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EXISTENCE OF MULTIPLE SOLUTIONS AND ESTIMATES OF
EXTREMAL VALUES FOR A KIRCHHOFF TYPE PROBLEM
WITH FAST INCREASING WEIGHT AND CRITICAL
NONLINEARITY

XIAOTAO QIAN, JIANQING CHEN

Commumnicated by Paul H. Rabinowitz

ABSTRACT. In this article, we study the Kirchhoff type problem
- (a 4 e/ K(z)|Vu|2d:v) div(K (2)Vu) = MK (2) f(2)|u|72u + K (2)|u*u,
R3

where z € R3, 1 < ¢ < 2, K(z) = exp(|z|®/4) with a > 2, ¢ > 0 is small
enough, and the parameters a,\ > 0. Under some assumptions on f(z),
we establish the existence of two nonnegative nontrivial solutions and obtain
uniform lower estimates for extremal values of the problem via variational
methods.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we consider the existence of multiple solutions and estimates of
extremal values for the Kirchhoff type problem

- (a—l—e/ K(x)|Vu|2dx) div(K (z)Vu) = AK () f(z)|u|??u+ K (z)|ul*u, (1.1)
RS

where z € R3, 1 < ¢ < 2, K(z) = exp(|z|*/4) with a > 2, € > 0 is small enough,
the potential f has indefinite sign, and the parameters a, A are positive.

It is commonly known that Kirchhoff type problems are presented by Kirchhoff in
[I1] as an extension of the classical d’Alembert wave equation for free vibrations of
elastic strings. Kirchhoff type problems are often viewed as nonlocal because of the
appearance of the term [ K |Vu|?dz. This provokes some mathematical difficulties
which make the study of such problems particularly interesting. When K = 1, the
general Kirchhoff type problem with critical exponent

- (a + b/ |Vu|2dx)Au = \f(z,u) +u®, x€Q, (1.2)
Q

has been studied extensively. For the case 2 C R? is a bounded domain, some
interesting works can be founded in [5], 12} 17, 22]. In particular, Sun and Liu [22]
studied that f(z,u) = u?, where 0 < ¢ < 1, and proved the existence of at least one
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positive solution when 0 < A < T for some T = T'(a) > 0. There are also several
existence results for on unbounded domain, that is Q = R3. For this case, we
refer the interested readers to [I1 [15] [T6], [T4] 24].

As pointed in [4, 9], one of the motivations for investigating problem is that
for« = ¢=2,e =0 and f(x) =1/5, arises naturally when one tries to seek
self-similar solutions of the form

w(t,xz) =t~V ou(xt1/?)
to the evolution equation
w; — Aw = |w/*w on (0,00) x R3.

For a more detailed description, see [4, [9].
Recently, Furtado et al. [7] studied the equation

— div(KVu) = a(z)K|ul"%u + b(z)K|u|* "2u, =eRY, (1.3)

where 2* = 2N/(N —2), N > 3, and 1 < ¢ < 2. Under certain assumptions on
the potentials a and b, the authors obtained two nonnegative nontrivial solutions
for . Subsequently, based on the result of 7], Qian and Chen [20] obtained
another two sign-changing solutions of with some slightly stronger conditions
on a and b. More results of related problem, please see [2] [6, [8, [7, 18, 19] and the
references therein.

We also mention that, by using minimization argument and Mountain Pass The-
orem, Lei et al. [I3] obtained two positive solutions for when K =1 and R? is
replaced by a bounded domain 2 C R? and \ is sufficiently small. However, in [13],
the authors did not show any information on estimates of extremal values for the
problem, which is just our purpose here. More precisely, our aim in this paper is to
prove the existence and multiplicity of nonnegative solutions of (1.1)), and establish
uniform lower estimates for extremal values.

Let H denote the Hilbert space obtained as the completion of C2°(R3) with

respect to the norm
1/2
ul| = (/ K|Vu|2d:1:) .
R3

Define the weighted Lebesgue spaces

L3 (R?*) = {u measurable in R? : / Klu|*dz < oo}
R3

] = (/R K|u|sdx)1/s.

From [6], we know that the embedding H — L% (R3) is continuous for 2 < r < 6,
and compact for 2 < r < 6. This enables us to define for any r € [2, 6]

with the norm

ST:inf{/ K|Vu|2dx:u€H,/ Klu|"dx = 1}. (1.4)
R? R?

In particular, if r = 6, we put S = Sg for simplicity. It is worth mentioning that
this constant is equal to the best constant of the embedding D*2(R3) «— LS(R3),
see [2]. For each r > 1, we shall denote by 7’ its Holder conjugated exponent,
namely 1/r + 1/r" = 1. In this paper, we will always assume f satisfies:

(A1) f e LY (R®) for some (2/q) < o), < (6/9);

(A2) the set Q}' :={z € R®: f > 0} has an interior point.
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By (Al) and the above embedding, it is easy to see the functional
a € A 1
I(w) = Slul® + Z|ull* = = | Kflu[%de — = [ Klu|°d
() = glel™ + Zllul® =2 /RB fluldz — = /RS |ul"d

is well defined on H and I € C1(H,R). As we all know, there exists a one to one
correspondence between the critical points and the weak solutions of (1.1). Here,
we say u € H is a weak solution of (|1.1)), if for all ¢ € H, it holds

(a+e||u\|2)/ KVqu)dx—)\/ Kf|u|q’2ugz5dx—/ K|ul*u¢dz = 0.
R3 R3 R3
Define the Nehari-type set of (L.1)),
A={ueH: (I'(u),u) =0},

and then split A into three subsets of A,

A ={ue A:a(2—q)ul?+ e~ q)llull* = (6 — g)[[ull§ = 0},

AT ={ueA:a2—g)ul® +e(4 —@)ul* — (6 - g)l|ull§ > 0},

A" ={ueA:a2—glul* +e(4 = @)lul* — (6 - g)l|ullg < 0}
Set

4 1 /2—q\*T" s-q g/ se_q)
T, 0= ( ) sttt
6 =g fllo, \6 — g

Our main results are stated belows.

Theorem 1.1. Assume that a > 0, 1 < g < 2 and € > 0 is sufficiently small.
Under assumptions (Al) and (A2), if A € (0,Ty.5.q), then problem (1.1) has at
least two nonnegative nontrivial solutions u, € AT, @, € A~ with ||u.|| < | ]|

Let
A =sup {\ > 0: (L.I) has at least two nonnegative nontrivial solutions}.
Then, as a consequence of Theorem we have the following lower bound for A*.

Theorem 1.2. Assume that a > 0, 1 < ¢ < 2 and € > 0 is sufficiently small.
Under assumptions (A1) and (A2), we have

4 1 /2—¢g\7* s /2 o3z
NS T o = ( ) ERCH
6 — g 1 fllo, \6— g

Inspired by [23] 21], we consider the following two minimization problems

cp= inf I, cog=infl

AOUA+ A
and expect to find two solutions, one in AT and one in A~. As we now face the
critical problem in a unbounded domain, our main difficulty is to prove that
the energy level belongs to the range where (PS) condition hold. Due to the presence
of the term [ K|Vu|?dz, the methods employed in [23, 1] cannot be directly used
here. In fact, for the first solution, we may easily show that ¢; < 0 and then
obtain compactness condition by standard argument with some modification. For
the second one, we cannot proceed as in the preceding proof, since we can only
provide that

1
co < I(us) + 3 Vadss,
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where u, is the first solution and u, € AT. We also remark that the method used
in [I3] by letting X sufficiently small do not apply here, since our aim is to establish
uniform estimates of extremal values for A\. We overcome this new difficulty by
developing some techniques applied in [10] [3].

This article is organized as follows. In the next section, we give some notation
and preliminaries. Then we prove our main results in Section 3.

2. NOTATION AND PRELIMINARIES

Throughout this paper, we write [ instead of fR3 u(x)dxz. The dual space of
a Hilbert space H will be denoted by H~!. B,(x) denotes the ball centered at x
with radius r > 0. Let — and — denote strong convergence and weak convergence,
respectively. All limitations hold as n — oo unless otherwise stated. C and C;
denote various positive constants whose values may vary from line to line.

For any u € H and u # 0, set

[ ol s
e =[G g )

Then, the following lemma holds.

Lemma 2.1. Let A € (0, 5,4). For anyu € H and u # 0, there is a unique t+ =
tT(u) > tmax > 0 such that ttu € A~ and I(tTu) = maxi>t,,, I(tu). Moreover, if
J K flul? > 0, there is a unique 0 < t~ =t~ (u) < tmax such that t"u € AT and
I(t7u) = ming<<g+ 1 (tu).
Proof. A simple calculation shows that

ol

o () = tq—l(t2—qa||u|\2 At — )\/Kf|u|q - tG_q/K|u|6).
For any u € H, u # 0, define

Y(t) = 2" alju|* + t* " %e||ul|* — tﬁ_q/KMﬁ, for all t > 0,

o (t) = 2~ %au|? — tﬁ_q/K|u\6, for all ¢ > 0.

Since 1 < ¢ < 2, it is easy to see that lim;_g+ ¥1(¢t) = 0 and lim;—, 4 Y1 (t) = —oc.
Moreover, 11 (t) is concave and achieves its maximum at the point ¢y.x. Now we

notice that , g
4 2—q\ 7 (al|ul|?)b~9 q1/4
witn) = (572) G20 [ hryes)
6—q/\6—gq (f Klul6)?~1
and consequently from (|1.4) we obtain
4 2— g\ Tt og 3c-a
tmax) = U1 (bmax) > (67_(1) (67_3) a3
Therefore if [ K flu|? < 0, then there is a unique t* > tyax such that ¥(t+) =
J K flul? and ¢'(tT) < 0. Equivalently ttu € A~ and I(ttw) > I(tu), for all
t Z tmaat-
In the case [ K f|u|? > 0, using (A1) and Holder’s inequality, we deduce that for
PYS (O,Tq’f’a)

—q/2
A [ B FHult < Al g, < A, S5 2l < ).
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This implies that there are t+ > t,. >t~ > 0 such that

B(t+) = /KfIUIq— (t),
W) <0 < (t).

That is, tTu € A~ and t~u € AT. Additionally, I(t*u) > I(tu), for all t > t,,4.
and I(t~u) < I(tu), for all t € [0,¢7]. O

Lemma 2.2. If X\ € (0,7} 1.a), then A® = {0}.

Proof. Suppose to the contrary that there is 0 # w € A° such that a(2 — q)||w|* +
€4 —q)||lw||* — (6 — q)||w||8 = 0. Since w € A° C A, we have —4aljw||? — 2¢||w||* +
A6 —q) [ K flw|? = 0 and even further

4a 2¢
A K 1=_—— L E——— 1, 2.1
[ Kttt = =l + 5=l (21)
On the other hand, noticing that
(2~ ol < a2~ g) [l + (4~ @)l = (6 - q)

we obtain

[ Ehl > = Laju (2:2)
From this, and ., one has

<6iq><z:szﬂ ;amjzt: s
< (61) (2:3) {Eg_g’)IIQ )q}m B 64_aq||w||2 _ 62—6qu”4

<0

6 —
which is impossible since A € (0, T} f.q)- O
Lemma 2.3. Let A € (0,7} t.4), then there is a gap structure in A:

| > A0) > A(N) > |jul|, forallue AT, ae€ A,

where
2 — g\ 1/4 e
A(0) = (m) a8 AN = <7)\Hf||gq) 5;((72 ),
Proof. For @ € A~ one has
a(2 - g)l|al* < a(2 - g)l|al* + e(4 - g)llal* < (6 —q) /Klltl6 —q)S~?|lal®

which implies ||a|| > A(0).
Similarly, for u € AT, from Holder’s inequality it follows that

2
dallull* < 4allul]? + 2¢[|u]* < A(6 /KfIUIq < A6 = )llfllo, S *ull®

and consequently |lu] < A(N).
It is easy to checked that A(0) > A(X), if A € (0,7 f.q)- O
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Lemma 2.4. Given u € A*, there exist p, > 0 and a continuous function g,,,
B,,(0) — R" defined for w € H, w € B,,(0) satisfying

9pu (0) =1, 9p., (w)(u - w) € Ai>
(2a + 4e|ju|?) [ KVuVe¢ — 6]K\u|4u¢f g [ K flu|T%u¢
a2 = @)|lull> +e(d = @)llull* = (6 —q) [ K|ul®

Proof. We only prove the case u € A~. The case u € AJr can be proved by a similar
argument. Fix u € A~ and define F': Rt x H — R by

(95, (0),¢) =

F(t,w) = t*"%allu — w||® + t* " %e||u — w||* — 577 /K|u —w|® - )\/Kf|u —w|?.
Since u € A~ C A, we obtain F(1,0) =0 and
Fy(1,0) = a(2 = @)l|ull* + e(4 = @) [[ul* — (6 — q) /Klu\ﬁ <0.

Applying implicit function theorem for F' at the point (1,0), we can deduce that
there exists p, > 0 such that for w € H, ||w|| < pu, the equation F(t,w) = 0 has a
unique continuous solution t = g, (w) > 0 with g,,(0) = 1. Since F(g,, (w), w) =0
for w € H, ||w|| < py, one gets

g2 (w)allu — wlf? + g9 (w)ellu — wl|* — g5 (w)[lu — w]§ — A / K flu—w|?
— [allgp. () (u — w)|I* + el gy, () (u — w)|* — / Klgp, (w)(u— w)|°

[ K flgp ()= w7/ g8, ()] =0
that is, g,, (w)(u —w) € A for all w € H and |Jw|| < p,. Since F¢(1,0) < 0 and
Fy(gp.(w),w) = a(2 = q)g, (w)l|lu — wl* + (4 = ¢)gp " (w)|lu — wl|?

~ (6~ 095 (w) [ Klu—wl
= (a(2 = @)llgp. (W) = w)][* + (4 = @)l gy, (w)(u = w)]
= (6= @)llgp. (w)(u = w)§) /g5t (w),

we can take p, > 0 small enough (p, < p,) such that for w € H, [|w|| < py,

a(2=q)||gp. (w)(u—w)|]* + (4= )| gp, (w)(w—w)[|* = (6= ) [lg,., (w) (u—w)|* <0,
which yields g,, (w)(u —w) € A™, for all w € H, |jw| < p,. Furthermore, for any
¢ € H, r >0, one has

F(1,0 + r¢) — F(1,0)
—alju = 1ol + el rol = [ Klu—ro® ~ [ Kflu=rol
~alul® = el + [ Klul® + / K fluft
= —a/K 2rVuVe — r?|Ve|?) /K|Vu|2/K 2rVuVe — r?|Vo|?)
([ x@vuve—r2vop) ] - [ K(urof - 1ur)
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~ [ K= ropt 1)

and hence

(Fuw, ®)]t=1,u=0

= lim F(1,0+ rqi) — F(1,0)

= —o+acfull®) [ KVaTo+6 [ Kluluo +a [ Krjulruo,
Thus,

' _ (Fu,9)
(g, (0).6) =~
(2a + 4e|lul|?) [ KVuVe — 6 [ K|u[*up — g [ K flui2u¢
a(2 = q)|lull® + e(4 = @)llul|* = (6 — q) [ K[ul

This completes the proof. ([

Lemma 2.5. Let A € (0,7, 5.4). Then

(i) the functional I is coercive and bounded from below on A;
(ll) c1 = ianJrqu I =infp+ 1 € (—OO, O)

Proof. (i) For u € A, it follows from Hoélder’s inequality and (1.4) that
= Ehall? 4 St = 2 1 6
1) = 3l + Sl = 2 [ K plult = § [ Klu

o2, € 4 6—q
=2 )t = Aa—L [ K flul?
lelP + ol =A% [ Kl

Y

a 2 € 4 6—¢q —q/2
- — —A— oS q
Sl + 5 el = A2 e, 52

’
q0,

Hence the coercivity and lower boundedness of I hold.
(ii) For u € AT, one has

A 1
I0) = Sl + Sl = 2 [ Kpfupt = 5 [ Kpul®
11 ) 11 Lo/l G
—af=—= e “-2) | K
(g = )l + e = )l + (5 - 5) [ Kl
2—q 2 4—gq 4 6_(1/ 6
=—— - — — | K
3 allulP = =g Fellull*+ = [ Kl

_ —a@ =gl — (4= q)jul* + 6~ ) [ Kul® _

6q
Combining this with Lemma we obtain inf,+ a0 I = infa+ I < 0. By (i), we
can further obtain infy+p0 I # —o00. In conclusion, infy+ 0 I € (—00,0). O

Lemma 2.6. Let A € (0,7 5.4), then A° UAT and A~ are closed.

Proof. Let {u,} be a sequence in A~ with @4, — 4 in H. Then it follows from
{t,} C A= C A that

allto||* + ellto* = lim [alltin|* + €| "]
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— lim [/\/Kf|ﬂn|q+/K|an|6]
n—oo

:/\/Kf|ﬁo|q+/K|a0|6

a(2 — o) o]l? + (4 — )]l — (6 — g) / Klito]®

and

= Jim_ [a(2 = llaall + (4= )il - 6 - 0) [ Klal] <0,

that is, 4gp € A~ U A%, Moreover, for A € (0,7} t4), we deduce from Lemmas
and that o ¢ A°. In turn, 4p € A~ and hence, A~ is closed for A € (0,7} f,q)-
The same argument can show that A U A is closed and thus we complete the
proof. ([

3. PROOF OF MAIN RESULTS

3.1. Existence of the first solution. Thanks to Lemmas [2.5 and we can
apply Ekeland variational principle to construct a minimizing sequence {u,} C
AT U A with the following properties:

(1) I(un) = c1,
(2) 1(2) > I(up) — L|jun — 2| for all z € AT UA".

Since I(|u|) = I(u), we can assume that u,, > 0 on R®. Again using Lemma it
follows that {u,} is bounded in H, and thus we may assume

Uy — Uy in H,
: 3
Up — Uy in L (R%), 2 <r <6,
Uy — Uy A€ 0N R3.

In what follows we prove that u, is a nonnegative nontrivial solution of (1.1)). The
proof will be complete in five steps.

Step 1. wu, # 0. If, to the contrary, that u, = 0. By the properties of {u,} and
lim, oo [ K flun|? = [ K flu.|? (see [T]), one has

a € 1
1 =I(un) +o(l) = §Hun\|2 + Z|\un\|4 — 6/K|un|6 +o(1). (3.1)
Noting that u, € AT for n large enough, we obtain
a(2 = q)[Junl® + e(4 = @)un]* — (6 — q)/Klunl6 > 0. (3.2)

In view of (3.1)), (3.2) that ¢; < 0, we have

6(6 —q) —2(2—q)a” 6(6—q) —4(2—¢q)
2 4

which gives a contradiction. This completes the proof of step 1.

0< un||2+ 6||Un||4 <6(6—q)c1+0(1) <0

Step 2. There is a positive number C; > 0 such that

4a||un||2 + 2e||un||4 — (6 — q)/Kf|un|q < —C]. (3.3)
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Obviously, to prove (3.3)), it suffices to show that
4alim inf [|uy,||? + 2¢liminf ||u, ||* — A\(6 — q)/Kf|u*|q < 0. (3.4)
n—oo n—0oo
Since u, € AT UA°, we have

dallun 2 + 2el|un][* — A6 — g) / K flun]? < 0

and so
4alim inf |Ju, ||* 4 2¢liminf ||, ||* < A(6 — q)/Kf|u*\q, (3.5)
4alimsup ||Ju,||? + 2¢limsup ||Ju,||* < A6 — q) /Kf|u*|q. (3.6)

Combining (3.4) and (3.5)), we can argue indirectly and suppose that
4alim inf |Juy, ||* + 2¢liminf ||u, |* = A\(6 — ¢) /Kf|u*|q.

This and (3.6]) imply that there exists a positive constant A; > 0 such that ||uy,||? —
A1, where A; satisfies

4aA; + 2eA? = \(6 — q)/Kf|u*|q. (3.7)
Furthermore, it follows from u,, € A that
/K|un|6 — allun|? + €ljun|* - )\/Kf\un\q - E:ZaAl +5 — ZEA% (3.8)
By and (3.8), we obtain that if A € (0,7} s.), then
_ 2—g 2Y6—q -1/4
0< () 6=0) " iRl > [ Kttt
N R e e e T

2—q
2—q 4—q_ 42
(6_qu1 + 6_qu1)

< <6 f q) ((25 : 3)246’ [(&‘Zij)—;q} " B 647an1 * 6%61114%

2€
= - A2 <0
6—q !

which leads to a contradiction. Thus, (3.3)) holds and the proof of step 2 is complete.

Step 3. I'(uy,) — 0in H'. Let 0 < p < pn = pu,, Yn = Yu,, Where p,, and
Gu, are defined according to Lemma Let v, = pu with [ju|| = 1. Fix n and let
Zp = gn(v,)(un — v,). Since z, € AT, by the properties of {uy,},

1
1(zp) = I(un) 2 = —llzp = unl|
It then from Mean value Theorem it follows that

1
('(un), zp = un) + o(l|zp = unll) = =—l1zp — unll.
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Thus,

(I\(un), —Up + (gn(vp) - 1) (un —vp)) = |2p — unll + o(]|2p — unll)

_E|

which yields

1
120 = unl| + o(llzp — unl]).

—p(I' (un), u) + (gn(vp) - 1) <I//\(un),un - Up> > _E|

Therefore,

Lz —uall | olllzp—uall) | gn(v,) =1,

(I (wn).) < ;

I&(un)a Un — UP>' (3.9)
By step 2, Lemma and the boundedness of {u,}, it is easily verified that

n -1
tim 920 =1y oy < 0
p—0 P

for some positive constant C' > 0, independent of n. For fixed n, since ||z, — u, || <
p+|gn(v,) —1|Co, (I'(un), un) = 0 and (u,, — v,) — uy as p — 0, by letting p — 0
in (3.9) we can deduce that

(I'(un),u) <

=lQ

)

which shows that I’(u,) — 0. This completes the proof of step 3.

Step 4. u, — u, in H. Write v, = u, — u. and we claim that [jv,|| — 0.
Otherwise, up to a subsequence (still denoted by {v,}), we may suppose ||v,| — I
with [ > 0. From step 3, we have that (I'(u,), u«) = o(1) and hence

0 = allul* + e(t + )| — /\/Kf|u*|q - /Klu*|6~ (3.10)

Moreover, by (I'(uy), u,) = 0, we can use Brezis-Lieb Lemma to obtain

0= a(lloall + llusl®) + e(llvall* + 2llvnll*lusl* + ] *)

—)\/Kf\u*|q —/K|vn|6—/K|u*|6+o(1). (8.11)
Combining and , we obtain
o(1) = allvn|® + ellvnl|* + ellvn|*[lu]* — /Klvnl6 (3.12)
and so, from it follows that
allonl* < allvn|* + ellonll* + ellva|®[lu]|* = /Klvnl6 +0o(1) < S7%un|® + (D).

Taking the limit as n — oo, we obtain that

12> VaS3. (3.13)
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By (3.10) and Holder’s inequality, we obtain
A 1
) = Gl Sl = 2 [ K ppunfo = ¢ [ Kl

a 2, € 4 6—q €2 2
- = * Py * —A— K *q_*l *
el Sl = A [ K fluft = S
(3.14)

Y

a 2 (6—q¢ —q/2 q_ 2 2
el = AT, S 7 = £l |

/
q0,

v

—q/2
a2~ q) [“5 = Ol oo, [ x7 = 2
3q 4q 6 "N
Set

4 1 g \32 s /2 o320
T - (7)™ s spzs e,
16— flley \2— 4 9%

Obviously, Ty f.a < Ty f.a- A€ (0,1, 1.a), using (3.12)-(3.14), we deduce
a1 +o(l) = I(up)

A 1
= Slunll + Sl = 2 [ K sunl? = 5 [ Kl
A 1
= Sl Sl = 2 [ K fpenfr = § [ Kl
a € € 1
4 5l + Sl + 5 ol = § [ Klonl® +001)

1
= I(w) + G llval + Zloall* + 5ol 2 = 5 / Klvn|° + o(1)

Va3s3
3
contradicting Lemma [2.5] Thus, the claim follows, that is, u,, — u, in H. This

finishes the proof of step 4.

Step 5. u, is a nonnegative nontrivial solution of and u, € AT. By steps 3
and 4, we have that (I'(u,),$) = 0 for all ¢ € H. That is, u, is a solution of (L.I).
Hence, u, € A. From Lemma it follows that

[[us || < Timinf [lu, || < A(X)

> T(uy) +

+ %l2||u*\|2 +o(1) >0

and so u, ¢ A~. By Lemma and step 1, we obtain u, ¢ AY. In turn, we
conclude u, € AT. Moreover, we have u, > 0 since u,, > 0 and u,, — u, a.e. on R3.

3.2. Existence of a second solution. In this section, we will establish the ex-
istence of a second solution in A~. By condition (A2), we may suppose that 0 €
mt(Qj{) Moreover, there exists n > 0 satisfying Bs, (0) C Q;f Let o(z) € C5°(R?)
be a cut-off function satisfying ¢(z) = 1 in B,(0), ¢(z) = 0 outside By, (0) and
0 < ¢ < 1. Define

1 1/2
_ po—1/2
uele) = KV2%0(0) (om)
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and set

ue(z)
lluelle

ve(x) =

Lemma 3.1. Let A € (0,Ty,r,4) and w be a nonnegative nontrivial solution of
(1.1). Then for e > 0 small we have:

(i)
O(e'/4), if 1 <ol <3,
31 ,
[ 5o =0T e, oy =3
3 _ 1
O(e>a '), if 3 < ol <6,

(ii) [K|Vv[?=S+0(e'/?),

(il) [ Kwjv. = O(e1/*),

(iv) [ Ko > Cel/* 4+ 0(5/4).
Proof. For the proofs of (ii) and (iii), please see [2, 20]. To prove (i), we refer to
[20, Lemma 2.2] for the following estimates

O(e"/4), if1<r<3,
/Kvgz O(e3/? —r/4|nel), ifr =3,
O(e3/2=r/1), if 3 <r<6.

Hoélder’s inequality provides

[ ug e < sl ([ a10e18) < ([ R

This and the above estimates imply that (i) holds .
For the proof of (iv), we have

5/2.5
Ko = [ B 0
) >5/2

>0 [
1 >(z) —1
- et | S )

1 1 S(z) -1
=o(=f 1+ PP +f EarEE)
= 015_1 + 0(1)

According to [2], we have

uel§ = / Kluel* = e%/2By 1 O(1)
where

1
By= | ———,
0 /(1+le2)3
and thus

K> _ Cie ' +0(1)
Kl f LIS — Cael/t 1L O(5/4).
/ S lucllz — Cae=5/4 + O(el/4) 5!/t +0(e”?)

Hence, (iv) follows. This completes the proof of Lemma [
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Set By = {u:u = 0or |ul| <t (u/|ul)} and Ez = {u : ||ul| > tT(u/||u])}.

Obviously, H — A = E; UE; and AT C E;.

Lemma 3.2. Let A € (0,7, 5.q), then we have

1
co <sup I(us +tve) < I(ug) + §VG353'
>0

where uy s the first solution obtained in section 3.1.

Proof. First, we prove that co < sup,~ql(us + tv:). Let R > 1 and set w. =
Uy + Rv.. Since u, is a solution of ([L.1)), it follows from Lemma that

w2 = || 2 +2R/KVu*Vv€+R2/K|Vv€|2

= Jua]? +2R()\/Kfu2_1vg —&—/Kuive

(3.15)
—6/K\Vu*\2/KVu*VvE) +R2/K|VUE|2
= [lul|* + () + O(V*) + O(e) + R*(S + O(e'/?)),
where
O(e'/4), if 1 <ol <3,
31 ,
£(e) =< 0(e*7 *|lnelY/4), if oy =3,
3 1
O(e>a '), if 3 <o) <6.
Note that there exists C' > 0 such that
(r+8)°% —r% — 55 —6r°s > Ors®. (3.16)

Thus, we obtain

/K|wg|6 > /K|u*|6—|—R6/K|v€\6+6R/KuiUE+C’R5/Ku*U§. (3.17)

We distinguish two cases. In the case R?S < |Ju,||?, using (3.15) and (3.17)) we
obtain for € sufficiently small,

el = [ K19 (00 + Roo) < 2+ €66) < 2l +1,

/K|w€|6 > /K\u*|6

We H“*”G
[l = -
[[we | (2] + 1)

In case the R?S > |lu.||?, by using ||vc||$ = 1 and (3.15) and (3.17), we obtain for
€ small enough

respectively, which yield

/K|V(u* + Ru)P < 2R%S + £(e) < R*(2S + 1),

/K|w5|6 > R6/K|UE|6 = RS,
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which yield

/Kl o’ - ik 3= ! 3"
lwell” ™ Ro(28 +1)" (28 +1)

In conclusion, there is 9 small enough such that

6

. 1

/K| ZE |6 > min{ el 3 3}, for all e € (0,e0).  (3.18)
[[wel] (2llusl? +1)" (25 +1)

Set t. = t+(|\f;7€\|) and let ¢ (t) be defined as in Lemma To proceed, take
u = e in the definition of ¥(t). By (3.18]) and the structure of I, it is easy to see

that ¢. is bounded from above. Namely, t* (%) < Cs, for all £ € (0,&0). Hence

Twe]
there exists €; > 0 sufficiently small (g1 < g¢) such that

SR2
Hw€||2 > Hu*||2 + 5 for all € € (0,¢1)

and thus there is Ry > 1 satisfying

w2 > Cy > t+(HZE”), for all € € (0,¢1), R > Ro,
g

which implies u, + Rov. € Fs. Since u, € Ey and H — A~ = E; U Es, by the
continuity of ¢*(u) we conclude that u, + tRov. for ¢t € (0,1) must intersect A~
and so

co < sup I (uy + tve).
t>0

It remains to prove that

1
sup I (us + tve) < I'(ug) + §\/a3S3.
>0

By Hoélder’s inequality, (3.16)), Lemma and the fact u, is a solution, one gets
I(uy + tve)

a € 1 A
= S+ 0l Sl e = gt = [ K+t
a a €
= §||u*||2 + at/KVu*VvE + §t2H’UE”2 + ZHU*H4 + et2(/ KVu,Vv,)?
€ € .
+ Zt4Hve||4 + st\|u*||2/KVu*Vve + §t2||u*||2||v5||2 + et‘3||v5||2/KVu*Vvs
1 A
- gl + ol =2 [ K sl +todl
_ a .o 2 2 2 €y 4, €2 2 2
= 1)+ 22l e ([ KV ) Sl SR |
1
+ et3\|v6||2/KVu*Vvs — E/KHU* + t.]® — |ul]® — 6tubu,]
A —1
= — | Kflluc +tve|? — |u|? — qtud™ o]
q
a € €
< I(uw) + 8 [vel® + et ol *loel® + ¢ lvell + 52l | o |

1
+ et [Joe | [l llloe ]l - & /K[Iu* + toe|® — [u.|® — 6tudv,]
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3
< () + t2|| Ve[ + St *llve 1* + t4||ve||4+€t3||ve|| e e

/K| ve|® — 7t5/Ku*|v5|

<I(u*)+ t2||ve||2 §6t2 (V) flve 1 + t4l\vell4+6t3A( Mvell?

B C4t5/K|v6|5
Let

a 3 €
h(t) = *fQIIUEIIQ + §6t2A(>\)2\\vell2 + 1t4\|vell4 +et? AN o |

Clearly, lim; o+ h(t) = 0 and lim— 1o h(t) = —oo. Note that I(u. + tve) <
I(uy) + h(t). Thus, to complete the proof of Lemma it suffices to prove that

1
sup  I(ux +tve) < I(us) + =Va3S3
t1<t<ts 3

for some 0 < t; < t5 < oco. Let € = ¢, by Lemma for e sufficiently small we
have

st (. +10s) < I(u.) + sup {5 2 2 — 7} + 3at§A( 2)2loe 2
+ St AN ol - Cath [ KJoeP
= I(u,) + %\/EHUEHS +0(e) — Cse™* + 0(e7)
= I(uy) + %\/a?’iS:“r O(e?) + O(e) — Cse'/* + O(%/%)
< I(us) + %\/a?’is3
The proof of Lemma [3:2]is complete. O

Asin section 3.1, we may use once more Ekeland variational principle to establish
another minimizing sequence {@,} C A~ such that

(1) I(an) = ca,

(2) I(z) > I(iy) — 2@, — 2| for all z € A~.
Since I(|u|) = I(u), we can assume that i, > 0 on R®. By Lemma [2.5 it follows
that {u,} is bounded in H, and thus we suppose that

Uy — Uy in H,
Up — @y in L% (R?), 2<7r <6,
Uy — Usx a.€. 0N R3.

With the previous preparations, we can now prove that u, is a nonnegative non-

trivial solution for (1.1) and @, € A~. To this purpose, we divide the argument in
five steps.
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1. @, # 0. Suppose to the contrary that @, = 0. Since @, € A~ C A, one gets
allin |+ el = 3 [ K5l ~ [ Kl =0,
As @, =0, we have [ K f|a,|? = o(1). It then follows from that
al|in|* < allin|* + €| dn||* = /Klﬁnl6 +o(1) < S73an[° +o(1).  (3.19)

Assume that [|i,||? — ¢2. Since {i,} C A, from Lemma [2.3] we have that .2 > 0.
Letting n — oo in (3.19)), we have (> > v/aS3 and so

co = nlin;o I(ay,)

im [ & lnll? + <] - 2 ~q_1/~e}
Jim [l + Sl = 2 [ K- g [ K]

6 —
tim, [ 2+ 5 = A% [ K sl

n—oo

_ Qo € 4
=3 TRt

§L2 > %\/a353

which is a contradiction to Lemma [3.:2] This completes the proof of step 1.

v

2. There is a positive constant Cg > 0 such that

talfin P+ 2 = X6~ 0) [ KFlan]t > Co. (320)
Clearly, to prove , it suffices to show that

4a ligriioréf i ||* + 2611711210210 l|tn ]|t — A(6 — q)/Kf|ﬂ*|q > 0. (3.21)

From u,, € A~, we obtain

4a|@n|? + 2€| T ||* — M6 — q) /Kmn\q > 0. (3.22)
Arguing by contradiction we suppose that

daliminf |G, | + 2¢lim inf ||d, |[* = A(6 — q) /Kf|ﬂ*|q.

This and Lemma [2.3| imply that [ K f|@.|? > 0. Consequently,

.. T4allin|)? + 26| )t lim inf,, . oo [4a ]|t ||? + 2€]|1,]|4]
hmlnf[ — } = — =1. 3.23
I 6= ) TR fTanl A6 — ) J K] (3:23)
Then from (3.22) it follows that
da|@,||? + 2¢||a, |4
alltn || + 2¢||t, || -1 (3.24)

A6 —q) [ Kflan]t ~
for n large enough. Combining with (3.23) and (3.24)), there is a subsequence {y,, }
of {u,} satisfying
daldin, || + 2] din, || *
A6 —q) [ K fliin,|?

— 1, ask — oo.



EJDE—2018/144 EXISTENCE OF MULTIPLE SOLUTIONS 17
Namely,
4allin, |? + 2€]ing [|* — A(6 — q) / Kfli)?, ask — oo,

Thus, we can assume iy, ||* — Az as k — oo such that

4aAy + 2eA3 = \(6 — q)/Kf|ﬂ*|q. (3.25)
Moreover, from ,, € A we have
4-—
[ = alln, | + el 1= A [ KAl — 2= Lans + T 1es. (320

Applying (3 and ( -, the same argument as in step 2 we arrive at a contra-
diction. This completes the proof of step 2.

Step 3. I'(fi,) — 0 in H~!. The proof is similar to step 3 in the previous section.

Step 4. 4, — U, in H. Assume that
Jin = el 57 [ Kl = .l o
If 8 =0, we are done. Hence, suppose 8 > 0. Define
A 1
o(t) = I(ti.) = St?|a® + St a* — 2t / K fli.|? — —t° / Kl %,
2 4 q 6
2% ic]? o 2
4 6
a 76
61(t) = -t?B* — =t
(1) = 50287 -

and 0(t) = o(t) + d(t), then I(td,) — 0(t). Inspired by [10, B], we consider the
following three cases:
(i) t*(a.) < 1,
(ii) ¢+ (@) > 1 and v > 0,
(iii) ¢ (@) > 1 and v = 0.
Case (i). From step 2 and ¢t*(a@.) < 1, we have ¢/(1) < 0. Since {a,} C A~, we
obtain that ¢’(1) = 0. In turn, §'(1) > 0. Hence §(¢t"(.)) > 0 and consequently

co=0(1) > 0(t" (@) = I(tt(@)a.) +0(tT(a)) > I(tT(@)ts) > ca,

which is impossible.

5(t) = gt%? + it‘*ﬁ‘* + 16,

Case (ii). Let t, = (%@2)1/4. It is easily verified that d;(¢) achieves its maximum
at t., and §1(t) > 0 for 0 < t < t, and &1(t) < O for t > t.. Also, d1(t.) =

V;j’fﬁ > 7‘1553 We claim that ¢, < tT(i,). Otherwise, 1 < t¥(@s) < t4. Since
0> 0(t) =o'(t)+(t) for all t > 1, we obtain o’(t) < =& (t) < —§1(t) < 0 for
€ (1,t.), which is a contradiction to 1 < t*(@,) < t, and o’ (t7(@.)) = 0. Hence

the claim is true and so

Vads3 . Vads3

co =0(1) > 0(t.) > I(tti) + 61(t) > I(t (@)us) +

which contradicts Lemma [3.2]
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Case (iii). Since v = 0 and 6’(1) = 0 and 0”(1) < 0, we have ¢/(1) = —§'(1) =
—af? —ef* — 22| ||* < 0 and o (1) = 0"(1) — 6" (1) < =" (1) = —aB? — 3eB* —
6e3%||@.||* < 0, which is absurd in contrast to t* (i) > 1.

Thus, @, — @, in H and step 4 follows. This completes the proof of step 4.

Step 5. . is a nonnegative nontrivial solution of and 7, € A—. We can
proceed exactly as in the proof of Step 5 in the previous section and conclude that
@i, is a nonnegative nontrivial solution for (1.1)). In addition, it is clear that @, € A~
by Lemma [2.6] and step 4. The proof of step 5 is complete.

Finally, we can conclude from Lemma that problem has at least two
nonnegative nontrivial solutions u, € A", 4, € A~ with |Ju.|| < ||@.] when X €
(0,Ty.,a)- At this point, Theorem is a immediate consequence of Theorem
and the definition for \*.
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