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N-TH ORDER IMPULSIVE INTEGRO-DIFFERENTIAL
EQUATIONS IN BANACH SPACES

MANFENG HU & JIANG ZHU

ABSTRACT. We investigate the maximal and minimal solutions of initial value
problem for N-th order nonlinear impulsive integro-differential equation in Ba-
nach space by establishing a comparison result and using the upper and lower
solutions methods.

1. INTRODUCTION

The theory of impulsive differential equations in Banach spaces has become an
important area of investigation in recent years. In [2], the existence of solution of
initial value problem for second order nonlinear impulsive integro-differential equa-
tion in Banach space was studied by establishing a comparison result and using
the upper and lower solutions methods. Now, in this paper, we shall investigate
the existence of solution of initial-value problem (IVP) for N-th order nonlinear
impulsive integro-differential equation in Banach space by establishing a new com-
parison result and using the upper and lower solutions methods. Consider the IVP
for impulsive integro-differential equation in a Banach space E:

u™ = ft,u(t), ' (t),. .., V@), (Tu)(t), VteJt#t
Auly—y, = Liu™ D (t;)
Au/\t:ti = Lzlu("_l)(tl)

AU("_2)|t:ti _ LZ“?u(”_l)(ti)
Au Y|, = fL?‘_lu“’*l)(ti)
u(0) = ug, u'(0) = uq,...,u" " D(0) = up_,
where ¢ = 1,2,...,m, J = [0,a](a > 0), u; € E(j = 0,1,2,....,.n—1), f €

ClJXEXEX---xXEE,0<t; < - <t;<- <ty <a, LI(i=1,2,...,m;
j=0,1,...,n— 1) are constants, and

(Tw)(t) = /0 k(t, s)u(s)ds, Vie J, (1.2)
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k€ CID,Ry], D ={(t,s) € J x J :t > s}, Ry is the set of all nonnegative real
numbers, and ko = max{k(t, s) : (t,s) € D}. Aul)|;—;, denotes the jump of u'?)(¢)
at t = ti, i.e.

A“(J)|t:ti — u(])(t?’) — u(”(t;),

where u) () and u)(t;) represent the right-hand limit and left-hand limit of
u9)(t) at t = t; respectively. In and the following, u("~1)(#;) is understood as
u=D(¢7).

Let PC[J, E] = {u : u is a map from J into E such that u(t) is continuous at
t # t;, left continuous at t = t; and u(t]") exist for i = 1,2,...,m}, PCI[J,E] =
{u € PCI='[J,E]: w9 (t) is continuous at t # t;, left continuous at t = t; and
u) (1) exist for i = 1,2,...,m}(j = 1,2,...,n —2) and PC" '[J,E] = {u €
PC™2[J,E] : u"~V(t) is continuous at ¢ # t;, and u(™ =V (t)u=D(¢;) exist for
i=1,2,...,m}. Evidently, PC[J, E] is a Banach space with norm

[ullpe = sup [[u(®)]-
teJ

It is clear that PC[J, E] is a Banach space with norm

Jull; = max{[[ullpe, [t/ [|pe, -, [uP|pe}, (G =1,2,...,n—1)
Let J' = J\{t1,...,tm}, 7 = max{t; —t,_1 : i = 1,2,...,m + 1}, (where t; =
0,tmy1 = a), Jo = [0,t1], J1 = (t1,t2],. ., Jm1 = (tm—1,tm], Jm = (tm,a). A

map u € PC"1[J, E](\C"[J’, E] is called a solution of (1.1)) if it satisfies (1.1]).

2. COMPARISON RESULT

Let E be partially ordered by a cone P of F, i.e. z <y if and only if y —x € P.
P is said to be normal if there exists a positive constant N such that 0 < z <y
implies ||z|| < N < ||ly||, where 6 denotes the zero element of E, and P is said to be
regular if ©1 <29 <--- <z, <--- <y implies ||, — z|| — 0 as n — oo for some
x € E. It is well known that the regularity of P implies the normality of P. For
details on cone theory, see [1].

Lemma 2.1 (Comparison result). Assume that p € PC"~'[J, E]NC"[J', E] sat-
isfies

p™M(t) < —Mop — Myp' — Mop” — -+ = My, _1p"™ Y — NTp, Vte Jt#t
Apli—t, = L?p("’l)(ti)
AP |is, = Lip™ V(1)

Bp Dy, = LD 1)
Ap Y|y, < —LP D), (i=1,2,...,m)

‘ (2.1)
where M; >0, L7 >0 (j=0,1,...,n—1;4=1,2,...,m) are constants and

DL+ (mt )Myr <1 (2.2)
i=1
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where

n—2 n—2 m
Mo=M,_1+ Y ¢ +ki a—l—z ZLJ S La  (23)
i=0 i= j=0 i=1

az—j ai—i—l
* = M; Nko,i=0,1,...,n—2,
T M Gy e = 0
) an—2 an—3 k‘oN@” 1
klzmMo‘i_li‘i_ +Mn 2+W;

dy = Nko,
45 = Nkoa + Mo,
Nkoa!  Mgya? 1
J! (=1
then p)(t) < O,Vt € J,(j =0,1,...,n — 1), where p©(t) = p(t).

d; =

—+ ~+Mj_2a+Mj_1,j:2,3,...,71—2,

Proof. Let pi(t) = p»~V(t),t € J. Then p; € PC[J, E](C'[J’, E] and

p" () = p"72(0) + /p1 Js+ > ") =P ),

0<t; <t

t
P (1) :p("*3)(0)+tp(”72)(0)+/ d81/ pi(s2)dsz
0 0

[ B - s
0

0<t;<s

+ Z (n—3) t+ (n—S)(ti—)]

0<t; <t

p’<t) = p’(()) + tp"(O) 44 (nn_;)!p(n—Q) (0)

Sn—3
. / pl(sn—Q)dSn—Q
0

+/ dsl/ d52.

0 0
t S1 Sn—4

+ / dor [Cdsae [0S ) - p )l
0 0 0

0<t;<sn—3
/0 SO - s+ Y W) — 5]
0<t;<s o<t; <t
plt) = pl0) + t9/(0) + - (n-2)(p)

)

(
Sn—2

/ dsl/ dss .. / 1(Sn—1)dSn—1
0

+/o d/ s - / ST ) - s

0<t;i<sSn—2
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/0 S W) - Els+ S bt — ().

0<t;<s o<t <t

It is easy to see by induction that for m =1,2,...,n — 1,

t S1 Sm—1 1 t
ds/ ds.../ Asmdsmzi/ t—s)" L A(s)ds
/O 1 o 2 0 ( ) (m _ 1)' 0 ( ) ( )

where A denotes an integrable function. So, we have
P = pi(t)

P (1) = p2(0) + /p1 Yds+ Y [p" () - p ()]
o<t;<t
t

P () = p =3 (0) + tp =2 (0) + / (t — s)pi(s)ds
0

/ Z [p(n 2) t+ (n— 2)(t )]ds
0 0<t;<s
+ > ) - ()]

o<t; <t

;3)!/0 (t — 5)"3p1(s)ds

(n—

tn—3 9
o O+

%), [ =t 3 ) s

(n - 0<t; <s

/0 SO W) - s+ Y W) — 5]

p(t) =p'(0) +tp" (0) + - +

0<t;<s 0<t;<t
(0=p0) + )+ + 00+ o [ (¢ = 9 s (a)d
nor P (n—2)!p (n—2)! J, 8)" Tp1(s)ds
: /t -~ (n=2) (4 _ p(n=2) (4=
t— [ t—s)" n=2) () _ =2 (1] ds
i), Y Z[P (t) (&)
/ Nds+ D [p )
0 o<ti<s 0t
(2.4)
Substituting into (21), we get
pll (t) < —Mn 1P1 (t) - Co(t)p(()) —C (t)p/(o) e — Cn_2(t)p(n72) (O)
/ k1 (t, s)p1(s)ds — ZM Z P9 () — p9) (1))
J=0  0<t;<t (2.5)

—Z/ (ts) S PO —pD(t))ds, Ve J

0<t;<s
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Where

t
colt) = Mo + N/ k(t, 5)ds,
0

¢
c1(t) =tMo+ My + N/ sk(t, s)ds,
0

n—2 n—3 t
Cn—a(t) = hMg + hMl 4+ -+ My o+ e ?2)! /0 s"_2k(t7 s)ds,
(t —s)"2 (t—s)"3

flt,s) = =0 =5 Mo+

N t
oot M2t o
do(t,S) = Nk(t,S),

M,y

(r — 8)" " 2k(t,r)dr,

¢
dy(t,s) = N/ k(t,r)dr + My,

da(t, 5) = ]1\?/ k(t, ) (r — 8)dr + Mo(t — 5) + M,

(t— )"

n3
dp—o(t,s) = _3 /k ,r)(r —s) d7'—|—Mo( — 3

e+ M, 4(t—8)+Mn 3.
For g € P*, the dual cone of P, let v(t) = g(p1(t)), then v € PC[J, R](C'[J’, R].

By (2.5) and (2.1), we have
t
V(1) < —My_10() Z BO) ~ [ (e s)ots)as
0

_ZM Z (D () = p9D(t;))

0<t;<t
, , (2.6)
- Z / (65) Y g ()~ pO(t)ds, Vi
()<t <s
g (t) ,pm( t) = Liv(t) (7=012....n-2%i=12... m)
Av|t:ti < —L;L_lv(ti) (Z = 17 2, cee 77’)’1)
v(0) <g(P?(0)) <0, j=0,1,-+,n -2,
We now show that
v(t) <0, Vteld (2.7
Assume that (2.7) is not true, i.e. there exists a 0 < t* < a such that v(t*) > 0.
Let t* € J; = (tj,tj41] and info<i<4- v(t) = —A. We have A > 0. Assume that

there exist a Ji, = (tk, te+1](k < j) such that v(¢.) = —A hold for some ¢, € Jj, or
v(tf) = —A. We may assume that v(t.) = —A, since for the case v(t}) = —A the
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proof is similar. By (2.6)), we have

n—2 t n—2 m
V() S AMny + > ei(t) +/ ki (t,s)ds + > (M; Y L)
j=0 0 j=0 i=1

n-2 .t , (2.8)
+ Z/ (ds(t,5) S Lids]
=00 0<t;<s
< AMy, Vtelo,t*],
where M is given by ([2.3)),
Avlimy, < =L to(t;)) < ALPY (1=1,2,...,m
li=t; < —Li"o(t:) < AL; ( ) (2.9)
v(0) <0
Now, the mean value theorem implies
o(t*) —o(t]) =)t —ty), t; <& <t
o(t;) —v(t],) =0 (&)t —tj-1), i1 <&1 <ty
(2.10)
V(tey2) = 05 1) =V (Grgt) (bhgz — trg1),  trgr < Eppr < 773
O(tps1) — v(te) = 0" (&) (g1 — ta), b <&k < tpgr.
By (2.9) we have
v(t]) = v(ts) + Avlimy, <o(ty) + ALITY Vi < tF (2.11)
By £3), (210), [2.11), we obtain
o(t*) —v(t;) — ALY~ < AMoT
U(tj) — ’U(tj_l) — /\Lgb:ll S )\M()T
(2.12)

O(tes) = v(tregr) — ALp L < AMoT
'U(tchrl) + A< AMyT.

Adding these inequalities, we obtain

J
V) +A=X DY LPN < (G- k4 DAMT
i=k+1
and so
0<v(t) <=M+ A LI '+ (m+1)AMyT
=1

Evidently A\ # 0, so, A > 0, then, we have
1<) L'+ (m+1)Mor,
i=1

which contradicts , hence v(t) < 0,Vt € J. Since g € P* is arbitrary, it implies
that p(*~1(t) < @ for all t € J. By p»=2(0) < 0, Ap("=2)|,—;, = LM 2p(=D(t;) <
0; this implies p*~2)(t) < @ for all t € J. Continuing in this manner, p()(¢) < 4
forallt € J,i=0,1,...,n — 3. The proof is complete. O
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Lemma 2.2. Assume 0 € PC[J,E], and M;, N, Lz (j=0,1,2,...,n—1;i =
1,2,...,m) are constants, then uw € PC" [J E](C"|J', E] is a solution of the
linear IVP

n—1
u™ = =N "Mu — NTu+o(t), VtelJ t#t
7=0
AuD ey, = LD (L), (j=0,1,...,n—2) (2.13)
Au sy, = L0 (@), (1=1,2,...,m)

u(0) = ug, v/ (0) = up,...,u™ " V(0) = up_;.

if and only if u € PC"~'[J, E] is a solution of the linear impulsive integral equation

u(t) = ug + tu; + ;U2+ -+ (ntn_;)'un—l
R ' _snfl—n_l @) () — w)(s) + o(s)]ds
+(n_1)!/0(t PR M) - NTOE) Holds
B n— (t_t)n 2 n—
D R TR

o (t— ti)L} + L?]u("_l)(ti) vteJ.

The proof of this lemma is similar to the proof of Lemma 3 in [2]; therefore, we
omit it.

Lemma 2.3. Let o € PC[J,E], M; >0, N >0, L >0 (j =0,1,2,...,n — 1;i =
1,2,...,m) be constants. Assume

Zn:ol M; + Nkoa i (CL — ti)n_j_l 1
By = &0 L SR SR
) ! 26—
, ; 2.1
+ota—t) T+ L] <1 (2.15)
B = max{B;}

where j = 0,1,...,n—1). Then the impulsive integral equation has a unique
solution in PC™"'[J, E].
Proof. Define operator F' by

t2 tnfl

(Fu)(t) =uo + tug + T 9o+ + o1 1)!Un—1

n—1

+ﬁ/ (t—s)" ZMu(J) N(Tu)(s) + o(s)]ds

t— t)n 2

§ : [n 1 ( [n 2
(n —2)!

o<t; <t

et (- ti)L} + LQ]W*U(@) (vt € J).
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Then forallte J',j=1,2,...,n—1,
tn—j—l

(Fu)D(t) = uj + tujoa + -+ m“"—l

- t 8)" I u(j) uw)(s) + o(s)]ds
ey At §:wf N(Tu)(s) + o(s))d

t _ t n—j—1 B X . B
+ > ﬁL? P (= )L LD (1)
o<t <t J

and F : PC""'[J, E] — PC"~[J, E]. For u,v € PC"~'[J, E], by (2.12) we have
[(Fu)9 () = (Fo) (1)

S M, + Nkoa / . t—t n—j-1
< 1= e t— n Jj— Ln
(t—t)" 72 s TSR
+m% o+ (=)L + Llllu = vllna
SﬁjHu—UHn,1 (VtEJ,jZO,l,...,n—l)
and
|Fu— Follp_1 < Bllu—v|[n_1, Yu,v € PC" ], E] (2.16)
where (3;, 3 is defined by (2.15), The Banach fixed point implies that F' has a unique
fixed point in PC™~[J, E], and the lemma is proved. O

3. MAIN THEOREM

Let us list some conditions used for stating the main result.

(H1) There exist vo,wg € PC" 1[J, E](\C"[J’, E] with vo(t) < wo(t)(t € J)
such that

v(()") < f(t,v0, 00, - - - ,v(()"_l),Tvo), Vte Jt#t;
A i—p, = LIl (), (G=0,1,....,n—2i=1,2,...,m)
Avg" Pz, < —LF 0"V (1)
v (0) < ujyv§" P (0) = v (0) Sun1 —w; (7=0,1,2,...,m—1),
and
(n) >f(t w07w6,...,wén71)7Tw0)7 vVt e J,t £t
Aw oy, = Lw ™), (G=0,1,...,n—2yi=1,2,....m)
A’LUS |t tz = Ln 1 (nil)(ti)
w(()J)(O) Zujv w((Jnil)(O)_ wéﬂ)(o) > Up—1 - Uy, (j:0a1>27"'>n_1)7

where L7 >0, (i=1,2,...,m;j =0,1,.
upper solution of (|1.1)) respectively.
(H2) There exist constants M; >0 (i =0,1,...,n— 1) and N > 0 such that

..,n—1), v and wy are lower and

f<t7u0aul7u27~-~,unfl7v) - f(t7a0aa1;ﬂ27"'aanfla@)
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Z j—1u;)—N@w—1), VtelJ
§=0
o <a; <uy<wl, (j=0,1 —1
0o SUSU;j Wy, J=U LN )
Tvyg <v<v<Twg

Let [vo, wo] = {u € PC"1[J,E] : v’ (#) < u@(t) < w$(#),t € J,j =0,1,...,n—
1}

Theorem 3.1. Let cone P be regular and f be uniformly continuous on J X B, X
B, X -+ x B, for any r > 0, where B, = {& € E : ||z|| < r}. Suppose that
conditions (H1) (md (HQ) are satisfied, Lf 2 0j=0,1,...,n—=1i=1,2,...,m)
and inequalities hold. Then ) has minimal and maximal solutions
@ and u* in [v, wo] Moreooer there exist monotone sequences {vi(t)} and {wg(t)}
such that {v,(j)( )},{wk )}y =0,1,2,...,n — 1) converge uniformly on J;(j =
0,1,...,m) to the ) (t) and ( @) (j=0,1,2,...,n — 1) respectively, and

o) <o) < <o () < <al ) )
<u (1) < (u)0 <> cogud @) < <w (1) < wi () '
forallte J, 5=0,1,...,n—1, where u(t) is any solution of in [vg, wo).
Proof. For n € [vg,wo], consider the linear problem (2.13)) with
o(t) = f(tn(t),n'(t),....,n" V(1) )+ ZM n9(t) + N(Tn)(t)  (3.2)

By Lemma 2.3 (2.13) has a unique solution u € PC”_I[J, E]. Let u = An. Then
A [vg, wg] — PC"1[J,E](C"[J', E] C PC|J, E], we now show that

(a) v§ () < (Avg)D(t), (Awg)D(t) < (wo) D (t), t € J,j=0,1,2,...,n—1

() . € [voswol, 1Y) < nF) implies (An)D) < (Am)D, t € J, j =
0,1,2,...,n—1.

To prove (a), we set v1 = Avg and p = vg — v1. From (2.13)) and (3.2)), we have
n—1

o{™ = f(t,ve,0h, 08" Twp) -i-ZMU + N(Tv)
=0

—ZMU(J) N(Twy), VteJt#t

Avm:ti = L"), (j=0,1,...,n-2)

Av§n71)|t:ti = —Lilflvinfl)(ti% (i=1,2,....,m)

v1(0) = ug, v1(0) = uq, ... 71)57171)(0) = Up_1

S0, by (Hl)v
Pt Z M;pd)(t) = N(Tp)(t), VEe Jt#t,

Ap Dy, :Lgp(" 1)( t;), (j=0,1,....n—2;i=1,2,...,m),
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Ap" |y, < L), (=12, m),
P 0) <pP0) <6, (j=0,1,2,...,n—2),
which implies by virtue of Lemmathat pI(t) <0 (j=0,1,...,n—1)fort € J,
ie. U((]j)( t) < (Avg)W(t), for all t € J, j =0,1,2,...,n — 1. Similarly, we can show
that (Awg)W) (t) < (wg)W)(t) forall t € J, j =0,1,2,...,n— 1.

To prove (b), let 1,12 € [vg,wp], such that 779) < néj) and p = An; — Ans.
Then, from (2.13) and (H2), we have

P (t) Z Mp(t) = N(Tp)(t), Vi€ Jt#t;,

Ap(])‘t=t, = sz(n 1)( i)? (.] = Oa 17 s, 272 = 172a ce 7m)a
Ap" oy, = =L (), (i=1,2,...,m),

So, Lemma [2.1] implies (b). Let
vp = Avg_1, wp = Awi_1, k=1,2,..., (3.3)

By (a) and (b) above, we have
i <)< <olO < <ol ()<<l (0) <wf(0), (34)

forallt € J,j=0,1,2,...,n — 1. On account of the definition of v, we have

t2 tn—l
vk(t)—u0+tu1+ 2' 2+ - "+mun71
PR / (t—s)" 7' ZMW’ N(Twg)(s) + op_1(s)]ds
(n =1t (3.5)
B n— 1 (t —t; ) B n—2
* OZ (n— 1 L (n—2)! L
<t;<t
o (t—t) L+ L0 (1), (Vie Jk=1,2,3,...)
where
-1 (t) = f(t, vk_1<t> Vea (8), o o T (8), (Torm1) (1))
(3.6)

ZM v(]) t)+ N(Tvp_1)(t), Vted, k=1,23,...
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S0,
vlgj)(t)
tnfjfl
:Uj+tuj+1+"'+mun71
1 t
+(n_j_1)!/( I ZMU N(Twi)(s) + op_1(s)]ds
t—t n—j —1 B (t—tz)n j 2 9
s ¥ P
— 4 — — g —92)
oS j=! (n—j—2)!

Foot (t— )L+ LY (@),
(3.7)
forallte J, j=12,....n—1,k=1,23,.... Similar to the , for k,i =
1,2,..., we can obtain

vkti — Villn—1 < Bllves1 — Vklln—1 + B |okti—1 — Ok—1]lpe,

where § is defined by (2.15)) and

. am an—l a?
/8 :maX{H,m,...,?,a}. (38)
Hence, for k,i=1,2,...,
lvkrs = velln—1 < 77— ﬁ||0k+z‘—1 = Ok—1|lpe - (3.9)

Since the regularity of P implies the normality of P, we see from (3.4) that V; =
{v,(j) :k=0,1,2,...} (j=0,1,...,n—1) is a bounded set in PCY[J, E]. It is easy
to show that the uniform continuity of f on J x B, X B, X --- x B, implies the
boundedness of f on J X B, X B,. X -+ X B, so by (3.6),there is a constant b > 0
such that

||Uk—1||pc <b (k=12,...)

and therefore, from 1) we know that functions {v,ij)(t)} (j=0,1,...,n—2) are
equicontinuous on each J; (i =0,1,...,m). From (3.4 and the regularity of P, we

can infer that {vl(j)(t)} converges uniformly to @) (t) € PC[J, E] in J; i.e.,
09 — aD|e > 0 (k — o0) (3.10)

From (3.6),(3.10)) and the uniform continuity of f on J X B. X B, X -+ X B,., we
get

okt = Bllpe — 0 (k — o)

where
a(t) = f(t,a(t), @ (t),...,a" (), (Ta)t) + Z_: MaY)(t) + N(Tu)(t),
j=0

for all ¢ € J. Taking limits in (3.5]),we obtain
2 tn—l

t
u(t) =wug +tu; + — 2' 2+ -+ (n_ 1)!Un71
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+ﬁ/ (t=s)" ZMW N(Ta)(s) + o1 (s))ds
B n— 1 (t_t) n—
D R T

+ - +(t7t)L1+LO] =1 (1)

which by Lemma implies u € PC"![J, E](C"[J', E] and (t) is a solution of
[T1).

In the same way, we can show that ||wy — u*||,—1 — 0(k — o0) for some u* €
PC™=1[J,E]NC"[J’, E] and u*(t) is a solution of (L.1).

Finally, let v € PC" ![J,E](\C"[J’,E] be any solution of in [vg,wo]
satisfying v§” (1) < u@(t) < wl (1), for all t € J, j = 0,1,...,n — 1. Assume
that v () < @ (t) < wY) () for all t € J, j = 0,1,...,n — 1. Then by
(H2) and Lemma m we can infer that v(J)( t) < ul(t) < w,(fb)(t) for all t € J,
j=0,1,...,n — 1. Hence, by induction, v,(cj)(t) < ul)(t) < w,(cj)(t) for all t € J,
j=0,1,...,n—1, k= 1,2,..., which implies that @) () < v () < (u*)V)(t)
forallt € J, 5 = 0,1,...,n — 1. Hence follows from . The proof is
complete. (]

Remark 3.2. The condition that P is regular will be satisfied if FE is weakly
complete (reflexive, in particular) and P is normal (see [4], theorem 2]).

4. AN EXAMPLE

Consider the initial-value problem infinite system for scalar third order integro-
differential equations

1
u) = W[(t — un)? + Pup g + (ub,)? + (8 —ul)?]
t t
" Soonz ’/0 ey (s)ds)?, 0<t<2t#]

1 "

Aun|t=1 = gun(l) (41)
1

Ay iz = ui(1)
]‘ 4

A= =~ g5tn(1)

un(0) =u,(0) =ul/(0) =0, n=12,...
Claim: The system (4.1)) admits minimal and maximal solutions which are con-

tinuously differentiable on [0,1) U (1, 2] and satisfy

0< up(t) < t3/n?, ifo<t<1
T T @) /n?, ifl<t<2

3t2 /n? ifo<t<1

0<u ()< 3/ ifosts
- TG +2t+1) /0% ifl<t<2
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0 < (t) < | O if0<t<1
- (6t +2)/n? ifl<t<2

where n =1,2,3,....

Proof. Let E = 1" = {u = (u1,u2,...,Upn,...) : Yooy |uy| < 0o} with the norm
flull =307 Jun| and let P = {u = (u1,u2, ..., up,...) €M :uy >0,n=1,2,...}.
Then P is a normal cone in E. Since ' is weakly complete, from remark 3.1 we
know that P is regular. System can be regarded as an IVP of form ,
where

a=2,k(t,s)=e ", wu=(up,uz,...,Un,...),
U= (01,02, .., Upny...), W= (W, Way...,Wp,...),

Z:(Zl,ZQ,...,Zn,...), f:(fl,fg,...7fn,...),

in which
t
fu(tu,v,w,2) = 100n 2[(t7“n)2+t2“n+1+(v2n)2+(t*wn)2]+80073(t Zn)2
(4.2)
andm=1,t =1 L= Ll =3, L=, u=u =uz = (0,0,...,0,...).
EV1dently,f€C[J><E><E><E><E E]( =1[0,2]). Let vo(t) = (0,0,...,0,...),
for 0 <t<2and
(t3,...,t3/n?,...), if0<t<1;
wo(t) = t3 4424t .
>+t 4t,... B=ELE ), ifl <t<2.

We have vy € C3[J, E], wo € PC?[J, E]N C3[J’, E], where J' = J\{1} = [0,1) U
(1,2],vo(t) < wo(t) (t € J) and

2 .
/(t){(3t27"°7it27'“)7 Zf0§t§1

w
0 (3t 4264+ 1,... 34201y f] < <2
" (6t,..., 8L .., ifo<t<1
wO(t): 6t4+2 .
(6t+2,...,%82 ), ifl<t<?2
6
w(()d) = (6, aﬁ7 )7 VOSt<2

It is clear that

1
AU0|,5—1 = (0, 0, .. ,0, ) = 5’06’(1)
1
AU()|t=1 - (Oa 07 .. 707 ) = 5”6/(1)
1
ArUl0/|t 1 — (0707 s Uy ) = 7@1}6’(1)
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2 1
Awolt:]_:(27...,ﬁ,...):§w8(1)
3 1
Aw6|t:1:(3,,ﬁ,):§w8(l)
Awllit = (2o ) > — (1)
wot:l— ,...,n2,... 60w0
212 3

Fultw0(t), 05 (0), 05 (8), (Two) (1) = 1555 + s 2 0= v (1), Vi€

When 0 <t < 1,we have

Fu(t, wo(t), wy(t), w (t), (Two)(t))

1 t3 13 3t2 6t
)2+ 12 s+ (m3)° + (t— =)

= — t —_ —
100n2 1 n? (n+1) (2n) n?
t t 3
(- *tSid 2
* So0m3 /0 e )
< 1 (t* + e +%+t2)+ £ _6
~ 100n? (n+1)2 * 4n? 800n3 ~ n?

When 0 < t < 2, we have
Fu(t wo(t), wo(t), w (t), (Two)(t))

1 342+t B+t2+t 3242t +1 6t + 2
= 2 [(t - 2 )2+t 2 ( 2 )2+ (t - 2 )2]
100n n (n+1) (2n) n
t t s+ 52+
. t_ —ts d 2
* S00ma ¢ /0 ¢ )
1 4ttt (242t +1)2 t3 6
< e (t? : )+ —— < .
100n (n+1) 4n 800n n

Hence vy, wy satisfy (H1). On the other hand, for t € J
vo(t) €T <u<wy(t), vi(t) <v<v<w(t),

W <T<w<whlt), (Too)t) <7< u < (Twn)(d),

we have
3 2 2
0<T, <u, 34+ 12+t 0<En<vn<3t +2t+1
—_ —_ n2 b — — — n2 b
6t + 2 3tt + 4¢3 + 6t2
0<w, <w, < + , o_zngzngi,
n? 12

n =1,2,.... Therefore, by (4.2),
fu(t,u,v,w,2) — fir(t, 0, 0,W, Z)

[(t—un)? — (t —)° + (t —wp)? — (t —W,)?]

= T00n2
+ 800% [(t—20)" = (t —2Zn)°]

> —Wlﬁ[%(un — ) + 2t (wn — W] — %@n _ oz 2—15(un — )
- %(wn ~ W) = o= (on — 7).
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Consequently, (H2) is satisfied for My = 1/25 = M, M; = 0, N = 1/100. It is
clear that kg = 1 and 7 = 1, and it is easy to verify that inequalities (2.2]) and
(2.15)) hold. Hence, our conclusion follows from Theorem (]
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