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EXISTENCE AND UNIQUENESS FOR ONE-PHASE STEFAN
PROBLEMS OF NON-CLASSICAL HEAT EQUATIONS WITH
TEMPERATURE BOUNDARY CONDITION AT A FIXED FACE

ADRIANA C. BRIOZZO, DOMINGO A. TARZIA

ABSTRACT. We prove the existence and uniqueness, local in time, of a solution
for a one-phase Stefan problem of a non-classical heat equation for a semi-
infinite material with temperature boundary condition at the fixed face. We
use the Friedman-Rubinstein integral representation method and the Banach
contraction theorem in order to solve an equivalent system of two Volterra
integral equations.

1. INTRODUCTION

The one-phase Stefan problem for a semi-infinite material for the classical heat
equation requires the determination of the temperature distribution u of the liquid
phase (melting problem) or of the solid phase (solidification problem), and the
evolution of the free boundary @ = s(t). Phase-change problems appear frequently
in industrial processes and other problems of technological interest [2] B} 6] [, 9] 10,
111, 12, (18, 29]. A large bibliography on the subject was given in [25].

Non-classical heat conduction problem for a semi-infinite material was studied
in [4, [7, [T7, 27, 28], e.g. problems of the type

Ut — Uz = —F(uy(0,8)), x>0,t>0,
uw(0,t) =0, t>0 (1.1)
u(z,0) = h(z), >0

where h(z),z > 0, and F(V),V € R, are continuous functions. The function F,
henceforth referred as control function, is assumed to satisfy the condition

(H1) F(0) = 0.

As observed in [27] 28], the heat flux w(x,t) = u,(z,t) for problem ([1.1)) satisfies
a classical heat conduction problem with a nonlinear convective condition at x = 0,
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which can be written in the form

Wy — Wy =0, >0,1>0,
we(0,t) = F(w(0,t)), t>0, (1.2)
w(x,0) =h'(z) >0, x>0.

The literature concerning problem has increased rapidly since the publi-
cation of the papers [19] 21, 22]. Related problems have been also studied; see
for example [T, 14, 16]. In [26], a one-phase Stefan problem for a non-classical
heat equation for a semi-infinite material was presented. There the free boundary
problem consists in determining the temperature u = u(z, t) and the free boundary
x = s(t) with a control function F' which depends on the evolution of the heat flux
at the extremum x = 0 is given by the conditions

U — Ugy = —F(ug(0,8)), 0<az<s(t), 0<t<T,
u(0,t) = f(t) >0, 0<t<T,
u(s(t),t) =0, wux(s(t),t)=-5(), 0<t<T,
u(z,0) =h(z) >0, 0<x<b=s(0) (b>0).

(1.3)

The goal in this paper is to prove the existence and uniqueness, local in time, of
a solution to the one-phase Stefan problem for a non-classical heat equation
with temperature boundary condition at the fixed face x = 0. First, we prove that
problem is equivalent to a system of two Volterra integral equations —
following the Friedman-Rubinstein’s method given in I3} [23]. Then, we prove that
the problem — has a unique local solution by using the Banach contraction
theorem.

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS

We have the following equivalence for the existence of solutions to the non-
classical free boundary problem (|1.3).

Theorem 2.1. The solution of the free-boundary problem (|1.3)) is

b ¢
u(z,t) :/ G(x,t;f,O)h(§)d§+/ Ge(z,t;0,7)f(r)dr
0 0 (2.1)

+/O G(z,t;8(1), T)v(T) dT_/D(t) Gz, t; &, 7)F(V(7))dE dr,
s(t) = b— /0 o(r)dr | (2.2)

where D(t) = {(x
h(b) = 0, (0 ) =
v e C0,T], Ve

,7) 0 <2 <s(7),0 <7 <t}, with f € CH0,T), h € C0,b],
f(O), F is a Lipschitz function over C°[0,T], and the functions
C°[0,T] defined by

u(t) = ua(s(t), 1), V(1) = ua(0,1) (2.3)
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must satisfy the following system of Volterra integral equations

b t )
o(t) = 2/0 N(s(t),t;:€,0)h'(§)d§ — 2/0 N(s(t),t;0,7)f(T)dr
+2/0le<8(75),1§;8(7'),7'>’1}(7') dr (2.4)
+ 2/0 [N(s(t),t;s(1),7) — N(s(t),t;0,7)]F(V (1)) dr.
b
Vi = [ N0
_ /tN(O,t;O,T)f(T) dr + /t G (0,t;s(7), 7)v(r) dr (2.5)
0 0
+ [ V0650, 7) = N80,V ()

0

where G, N are the Green and Neumann functions and K is the fundamental
solution of the heat equation, defined respectively by

G((E,LS,T) = K(x,t7§,7) - K(_matu€77)7
N(x7t7£?7—) = K<xata€’T) + K(_x?t’§77)7
L exp (— &=y 45 1
Kot = { v P (7 H0)
0 t<T,

where s(t) is given by (2.2)),

Proof. Let u(x,t) be the solution to (1.3). We integrate, on the domain Dy, =
{(&,7): 0 <€ <s(r),e < T <t—e}, the Green identity

(Gue — uGe)e — (Gu), = GF(ug(0,7)). (2.6)

Now we let € — 0, to obtain the following integral representation for u(x,t),

b t
u(x,t)z/o G(x,t;ﬁ,O)h(f)df—F/o Ge(z,t;0,7) f(T)dr
+/0 G(z,t;8(1),T) u, (s(7),7) dT_/D(t) G(z,t; &, 7)F(ug(0,7))dE dr .

From the definition of v(t) and V(t) by (2.3), we obtain and (2.2). If we
differentiate u(x,t) in variable z and we let x — 0% and x — s(¢), by using the
jump relations, we obtain the integral equations for v and V given by and
23).

Conversely, the function u(z,t) defined by where v and V are the solutions
of am7 satisfy the conditions (1),(ii),(iv) and (v). In order to prove
condition (1.3 (iii) we define ¢ (t) = u(s(t),¢). Taking into account that u satisfy
the conditions (1),(i1),(iv) and (v), if we integrate the Green identity over
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the domain D, ., (¢ > 0) and we let ¢ — 0 we obtain that

u(z,t) /Gmt{O df—i—/Gxts))()dT
/ (T (x,t;8(7),7) — G(a,t; s(7), T)v(T)] dT
+/0 Gg(x,t;O,T)f(T)dT/D(t) Gz, t; &, 7)F(V(7))d€ dr.

Then, if we compare this last expression with (2.1]), we deduce that

M(z,t) / (T (z,t;8(1),7) — G(,t; 8(7), T)v(7)]dT = 0 (2.7)

for 0 <z < s(t), 0 <t <o Weletz — s(t)in (2.7) and by using the jump
relations we have that v satisfy the integral equation

Jr/o V(T)[Ge(s(t), t; s(1),7) — G(s(t), t; s(7), 7)v(T)]dr = 0.

Then we deduce that

‘<C/ ﬁ

cor [tz [,

e dr

_¢ / ()l / =T e

B 2 !

=nc? [ty

where C' = C(t); therefore by using the Gronwall inequality we have that ¢(t) =0
over [0, 0]. O

Next, we use the Banach fixed point theorem in order to prove the local existence
and uniqueness of solution v,V € C°[0,0] to the system of two Volterra integral
equations (2.4)-(2.5) where o is a positive small number. Consider the Banach
space

Cro = {00 = (5) :v,V :[0,0] — R, continuous, with |||, < M}

with

by := . Ve = Vit
o = ol + [Vl = s (0] + s V(0

We define A : Car,e — Chr,o, such that

. ) A1 (v(t), V(1)
w(t) = A(w(t) = (A;(v(t), V(t))>

where

A1 (v(t), V(1) = Fo(v(t)) + 2/0 [N(s(t),t,s(r),7) = N(s(t),t,0,7)]F(V (7)) dr
(2.8)
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with
b
vt)):Q/Ns 6 E0)R (€)dE — 2/N ),t,0,7)f(7)dr

+2/G F)o(r)dr

and
b t
Ag(v(t),V(t)):/O N(o,t,g,o)h’(g)dg—/o N(0,1,0,7)f(r) dr

+ /Ot G.(0,t,s(7), )v(T) dT (2.9)

Lemma 2.2. If v € C°(0,0], maxeo,o] [v(t)] < M and 2Mo < b then s(t) defined

by satisfies

I5()) — s(r)| < Mt 7| |s(t) — bl < 2

3 Vt, T € [0, 0].

To prove the following Lemmas we need the inequality

—.132 no

n/2
v _ n/2< o
o ()= (5m) s @es0snneN. (210)

Lemma 2.3. Leto <1, M > 1, f € CH[0,T), h € C[0,b], F a Lipschitz function
over C°[0,T]. Under the hypothesis of Lemma we have the following properties:

/ IN(s(8),,0, DI ()] dr < 11,1 bt 2.11)

/ |G (s )|[o(r)| dr < M2Co(b)VE (2.12)

/ [N (s(2). 1, € 0)|[1 ()€ < [I¥] (2.13)

/Ot IN(s(t),t,s(1),7) — N(s(t),t,0,7)||F(V(7))| dr < C4(L)M~/t (2.14)
/ "IN, .€,0)[ 7 (€)lde < 1] (2.15)

/t IN(0,4,0,7)|| ()] dr < 2”\5{\/% (2.16)

/ G (0,1, 5(7), 1) [u(7)| dr < Ca(b) Mt (2.17)

/t |IN(0,¢,s(7),7) — N(0,¢,0,7)||F(V(r))|dr < C4(L)M\/1? (2.18)
0
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where L is the Lipschitz constant of F' and

Q) = (), Calb) = 5+ o (5r)

eb?’ 1’ 2y/m 47 3eb? 91
3b 24 4 AL (2.19)
Col0) = = (251, ity = 2

Proof. To prove (2.11)), we have
[N (s(t),t,0,7)| = |K(s(t),t,0,7) + K(—s(t),t,0,7)] = 2K(s(t),t,0,7)
2 1/2
e () (=)
4(t — 1) VT
.

—p? (t ) 1/2
= (g—n) F
<)==

then holds. To prove , we have
|Ga(s(t),t,5(7), 7)| = [ Ku(s(t), 1, 5(7), 7) + Ko (=5(t), 1, 5(7), 7)]

t,s(
—)-3/2 o
— (254\/)7;‘(3@) —5(7)) exp ((SZ_T()))>

~ st0) + () exp (P
(t— T)’3/2 —

S TaE )

< (M- 3b(§)3/2> .

s S

(M(t77)+3bexp( i

Then

4/m
ey 32 4,

(2f ENGAEEL )
§M2CQ( )Jv

which implies (2.12). To prove (2.13]), we have

/ Ga(s ol dr < = (2MVE+ 34 25)%)

/|N )€, 0)| (€ >|d5<||h’|\/ 0,4,€,0)/de < 11|
because
/0 IN(s(8),£,€, 0)]de < 1.

To prove (2.14)), by taking into account that

2

N(s(t),t,s(7),7) — N(s(t),t,0,7)] < ———
IN(s(0)::5(0),7) = N(s(0)1,0,7)] < — s
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we obtain

t t 2
[ INGs(0), (). 7) = N(s(0).6.0. [PV )] dr < L [ T

= Cy(L)M V.

The inequality (2.15)) is prove in the same way as (2.13]). To prove (2.16]), we have

t . . t
| v.tonfmdr <1l [ IVO.ton)dr
0 0

o ! 1
=1l [ Vet
= ”5”;2\/%.
To prove , we have
|G (0,1, 5(7), 7)] = (t;\/);ﬂ s(7) exp (4((5(_7)7);)
< 83)%(15 — )73 % exp <16(;b—27)>
gg%g%ﬁ”~
To prove , as in , we prove that
IN(0,¢,s(7),7) — N(0,¢,0,7)| < 2
w(t —71)
and therefore holds. O

Lemma 2.4. Let s1, sy be the functions corresponding to v, vy in C°[0,0], re-
spectively, with maxc(o,o) [vi(t)| < M, i = 1,2, Then we have

[52(t) — s1(8)] < tllvg — valls,

|si(t) = si(T)| < Mt — 7|, i=12, (2.20)

b b
3 <si(t) < %, Vit € [0,0], i=1,2.
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Lemma 2.5. Let f € C'[0,T), h € C*[0,b], F a Lipschitz function in C°[0,T].

We have
|Fo(va(t)) — Fo(vi(t)] < E(b, h, f)VE[|lva — vi]le;
/0 N (s2(0) 1 52(r),7) — Nsa(0), 6,0, 7 [F(Va(r)) — F(Vi(r)) | dr
< Co(L)VH|Va = Vills;
/Ot [N (s2(t),t,0,7) — N(s1(¢),¢,0,7)||F(Vi(7))| dr
< Cs(b, L, M)t||vg — v1]|s;
/ [N (sa(t), t,52(7),7) = N(s1(8),t,s1(r), 7 |[F(Vi () dr
< [Co(L, M)Vt + Cr(b, L, M)t] |z — vi|s;

/ |G (0,2, 55(7), 7)[[v2(7) — 01(7)[dT < Cg()t]|vg — w1l

/|G (0, 53(), 7)va () — G (0, £, 51.(+), 7)or (7)| dr
Cs(b)t + Cy(b, M)tQ)HUz — 1[4
/0

— [N(0,t,s1(7),7) — N(0,t,0,7)|F(Vi(7))|dT

[N(0, 2, 55(7),7) = N(0,¢,0,7)]F (Va(7))

< C4(L)VH|Va — Vi |y + Cs5(b, L, M) ||lva — v1 |4,
where the constants are defined by

3b 24

_ AL 24 132
Cu(L) = N Cs(b, L, M) = LM8f(eb2) :
LM3 42 3bLM?
= = (—— /2
CG(L7M) \/77_ ) 07(b7LaM) (ebz) 2\/>
3,24, A0 s 0124 g0 M
Og(b) 4\/>(€b2) ) C9(b7M) - [(6 2) 16f 2\/>(6b2) ] D) .

Proof. The proof of (2.21)) can be found in [I3]. To prove (2.22)), we have

2

N(s2(t),t,s2(7), 7) — N(s2(1),t,0,7)| < —/———.
IN(s2(t),t,82(7), 7) — N(s2(t),2,0,7)| < o P

Then

/0 [N(s2(t), 8, 52(7), 7) = N(s2(t), £, 0, 7)[[F(Va(7)) — F(Vi(7))| dr

AL
/[ 7 A 7
=~ \/77_\[” 2 1||t

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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To prove (2.23), we use the mean value theorem: There exists ¢ = ¢(t,7) between
s1(t) and s2(t) such that

‘N(SQ(t)7t7077—> - N(Sl(t)at7077—)||F(Vl(7—))‘
= |Nz(c,t,0,7)|[s2(7) — s1(7)|[F'(Va(7))]

c? (t—7)73/2
§|c|exp(f4(t_7_)) NG LM|va(1) — v1(7)]
< ibrex (- 16(5_7)><t —7) 2 LMrlvs(r) = v (7)]
< 4?:}(62:2)3/2LMT|02( )= o).

Then

/0 |N(s2(t),t,0,7) — N(s1(t),t,0, 7)||F(Vi(7))|dT

3b 24
< 8f( )2 LMt||v2 v1ll = C5(b, L, M)t||va — v1]];.

To prove ([2.24)), we have

N(s2(t),t, s2(7),7) = N(s1(t), ¢, 81(7),7)
= K(s2(t), 1, 52(7), 7) — K(s1(t), ¢, 51(7),7)
+ K(—s2(t),t,82(7),7) — K(—51(¢),t,51(7), 7).

As in [24], for each (¢,7), 0 < 7 < t, we define

frr(x) =exp (4(t_f 7_))

Then we have

K(so(t),t,82(7),7) — K(s1(t),t,81(7),7)
(t—7)"1/2 (s2(t) = s2(7))?

- (s1(t) — s1(7))?

— 27 exp(— 1) )—exp(— =) )]
(t — 7.)—1/2

= g e Lfr(salt) = s2(n) = fur (s1(8) = 51(7)]

and

K(—s2(t),t,82(7),7) — K(—51(¢),t,51(7),7)
_ (=7 (s2(t) + 52(7))?
I B

D sa®) + 5a(r)) = o (51(8) + s1(7))]
= 2ﬁ t,7 (52 SolT t,7(S1 S1\T
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By the mean value theorem there exists ¢ = c¢(t,7) between so(t) — s2(7) and
s1(t) — s1(7) such that

frr(s2(t) = 52(7)) = frr(51(t) = 51(7))
= fil(c)(s2(t) — s2(7) — 51(t) + 51(7))
—C 62

T 2(t-1) exp(iél(t — T))(SQ(t) = 52(7) = s1(t) + s1(7))

Taking into account that
le] < max{|s;(t) — s;(7)],i=1,2} < M(t—7)

it results

[fer(s2(t) = 52(7)) = fr.r(51(2) — 52(7))]

Then we have
|K (s2(t), 1, 52(7), 7) — K(s1(1), 2, 81(7), 7)| £ ———]lv2 — V1|t
2/7(t—1)

In the same way we have

frr(82(t) + 52(7)) = frr(51(2) + 51(7))
= filr () (s2(t) + 52(7) = 51(t) — 51(7))

4t — 1)

- 2(15_— o (=

)(s2(t) + 52(7) = 81(t) — 51(7))

where ¢* = ¢*(t,7) is between s2(t) + s2(7) and s1(t) + s1(7). Since s1(t) + s1(7) <
c* < s3(t)+s2(7), (or viceversa), we deduce that b < ¢* < 3b, that is exp(—c*?/4(t—
7)) < exp(—b?/4(t — 7)). Then we obtain

|K(_52(t)7 t, 82(7'), T) - K(_Sl (t)7 t, 31(7—)’ T)|

—wﬁ (s2(t) + 52(7)) = fe,r(51(t) + 51(7))]

= Qﬁ t,7(S2 SolT t,7(S1 S1\T
3b b2

< Wexp(— m)QM”UQ_/UlHt

=6 apa3bM

< (52) 2\/7?”U2 — vt
and

|N(32<t)’t7 52(7_)5 T) - N(Sl(t)’ta 51 (T)vT)l

M? 6 4 30M
< (— ()32
=G P W

Mvz — v e
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Therefore,
IV Ga(0) 850000 7) = Nsa (0.1 (). IV ()]
b M 65,30 v e
S/0 (2 w(t—T) +(eb2) 2\/%)” 2 1l F(Vi(r))|d
MQ\/E 6 3/23177Mt)HU2_UlHt

ve @) s
= (Cs(L, M)Vt + C7(L, M, b)t)|Jva — v1]|¢.

To prove ([2.25)), we take into account (2.10)):
G.(0,t,s2(7),7) = K(0,¢,82(7),7) ;
-7

Hr) | (= 7)

:eXp(_4(t—T)) N s2(7)

gLM(

52(7)

To prove ([2.26]), we have

|G+ (0,1, s2(T), T)va(T) — G2 (0, ¢, 81(7), T)v1(T)]

< |Ge(0,2,52(7), 7)[[v2(7) — vi(7)]

+ |GI(Oa t, 82(7)» T) - GI(Oa L, 81(7'), ’7')”'[)1 (T)|
Using the mean value theorem there exists ¢ = ¢(7) between s(7) and s1(7) such
that G;(0,t,52(7), 7) —G4(0,t,51(7), 7) = G2¢(0,t,¢,7)(s2(7) —s1(7)). Taking into
account the following properties
K(O,t,c,T)( c?
t—7 2(t—7)

K(0,t,c,7) 1 c? 5 1,24
5 by Gy _ _ t— /2 < “FN\3/2
t—T QﬁeXp( 4(75—7')( ™) -

: E i A0

Ge(0,t,c,7) = + 1),

C

1
KOtensg—m = 17" 1=

we have
|Gz(0ata 52(7—)77—) - Gﬂ:(oatv 31(7—)5 T)||U1(T>|
2
< et + 1o () D) = s (Dl (o)

( 24 9p2 40

S M(5=(55)% + W@ﬁmvzm — (7).

1
- 2w
Then

/0 (G (0, 52(7), 7) — G (0, £, 51 (7)) o2 (7)) dr
Mt?

92 40
——llva — v

(o)t + ()
167 e2’ ' 2

ENAPEL

[S[)

<(
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Then (2.26) holds by using (2.25)). To prove (2.27)), we have
[N(0,2,55(7),7) = N(0,¢,0,7)| F(Va(7))

= [N(0,¢,s1(7),7) = N(0,¢,0,7)|F'(Vi (7))
— [N(O.tss(r)7) - NO,£0.DIF1a() - FVa()) &2
+ [N(0, 2, s2(7),7) = N(0,¢, 51(7), 7)|F'(Vi(T))
Using |N(0,¢t, so(7),7) — N(0,¢,0,7)| < (t = we get
[N (0.1, 52(r). 7) ~ N(0.1,0.7)||F(Va(r)) ~ F(Vi(r))] < 7T<t2_T>LV'2(”‘V1<T>"
and
/ IN(0,2,s2(7),7) = N(0,2,0,7)[|[F'(Va(7)) — F(Vi(7))| dT
(2.30)
‘%LWQ —Ville = Ca(L)V|[Va = Vil
Furthermore,
|N(0,t,52(7),7) — N(0,¢,51(7), 7)| = |Ne(0, ¢, ¢, 7)||s2(7) — s1(7)]
where ¢ = ¢(7) is between s2(7) and s1(7) and
[Ne(0,8,¢,7)|[s2(7) — s1(7)| = [ = G2(0,¢, ¢, 7)]|s2(7) — 51(7)|
|c| 2
< 2ﬁ(eb2)3/ Tloa(7) — v1(7)]
< LR () ()~ u ()l
Then
/ IN(0,t,s2(7), 7) — N(0,¢t, s1(7), 7)||F (V1 (7))| dT
O 3b 24 5, t2 (2:31)
< L_Mm(@)?’/2 v — w1l = Cs(L, M, b)t?|lvg — vy |s
Therefore, by , , and ), the inequality holds. |

Theorem 2.6. The map A : Cp o — Cum,o s well defined and is a contraction
map if o satisfies the following inequalities:

0 <1,2Mo <b (2.32)
(@1l C1(b) + MC3(b))o + (2M2Ca(b) + 2%’“ C3MCUD)Va <1 (2.33)
Db, f,h,L, M)z < 1, (2.34)

where
M =1+ 3|1 (2.35)
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and

Dy(b, f,h, L, M) = E(b, f,h) + 2Ce(L, M) + 3C4(L)
Dy(b, L, M) = 2[Cs(b, L, M) + 2C7(b, L, M) + Cs(b)]
Ds(b, L, M) = Co(b, M) + Cs(b, L, M)
D(b, f,h,L, M) = D (b, f,h, L, M) + Da(b, L, M) + Ds(b, L, M).

Then there exists a unique solution on Cur s to the system of integral equations
‘ ’ ’

Proof. Firstly we demonstrate that A maps Cy »s into itself, that is

lA(@)le = max |Ai(v(?), V(t)] + e, [A2(v(1), V(1)) < M (2.36)

€[0,0] €[0,0

Using the Lemmas and the definitions (2.8)-(2.9)), we have
[AL(v(t), V()] < 2[|flloC1 ()t + 2M>Co(b)VE + 2||B|| + 2Ca(L) MV,

4200, VO] < W+ (U727 4 Campnyvi+ capare.

Then

Ao = mas [41(0(8). V)| + max [As(o(t). V(1)

< 3|I1|| + 2] fll-C1(b) + C5(b) M)

+ (2M202(b) + 2%" + 3MC4(L))\/E.

Selecting M by (2.35)) and o such that (2.32)) and (2.33]) hold, we obtain (2.36)).

Now, we prove that
1A(2) — A(wi) o < D(b b, f, L, M)V [y — 0|

where w] = ({2), Wy = (;Z) By selecting o such that (2.34) holds, A becomes a
contraction mapping on Cy, ps and therefore it has a unique fixed point. To prove
this assertion we consider

A(un)(t) — A(wa)(t) = <A1(02(t)’ o) e Vl(m)

Az(va(t), Va(t)) — Az (vi(t), Vi(?))

where
Ax(v2(t), Va(t)) — A1 (v (1), Vi(?))

= Fo(va(t)) — Fo(v1(2)) + 2/0 [N(s2(t),t,82(7),7) — N(s2(t),t,0,7)|F(Va(r)) dr

- 2/ [N(s1(t),t,81(7),7) — N(s1(¢),t,0,7)|F (Vi (7)) dr
0
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and

Az(v2(t), Va(t)) — Az(v1(t), Vi(?))

:/ [G(0,t,va(T), T)v2(T) — G(0,t, v1(7), 7)1 ()] dT

/ { (0,t,82(7),7) — N(0,¢,0,7)]F(Va(T))
— [N(0,¢,s1(7), ) — N(0,¢,0, T)]F(Vl(’i'))}d’r.
Taking into account the Lemmas [2.4] and [2.5] it results
| A1 (v2(t), Va(t)) — Ax(v1(2), Va(2))]
< B(b,h, f)VE|v2 — 1]l + 2Ca(L)VE|Va = Vi s
+ 205((), L, M)lf”’l)g — U1||t + Q[CG(L; M)\/IE + C7(b, L, M)t]||v2 — ’U1||t,
and
[ Az (va(t), Va(t)) — Az(vi(t), Va(t))]
< (Cg(b)t + Co(b, M)t?)|Jvg — w14
+ Co(L)VH[Va = Vills + C5(b, L, M)#Jvg — v )¢ -
Therefore,
| A(w2) — A(w1)]|o
< max | A1 (v2(t), Va(t)) — Ax(vi(t), Va(t))|

te[0,0

+ max_|Az(va(t), Va(t)) — Aa(vi(t), Vi(t))]

te(0,0]
< AD1(b, f,h, L, M)\/T + Ds(b, L, M)o + D3 (b, L, M)o® } |1 — |
< D(bv fv h7 L7 M)\/E”UTZ - ’l‘?l||o' .
By hypothesis (2.34)) we have that A is a contraction. O

Remark. If F satisfies the conditions
(H2) F(V) >0, for all V # 0 and F(0) =0,

then by the maximum principle [5], u is a sub-solution for the same problem with
F =0, that is

u(z,t) <wug(z,t), s(t) < so(t)
where ug(x,t) and so(t) solve the classical Stefan problem

Ut — Uper =0, 0 <z <s(t), 0<t<T,
up(0,t) = f(t) 20, 0<t<T,
ug(so(t), ) =0, ugz(so(t),t) = —so(t).0 <t <T,

up(z,0) = h(z) 0<z<b=s0(0).
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