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MULTIPLE SOLUTIONS TO BOUNDARY VALUE PROBLEMS
FOR SEMILINEAR ELLIPTIC EQUATIONS

DUONG TRONG LUYEN, NGUYEN MINH TRI

ABSTRACT. In this article, we study the multiplicity of weak solutions to the
boundary value problem
—Au = f(z,u) + g(z,u) in Q,
u=0 on 99,

where Q is a bounded domain with smooth boundary in RY (N > 2), f(z,£)
is odd in £ and g is a perturbation term. Under some growth conditions
on f and g, we show that there are infinitely many solutions. Here we do
not require that f be continuous or satisfy the Ambrosetti-Rabinowitz (AR)
condition. The conditions assumed here are not implied by the ones in [3] [15].
We use the perturbation method by Rabinowitz combined with estimating the
asymptotic behavior of eigenvalues for Schréodinger’s equations.

1. INTRODUCTION

In the previous decades, the boundary value problem for semilinear elliptic equa-

tion
— Au= f(z,u) + g(z,u), uc H}Q) (1.1)

has been studied by many authors, see for example [2, [14] 3] and the references
therein. Here (2 is a bounded smooth domain of RY (N > 2), f(x,£) is odd in &
and g(zx, ) is a non-odd perturbation term. The following condition was introduced
in [1I, (0]

(AR) For some p > 2, and R > 0, we have

0 < puF(x,8) < f(z,8)¢, VzreQ, V[ >R,

where F(z,£) = f0§ f(z,7)dr.
This condition plays an important role in the study of elliptic equations. Let us
sketch some the results from the past 40 years.
Bahri and Berestycki [2] proved that if f(x,&) = [£[P72¢, g(z,€) = g(x) € L?(Q),
p € (1, Py), where Py is the largest root of the equation

(2N -2)P? - (N+2)P-N=0, N>2

then problem (1.1)) has infinitely many solutions in H}(€2). This case was first
studied by Bahri and Berestycki [2], and independently by Struwe [I4].
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Rabinowitz [IT], 12] studied problem (|1.1]), assuming that N > 3 and f satisfies
(AR), (R1), (R2), g(x,¢) = g(x) € L*(), and
2p %
—_ 1> — 1.2
N(p-2) p—1 (12)
where
(R1) f(z,6) € COUX R R), f(z,—£) = —f(2,€) for all (z,) € A x R
(R2) There exist 2 < p < 2* 1= 2% such that almost everywhere in (2,

(2O < CA+[EPT.

He then proved that problem (1.1]) has an unbounded sequence of solutions in Hg (£2)
(see [1I, Theorem 1.5]). Assuming that f satisfies (AR), (R1), (R2), g(=,&) €
C(Q x R,R) and

2p 1%
S e
N(p-2) p—o—1
where C1,Cs are nonnegative real numbers, then he confirmed that the problem
(1.1) has an unbounded sequence of solutions in H{ (€2) (see [11, Remark 1.71]).
Bahri and Lions [3] assumed that f(z,&) = |£[P72¢, 2 < p < 2%, (p < oo, if
N = 2) such that g : Q@ x R — R is a Carathéodory function satisfying

lg(x,8)]| < C1+ Csl¢]7, 0<o<pu—1,

lg(x,8)| < g1(x) + Og‘ﬂ% a.e. in  for some C3 > 0,
|G(2,8)] < ga(z) + g3(2)|€]°*  a.e. in Q for some 0 < 0y < 2,

where G(z,§&) fo xz,7)dr, gi(x) € LiN/(NH)(Q), g2(z) € LL(Q), N > 2,

gs(x) € LY “Dvwwh5>>Lﬂ/<2NV( =2)(1/o1), 1/B+1/8 =1, L5(Q) == {g:

Q — R|g € LP(Q),g(x) > 0 ae. in Q} and

2N — 20’1
N-2

Under the above assumptions, Bahri and Lions proved that problem (|1.1) has in-

finitely many solutions in H2 (). Obviously, the assumption on p in (1.3)) is weaker

than the one in (1.2).

Later Tanaka [15] obtained a similar existence result as in [3], assuming that

F(x,€) = f(€) satisfies (AR), (R1), (R2), g(z,&) = g(x) € L¥~1(R), and

2<p< (1.3)

2p H
N@*2)>H*1. (1.4)

He then proved that problem has an unbounded sequence of solutions in Hg (£2)
(see [I5, Theorem 1]). The assumption on p in is weaker than the one in (T.2).
Tehrani [16] considered the case of a sign-changing potential. Bolle, Ghous-
soub and Tehrani [4] also obtained some existence results on the perturbed elliptic
equation
—Au = [uP2u+g(z) in Q, u=mwuyon d,

where ug € C?*(Q,R) with Aug = 0,2 < p < 2*. Long [8] considered a perturbed
superquadratic second order Hamiltonian systems.
Hirano and Zou [7] studied the elliptic boundary value problem

—Au= \u|p’2u + Byg(z,u), u€ H&(Q), (1.5)
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where 2 < p < 2*, (N > 3) and g(z,¢&) € C(2 x R,R), g(z,£)§ > 0 for all x € ,
¢ € R, limes0g9(z,£)/€ = 0 uniformly in = € . Then they proved that for any
m € N, there is a 3,,, > 0 such that for each s € (0, §,,), problem has at least
m distinct sign-changing solutions.

Recently, Santos [I3] using Leray-Schauder degree theory and the method of
upper and lower solutions proved existence and multiplicity of solutions the problem

(Qp(ul))l = f(ta U, ul)

uw(0) = u(T) = u'(0),
where ¢ is an increasing homeomorphism such that ¢(0) = 0, and f is a continuous
function.

In this article, we study the multiplicity of solutions to problem (|1.1)), using the
following assumptions: f: € x R — R is a Carathéodory function satisfying

(A1) f(x,—¢&) = —f(x,€) for all (z,£) € 2 xR.
(A2) There exist 2 < p < 2*, C; > 0 such that

If(z, )] < CL(1+[€P7Y) ae in QxR
(A3) There exists a positive constant 7y such that

F(z,6) >0, (x,8) € QxRand [¢] > 7o,
F(z,£)

im
RIS
(A4) There exist constants Co > 0 and x > N/2 such that

=00 a.e. in Q.

|F(2,6)|" < Col€¢*F(x,6), (,6) € QxR and [¢] > 7o,

where F(x,€) = 271 f(2,€) = F(,€).
(A5) There exist a positive constant C3 > 0 and p; € [2,2*) such that

F(z,8) > Cs(|¢]Pr = 1),  for all (z,£) € Q x R.

(A6) g: QxR — R is a Carathéodory function satisfying: There exist g;(x) €

LPr(€2), g2(z) € LP2(Q), p1/(p1 - 1) <p1,p2 > 1, (o1 +1)p2/(p2—1) < pu,
o1 € [0,p1 — 1), p1 > max{l 2 }, such that

p2
? p2oy+2*
l9(z, )| < g1(x) + g2(2) €] ae. in @ xR.
The main results of this paper are the following theorems.

Theorem 1.1. Suppose that (A1)—(A6) are satisfied, and

2p S p1
N(ip—-2) pr—o1—1

Then problem (L.1]) has an unbounded sequence of solutions in HE ().

(1.6)

Remark 1.2. The result in Theorem is not covered by the ones in [I5]. For
example, when N = 3,

_ o1 N A
) = 26 [+ 16%) + s .
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and g : @ xR — R is a Carathéodory function such that there exist g1(z) € LP1(§2),
gQ(x) € LPz(Q)’ (01 + 1)]92/(]72 - 1) < 27 o1 € [07 %)7 P > %7 b2 > 5_76013 such
that

l9(2,8)] < g1(x) + g2(2)[§|7* ae. in @ xR,

then f, g satisfies the conditions in Theorem but f does not satisfy the condi-
tions in [I5, Theorem 1].
Theorem 1.3. Suppose that (AR), (Al), (A2) are satisfied, and g satisfies
(A6) there exist gs(x) € LP*(Q), ga(z) € LP*(Q), p3/(ps — 1) < p, pa > 1,
(024 Dpa/(pa—1) < p, o2 € [0, — 1), p3 > max{1, 104202%}’ such that
lg(z, )| < g3(x) + ga(2)[€]7*  a.e. in Q@ xR,
2
P > a .
N(p-2) " p—or—1

Then problem (1.1)) has an unbounded sequence of solutions in HE ().

The proofs of Theorems [I.1] and [I.3] are quite long, but they contain several
arguments similar to those in [9, [IT]. Therefore sometimes, we will omit detailed
discussions by referring to these papers.

Remark 1.4. Theoremgeneralizes results in Rabinowitz [11], [12] and in Tanaka
[15], and it is not covered by [3] and [9, 11}, 12] [I4]. For example, when N = 3,

F2,8) = eV — €le]V8, g(x, &) = €], 0§02<%

then on one hand f, g satisfy the conditions in Theorem but f does not satisfy
the conditions in [3| Theorem 1]. On the other hand, the function f satisfies
the conditions in [9, Theorem 1.1], [T, 12, Theorem 1.5] and in [I4, Theorem 3].
However, the function g may grow faster than the perturbation term in [9] [TT] [12]
14].

2. PROOFS OF THE MAIN RESULTS

We define the Euler-Lagrange functional associated with problem ([1.1)) as follows

fI)(u):%/Q\Vu\Qd:c—/QF(x,u)dx—/QG(x,u)dx.

From [9, Proposition 2.2 |, (A2), and (A6), we have ® is well defined on H}(Q2) and
¢ € CY(HE(Q),R) with

@'(u)(v):/QVu~Vvdas—/Qf(x,u)vd:v—/gg(x,u)vdx

for all v € H}(Q). One can also check that the critical points of ® are solutions of

the problem (L.1)).

Lemma 2.1. Suppose that (A2), (A5), (A6) are satisfied, and w is a critical point
of ®. Then there is a constant Cs such that

/Q|u(x)\m d < Cy(®3(u) +1)V/2. (2.1)
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Proof. Since u is a critical point of ®, by (A2), (A5), and (A6), applying Holder’s
inequality, we obtain

B(u) = B(u) — 3 (u)(u)
> [ Fleuyde = [ (27 gle,0)ul + (GG 0)) da (2)

p2—

(c+1)po p21
> C’4/ |ul? dz — 06(/ |u| 72T dx) —Cr.
Q Q

Then (2.1)) follows from (2.2) and Young’s inequality. The proof is complete. [

Next, we define a modified functional ®(u). Let y € C*°(R, R) such that y(t) = 1
fort <1, x(t)=0fort>2and —2 < x’ <0 for t € (1,2). For u € H} (), we put

w(w) = 20 (@) +1) " ) = x () [ tuta) a).
5(u):/9(%|Vu\2—F(x,u)—d)(u)G(x,u)) de,

where O is a large enough positive constant, which will be chosen later in Lemma
Then, we obtain

(u)(u):(1+T1(u))(/ﬂ|Vu|2dx—/gf(x,u)udx)
—Tg(u)/QG(ac,u)dx—(w(u)—l—Tl(u))/Qg(x,u)udx,

(2.3)

6/
(2.4)

where

T (u) :)<'(f~c(u)_1/ﬂ|u|p1 d:L“)f~@(u)_?’(26))2<1>(u)/Q|u|p1 dm/QG(x,u)dx,
To(w) = prx (vl [ Jul” de)s() ™ [ ful da.

Let supp() denote the support of ).

Lemma 2.2. Suppose that (A1), (A2), (A5), (A6) are satisfied.
(1) If u € supp(y)) then
+1

| [ G(z,u)dz| < 08(|q>(u)|”%1
Q

+ | (u)| 7T + 1).
(ii) There is a constant Cy, such that for any u € H}(),

()~ B(—u)| < Co([B)|7 + [B)| F +1).
(iii) There are constants My, C1o > 0 such that whenever M > My, ®(u) > M,
u € supp(y)) then ®(u) > C1oM.
(iv) For every § > 0 small enough there exists M > 0 large enough such that
for all w € HY(Q), ®(u) > M we have |T1(u)| <6, |Ta(u)| < 4p;.

The proof of the above lemma is similar to the ones of [9, Lemmas 3.4,3.5, 3.6],
so we omit it here. Now, we shall show that large critical values of ® are critical
values of ®.
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Lemma 2.3. Suppose that (Al), (A2), (A5), (AG) are satisfied, and © is large
enough. Then there exists My > 0 such that if u € H}(Q) is a critical point of ®
and ®(u) > My, then u is a critical point of ® and ®(u) = ®(u).

Proof. Let u € H () be such that 5’(1;) = 0. For M, sufficiently large such that
M; > My then Ty is sufficiently small and T5 is bounded, with (2.4, we have

O(u) = D(u) — w

(o+1 )PZ i;l
> Cy \u|pdx7011 \u| P2 - C11.

Therefore, if we choose @ large enough,

_1/ |ul? da <1,
Q

it follows that ¥(u) =1 and ¢’(u) = 0. O

Definition 2.4. Let (V,|| - ||v) be a real Banach space with its dual space V* and
J € C1(V,R). For ¢ € R we say that J satisfies condition (C).. if for each sequence
{zm}_, C V with

J(xm) = c and (14 ||lzmlv)|J (@m)|lv — 0 as m — oo,

there exists a subsequence {z,,, }32, that converges strongly in V. If J satisfies
condition (C.) for all ¢ > 0, then we say that J satisfies the Cerami condition.

Lemma 2.5. Suppose that (A1)-(A6) are satisfied. Then ® € C1(H}(Q),R) and
there is a constant My > 0 such that ® satisfies the (C). condition for all ¢ > M.

Proof. Since (A2), (A5), and (A6) are satisfied, and x € C*°(R,R), it follows that
® € CY(HL(Q),R). Let My be as in Lemma [2.2] and take My > My, ¢ > My. Let
{um }_, € H}(Q) be a (C). sequence, i.e.,

— . —
Blup) = casm =00, Tim (14 Jumll iy ) 1% () ey =0 (25)

Then

-/

D () (um) — 0,

(2.6)
HumH?{&(Q) - / 2F (2, up,) do — / 20 () G(2, up,) dz — 2¢  as m — oo.
Q Q
We first show that {u,,}3°_; is bounded in H}(Q) by a contradiction argument.
Indeed, we can (by passing to a subsequence if necessary) suppose that for any m,
tmll () > 1 and

| () = 00 as m — oo, (2.7)
Setting
Wy = —
||Um||H3(Q)

we have [[wm | g1 o) =1 and

[wmllzv @) < llwmllmi@) = 7,1 <v <25
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Passing to a subsequence, assume that w,, — w in Hg (), then w,, — w in L"(Q),
1<v<2* For0<a<b,let

Qp(a,b) ={z € Q:a<|un(z) <b}. (2.8)
In view of (A5) and (A6), for m large enough, we have
— 1 — 1 =
11> Blum) T () () > = Fa, um) de—Cla, (2.9
41 2 Bm) g T n)om) > 5 [ P de—C, 29)

where C5 is a positive constant independent of m.
From (A6) and the definition of the functional v, for m large enough, we have

|/¢(um)G(z,um) dz| < Cy3. (2.10)
Q
By (A6), , (2.7) and , we obtain

lim %;um)dx = 1. (2.11)

m=oo Jo ||um||Hé(Q)

Now, we consider two possible cases: w = 0 and w # 0.

Case 1: w =0. Then w,, — 0in L*(Q), 1 <v < 2*, and w,, — 0 a.e. in Q. From
(A2) and Hélder’s inequality, we deduce that

F(z,um, 1
[ ) g < (o + ) 0
Q1 (0,70) ||Um||H3(Q) HumHHg(Q)
as m — 0o, hence
2F m
/ %dxﬁo as m — oo. (2.12)
Qm (0,70) H“mHHg(Q)

Set ¢ = ¢/(g—1) and ¢ > N/2. Then 2¢’ € [2,2*). Therefore, from (A4) and (2.9),
we have

F(x, tm
}/ 7( 5 ) dz|
Qm (

r0,400) ||um||Hé(Q)

F(x,um
/ | (.’E,'LL2 )||wm|2dx
Qo (ro,+00) |um|
F m) |\ ¢ 1/q / 1/q
< [/ (*' (MQ N) dx} [/ |wp, |29 dx]
Qo (ro,+00) |um| Qp, (ro,+00)

- 1/q 2’ 1/q
<o | Fa.un)da] [ [ w0 da]
Qum (10,+00) Qp (ro,+00)

’

’ 1/‘1
< Cis [/ W |2 dx} dr — 0, asm — oo.
Qo (10,+00)

IN

Then

2F

/ de—)O as m — 00. (2.13)
Qo (10,+00) Hum”Hé(Q)

In combination with (2.12)), we obtain

2F
M dzr -0 asm — oo,
Q HumHH[}(Q)

which contradicts (2.11]).
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Case 2: w # 0. Setting Qo := {z € Q: w(x) # 0}, we have meas() > 0 and
lim wuy,(z) = lim
m—roo m—o0
It follows from (A2), (A3), (A6), (2.5), (2.10) and Fatou’s lemma that
F(x,um) F(x,um)
Q ”um”i[é(m Q ”umni{é(g)
F F
> liminf / de > / lim inf 2 Um)_ g, (2.14)
Qo ¢

m—00 |um||i(&(g) Y M ||um||§—]é(Q)

HumH?{é(Q)wm(ﬂﬁ) =00, a.e.in Q.

dz > liminf dx

m—r o0

— = lim
2 m— o0

F
= / lim inf wan dz = 400,
Q

S |um|2

which is a contradiction. Because of the above result, without loss of generality, we
can assume that

Uy — u  weakly in HE () as m — oo,
Uy — u  a.e. in Q as m — oo, (2.15)

U, — u strongly in LY(2), 1 <v < 2" as m — o0.
Thus by (A2), (A6) and (2.15)), we have

/Q(f(x,um) — f(z,u))(tup —u)dz — 0 as m — oo, (2.16)

/Q(g(x,um) —g(z,u))(ty, —u)dx — 0 as m — oo. (2.17)

If M, is large enough, it follows from lim,, 5/(um) =0 and (2.15) that
(14 T3 (u)® (wm) — (14 Ty ()@ ()t — u) =0 asm — oo, (2.18)
Moreover,

(14 T3 () () = (14 T4 ()@ (1)t — 1)
=1 +T1(w)1+ T (um)) [/Q (|Vum — V> = f(2, ) (U — 1)
+ flz,u)(um — u)) dx]
— (14 T @) L) + T (00) | 9100 00 = 20 do .19

(14 T () (1) + T () / 9, 0) (i — )

Q
— (14 T1(w)T5(um) /Q |um|”*1(um —u)dx

+(1+ Tl(um))Tg(U)/ [u|?™ (U — u) de,
Q
where
T3(u) :px’(ﬁ(u)_l/ \u|”dx)/f(u)_1/ G(z,u)dz.
Q Q
By ([.16), (2.17), (2.18) and (2.19) we obtain

/|Vum—Vu|2dx—>0asm—>oo.
Q
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Therefore, we conclude that u,, — u strongly in Hg(£2). The proof is complete. [

Lemma 2.6. Suppose that (A2), (A3), (A6) are satisfied. Then for any finite
dimensional subspace X C H}(Q), there is R = R(X) > 0 such that

B(u) <0, YueX, |ullg o) > R.

Proof. Arguing by contradiction, suppose that for some sequence {u,,}5°_; C X
with [ g1 (@) > 0 for all m € N and [[um|| g1 (o) — 00 as m — oo, there is M >0

such that ®(u,,) > —M for all m € N. Setting
Um
Wm = 77—
||um||Hg(Q)
then [|wp, [|g1(q) = 1. Therefore we can (by passing to a subsequence if necessary)
suppose that
wy, —w  weakly in Hg(Q) as m — oo,
Wy — w  a.e. in  as m — oo, (2.20)
Wy, — w strongly in L”(Q2) as m — 00,2 < v < 2%,

Since X is finite dimensional, it follows that w,,, — w strongly in Xasm — o0, and
w € X with ||w||H3(Q) = 1. Therefore, from (2.13) we obtain

-M D (U,
0—hm7<lim#:—oo.

m—0o0 Hum” 1) HL(Q)
Hence we arrive at a contradiction. So, there is R = R(FA{) > 0 such that ®(u) <0
for u € X and ||ul| g1 () = R O

Now, we show that ® has an unbounded sequence of critical values. Let 0 <
AL <Ay < A3 <o < A <--- denote the eigenvalues of the problem

—Au=Xu in €, 591

u=0 on 09, (2.21)

and ey, es, ... denote the corresponding eigenfunctions which normalized such that
lejllai =1, for all j =1,2,.... For any k > 0, we put Vi = span{e;;j < k}

in H}(Q), and Vﬁ its orthogonal complement. Choose an increasing sequence Ry
such that ®(u) < 0 if u € Vi, |ull i) = Rk Let Bp, denote the closed ball of
radius Ry, in H}(Q), Wy, = Bg, () Vi, and

_ {h € C(Wy, HY(Q) : b is odd and h(u) = u if |[ull gy o) = Rk},

Uy = {u tepr1 +w: t €0, Rppa],w € Bryy, NV, ||ullgiq) < Rk+1}7

(2.22)
Ay = {H € O(Uy, HX(Q)) : Hlw, € Ty, and H(u) = u if
lulzy oy = Ricer or w € (B, \Br,) N Vi }.
Now we define
Ve = inf max®(H(u)), keN, (2.23)
Br = inf max ®(h(u)), ke€N. (2.24)

hel, ueWy,
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It is obvious that v, > Br. We will give the lower bounds for 8 in the next lemma.

Lemma 2.7. Suppose that (A2), (A6) are satisfied. Then there are constants
Ci7 > 0 and kg € N such that for all k > ky,

B > Cirk ™05, (2.25)
Proof. By (A2) and (A6) we obtain
— 1
O(u) > f/ |Vu|? dz — 018/ |ulP dx — Cho. (2.26)
2 Jo 0
Set L
K(u) = S l[ullfyy o) = Crsllullyeq) € C*(Hg (), R). (2.27)
Then we can see that
®(u) > K(u) - Cho, (2.28)

K"(u)(h,h) = ((—=A — Cisp(p — V)[u[’"?)h,h) for all u € Hy() (2.29)
and that the functional K (u) satisfies the following assumptions:
(A7) K(0) = 0;
(A8) K(—u) = K(u) for all u € H}(Q);
(A9) for each finite dimensional subspace E C H}(Q), there is an R = R(E) > 0
such that

K(u) <0, forallue€ E with |ul g1 > R(E);

(A10) K'(u) = u + k(u) for u € H}(Q), where x : H}(Q) — HL(Q) is a compact
operator;

(A11) If for some M > 0, {u;}52; C H{(Q) satisfies K (u;) < M for all j, and
1K' (uj)[l(m2(2y)+ — 0 as j — oo, then there exists a subsequence {u;, }7%,
which converges strongly in H}(Q);

(A12) If for some M > 0, {u;}32, C V,, satisfies K(u;) < M for all j and
I(Kv,,)" (uj) |l (v,,)= — 0as j — oo, then there exists a subsequence {u;, }72,
which converges strongly in V,,;

(A13) If for some M > 0,{u;}52, C Hy(Q) satisfies u; € V;, K(u;) < M for all
j and [|(Kl|v,)"(uj)| (v, — 0 as j — oo, then there exists a subsequence
{u;, 22, which converges strongly in HJ ().

Next, we define minimax values

wy = hiéllfk max K(h(u)), keN. (2.30)
From (2.28)), we obtain
Br > wi, — Chg. (2.31)
From [15, Theorem B, there is a vy € H} () such that
K (vk) < wr, (2.32)
K'(vy,) = 0, (2.33)
indexg K" (vy) > k, (2.34)

where
indexg K" (vj,) := max { dim E : E C H{(Q) is a subspace such that
K" (vi)(h,h) <0, for h € E}.
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Therefore, from (2.29) and (2.34), we obtain that

— A — C1p(p — 1)|vg|P~2 possesses at least k non-positive eigenvalues. (2.35)

Let A4/ (V) denote the number of non-positive eigenvalues (multiplicities counted)
of the problem

—Au—V(z)u=Au in Q,
u=0 on J9,

where V(z) € L™/?(Q). Then from [I5, Lemma 2.3] (or [5, 6]) there is a constant
Cn > 0 such that

N
AV OxV@Ey (236)
From ([2.35) and ([2.36)), we obtain
p-2)%
Canke < sl 21 %y (237)

On the other hand, from (2.33)), we have
k]l () = Crspllvrllfn gy (2.38)

From ([2.32), (2.37)) and (2.38)), we obtain

C __2p
We 2 $(l’ = 2)[lokllTr ) = Cork¥G° for all k € N.

The proof is complete. O
Proof of Theorem[I.1] By Lemma[2.7] the proof is the same as that of [J, Theorem
1.1] (or, [1IL, Theorem 1.5]), so we omit it here. O

Proof of Theorem[I1.3 The proof is a slightly modification of several of the lemmas
above, we omit the details. O
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