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GROUND AND BOUND STATES OF PERIODIC
SCHRODINGER EQUATIONS WITH SUPER OR
ASYMPTOTICALLY LINEAR TERMS

QINGFANG WU, DONGDONG QIN

ABSTRACT. This paper is concerned with existence of ground and bound states
for a class of nonlinear Schrodinger equation with periodic potential. We
impose general assumptions on the nonlinearity with super or asymptotically
linear growth, and find some refinements of known results and new results by
using the perturbation method and a mountain pass argument. In particular,
a critical point theory is established for the asymptotically linear growth case.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We consider the nonlinear stationary Schrédinger equation
~Au+V(z)u= f(z,u), forzecRY,
u(z) — 0, as|z| — oo,

where V € C(RY) and f € C(R"™ x R) depend periodically on z. Equation is
a fundamental equation of quantum mechanics which appears in many applications,
such as studies of Bose-Einstein condensates in condensed matter physics and gap
solitons in photonic crystals [I8]. Solutions of can also be interpreted as
stationary states of the corresponding reaction-diffusion equation which models
phenomena from chemical dynamics [3].

The principal aim of this paper is to establish the existence of ground and bound
states of when f is asymptotically linear or superlinear as |u| — oco. Denote
by ® the energy functional associated with , see . A nontrivial solution
ug of is called a ground state if ®(ug) is the lowest level for ® at which there
are nontrivial solutions of , i.e., ug satisfies

D(ug) = iI’éffl), where K := {u € F\ {0} : ®'(u) =0}, (1.2)

(1.1)

it will be seen later that ground state ug can be characterized as the minimizer
of ® on the Nehari-Pankov manifold A/~ which has infinite dimension and infinite
co-dimension, i.e.,
®(ug) = inf P,
(o) N= (1.3)
where N~ ={ue E\ E™ : (¥ (u),u) = (®'(u),v) =0, Vo € E~ },
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N~ is first introduced by Pankov [18], and £, E~ are working spaces defined later
in Section 2. Since V(x) is periodic in z, the operator A := —A + V has purely
continuous spectrum o(.A) which is bounded below and consists of closed disjoint
intervals (see [24] Theorem XIII.100]). Depending on the location of 0 in o(A),
there are many results of existence and multiplicity solutions to equation with
periodic potential V', see, e.g., [1l B, [7, I3} 17, 18] 19} 23] 26l 291 B0} 36}, B7, B8] for
superlinear case and [6, 8, [9], 10} [15] 16l 12, 2T, 27, 3T, B3] B4] for asymptotically
linear case.

In this article, we consider mainly the case when 0 is a boundary point of the
spectrum o (A), i.e. the potential V(z) satisfies the assumption

(H1) V € C(RY) is 1-periodic in x;, i = 1,2,..., N, 0 € o(A), and there exists

by > 0 such that (0,b9] Na(A) = 0.

Different from the case 0 & o(A), the working space is only a Banach space, not a
Hilbert space. Another difficulty to overcome is the lack of a priori bounds for the
Palais-Smale sequences or Cerami sequences. Existence of nontrivial solutions were
obtained in [3, 37] with the aid of an approximation argument, and in [36] using an
improved generalized linking theorem. In recent paper [30], a new variational set-
ting which is more suitable for this case was established by Tang. Moreover, ground
state solutions satisfying (1.2]) were obtained under following general assumptions:

(H2) f € C(RY x R) is l-periodic in each of z1,xs,..., 7y, and there exist
constants c1, co > 0 and 2 < p < p < 2* such that

cymin { [t [t|*} < tf(z,t) < o[t +[tP), V(z,t) e RN xR;  (1.4)

(H3) limpy— oo F(2,t)/t? = oo uniformly in 2 € RV, where F(z,t) = fot f(z,s)ds.
A similar result can be found in [I7] where following Nehari type condition was
used,

(H4) t — f(z,t)/|t] is strictly increasing on (—o0,0) U (0, 00).
The generalized Nehari manifold method used in [I7, 26] depends heavily on (H4),
and it seems not valid by weakening (H4) to following weak version:

(H5) t — f(z,t)/|t] is non-decreasing on (—o0,0) U (0, 00).
Therefore it is interesting to obtain a ground state solution of without (H4).
Using the non-Nehari manifold method introduced in [31], existence of a ground
state solution satisfying was proved in [19] under (H2)-(H3) and (H5), how-
ever, it is still unknown whether the same result can be found by using the gen-
eralized Nehari manifold method. So some new tricks are looked forward to being
introduced which is the right issue this paper intends to address. When the non-
linearity f is asymptotically linear at infinity, the variational framework and ap-
proaches used in [3 [I7, [36] B7] seem no more applicable, there seem only two papers
in the literature dealing with this case, they are references [20] [2I] where ground
state solutions satisfying and , were obtained using the concentration
compactness arguments and the non-Nehari manifold method. In particular, (H2),
(H5) and following assumption on asymptotical behavior of f were used there.

(H6) f(z,t) = Voo (@)t + foo(z, 1), where V, € C(RY) is 1-periodic in z1, za, .. .,

TN, foo(z,t) = o(|t]) as [t| — oo uniformly in z € RY, and inf Vo (z) >
A = inf[o(A) N (0, 00)].

Therefore, it is nature to ask whether the asymptotically linear case can be studied
further via a new method different from those used in [20, 21]?
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Motivated by above works, in the paper, we shall introduce new tricks to solve
above intriguing problems. Using the idea introduced in [22], we first establish a
critical point theory for asymptotically linear growth case and show that inf - ®
can be attained by a nontrivial solution of . Particularly, following weaker
condition than (H4) is used, which allows to introduce the Nehari-Pankov manifold
and to define a ground state as minimizer of the energy functional on it.

(HT) ¢t — f(x,t)/|t] is non-decreasing on (—oo, 0)U(0, 00), and strictly increasing

on [—79,0) U (0, 79] for some 79 > 0.
Afterwards, we consider the superlinear growth case and introduce a abstract crit-
ical point theory on manifold A/~ and following manifold studied in [5]:

M:={ueE:®(u)|p- =0} (1.5)

Based on the perturbation method used in [32], we first show that infx— @ is
achieved under (H2), (H3) and (H5). Subsequently, we obtain a nontrivial solution
of via a mountain pass argument on the constraint M, provided the following
classic Ambrosetti-Rabinowitz condition and convexity condition (H9) are satisfied.
Minimax characterization of the corresponding critical value is also given if (H5) is
additionally satisfied.

(H8) there exists 2 < p < 2* such that
tf(z,t) > pF(z,t), VYo eRYN, teR; (1.6)
(H9) F(z,t) is convex with respect to t € R for all x € RY, or, equivalently,
F(z,t +s) — F(x,t) — f(x,t)s >0 for all t,s € R, z € RV,
By Lemma [3.4| we see that (H9) is satisfied if (H5) holds.

Let E be the Banach space defined in Section 2. Under assumptions (H1) and
(H2), the following functional

1
D(u) = f/ (|Vul* + V(z)u?) dz — F(z,u)dz, (1.7)
2 RN RN
is well defined for all u € E, moreover ® € C*(E,R) (see Lemma [2.2). A standard
argument [35] shows that critical points of ® are the solutions of (|1.1)).
Before stating result for asymptotically linear growth case, we introduce following
condition:
(H10) f(x,t) = Voo(2)t + fool(x,t), Where Vo, € C(RY) is 1-periodic in each of
21,2, ..., oy with inf Voo > 0, foo(x,t) = o(|t]) as |t] — oo uniformly in
x € RV, and there exists a ug € E* \ {0} such that

luol2 — |v|? — /RN Vo (2) (1o + v)?dz < 0, Vv e E™. (1.8)

The norm || - ||, is defined later in (2.3). Condition (H10) is weaker than (H6).
Indeed, let {E(N\) : —00 < A < +o0o} be the spectral family of operator A, if
inf Vo, > A, then we have A||u|% < |la|? < j||u|? for every u € (£(z) — £(0))E C
E* by taking i € (A,inf V). Thus for any v € E,

a2 — ]2 - / Voo () (@ + v)?dz
RN
a2 = floll? = inf Vae (3 + 0]2)

—[(inf Voo — m)||a)|3 + inf Vo ||v]13] < O,

ARV



4 Q. WU, D. QIN EJDE-2018/25

this shows (|1.8§]).

Theorem 1.1. Let (H1), (H2), (H7), (H10) be satisfied. Then (L.1) has a ground
state solution ug € E \ {0} satisfying ®(ug) = infyr— ® = infx > &k, where K is a
positive constant. Moreover,

/]RN [|VUO|2 + (V(z) — Voo(l'))ug] dz < 0.

Corollary 1.2. Let (H1), (H2), (H6), (H7) be satisfied. Then there is a ground
state solution ug € E \ {0} of (1.1) such that ®(ug) = infpy—- @ =infxc® >k >0

and

ANUVWF+04@4wg@muadx<o

Note that, N~ contains all nontrivial critical points of ®, i.e. the critical set K
is a very small subset of N'~. Therefore inf— ® < infc ®. If there is a nontrivial
solution ug such that ®(ug) = infp— P, then infi @ is attained at ug and P (ug) =
infr— ® = infx ® which implies that ug is a ground state solution.

For superlinear growth case, we have following results.

Theorem 1.3. Let (H1), (H2) be satisfied.

(a) If (H3), (H5) hold, then has a solution ug € E\{0} satisfying ®(ug) =
infy— ® = infie ® > kg, where Ky is a positive constant.

(b) (HS8), (H9) hold, then has a nontrivial solution. Moreover if (H5) is
satisfied, then has a solution ug € E \ {0} such that

®(up) = inf @ = inf sup P(y(t)) > ko > 0, (1.9)
N-— Y€l tef0,1]

where T' = {y € C([0,1], M) : 4(0) = 0, [7(1)T[| > r, (v(1)) < 0}, and
r > 0 satisfying inf,c p+.|u)=r (u) > 0.

Theorems [I.1] and [I.3] give a positive answer to the problems mentioned in the
introduction. In Section 3, we give the proof of Theorem by improving the
generalized Nehari manifold method [4, [26], see Theorem as a consequence of
which the least energy value ¢y := inf— ® has a minimax characterization given
by

co = D(up) vEEl?{{O} ueEHE%XRJrU(I)(U)’ (1.10)
where Ej is defined later by . Theorem complements the results in [21]
where Corollary was obtained via the concentration compactness arguments.
Based on the generalized Nehari manifold method [26] and a perturbation argument,
we find the Palais-Smale sequences in Section 4 and give the proof of Theorem [I.3]
in Section 5, respectively. It is easy to see that Theorem [1.3}(a) improves the
related results in [17, 37] and Theorem [L.3}(b) seems to be new. Compared with
[3, Theorem 1.1], the following necessary condition (H11) used in [3] 36, 37] is not
needed in Theorem [1.3}(b) with the additional convexity condition (H9).

(H11) there exist constants C' > 0, 2 < ¢ < 2* such that

tf(z,t) > C|t]e, V(z,t) € RN xR,
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Under condition (H5), characterization of minimal energy can be derived from
Theorem [L.3}(b), i.e.,

= 200 = o e B B, P T8 2R, 200D

Note that these minimax principles are much simpler than the usual characteriza-

tions related to the concept of linking.

Remark 1.4. Under assumptions of Theorem [I.T} there exists a o > 0 such that
f(@,t) foo(m,1) <0, V(z,t) e RY xR, and
flz,t) foo(z,t) <0 for 0 < [t] < ap.
Indeed, by (H2), (H5) and (H10), one sees that fo(z,t)/t is non-decreasing on
t € (0,00) and non-increasing on ¢t € (—00,0), and foo(z,t)/t — —Voo(x) < 0 as
|t| — 0. These together with fo(z,t) = o(|t|) as |[t| — oo imply that tfs(z,t) <0
for all (z,t) € RY x R. Together with the fact ¢ f(x,t) > 0 for ¢t # 0 using (T.4)), we
deduce that there exists a ag > 0 satisfying (1.11)).

(1.11)

Before proceeding to the proof of main results, we give some nonlinear examples.
Functions listed in Examples satisfy all assumptions of Corollary For
function f defined by Example it satisfies all the assumptions of Theorem [1.3
but it does not satisfy (H11).

Example 1.5. f(x,t) = Vio(2) min{[t|*, 1}¢, where v € (0,2* — 2), Voo € C(RY)
is 1-periodic in each of x1,xs,...,zy and inf V, > A.

Example 1.6. f(z,t) = Voo (2)t[1— m]t, where v € (0,2* —2), Voo € C(RY)
is 1-periodic in each of x1, xs,...,zy and inf Voo > A.

Example 1.7. f(z,t) = h(z) min{é\t|91_2, g%|t|92_2}t7 where 2 < g1 < g2 < 2%
and h € C(RY) is 1-periodic in each of x1,x2,...,xx with inf h > 0.

This article is organized as follows. In Section 2, we briefly introduce the vari-
ational framework setting established in [30]. Equation (L.1) with asymptotically
linear growth nonlinearity is considered in Section 3 where a critical point theory
is established and Theorem is proved. In Section 4, we consider the superlinear
growth case and find the Palais-Smale sequences on the manifolds M and N,
respectively. Theorem is showed in the last Section by studying a perturbed
problem associated with (1.1)).

2. VARIATIONAL SETTING

In this section, as in [30], we introduce the variational framework associated
with problem (L.I)). Throughout this paper, we denote by | - [|s the usual L*(RY)
norm for s € [1,00) and C;, i € N for different positive constants. Note that
operator A = —A + V is self-adjoint in L*(RY) with domain D(A) = H?(RY).
Let {£()\) : —00 < A < +00} be the spectral family of A, and |.A|'/2 be the square
root of |A|. Set U = id — £(0) — £(0—). Then U commutes with A, |.A| and |.A|'/2,
and A = U|A| is the polar decomposition of A (see [1I, Theorem 4.3.3]). Let
E. = D(|A|'/?), the domain of |A|'/2, then E(\)E, C E, for all A € R. E, is
Hilbert space with the inner product

(u7 ’U)O = (|A|1/2u, |A|1/2U) L2 + (U, U)L27 Vu, IS E*a
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and the norm
lullo=v/(u,v)o, Vu€ Ei,
here and in the sequel, (-,-)72 denotes the usual L?(RY) inner product. Clearly,
Cs°(RY) is dense in E,.
By (H1), there exists a ag > 0 such that

V(z)+ao>0, VreRY. (2.1)
The argument of [30, (3.2)-(3.3)] shows that
1
mllﬂl\il(m) < Jlullf < (1+2a0 + M)l|ullfpy),  Vu€ B = H'(RY). (2.2)
Denote
E; =E&(0)E., E" =[E(+00) — E(0)]E,,
and

(w0)e = (20| AM20) ol = Vi), Veve Bl (23)

2

Lemma 2.1 ([30, Lemma 3.1]). Suppose that (H1) is satisfied. Then E, = E; @
ET,

(u,v) = (u,v)2 =0, Yu€ E_

* 7

veEET, (2.4)
and

[u™llZ = Allu*]3, w7l <aolu™[3, Vu=u"+ut € B, =E @®E", (25)
where ag is given by .

It is easy to see that || - [|. and || - || g1 (r~) are equivalent norms on E™, and if
u € E, then u € ET & £(0)u = 0. Thus ET is a closed subset of (E.,| - |lo) =
H'(RY). Define a new norm on E_ by setting

lull - = (hull2 + lul3) ", o e B2 (2.6)
Let E~ be the completion of E, with respect to || - ||—. Then E~ is separable and
reflexive,
E-NEt={0}, (wv),=0, YuecE~, veE". (2.7)
Set E = E~ & E" and define norm || - || as follows
lall = ([ + [l*]2)?, VYu=u" +ut e E=E-@Et.  (28)

It is easy to verify that (E, || - ||) is a Banach space, and
VRt < lutll = ut], ut s < vllut], quadvu € B, s € 2,2, (2.9)
where 74 € (0,400) is imbedding constant.

Lemma 2.2 ([30, Lemma 3.2]). Suppose that (H1) is satisfied. Then the following

statements hold:
(i) E= — L*(RY) for o < s <2%;
(i) BE= — HL (RN) and B~ << L; (RY) for 2 < s < 2*;
(iii) For o < s < 2*, there exists a constant Cs > 0 such that

s/e s/2
||u||§SC’S[||uHi+(/Q|u|9dx> +(/Ql|u|2dx> Bigl, YueE~, (2.10)

where Q C RN is any measurable set, Q¢ =RV \ Q.
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Since E~ is a separable and reflective subspace of E, it follows that (E™)
is also separable. Thus one may choose a dense subset {fi}ren C (F7)* with
lfxll(z-)- = 1. Now define a new norm

Julle = ma { |+ 3 %\(fk,u_ﬂ}, Vu € E. (2.11)

k=1
The topology generated by || - ||, will be denoted by 7 and all topological notions
related to it will include the symbol. It is clear that
[ut ] < llully < JJull, Yue E. (2.12)
If {u,} C E~ is bounded, then by [30, Lemma 2.1],
Up 15 U == Uy — U (2.13)

By (H2) and Lemma/|2.2] the functional ® defined by (1.7)) is of class C'!, moreover
(@' (u),v) = / (VuVo + V(z)uww)dz — f(zyw)vde, VYu,ve E. (2.14)
RN RN
By (2.3), (2.4) and (2.8)), it holds

1
(u) = S (" = u”[F) = | F(z,u)da
2 /R” (2.15)

1
— 5P = 1) - [ Fewde, Yu=u € B,
2 RN
and
(@ (u),v) = (uT, v ) — (U™, 07 )u — fz,u)vde, Vu,v € E. (2.16)

RN
3. CRITICAL POINT THEORY FOR ASYMPTOTICALLY LINEAR PROBLEMS

Different from the superlinear linear case [4, [T7, 28], the Nehari-Pankov manifold
N~ is not homeomorphic to the unit sphere ST in ET for asymptotically linear
problem . In this section, following the idea used in [22], a critical point theory
for elliptic problem like or similar to is established in a Banach space.

To explain this in detail, we define a set

Ef = {u € ET\{0} : [Jull* = |lv |1 = /Q Vo (2)|u + v2dz < 0, Vv € E_}. (3.1)

Clearly, Ef is nonempty by (H10) and it is a cone since for v € Ef and a € R\ {0}
it holds av € Ef. For any u € E\ E~, let

E(u)=E ®Ru, E)=E ®Rtu=E @Rtut.

Define .
1) =5l B+ [ Flaud, (32
2 .
then (2.15)) can be rewritten as
1
P(u) = §||u+||2—l(u)7 Vu=u"+u" € E. (3.3)

It will be shown later if (H2) and (H7) and (H10) are satisfied, then ® possesses
the following properties:

(H12) I € CY(E,R) and I(u) > I(0) =0 for all u € E;
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(H13) I is T7—sequentially lower semicontinuous: wu, — u = liminf, . I(u,) >
I(u);

(H14) if u,, = w and I(u,) — I(u) then u, — u;

(H15) there exists a 7 > 0 such that & := inf,c g+ |ju)=r P(u) > 0;

(H16) For each u € (Ef @ E~)\ E~, there exists a unique nontrivial critical point
n(u) of J|p(,)- Moreover fi(u) is the unique global maximum of J|E(u)?

(H17) For each compact subset W C (Ej @& E~) \ E~ there exists a constant
Cy > 0 such that |7 (u)|| < Cyy for all u € W.

By (H16), we can define the mappings:
n:(Ef @ E)\E~ =N, urn(u) and n:= ﬁ|SO+ (S —=NT, (34)
where
St ={uec Ef :|u| =1}.
For any u € (Ef @ E~) \ E~, we deduce from (3.3), (H12) and (H15)-(H17) that
E(w)NN~ = {n(u)} and
1

T > ®(a(u) > @(ru™/|ju™]) > k = [|a(w) ]| > V2. (3.5)

Theorem 3.1. Suppose that (H12)—(H17) are satisfied. Then following statements
hold.
(a) co:=infp- ® >k >0 and ® has a (PS)., sequence in N~
(b) If @ satisfies the (PS);, condition in N, i.e., every (PS). sequence in N~
has a subsequence which converges in T, then cy is achieved by a critical
point of .

Proof. First, we claim that

(i) n is a homeomorphism with inverse 71 : N~ — Si, z — 27 /||27]];
(ii) ® on € CY(SF,R) and

(@ on) (u),¢) = [[n(u)"[(2'(n(u)), §),
for all ¢ € T,(Sg) = {£ € ET | (u, &)« = 0}, where T,, (S;) is the tangent
space of Sy at u.

(i) if {u,} C Sg is a Palais-Smale sequence for ® on, then {n(u,)} is a Palais-
Smale sequence for ® in N ™. If {z,} € N~ is a bounded Palais-Smale
sequence for @, then {n~'(z,)} is a Palais-Smale sequence for ® on in S;’;

(iv) w € S is a critical point of ® o n if and only if n(u) is a nontrivial crit-
ical point of ®. Moreover, the corresponding critical values coincide and
infsg ®on =infp- P

(v) if @ is even, then so is ¢ o n.

Statements (i)—(v) have been proved in [22] Lemmas 3.4, 3.5 and Corollary 3.6]
in a Hilbert space. Since the working space E considered here is only a Banach
space, the argument should be modified. We postpone the proof to the Appendix.

(a) By (i) and we have ®(z) > ®(rzt/||z7|) > k for all z € N~ =
lzF| > v2k. Thus ¢g > & > 0. Existence of a (PS)., sequence for ® in N~
follows from (ii), (iii) and the Ekeland variational principle [35, Theorem 2.4] since
co = infp- @ = infso+ don.

To prove (b) we consider a (PS). sequence {u,,} C Si for ®on. Then {n(u,)} is
a Palais-Smale sequence for ® in N~ by (iii), hence n(u,) — z in N~ after passing
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to a subsequence. This implies that u, = n(u,)"/||n(u,)|| — 27 /|z7| and we
have proved:
(vi) if ® satisfies the (PS)7 condition in A/~ for some ¢ > 0 then ® o n satisfies
the (PS). condition.

Next observe that if ® satisfies the (PS)]  condition in V=, then cg is achieved by

a critical point u € S; of ® on. It follows from (iv) that n(u) € N~ is a critical
point of ® and ®(n(u)) = ¢p. This proves (b). O

Note that, Theorem [3.I]can also be used to consider other nonlinear problems for
asymptotically linear case, such as p-Laplacian problems, Dirac equation, Hamil-
tonian system and elliptic system.

Lemma 3.2 ([30, Lemma 3.3]). Suppose that (H1), (H2) are satisfied. Then ® €
CL(E,R) is T-upper semi-continuous and ®' : (®,,||-||,;) — (E*, Ty+) is continuous
for every a € R, i.e.,

Un, U € B, |Jup, —ul|lr = 0 = ®(u) > liminf ®(u,),

Up,u € Dy, |Juy —ull = 0 = lm (P (uy),v) = (D' (u),v), Vv EE,
where @, :={u € E: ®(u) > a} and T,» denotes the weak* topology on E*.
Lemma 3.3. Let (H1), (H2) be satisfied. Then (H12)-(H15) hold.

Proof. Tt follows from (H2) and Lemma that (H12) and (H13) hold. Proof
of (H15) is standard, see [19, Lemma 3.1]. Next, we prove (H14). Assume that
u, — u and I(u,) — I(u) for u,, u € E. Then u}t — u* in E* and

1, 1, _
glonl+ [ Pleu)de— S+ [ P (3.6)

By the same argument as in [30, Lemma 3.3], we can show that {u, } C E~
bounded. By (2.12), u, — v~ in E~ and passing to a subsequence it holds u,, — u
a.e. on RY. It follows from Fatou’s Lemma and weakly lower semicontinuity of the
norm that

lu |2 = [Ju||*> and / F(z,up)de — F(z,u)dz. (3.7
RN RN

Therefore ||u, —u~||2 = ||u, || + lu=||? — 2(u,,,u" )« — 0. Observe that

/RN (P2, un) — F(w,un — u dat—/RN/ F (i, — ot tu)dt da b

= / flx,up — u+ tu)udadt.
0 JRN
By (H2) and Hélder inequality, for any © € RY it holds

|f (2, un — u + tu)u| de
Q

< 62/ (lun = u+ tw|™" + |up — u+ tulP~") Juxol| dz (3.9)
RN

< eaflun —u+ tul|§ luxallo + callun — u + tullp ™ luxallp,
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where xo denotes the characteristic function on Q. By Lemma[2.2] {|lun, —u-+tull,}y
and {|lun, — v + tu||,}n are bounded. Then for any € > 0 there is 6 > 0 such that
for any Q with Lebesgue measure [} < ¢ it holds
/ |f(z,up —u~+tw)ulde <e, VYneN. (3.10)
Q
Moreover, for any € > 0 there is € RY with || < co such that

/ |f(z,up —u+tw)u|de <e, ¥YneN (3.11)
RN\Q

In light of (3.10)), (3.11)) and Vitali convergence theorem, one sees that f(x,tu)u €
LY(RY) and

f(zyuy — u+tu)ude — f(z,tu)udz, asn — oo. (3.12)
RN RN
By (3.8), we have
1
/ (F(z,un) — F(x,uy, —u)) de — / flz, tw)udedt = F(z,u)dz,
RN o Jr¥ RN
(3.13)
as n — 0o, this together with (3.7 implies
lim F(z,uy, —u)dz =0. (3.14)
n—oo JpN
By (H2),
o(1) = / F(z,u, —u)dx
Y (3.15)

Zc—l(/ \un7u|9dx+/ |un7u|2d$),
o Jup—ul<1 |[up—u|>1

then we deduce from (2.9)), (2.10) and the fact u} — u* in E* that

B e _ 1 0/2
lu, —u”| dm+( ‘ |>1|un—u | dx) }

[

A +/

Jup—ul<1
SCQ|:||U7:—U7H$+/ \u,f—uﬂgda:%—/ |ty — u|?dz
Jup—ul<1 Jup—ul<1

/2
+ (/ |t —u+|2da:+/ [t —u|2dx> } =o(1).
Jup—u|>1 |up—ul>1

This shows that ||u, — u|| — 0 as n — oo.
Before proving (H16)—(H17), we introduce a useful result for functions satisfying
(H5) or (HT7).
Lemma 3.4. Suppose that h(x,t) is non-decreasing in t € R.
(i) If h(x,0) =0 for any x € RY, then

T— 90)h($,7)|7’| > / h(z,s)|s|ds, V08>0, 1,0 € R. (3.16)
Ot+o

(1—92
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(ii) If h(x,t) =0t =0 for any x € RN, then
(1—02

T

T — 90)h(m,7’)|7’| > / h(zx, s)|s|ds, (3.17)

0t+o

for all @ >0, 7 € R, 0 € R\ {0}; moreover if h(x,t) is strictly increasing
on [—70,0) U (0, 79] for some 19 > 0, then
1—6°

|T|h(3;‘,7‘)7‘>/ h(z,s)|slds, V0 € (0,1), || € (0,70]. (3.18)
ot

Proof. Since h(z,t) is non-decreasing in ¢t € R, then for any € RY,
hz,s) < h(z,7)Vs <T; h(z,s) > h(z,7), Vs > 1. (3.19)
To show (3.17), we consider five possible cases. Since sh(z,s) > 0 for s # 0, it
(3-19)

follows from (3.19) that

Case 1. 7 =0,
T 0 1— 02
/ h(z,s)|s|ds = / h(x,s)|s|ds < ( T — 00)h(x,7')|7'| =0.
OT+o o

Case 2. 0<Or4+o<7Torfr+o<7<0,

/ h(z, s)|s|ds < h(x,T)/ |s|ds
0

T+o OT+o0

1-62 , o? .
—( 5 7 —970—?)h(3&,7)blgnr
1-—6?
<( 5 T—HU)h(x,T)|T|,

Case 3. 0r+o <0<,
/ h(z, s)|s|ds < / h(z, s)|s|ds < h(m,T)/ |s|ds
Ot+o 0 0
< = (1? = 07(07 + 0) — O70) h(z,T)
1-02
2

Il
AN N =

T — 90)/1(3:, 7)|7l;

Case 4. <0< 071+ 0,
0m+0 0 0
/ h(z,s)|s|ds > / h(z,s)|s|ds > h(x,T)/ |s|ds

1
> — 2 _ —
= (T Or(0T + o) 97’0) h(z,T)

= _(1 _2927— 90)h($,T)|T|;

Case 5. 0<7<br+oorT<Or+0<0,

0T+o 0T+o
/ h(z, s)|s|ds > h($7T)/ |s|ds



12 Q. WU, D. QIN EJDE-2018/25

02 —-1 , o? )
= ( 57 + 010 + ?)h(x,ﬂ signt

> —(1 _2927' —90)h(m,7)|7’|.

The above five cases show that (3.17]) holds. By the same argument, one can prove
(13.16]).
Since h(z,t) is strictly increasing on [—79,0) U (0, 79}, then for 7 € (0, 1],

2

h(z,s)|s|ds < h(x,T)/ |s|ds = |T|h(x, )T, V6O € (0,1);
or

or
Similarly for 7 € [—79,0) we have

or or
h(z, s)|s|ds > h(x,r)/ |s|ds

16 1—6°

5 h(z,7) = — 5 |7|h(z, 7)T, VO € (0,1).
Both cases show that (3.18) holds. O
Lemma 3.5. Let (H1), (H2) be satisfied.
(i) If (H5) holds, then for any u € E,
R T )
O(u) 2 @(tu +v) + Sfolls + —5— (P (u), u) — +{®"(u), v), (3.20)

forallt >0, v € E~, and the inequality is strict for v € E~\ {0}, moreover
if u € N~ then

1
D(u) > P(tu+v) + §||v||i, YVt >0, ve E-\ {0} (3.21)

(ii) If (H7) holds, then (i) holds, and for any u € E \ {0},

1—¢2

D(u) > P(tu) + (@' (u),u), Vte(0,1), |u(z)| < 7o,

moreover if u € N~ then
O(u) > O(tu), Vte (0,1), |u(z)| < 1. (3.22)

Proof. For any z € RN from (H2), (H5) and (3.17) it follows that

T

T—aa)f(x,T) >/9 F(z, 8)ds, (3.23)

T+0

(1—92

for all # >0, 7 € R, 0 € R\ {0}, Similarly, by (H7) and (3.18) we have (3.23)) and

: _292 Tf($77—> > ’ f(.’IJ, S)d87 Vo € (07 1)7 |T| € (077—0]' (324)
ot
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Let u € E\ {0}. Since u € L%(RY), meas{z € RY : |u(z)| < 70} = co. Then we

deduce from (2.16)), (3.2)—(3.3) and (3.23)—(3.24]) that
2

S () ) + (@ () )

D(u) — P(tu+v) — L

2
(I'(u), u) + ¢(I'(u), )]

=—[I(u) — I(tu+v) — !

1, o 1o 1=t _
= Sl 2+ Sl ol + ) =t ), (3.25)

+/RN(1_2t2f(x,u)u—tf(x,u)v— ’ f(m,s)ds>dm

tu+v

_ 42 u
= %Hv”f—i—/ﬂw (1 2t f(x,u)u—tf(x,u)v—/ f(ac,s)ds) dz

tu+v

which is positive when
t>0and ve E™\ {0}, or when
te€(0,1), v=0and |u(z)| < 7.
By the definition of N~ and (B.26)), we have (i) and (i). O
Lemma 3.6. Let (H1), (H10), (H2), (H7) be satisfied. Then (H16)-(H17) hold.

(3.26)

Proof. By the same argument as in [2I, Lemma 3.2], we can show that
(H18) for any compact set W C (Eg @& E~)\ E~, there is a R > 0 such that
®(-) <0 on E(u)\ Br(0) for every u € W;

To prove (H16), we first prove that N~ N E(u) # () for each u € (Ef ®E~)\ E~.
Since F(u) = E(u™) for ecach u € (Ef ® E~)\ E~, we may assume that u € E;” and
llu]l = 1. By (3.2)), (3.3) and (H18) above, there exists R > 0 such that ®(-) < 0
on E~ U (E(u)\ Br(0)). [19, Lemma 3.1] (i.e. (H15)) yields that ®(ru™) >k >0
for some r > 0, thuAs 0 < supg(,) ® < co. By Lemma ® is weakly upper
semi-continuous on F(u), therefore ®(ug) = SUD () ® for some ug := tou + vg €
E(u) \ {0}. This ug is a critical point of D5y SO

(@ (up), uo) = (®'(up),v) =0, YveE.
Consequently, ug € N~ N E(u), and ty > 0 (otherwise ®(ug) < 0, a contradiction).

Suppose that uq, ug are two critical points of (I)|E'(u)' Then u; € N— N E’(u) for
1= 1,2 and we deduce from (3.20) that

O (u1) = max ®(-) = P(ua). (3.27)

E(u)

Moreover, it holds u; = tyus + v1, ug = toug + v with v; € E~ and ¢t; > 0. By
(3-21)) we see that v; = vy = 0, i.e. uy = tjug. Let Q; := {x € RN : |u;(z)| < 7o},
i =1,2. Since u; € L?(RY), the measure |€;] = co. If t; < 1, then by (3.22)) we
have

(I)(’ZLQ) > (I)(tl’U,Q) = <I>(u1)
which contradicts with (3.27). Similarly ¢; > 1 leads to ®(uz) < ®(uy). Then we
get t; = 1,1i.e. u; = uy. Hence for each u € (Ef ® E~)\ E~, N~ N E(u) consists of
precisely one point denoted by 7(u) which is the unique global maximum of ®| Blu)-

Condition (H17) follows immediately form (H15)-(H16) and (H18). O
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Lemma 3.7. Let (H1), (H2), (H7), (H10) be satisfied. Then each Palais-Smale
sequence of ®|pr— is bounded, i.e. any sequence {u,} C N~ satisfying

|® (up)||gx — 0, ®(u,) <d for some d € [co,00) (3.28)
is bounded in E

Proof. First we prove that {||u,||«} is bounded. To this end, arguing by contradic-
tion, suppose that ||u,||« — co. Let v, = un/||un||«, then ||v,|l« = 1. If

0 := limsup sup / v, |2 da = 0,
n—oo yeRN JB(y,1)

then by Lions’s concentration compactness principle ([I4] or [35, Lemma 1.21]),

v — 0in L¥(RVN) for 2 < s < 2*. Fix R > [2(1 4 d)]*/2. Tt follows from (H2) that

n

lim sup F(z, Rv,} )dz < lim ¢ (Re|Jv) |+ RP (v [1B) = 0. (3.29)

n—o00 RN

Let t,, = R/|lun||«. Using (3.21)) and (3.28)—(3.29), one has

d > D(uy)
TR AT o B

= Gl = [ PG Rope
RN

2

R
=7+0(1)>d—|—1+0(1),

which is a contradiction. Thus § > 0. Passing to a Z"-transformation and using
the same argument as in |21, Lemma 3.5], one can show that {|lu,||«} is bounded.
By (H2) and w,, € N~, we have

i 12 = flu |2 = / F(s unYunda
RN

(3.30)
zcl(/ |un|9dx—|—/ |un|2d3§).
|un‘<1 ‘unlzl
Then we deduce from (2.9)—(2.10]) that
0/2
ol < Galluge s [ o+ ([ juan)”]
|un|<1 |lun|>1
< Ci[ljuz 12 + / it |oda + / fun|2dz (3.31)
[un|<1 [un <1

/2
+ (/ |um2dx+/ \un|2dx> } < Cs.
lun|>1 lun|21
This shows that {||u;, ||} is also bounded. By (2.8) we have the boundedness of

{llunll}- O

Lemma 3.8 ([3, Corollary 2.3]). Suppose that (H1) is satisfied. If w C E is a weak
solution of the Schrodinger equation

— Au+V(z)u= f(z,u), quadr € RV, (3.32)
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i.e.
/ (VuVep + V(z)uy) de = fz,u)pdz, Yo € CFRY), (3.33)
RN RN
then u(x) — 0 as |z| — oo.
Proof of Theorem[I.1l By Lemmas[3.3] [3.6/and Theorem|[3.1}(a), there is a sequence
{u,} satistying
up, €N, D(u,) —co = /I\I[1£ o, |9 (up)| g — 0. (3.34)

Applying Lemma we see that {u,} is bounded in E, thus [Ju, ||+ [|u,||b is also
bounded. If
0 :=limsup sup / lut |2 dz =0,
B(y;1)

n—o0 yeRN

then by Lions’s concentration compactness principle, u;f — 0 in L¥(RY) for 2 <
s < 2*. We deduce from (H2), (2.9), (2.15), (2.16]) and (3.34) that

200 +o(1) = oI = Juz 2 =2 [ Pl o
< NutP = [ flaua)ud do+ (@) )
RN

< [ (unle™ + funl ] da +o(1)
RN

< ea(llunllg ™l llg + lunlp ™ lwsfllp) + 0(1) = o(1),

which is a contradiction since ¢y > 0. Thus § > 0.
Going if necessary to a subsequence, we may assume the existence of k, € Z~
such that 5
/ luf)? de > ~.
B(kn,1+VN) 2

Let us define v, (z) = un(z + k) so that

)
/ lof |2 de > . (3.35)
B(0,14VF) 2
Since V(z) and f(z,u) are periodic in z, we have ||v,|| = ||uy|| and

®(vy) — co, [P (vn)]|p+ — 0. (3.36)

Passing to a subsequence, we have v,, — vy in E, v, — vg in LISOC(RN) for2 <s < 2*
and v, — vg a.e. on RV, implies that v # 0, so vy # 0. By a standard
argument, we show that (®(vg),?) = 0, for all ¢ € C°(RY). Since C°(RY) is
dense in F, we can conclude ®'(vg) = 0. Thus vg € N~ and ®(vg) > ¢g. On the
other hand, by (H7), (2.15)), (2.16), (3.36) and Fatou’s Lemma, we have

co = nan;O (@ (vn) — %(@’(vn), vp)| = lim [%f(a:, Un) Uy — F(x,v,)] do

n—oo [pN

= /RN pLtS [%f(x,vn)vn = F(w,vp)] du = /RN [%f(l”vo)vo — F(z,v)] d

— B(vg) — %(@/(Uo), vo) = B(vo).

This shows ®(vg) < ¢, thus ®(vy) = ¢g = infp— @, which together with Lemma
implies that vg is a ground state solution of problem (|L.1J). (I
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4. PALAIS-SMALE SEQUENCE FOR THE SUPERLINEAR CASE

In this section, we consider the superlinear case and make use of following as-
sumptions instead of (H16)-(H17).
(H19) [lu* || + I(u) — oo as [u]| — oo
(H20) I(t,u,)/t? — oo if t, — oo and u, — u™ for some u™ # 0 as n — oc;
(H21) For each u e N~,v € E~ and t > 0,
2 —1
2
the strict inequality holds if in addition ¢ € (0,1] and v # 0, or ¢t € (0,1),
v =0 and |u| < 70;
(H21) ﬂT_lU’(u),u) +t(I"(u),v) + I(u) — I(tu+v) < 0 for every u e N7, ¢t > 0
and v € £~ such that u # tu + v;
(H22) I(u) < I(u+v) for every v € E~ \ {0} and u € M, where
M={ueE:¥u)|p- =0} ={ue E:I'(u)|g- =0} (4.1)
It follows from that (H21) is satisfied under (H7). By [4, Proposition 4.2],
(H16)—(H17) hold for all w € E\ E~, under (H12), (H13), (H15), (H19), (H20) and
(H21’). Combining the proof of Lemma with the argument of [4, Proposition
4.2], we see that (H16) and (H17) hold for all w € E'\ E~, also using (H21’) instead
of (H21). We deduce from the definition of M and that (H22) holds under
the following strict convexity condition:
(H23) F(x,t+s) — F(x,t) — f(z,t)s > 0 for all t,s € R, € RY and s # 0.
By we see that (H23) holds if (H5) and (H2) are satisfied.
In light of (H12) and (H22), u ¢ E~ if u € M\ {0}. By the definition of M and
a similar argument as in [4, Proposition 4.2], following conditions (H24) and (H25)
are satisfied under (H13), (H19), (H20) and (H22).
(H24) for any u € E™, there is a unique nontrivial critical point m(u) of ®|¢,yep--
Moreover, m(u) is the unique global minimum of @165 ;
(H25) for each compact subset W C E™T, there exists a constant C)y > 0 such
that ||m(u)|| < Cy for all u € W.
Similarly, we can define mapping

m:ET — M, u~— m(u). (4.2)
The following critical point theorem was established in [5].

Theorem 4.1 (5, Theorem 4.1, 4.3]). Let ® € C'(E,R) satisfy (H12)—(H15),
(H19), (H20).

(1) If (H21) is satisfied, then co = infar- ® > 0 and ® has a (PS)., sequence in
N7

(I'(w),u) + t{I'(u),v) + I(u) — I(tu+v) <0,

(IT) If (H22) is satisfied, then following statements hold.
(i) The mapping m : ET — M is a homeomorphism with inverse M > u

ut e ET.
(ii) @ has a (PS)s, sequence in M and
éo = inf sup ®(y(t)) >0, (4.3)
7€l tel0,1]
where

I'={y € (0,1, M) : 7(0) =0, [[y(1)"] > r, ®(v(1)) <0}, (4.4)
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and r > 0 satisfying inf,c g+ =r P(u) > 0.
(i) If in addition (H21) is satisfied, then éo < co, and if éy is achieved by a
critical point then co = ¢y .

The functional ® o m has the classical mountain pass geometry. In fact, (H15)
and (H22) imply that

Pom(u) > ®(u)>k>0 forueET, |ul| =r, (4.5)

moreover, for v € ET \ {0} write m(tu) = tu + v, with v, € E~ and set u; =
u+ v, = +m(tu), then by (H20),

1
t—zl(m(tu)) = t—zl(tut) — 00 ast— 00,

this implies that

B o mtu) = %nun2 — I(m(tu)) — —o0 as t — oo. (4.6)

Then the classical mountain pass geometry follows. Set
Y:={oeC(0,1],ET): o(0) =0, ||o(1)]| >, and ®om(a(1)) <0}, (4.7)
the mountain pass value of ® o m can be written by

éo = inf sup Pom(o(t)) >x >0. (4.8)
gEY te[0,1]

Remark 4.2. By (4.6), there is to > 0 such that ®(m(tou)) < 0 for any u €
E*\ {0}. Therefore the path v,(t) := m(ttou™), t € [0,1], lies in I'. Assuming that
(H5) holds, it follows from (3.21)) that for any u € N,

sup D(y, (1)) < ®(u) = ép < ¢p. (4.9)
t€(0,1]

If ¢y is achieved by a critical point ug € F, then one deduces from (3.3)) and (4.8)
that u # 0 and ug € N~. This yields & = ®(ug) > cg, and so ¢y = ®(ug) = co.

Lemma 4.3. Let (H1)-(H3) be satisfied. Then (H12)-(H15), (H19), (H20) hold.
Moreover, (H21) is satisfied under (H7), and (H22) holds under (H23).

Proof. 1t follows from Lemma [3.3] that (H12)-(H15) hold. In view of (3.26)), (H23)
implies (H22), and (H7) yields (H21).
To prove (H19), assume that ||u,| — co. By (3.2),
sy |+ 1 (un)

1
— Nl + = llu—12
=t gl 1+ [ PG da (4.10)

1
>t + gl + S pultdet [ ju ).
2 Y ‘un‘zl

|wn|<1
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(4.11)

If ||uy, ||« — oo, the conclusion holds. Suppose ||uy, |+ is bounded, then |ju;, ||, — oc.
By (2.9) and (2.10), one has
_ 9 /2
ulede+ ([ fugfdz) ]
|un|<1 ‘un‘zl
<Ceflulie+ [
|
0/2
+ (/ lut|? da +/ |, |2 dx) ]
\un|21 |un|21
(0-2)/2 2 1.\
§C’8[1+ |un |¢ dx + 24 ( |t | dx) },
|
this and (4.10) imply that |Ju}| + I(un) — co.
To show (H20), suppose that there are sequences ¢, — oo and u;} — ut # 0 such
is bounded. Passing to a subsequence, we may assume that u,, — v~ in £~. Let
Q:={x eRY: ut +u~ #0}. If |] > 0, then we deduce from (H3) and Fatou’s

Ju g < Cafluz 2+ [
|u:[|9dx+/ |un | da
un|<1 |un|<1
un <1 |un|>1
that I(t,u,)/t2 is bounded. By (4.10) and (4.11)), one sees that {||u, ||« + [|uy [|o}n
lemma that

I(tyun) 1, _ 5 F(x,t2u,)
t%2”un”*+/ de*)ooa
a contradiction. Thus || =0, i.e. ut = —u~ a.e. on RY. By (2.7), (u*,u™). = 0.

Then u™ = 0 which is also a contradiction. Therefore I(t,uy,)/t2 — oo. O

5. PERTURBATION METHOD AND PROOF OF THEOREM [L.3]
In this section, we give the proof of Theorem by considering a perturbed
problem associated with (1.1). For any € > 0, define Fi(z,u) = F(x,u) + €|u|? and
1
@.(u) = |’ ~ L(w), wek, (5.1)
where )
L) = gl |2+ [ Foud (52)
2 .
Similarly, we define
NT={ue ENE™ 1 (u)| g,y =0}, Mc:={uecE:I[(u)|g- =0}. (5.3)
Let

ce = inf ®.(u), é = inf sup P (y(t)) = inf sup ®.omc(o(t)), (5.4)
ueNT Y€le ¢ef0,1] €3¢ 1¢[0,1]

where
Ie= {'7 € C([07 ”?ME) : ’7(0) =0, H’7(1)+H > To, (1)5(7(1» < 0}7
Y :={oc € C([0,1],ET) : 0(0) =0, ||o(1)|| > ro, ®c 0omc(a(1)) < 0},
ro > 0 satisfies inf,c g+ ujj=r, Pe(u) > 0 for all € € (0,1], and m, : ET — M..

Note that F. satisfies (H7) (actually (H4) is also satisfied) and (H23) provided
that F' satisfies (H5) and (H9), respectively. O

Lemma 5.1. Let (H2), (H5) be satisfied. Then for every e € (0,1], there exists a
ko > 0 independent of € such that c. > Kq.
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Proof. For any u € N7, by a similar argument as in it holds

B, (1) > B (tu+v) + %||v||§, Vo B, t>0. (5.5)
In view of (H2) and (2.9),

t2
B.() 2 B, (1) = Gt~ [ Flotutyds - afut |
Q

> Elti? = (2 4 et e — Zojutyy
-2 0 ¢ P
t2 Co Co _
> Lt = (2 + )agtelat |0 — Zogeet P v N, 120

Note that 2 < ¢ < p. Thus for |[tu™|| small, there exists a ko > 0 independent of e
such that ¢, > kg. O

Lemma 5.2. Let (H2) and (H9) be satisfied. Then for every ¢ € (0,1], there exists
a Rk > 0 independent of € such that ¢, > k.

Proof. Since F, satisfies (H23), we see that (H22) holds for I.. Then for any u € M.,
O (u) > (u').
We deduce from (H2) and that for any u € Et,
De(me(u)) = Pe(u) = D(u) — elluf|g

1 C2 Ca
> - 2 _ (22 1 [ — p
2 gl = (5 + Dllulg = lu (5.6)

1 Co C2
> 2_(Z 4 1)~0 o _ Z Py,
2 5 llull (Q + 1) lul el

By (5.4) and 2 < ¢ < p, for |Jul| small there exists a # > 0 independent of € such
that ¢, > k.. O

Proof of Theorem[I.3 Under the conditions of Theorem (a), it is not difficult
to verify that F. satisfies (H2), (H3) and (H7). In view of Theorem [4.1}(I) and
Lemma [4.3] for any e > 0, there exists a sequence {u,} satisfying

up €NT Oc(uy) = e, [[Pc(uy)]ze — 0. (5.7)

Lemma yields that ¢. > ko > 0. Let {¢,} be a sequence such that e, \, 0 as
n — 0o, and

ur € No o @, (ug) =€ > kg >0, ||PL (us)||E- — 0. (5.8)

n n

For the sake of notational simplicity, write w,, = ug*. The rest of the proof is
divided into three steps.

Step 1. Prove that {u,} is bounded in E. First we prove that {||u,|+} is
bounded. To this end, arguing by contradiction, suppose that |lu,|. — oo. Let
Up = Un/||tun||«, then ||v,] = 1. If

0 := limsup sup / loF |2dx = 0,
B(y,1)

n—oo yERN
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then by Lions’s concentration compactness principle, v;- — 0 in L*(RY) for 2 <
s < 2*. Fix R > [2(1 +¢)]'/?; it follows from (H2) that

limsup/ F.,(z, Rv,} )dz < lim (2 + €,) (R%[|;0]|2 + RP[|v,f|5) = 0. (5.9)
RN n— oo

n
n—oo

Let ty, = R/|un||«. Using (5.5)), (5.8) and (5.9), one has

c+o(l) =P, (un)
>d, (thu) B 2=, (Rv} LT
= Cn(nun)+ 2 Hun”*_ En,( Un)+ 2 ||Un ||>k

= ol = [ oo R)ds
RN
2

which is a contradiction. Thus § > 0. Passing to a Z"-transformation and using
the same argument as in [30, Lemma 4.4], one can show that {||u,||«} is bounded.

By (3.31), {un} is bounded in E.

Step 2. Verify that ®'(vy) = 0 and ®(vg) < ¢ for some vy € E \ {0}. By
and the same argument as in the Proof of Theorem we can show that there is
a vg € E with vf # 0 such that ®(vy) = 0 and ®(vg) < & By Lemma vo is a
nontrivial solution of problem .

Step 3. Show that ®(vg) = ¢ = ¢y. We infer form Step 2 and vy € N~ that
¢ > ®(vg) > ¢o. Next, we prove that ¢ < ¢g.

Let € be any positive number. Then there exists a u. € N~ such that ®(u.) <
co + €, and

(D (ue),ue) =0, (D' (ue),v) =0, YveEE. (5.10)

Applying [19, Lemma 3.3], there exist ¢, > 0 and v, € E~ such that t,u. + v, €
/\/';. Then

t2
Ce, < @e,, (tnue +vy) = iHuj”Z — I, (thue +vp)
2
2 1 (5.11)
= 571”“1”2 - §||tnu; + UnHi - / F(thue + vn)dz — e[t ue + ”n”g
RN

which, together with (H20), imply that there exists a K. > 0 such that 0 < ¢,, < K,

and [vp|| < K. By Lemma[2.2}(i), [lon |, < CoK.. Using (3.3), (3.20), (5.1), (5.10

™
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and Holder inequality, we are led to

Co + €
> O(ue) = O, (ue) + 6n”ueng
1—t2

1
Z (I)en,(tnue+vn)+§||vn”§+ 9

1 1—¢2
Zcen+§””n|‘i+ ) ~

(P, (ue), ue) — tn (P, (te), vn)

(@, (ue), ue) = tn (P, (uc), vn) (5.12)

1 t2 _

= Ce, T 5”1%”5 T nenQHUEHS + tn6n9(|u6|g zusavn)z
€n0 _

> e, — 2l ~ Keenoluc 3 vl
€n0 _

> e, — L uclg ~ CoZenluc g

this yields

¢= lim ¢, <c¢p+e (5.13)

n—oo

Since € > 0 is arbitrary, one has ¢ < ¢g. Thus ¢y = ¢ > ko, i.e.,

[ =cog= Inf ®(u).
(vo) = co Jof (u)

Theorem [1.3}(a) is proved.

Under the assumptions of Theorem [1.3}(b), one can verify that F, satisfies (H2),
(H8) and (H23). In view of Theorem [4.1}(ii) and Lemma for any € > 0 there
exists a sequence {uf } satisfying

u, € Mo,  ®c(ug) — e, [|PL(uy,)l

n

Lemma yields that é. > . > 0. Let {¢,} be a sequence such that ¢, \, 0 as
n — oo, and

ugr € Me,, P (uip) — >0, [|®L (ug)|ge — 0. (5.15)
For the sake of notational simplicity, write w, = u$*. Similar to the proof of

Theorem [1.3}(a), the rest of the proof is also divided into three steps.

Step 1. Prove that {u,} is bounded in E. Since does not hold under (H9),
the argument used in the Proof of Theorem [1.3}(a) is not applicable. We modify it
as follows.

Arguing by contradiction, suppose that ||u,| — oco. (5.15) implies the existence
of an M > 0 such that @, (u,) > —M for all n € N. By (H2) and (5.1)), we have

oM < 28, (u) = [l | — [y | — 2 / F,, (¢, un)dz
]RN

_ 2c
<l o B =22 fualede ot [ ).
e Jun|21

[un|<1

(5.16)
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From ([2.9)), (2.10) and (5.16)), one sees that
0/2
fuglg < Cuaflun e+ [ fupedot ([ ae) ]
[un|<1 Jun|>1
<Cuollg g+ Cur( [ puflednt [ juleds)
Jun|<1 Jun|<1

o/2
son([ Pt [ ) (517)
[un|21 [un|>1

< Ciolluy, [1¢ + Cu(IIUIIIQ + [l 1 = fluy, 17 + 2M)
_ 2
+ Cus ([ = [fuy |I? +2210)*
< Cra(T+ Jlut )2+ [l |?),
this with (2.6)), (2.8) and (5.16) imply that
lunl® = Nub 1+ llug 12 + lluy, 112
+112 +1e +)12)%/@
< 2wt [1? +2M + Cra (L4 w12 + [luf]1?) ¢

Thus
luf || — oo asn — oo, and ||lu,| < Cis(1+ |Jut]). (5.18)

By (H8) and (5.1)—(5.2)), one has

D, (un) — 5@, (), )

1 0
= /RN [§f(x,un)un — F(z,uy)] dz + (5 - 1) enllunl? (5.19)
p—2 0 .
S ] S (4 1)l
then setting 0,, = || P, (un)| E-,
enllun? < Ci6(1 + Onllunl]), and 6, — 0 asn — oo. (5.20)

Let ¢ € C*°(R,R) be such that 0 < (t) <1 and +(t) = 0 if [t| < 1, ¥(t) = 1 if
[t] > 2. Set

fl(l‘vt) = ’(/)(t)f(l‘,t), and fg(.T,t) = f(l‘,t) - fl(xvt) = (1 - ’(/)(t))f(ﬂ?,(t) )
5.21
Then by (H2) we obtain with ¢’ = ngv p = ﬁ
Curlfu(@. )P < tfi(z,1), Cirlfa(w,t)|® < tfa(z,t). (5.22)

Using and , we see that

1f1 (@, un)llpy + 1f2 (@, un)lly < Cis(1+ Onllun).-
Moreover, the Holder inequality yields
. F@,un )y da < [l fu(@, t)llp lud 1y + L2, )]l lud Il
< Cho(1+ Ol )77 e 1o + Cro (1 + O Jun )/ s -
(5.23)
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Then we deduce from (2.9)), (5.15)), (5.18)), (5.20) and €, — 0 as n — oo that

|1 = (@, (un), usf) + /RN Fla,un)u dz + eno(lun|® ™, url) 12

’ ’ o—1
< Coo (1 -+ lunll 7+ Jun € ) a1+ ot/ (€8 2lunlle) it
Co (1 a7+ ¢ ) s |
C22

(1 I 172"+ e 117 Y s -

IN

<
(5.24)
This is a contradiction since 1/’ < 1 and 1/p’ < 1. Thus {||u,||} is bounded.
Step 2. Verify that ®'(9) = 0 and ®(v) < ¢ for some ¢ € E \ {0}. By and
the same argument as in the Proof of Theorem [I.I} we can certify that there is
0 € F with 07 # 0 such that () = 0 and ®(9) < ¢. This and Lemma imply
that v is a nontrivial solution of problem .
Step 3. Show that ®(0) = éy = ¢ if (H5) is additionally satisfied. Note that
if (H23) is satisfied, it does not need to consider the perturbation term e|u|?, and
d., ¢ in should be replaced by ® and ¢y, respectively. Then by Step 2
there is a © € E with o7 # 0 such that ®'(0) = 0 and ®(0) < ¢. This yields
that cg < ®(0) < ¢ since © € N~. It follows from that ¢y < ¢g. Thus
®(0) = ¢y = co > Ko > 0. In view of (3.23), (H23) holds under (H2) and (H5).
This completes the proof. O

6. APPENDIX

Here we show statements (i)—(v) in the proof of Theorem

(i) Suppose that u, € (Ef @ E7)\ E~, u, —»u € (Ef & E~)\ E~. By (H17),
{f(un)} is bounded. It suffices to show that f(u,) — #n(u) after passing to a
subsequence. Write 7i(uy,) = tpu, + v, with v, € E~. Passing to a subsequence,
we may assume that ¢, — t and v, — v in E~. Then 7(u,) = tu + v. Setting
n(u) = tu + &, it follows from (H16) that

D((uy)) > @ (tun + &) — @ (tu+ &) = ©(R(w)),
and hence, using the 7-sequentially lower semicontinuity of 7,
B(A(u)) < limsup (A ()
1
= timsup (522 o |* — 1 () )
1

< §t2||u+|\2 —I(tu+v)

= O(tu+v) < &(n(u)).
Hence the inequalities above must be equalities. It follows that ®(tu+v) = ®(7(u))
and I (7(uy)) — I(tu+v). By (H14), #(u,) — tu+v and so v, — v. On the other
hand, the uniqueness property (H16) yields that n(u) = tu+v. Thus f(u,) — n(u).

Define 71 : N= — S*, 2z + 2% /||zF|, we first certify that 7(z) € Ef. Since

z € L2(RY), meas{z € RV : |2(2)| < g} = o0, it follows from (1.11)) that

f(@,2) foo (2, 2)

TV <O (6.1)
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By the same argument as in [22] Lemma 3.2], for any u € E it holds

(@' (w),u+20) = [l | = [Ju” + o2 + o2 —/ Vio (@) |u +v]* de
RN

B 9 (6.2)
o[ @S ey,
RN Voo ()
From (6.1)), (6.2)) and the fact z € N, we deduce for any v € E~ that
[(2)]| = [lvllZ = /RN Voo (@)|(2) + v[*dz
||75+H2 2
— el - [ Ve +of'da
(Eanli RN ‘HZ*H ||Z+|| ]
_ 1 _
< EaE (@' (2), 2z +2(]|z" [lv - 27)) - Wll|\2+llv —z7|3 (6.3)
_ 1 / Voo(z)f(xﬂz)zi|f($az)|2dx
[ 2 Vo ()
_ Lo e 1 f(@,2) foo (2, 2)
=—llv pous 27 || 7z /.. Voo (x < 0.
| A

Thus 7(z) € Ef . Tt is easy to see that 7 is continuous and 7 = n~! (the inverse of
n). Then (i) follows immediately.

(ii) Let u € Ef, ¢ € ET and put n(u) = s,u + &, & € E~. We claim that
u+to e Ear for |t| small. Arguing indirectly, assume that there exists a sequence
{t,} such that u +t,¢ ¢ E; and t,, — 0. Then there is {v,} C E~ such that

+ tndl|2 — lomlZ - /RN Vi (@)t + b + v *da > 0, (6.4)

this with (2.10]) imply that {v,} is bounded in E. Passing to a subsequence, we may
assume that v, — vg in E~. Then it follows from (6.4)) and the weakly sequentially
lower semicontinuity of the norm that

el = lim_flu+ £,
> lim inf [anz —|—/ Voo (2) [t + t1, 6 + vy, |2 dz
n—oo RN

> uol? + / Voo ()l + v|2da,
]RN

which contradicts with the fact that u € Ef . Thus u + t¢ € Ef for |¢| small.
By (H16) and the mean value theorem, we obtain

B (0 -+ 1)) — B((u)) = B (syp00(u + £6) + Eurrg) — B (s, + &)
< @ (Suttp(u +t0) + urip) — P (Suript + Eutie)
= (P (Suttot + Eures + ITe5uttp®), tSutio®)
for some 7; € (0,1). Similarly,
(0 (u+td)) — (A(u)) = D (sulu+td) + &u) — P (suu + &u)
= (' (s + Eu + tNe5uP) s t5u)
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for some n; € (0,1). Since the map u +— 7 (u) is continuous according to (i), we see
combining two inequalities that

. @i (u+ 1) — D(i(w))
(@ 0 7Y (u), ¢) = lim )

B IO PP

[l

Hence the Gateaux derivative of ® o7 is bounded linear in ¢ and continuous in u.
It follows that ® o7 is of class C1, see e.g. [35, Proposition 1.3]. Then (ii) holds.
(i), (iv) and (v) are easy consequences of (ii) and the definition of 7.
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