x, A\, ), subtracting and inte-

grating it from x]k to m”ﬂ‘“ together (4.4 D and ( ., we have

Jet1

[ 0@ = 7@) = O, = R lu (A )i (. K ) =0 (47)
By (L7) and g(x) — q(z) = 2@ a.e. on [15=, 7], this yields
zik Tt ~
25 — (Any — i)l / U (@ Ay )i (2, Ay ) = 0. (4.8)
7k

nk
Since both u_(z, A,, ) and u_(z, Xﬁk) have no zero in the interval (zJk , 275 1), we
get

u,(x,)\nk)ﬂ,(xjﬁk) >0 or u,(m,)\nk)ﬂ,(x,xﬁk) <0 forx € (xfk  xixtl),

ng’ ng

This implies

okt
/ . " ul (@ A )T (@, Ay )z 2 0. (4.9)
Therefore, '
Anp = Xﬁk + 20, Vn,€S. (4.10)
By and , for sufficiently large k, this yields ny = ng. Thus, the proof of
Lemma, is complete. O

Next we show that Theorem holds.

Proof of Theorem[3.4 Denote A = {\, : n € S,\, € o(L)} and Ny(t) = #{\,
An € AN, <, A, € o(L)} for all sufficiently large ¢t € R. By calculating Ny (t),
we have

1—¢
NA(®) > (1= )Noquy () — 5. (4.11)
By the assumption in Theorem [3.2} Lemma [3.1] yields
1—-¢1
a(z) — G(z) = 25 ae. on [—, 7], (4.12)

2 72
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An, — A, =20, Vng € 8S. (4.13)
Since the set No\S is an infinite set , from (4.13)), (3.6) and ([2.5)), we get
w=0. (4.14)
By (L12)-(ET9), we have
1—¢ 1
q(z) —q(x) =0 a.e. on [Tg, 5] and A\, — A3 =0, VneN, (4.15)

Denote
Flu_,u_,z,\) = [u_,u_](z, \).

Let us prove

1—¢

F(Uf,af,T,)\nk) :07 VnkGS

Indeed, since Wg([155,4]) = ”Wg([1557 3]) is a left twin-dense nodal subset, we
choose z2F € Ws([152, £]). By the Green’s formula, we obtain
_ 1-¢ 2 N -
F(u_,u_, T7>\"’“) = —/ q(z)u_(z, A\p, )u—(z, A\, )da. (4.16)
1—e

2

By (£.16) and g(z) = 0 a.e. on [15%, 1], we get
_ 1
Flu_,ii_, TE,)\M) -0, Vn.€S. (4.17)
Next we prove ¢(z) — q(x) =0 a.e. on [0,1], h = hand H = H.

Without loss of generality, we assume that A, # 0 for all n € o(L). Define the
functions Gg(A) and K;(A) by

Gs\=]] - AA ), (4.18)
n€eS Tk
Ky = T ) (119)

Hence (4.17)), (4.18)) and (4.19) imply that K (A) is an entire function in A. Note
that

F(u_,ﬂ_,T,)\)
= u (NI (SN (S W () (4.20)
= (NI () (2 ()~ (R 0).

From (2.2)), (2.7) and (4.20), we have
1—¢ —e)T
LS =ofe= )

as |A| — oo in any sector € < arg(\) < m — e. This implies

}F(u_,ﬂ_,

|F(u_,ﬂ_, 1 ;E’Z’y” - O(e(lfe)lmﬂ\ylln) (4.21)
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for sufficiently large y € R. We analogously calculate Gg(iy) from (4.11]) and get
the following formula (see [7])

|G5(zy)| > C|y‘1/2e(176)1m\ﬁ|y|1/2’

where ¢ is a constant. Therefore

K1 (iy)] = o(ly~1/?). (4.22)
It is easy to prove the following formula (see [7]):
sup |Ki(z)| < Crexp(C2Ry) (4.23)
|z|=R

for some 0 < a < 1, some sequence R — oo as k — oo and Cq,Cy > 0.

By Lemma [2.3] (.22 and ([£.23), we have K;(\) =0 for all A € C. Therefore,
_ 11—
Flu_,ii_,—<,\)=0, ¥YAeC. (4.24)
This implies
mo (225 ) = (
2 )
From Lemma 2.2 and (£.25), we obtain

q(z) —q(x) =0 a.e. on [0, %] and h = h.

1 _
Z=E ), VAecC (4.25)

Therefore,
q(z) —g(z) =0 a.e. on [0, %], h=h, A=A, neN. (4.26)
By the Hochstadt-Lieberman theorem [I3] and , we get
q(r) —q(x) =0 a.e. on[0,1], and H = H.
Thus the proof of Theorem is complete. O
Proof of Theorem[3.5. From Lemma we have

1-¢ 1
q(z) — G(z) =25 ae. on [?E, 5] (4.27)
Anp — Aii, = 20, Vng € 8. (4.28)
Define the potential g (x) by ¢1(z) = g(x) + 2&. This implies
_ l1-¢ 1 -
q(@) = Gi(a) =0 ae. on[— = 5] and Ay =g, =0, Vng €S, (429)

where Xlﬁk = Xﬁk + 20, which is the eigenvalue of equation (1.1]) corresponding to
g1 with boundary conditions (1.2)) and (1.3). Analogous to the proof in Theorem
we have

q(z) —q1(x) =0 a.e. on [0, %], and h=h. (4.30)

Next, we prove A\, = Xlﬁw n > 1. From the assumption of Theorem there
exists the nodal point x}% of the corresponding eigenvalue A,,, such that

~ 1
zl =7k Vnp €N\S, 0<zl <—.

ng ﬁk ? ng 2
Let us consider two boundary value problems defined on the interval [0, ;C}Lk],

—u” (2, Any) F (@) u_(z,\n,) = Apu_(2,\n,), € (0,21 ) (4.31)

» Ny
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u_ (0, Any,) — hu—(0, An,) = u_(z), , An,) =0, (4.32)

and
7ﬂl($,f/{1,ﬁk) +2]1(x)17_(x,xlﬁk) :Xﬁka_(l‘,s\/lﬁk)v WS (O,I}Lk) (433)
(0, M 7,) — hu—(0,35,) = d—(z}, , A\7,) = 0. (4.34)

Multiplying equation ([&31)) by u_(z, Az, ) and equation ({#.33) by u_(z, Ay, ), sub-
tracting and integrating it from 0 to z} . together with (4.32) and (4.34), we have

1

/ (@) = @1 (@)) = A = M) (@, A )T (2, Ay e = 0. (4.35)

By (£.35) and ¢(z) — q1(z) = 0 a.e. on the interval [0, 3], this yields

1

~ xn . ~
Ay — M) / " U (@, Ay )T (2, Ay, )z = 0, (4.36)
0
Since both u_(x, Ay, ) and u_(z, Xl’ﬁk) have no zero in the interval (0, z;, ), we get
U (x,)\nk)ﬁ_(w,xlﬁk) >0 forz e (0,x,).
This implies
Ty, -
/ (@ A )L (2, A, ) > 0. (4.37)
0
By (£.36) and ([@.37), this yields A,, = A5, for all nx € N\S. Thus we obtain
An=Am, n=12.... (4.38)

By [26], Theorem 2.1], or the related Theorem in [I9] Section 4] together with (4.30),
(4.38), and given coefficients H = H, we have

~ 1
q(z) —qi(x) =0 a.e. on [5, 1].
Therefore, N
g(x) —q1(x) =0 a.e. on[0,1], and h=h.
This completes the proof of Theorem [3.5 (]

In the remainder of this section, we present an example for reconstructing the
potential ¢ from the twin-dense nodal subset. Let ¢ = 1/4 and
So:={2n:n>10,n € N}U{2k; —1:2k; — 1 > 10,k; € N}}2,. (4.39)
Example 4.1. Let W, ([%, 1)) = Ws ([1.3) CX ={af}, neN,j=1,2,....n,
be the left twin-dense nodal subset of the operator L(g, h, 1), where

i1 i1 i1
vi=? 2, ! (2+( 2)2)—M+o(ni), ¥neS,  (4.40)

n 2n2m2 n 2n3m2 2
and 1 1 1 5 1 1
1
-t 24+ —) - ——to0(=) <= 441
n T 9 + 2n27r2( + 4712) 4n372 * O(nz) < 2 (4.41)
for all n € N\Sy. By (4.1)) together with (4.40]), we have
. 1
fi(z) == lim [Q(nkw)Qﬂcifk — 2nym? (jk - 5)]
hoo (4.42)

11

=2 4+2—bx, z€ [1,5]
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By and again, this yields
h=1 and w= g (4.43)
By the given condition H = 1 and (4.43)), we get
/1 q(t)dt = 1. (4.44)
By taking derivatives for tog(;ther with , we obtain

11
q(z) =2z ae. on [Z’ 5] (4.45)
By (4.39)-(4.41)), (4.45) and W, ([, 3]) = ﬁ//go([%, 11), we see that all assumptions

in Theorem [3.5] hold. Thus we have
q(x) =2z ae. on0,1], and h=1.
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